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A QUASI-MONTE CARLO SCHEME
FOR SMOLUCHOWSKI'S COAGULATION EQUATION

CHRISTIAN LECOT AND WOLFGANG WAGNER

ABSTRACT. This paper analyzes a Monte Carlo algorithm for solving Smolu-
chowski’s coagulation equation. A finite number of particles approximates the
initial mass distribution. Time is discretized and random numbers are used
to move the particles according to the coagulation dynamics. Convergence is
proved when quasi-random numbers are utilized and if the particles are rela-
beled according to mass in every time step. The results of some numerical
experiments show that the error of the new algorithm is smaller than the error
of a standard Monte Carlo algorithm using pseudo-random numbers without
reordering the particles.

INTRODUCTION

Models of coalescence (i.e., coagulation, gelation, aggregation, agglomeration,
accretion, etc.) mainly stem from the work of Smoluchowski on coagulation pro-
cesses in colloids [T5) [16]. Smoluchowski proposed the following infinite system of
differential equations for the evolution of the number Nyc(i,t) of clusters of mass i
fori=1,2,3...

Jc . 1 N . N .
(1) E(Z’ t) - 5 Z K(Z - j,])C(’L -7 f,)C(], t) - Z K(Z,j)c(l, t)C(], t)'
1<5< Jj=1

Here Ny is the total number of clusters at time ¢t = 0, so that )., ¢(i,0) =1, and
K(i,j) is the coagulation kernel. Numerical solution of the Smoluchowski’s coag-
ulation equation is a difficult task for deterministic methods, so several stochastic
algorithms have been proposed [8, [3, [I7} [7, T, T4} 2, [4]. The Monte Carlo (MC)
schemes take a system of test particles which interact and form clusters according
to the dynamics described in (). Random numbers are used to find out which clus-
ters interact and to determine the size of the new clusters. Despite the versatility
of MC methods, a drawback is their slow convergence. An approach to accelera-
tion is to change the choice of random numbers used. Quasi-Monte Carlo (QMC)
methods use quasi-random numbers instead of pseudo-random numbers and can
achieve better convergence in certain cases [5].

The efficiency of a QMC method depends on the quality of the quasi-random
points that are used. These points should form a low-discrepancy point set. We
recall from [13] some basic notations and concepts. If s > 1 is a fixed dimension,
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then I® := [0,1)® is the s-dimensional half-open unit cube and As; denotes the s-
dimensional Lebesgue measure. For a point set X consisting of xg,...,xy_1 € I®
and for a Lebesgue-measurable subset @ of I° we define the local discrepancy by

PN QX)i= 5 Y caln) —A(@)

0<p<N

where cq is the characteristic function of (). The discrepancy of the point set X is
defined by

the supremum being taken over all subintervals of I°. The star discrepancy of X is

Dy (X) := sgP|DN(Q*,X)|,

where @* runs through all subintervals of I® with one vertex at the origin. The
idea of (t,m, s)-nets is to consider point sets X for which Dy (Q, X) = 0 for a large
family of intervals @. Such point sets should have a small discrepancy. For an
integer b > 2, an interval of the form

s a, ar+1
H bdr’  par ’
r=1

with integers d,, > 0 and 0 < a, < b for 1 < r < s, is called an elementary
interval in base b. If 0 < ¢t < m are integers, a (t,m, s)-net in base b is a point
set X consisting of b™ points in I® such that Dy (Q, X ) = 0 for every elementary
interval @ in base b with measure \;(Q) = b*=™. The sequence analog of this
concept is as follows. If b > 2 and ¢ > 0 are integers, a sequence Xg, X1, . .. of points
in I® is a (t, s)-sequence in base b if, for all integers n > 0 and m > t, the points
xp with nd™ <p < (n+ 1)b™ form a (t,m, s)-net in base b. The following result is
shown in [12].

