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RECOVERING SIGNALS FROM INNER PRODUCTS
INVOLVING PROLATE SPHEROIDALS
IN THE PRESENCE OF JITTER

DOROTA DABROWSKA

ABSTRACT. The paper deals with recovering band- and energy-limited signals
from a finite set of perturbed inner products involving the prolate spheroidal
wavefunctions. The measurement noise (bounded by §) and jitter meant as
perturbation of the ends of the integration interval (bounded by «) are consid-
ered. The upper and lower bounds on the radius of information