Lemma 1. Let X be a (t,m,s)-net in base b. For any elementary interval Q" C
I°~1 in base b and for any x, € I,

| Dy (Q' % [0, 25), X)| < b7

The effectiveness of QMC methods has limitations. First, while they are valid
for integration problems, they may not be directly applicable to simulations, due
to the correlations between the points of a quasi-random sequence. This problem
can be overcome by writing the desired result as an integral. This leads to a second
limitation: the improved accuracy of QMC methods may be lost for problems in
which the integrand is not smooth. It is necessary to take special measures to make
optimal use of the greater uniformity associated with quasi-random sequences. This
is achieved here through the additional step of reordering the particles at each time
step. The aim of the paper is to construct and investigate a QMC method for
Smoluchowski’s coagulation equation. In Section 1 we present a particle scheme
using quasi-random numbers for the solution of the equation. In Section 2 we prove
the convergence of the method, as the number of simulated particles increases. In
Section 3 we carry out numerical experiments based on a comparison of the method
with a standard MC scheme.
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1. THE ALGORITHM
We assume that the coagulation kernel K (i, j) is nonnegative and symmetric
K(i,j) >0 and K(i,j) = K(j,1).
Multiplying @) by ¢ and summing over all ¢, indicates that mass is conserved
d -
®) LS ielint) ~ 0,
i>1

provided an interchange of summation order on the right is valid. We refer to [9]
for a study of existence, unicity, and conservation of mass of solutions. Rather than
approximating the density of clusters ¢(i, t), one can approximate the mass density
f@,t) :=1ic(i,t), which satisfies the following equation for i = 1,2,3.. .

of

() St =D Ki—i)f—q0fGt) = K@)fG0f(:1),
1<j<q j=1
where o
R(i.g) = 2L

Equation [@]) has been used in [2] for constructing a stochastic algorithm for Smolu-
chowski’s coagulation equation. If E C N* := {1,2,3,...}, let o denote the se-

quence
(i) 1 ifiekFE,
og(i) =
P 0 otherwise.
Equation (B) can be given the form
d _ . S ) S .
(4) 7 D ftyon(i) =Y K(i,j)f(@0)f(,1) (056 +j) - op(i)
i>1 i,5>1
for any £ C N*. We denote by fj the initial data. We may assume
(5) > foli)=1.
i>1

We choose integers b > 2,m > 1 and we put N := b". We use a low-discrepancy
sequence X = {xg,X1,...} C I? for QMC approximation. We assume that X is a
(t,3)-sequence in base b for some ¢t > 0. If X" := {x, : nN <p < (n+1)N} and if

7' denotes the projection defined by 7/ (x1, 2, z3) = (x1,22), we assume that 7/ X"
is a (0,m,2)-net in base b. We write d; for the unit mass at j

‘ 1 ifi=j,
5j(2)—{

0 otherwise.

A sample J? of N particles joo, ..., jn—1,0 is chosen such that
1
0._ ~
= N Z 5jk,o ~ fo-
0<k<N

It means that the point set J? has a small star fo-discrepancy (see below); e.g., if
we assume a monodisperse initial condition

fo() =1, fo(2) = fo(3) =---=0,
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we set
j0,0 = ... :ijl,O =1.
We assume that the kernel K (i,7) is bounded and we put
K*:= sup I?(Z,j)
1,51

We choose a time step At such that AtK* < 1. Computations are still possible for
unbounded kernels; see Section 3. We set ¢, := nAt and f,(i) := f(i,t,). If we

assume that we have a point set J" of IV particles jo n,...,Jjn—1,, such that
1
(6) M= D G
0<k<N

we compute 7T in three steps.
e Relabeling the particles.
Jon <Jin <o < JN-1n

This ensures convergence of the scheme; see Lemma [l
e Coagulation. We define g"*! by

At (Z gn+1 UE Z fn UE )

i>1 i>1
= > K(i,j)f"(i)f"(j) (0e(i + j) — or(i)), for any E C N,
ig>1
and so
> " (i)on(i) = N > (1 -= > f((jk,mje,n)) o5 (jk.n)
i>1 k<N O<€<N
7) - i
+ m Z K(jk,nvjﬁ,n)UE (jk,n +j€,n)~

0<k,(<N

o QMC integration. Let cj ¢ be the characteristic function of

R LIRS X£€+1
MCTINTTN NN
and xj , denote the characteristic function of I}, := [O,Atf?(jk,n,jgm)).
For any F C N*, define

8) Cptl(x):= Z Ck,é($17$2)((1 — Xk o(x3)) 0B (jkn)

0<k, (<N
X} (2)08 G + o)), X €T,
then
(9) > g es) = [ Cpreodx
i>1 I

We obtain fm*! by

VECN Y e = 5 Y ChTx).

i>1 nN<p<(n+1)N
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The last steps of the algorithm may be summarized as follows. Let us denote
k(z):= |Nz|, xzel.
Then for nN <p < (n+1)N,

] = jk(xpyl)v" + jk(”pﬂ)m if Tp,3 < AtK (jk(:cp,l),mjk(xp,g),n)a
Jk(zp,1)m+l = . .
Jk(zp1),n otherwise.

2. CONVERGENCE ANALYSIS

We now establish a convergence result for the QMC algorithm. As is usual
with particle method error estimates, convergence is shown in a weak sense. First
we need to adapt the basic concepts of QMC methods to the present study. Let
s > 1 be a fixed dimension. A sequence consists of an s-dimensional array of terms
u(i) € R, where i € N**. Let g be a sequence of nonnegative terms such that

(10) > g)=1.
ieNxs

For a point set J consisting of jg,...,jn—1 € N** and for an arbitrary set £ C N**
we define the local g-discrepancy by

1 . .
DN(EaJ,g) ::N Z JE(Jk)_Zg(l)v
0<k<N icE
where o denotes the sequence

. 1 ifiekF,
og(i) :{

0 otherwise.
The star g-discrepancy of the point set J is defined by
Dy (J;9) == sup |Dn(En,J;9)l,
heN*b’

where
Eh._{(l) if h, =1for somer,1 <r <s,
[I0_,{1.2,...,h, — 1} otherwise.
For a sequence u and for j,j € N**, let 1w be the array defined by
TIu(i) = it oy irets oty i),
and Al yu:=Tju—T{u. f R={q,...,q:} CS:={1,...s}, we set

R, ._ mq . 4r R AL A
TV .fTJ. TJ u and AM,u = Aj7j, Aj7j,u.

We put Tju = Tjsu and Ajju = Afj,u. For j = (j1,...,Js), we denote j+ :=
(j1+1,...,5s + 1) and Aju := Aj;1u. The variation of u is defined by
Ve(u):= Y [Agul,
jeN*S

and the lower variation of u is the sum
S

=Y Y v,

r=1 RCS
#R=r
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where R° denotes the complement of R in S. If 4 may be extended to infinity, we
define the upper variation of u as

=3 S V(TR W)

r=1 RCS
#R=r

One can prove that if u has a bounded lower variation, then v may be extended
to infinity and has a bounded upper variation. The next lemma is a version of the
classical Koksma-Hlawka inequality. The proof follows the general outline of the
proof of the Koksma-Hlawka inequality given by Zaremba [T8].

Lemma 2. Suppose g is a nonnegative sequence such that EleN“ g(i) =1. If
u is a sequence of bounded lower variation and if J is a point set consisting of
Jo,---,in—1 € N*°_ then

T uli - Y e

0<k<N iEN*s

< V*(u)Dy(J;9).

The following lemma is an analogue of a result previously given in the continuous
case [10] and can be proved with similar arguments.

Lemma 3. Let u be a sequence of bounded lower variation. For 1 <r < s, let p,
and 1 < ko, < kip < -+ < kp,r be integers. For n = (ny,...,ns) with integers
ney, 0 < n, <py, let

Fn = {knl,lv R kn1+1,1} X X {kns,sa ey knerl,s}

and ip,jn € Fn. Then

Z|u.]n _UIn|<V Hprz_

We now go back to the convergence analysis of the QMC algorithm. We define
the error at time ¢, as the star f,-discrepancy of the point set J". For h € N* let
o, denote the sequence og, . We introduce the truncation error

o= 2z 3 Una () = Fal@)on(i) = X0 KG9 fallfa) (on(i +9) — on)),

i>1 i,j>1
the additional error
= > K@) @) G) (onli+5) — oni)
i,5>1
= > K, ) fa (i) () (on i+ §) = (D)),
i,j>1
and the integration error
1
dp = N Z C,?H(xp) — C}?“(x)dx,
nN<p<(n+1)N 3
Cptti=Cp

where ; see ([§). We have the recurrence formula

(11) DN (Ep, J" fui1) = DN (En, J"; fn) — At} + Atell + dyY.
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The truncation error is bounded as fOHOWS'

tﬂ+1
(12) I%SZL

i>1

24 o]

Next we have an upper bound for the additional error.

Lemma 4. If for every i,j > 1 the sequences K(i,-) and K(-,j) are of bounded
variation, then

leh] < (sup V(R (i, ) + sup V(K (-, 1)) + 3K ) Dy (" f).

i>1 j>1

Proof. Let up, denote the array
un(i, §) = K(i,§) (on(i +j) —on(@), i,j€N".

Then
1 1
G-y X (§F X wlinien) - X il
0<k<N 0<t<N i>1
1 .
X (F X wliend) = S unlicd) i) 1200
J>1 0<k<N i>1
and the result follows from Lemma 2] O

Finally, we need to bound the integration error.

Lemma 5. If the sequence K is of bounded lower variation, then

1

051 < (2 VA R) +3°) ) ety

Proof. The integration error may be written as follows.

a7 = Dn(Q}0, X™) — D (Qf 1. X™) + D (@0 X7,

where
Q;LO = U Rk,@ X Iv
0<k,(<N
Jren<h
Qni= |J BReexIf, and Qpy= |  Reex Iy
0<k,(<N 0<k,t<N
Jkn<h Jkntien<h
We have

DN(QZ,Oa Xn) = DN(T‘-,QZ,Ov W,Xn) =0,
since 7' Q}! , is a disjoint union of elementary intervals in base b, with measure b=™
and 7' X" is a (0,m, 2)-net in base b. Let rj, , for a = 1,2 denote the functions

kpa(enee) = Y cre(w, 22) K (ks don)on(rn),
0<ke<N
Kpo(en,me) = Y cre(wr, 22) K (ks Jon)on(rn + don);

0<k (<N
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for (z1,22) € I?. Then,
Qro={xe I oag< Atkp o (w1,22)}, for a=1,2.

Let dq,ds2 be integers such that di + da < m —t. For a = (a1, a2) with integers
0<a; <b®,0<ay < b® we put

R a1 ap+1 as as+1
T Tl ) bl Tl )
and, for a = 1,2,

Q= URa X [O,At 1}1%15 /QZ@), Qho = URa X {0, At sup /@Z}a),
n | |Ra x [Atinf&? ., Atsup &} }
8Qh,a LaJR X |: I}ila Hh,av S}l%lf) Kh,a 9

where the unions are over all a = (a1, a2) with 0 < a; < b%,0 < as < b%2. We have
Qo CQhaC Qro and Q. \Qp L C Q.
hence
DN (@) o X™) = Xs(0Qh.0) < DN(Qft oy X™) < D (@ X™) + A3(0Q7 ).
By Lemma [ it follows that
|DN(QZ,Q7X")| < phFRtmand DN (Q) o, X™)| < b T

Besides,

A
A (0QR0) = iz D (Sup KT — inf 7.0 )

Let up o for o = 1,2 denote the arrays

’U/h71(i,j) = K(ivj)ah(i)’ ’U;hg(i,j) = K(iaj)ah(i+j)a i,j € N¥,
so that, for a = 1,2,
K o (@1, 22) = Un.a(J(z, )0 Jh(es)in)-
Let F be the point set
F;L = {ja1b7”*d1,n7 s 7j(a1+1)b7”*d171,n} X {jazb"’L*d2,n7 s 7j(a2+1)b7”*d271,n}'
Since the particles are labeled according to mass,
(331,.132) € Ry = (jk(zl),nvjk(xz),n) €Fy,
and consequently

sup kp o, — inf kp , < maxup o — minup q.
' Ra ™ Fn Fno

a

Applications of Lemma[3 yield
. < 2\ (ndi o nda Ty da
%:(rgzxum H]}i}luh,l) < Vi(K) (0™ +b%) + K*b®,

Z(maxuh,z — min uh,z) < Vi(K) (0% +b%) + K* (b + b2 —1).
—\ Iy Fr

By choosing dy = da = [(m — t)/3], we obtain the desired result. O
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We can combine the previous bounds to derive an upper bound for the error at
time t,,.

Proposition. If the sequence K is of bounded lower variation, then

’*f

DA ) < DR ) + Y [ |2

i>1

, t)'dt

9
+(4V;( )+ 3K* + At>rm T

where

¢ :=sup V(K(i,-)) +sup V(K (-,j)) + 3K*.
i>1 i>1

Proof. The result follows from recurrence formula (), used in conjunction with
inequality (I2) and the bounds in Lemmas [ and O

Remark. The proposition indicates a convergence order of O(1/N'/3), which is
worse than the O(1/N'/2) of MC schemes. The examples below show a QMC
method’s convergence rate of O(1/N?/3) which is better than the random con-
vergence. In addition the upper bound in the proposition grows linearly with the
number of time steps, but this growth is not observed in computational experiments.

3. NUMERICAL EXAMPLES

The purpose of this section is to numerically validate the QMC algorithm de-
scribed above. In our experiments, the number base b is taken to be 3 and the
low-discrepancy sequence X is a (0, 3)-sequence in base 3 constructed by Faure [6].
It has long been recognized that three particular kernels K (i, j) are mathematically
tractable [I]: for a monodisperse initial configuration fy = 1, explicit solutions of
Smoluchowski’s coagulation equation are available. In the following we restrict our
consideration to the kernels K (i,j) = 1 and K (i,j) = i + j (note that the latter
does not satisfy the hypothesis of the proposition). In both cases we can compute
the error D%, (J™; f) of the algorithm and we can compare it with the error given
by the Monte Carlo scheme proposed in [2]. Assuming that the methods produce
approximately O(1/N9) + O((At)") errors, one can estimate the exponents ¢ and
r from plots of the error versus N or At. If

C(t) = Zc(i,t) = Z @,
i>1 i>1

then NyC'(¢) is the total number of clusters at time ¢. At time ¢, C(t,) is approx-
imated according to (@) as

Ctn) =~ % Z L

0<ken Jkm

We can study the accuracy of this approximation.
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Ficure 1. K(i,j) = 1. MC (left) vs. QMC simulations (right)
for P = 100, 200, 400, 800, 1,600, 3,200, and 6,400 time steps.
Thick lines correspond to small time steps.

3.1. K(i,j) = 1. In this case, the exact solution of @) with a monodisperse initial
condition is

, 4i o\
(13) fli,t) = (D (H——2> :

We compute the solution up to time ¢t = 1.0 with IV particles and P time steps. The
numerical parameter N varies between 3* and 3'3, and P varies between 1 x 100
and 2% x 100. In order to reduce scatter, the error is averaged as

100

1
Dyp:= 100 Z DN(I™®; finp)s
m=1

where p = P/100. Figure [l is a plot of the error Dy p as a function of N on a
log-log scale. We see that the QMC method achieves a better rate of convergence

Log; Dy p
2
Log; Dy p
c
-4 N 6 \
-
9 r \.\
s
- 8 \\
N N
\ oy J
8 N
8 < .
\.\ 8 10 12 1z 092 P
6 8 10 12 Log; N

FIGURE 2. K(i,j) = 1. Left: linear fits to the error as a function
of N for P = 6,400 time steps. Comparison of MC (dashed) and
QMC (solid) simulations. Right: linear fit to the error as a function
of P for QMC simulations with N = 3'3 particles.
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Log; Exp Logs Exr

®
®

-10 -10

5 Logs N [ ) 10 15 Logs N

FIGURE 3. K(i,7) = 1. MC (left) vs. QMC simulations (right) for
P = 1,000, 2,000, 4,000, 8,000, 16,000, and 32,000 time steps.
Thick lines correspond to small time steps.

of the error to zero with increase of IV; this more rapid convergence is only tangible
for small At.

Next we choose a time step small enough so that time discretization error is
insignificant relative to the Monte Carlo error. The results are displayed in Figure
BHeft. The best (in the sense of least squares) straight line fit to the log-log plot of
the data gives for P = 6,400:

0.38 0.30
NS and Dy, p(QMC) ~ NOoT

If we choose a large number of particles, the quasi-Monte Carlo error is negligible
relative to time discretization error. So we can estimate the exponent r by a linear
fit to plots of log Dy p versus log P. The results are shown in Figure Pright: for
N = 3'3 one obtains

(15) Dn.p(QMC) ~ 0.15 - (At)*.

In this case one has

(14) DN7P(MC) ~

2
2
We compute the solution up to time ¢ = 10.0 with N particles and P time steps.
Let Cn,p(t,) denote the approximation of C(¢,) for 0 < n < P. Here N varies
between 3% and 3'2, and P varies between 1 x 1,000 and 2° x 1,000. Figure [ shows
the curves for the discrete L' norm
100

1
EN,P = 1_00 ngl |C(tmp) - CN,P(tTnpN'

C(t)

We see that QMC outperforms standard MC for this example.

3.2. K(i,j) = i+ j. Here the exact solution of (@) with a monodisperse initial
condition is

AN it —t\i—1_ —i(l—e *)—t
(16) f(z,t)—i—!(l—e ) e .
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FIGURE 4. K(i,7) =i+j. MC (left) vs. QMC simulations (right)
with P = 200, 400, 800, 1,600, 3,200, 6,400, and 12,800 time
steps. Thick lines correspond to small time steps.

The solution is computed up to time ¢ = 1.0 with N particles and P time steps. The
number N varies between 3* and 3'2, and P varies between 2 x 100 and 27 x 100.
The error is averaged as in the previous model problem. The results are similar to
those for the first example: we see in Figure (] that the QMC method is superior
to the MC scheme.

The gain in the rate of convergence ¢ is illustrated in Figure BHleft. As in the
previous example, if the time step size is chosen small enough, the log-log scale
allows the plot of an error of the form ¢/N? to appear as a straight line with slope
—gq: for P = 12,800, one has

0.46 0.60
Log; Dy p
2 Log; D
- ™.
. N ™~
9 i\\ 2
™ 16 12 17 L09: P
4 ) 0 Log; N

FIGURE 5. K(i,j) = i+ j. Left: linear fits to the error as a
function of N for P = 12,800 time steps. Comparison of MC
(dashed) and QMC (solid) simulations. Right: linear fit to the
error as a function of P for QMC simulations with N = 33 parti-
cles.
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-106 _16

Log; N

Log; N

FIGURE 6. K (i,7) =i+j. MC (left) vs. QMC simulations (right)
with P = 3,200, 6,400, 12,800, and 25, 600 time steps. Thick lines
correspond to small time steps.

For a large number of particles (N = 3'3), the least-squares fit convergence rate of
the QMC method is estimated as

(18) Dy p(QMC) ~ 0.16 - (At)"-56,

as shown in Figure [Blright.
In this case one obtains
Ct)=e".
We compute the solution up to time ¢ = 2.0 with N particles and P time steps: IV
varies between 3% and 3'3, and P varies between 2° x 100 and 2% x 100. In Figure
we graph the Ey p obtained with MC and QMC strategies: once again QMC
produces more accurate results than MC.

CONCLUSION

We have analyzed a procedure for solving Smoluchowski’s coagulation equation.
The approach is to use the Monte Carlo method to simulate the aggregation of
clusters. A sample of test particles is chosen and it is assumed that their behavior
is an indicator of the behavior of the medium as a whole. Time is discretized and
since we approximate the mass density, the scheme works with a fixed particle
number N. The standard Monte Carlo method can be quite slow, because its
convergence rate is only O(1/N'/2). We have considered an improvement to this
method by using quasi-random numbers in the implementation of the algorithm. To
make optimal use of the greater uniformity associated with quasi-random sequences
we reorder the particles at each time step. Convergence of the simulation as the
number N increases has been proved. We test our analysis by comparing the
QMC results with two known analytic solutions to the Smoluchowski equation. In
both comparisons, the QMC results have been found to reproduce the expected
distributions. Moreover, the numerical experiments show that the error in the
QMC simulations is significantly less than the corresponding error for a standard
MC simulation.
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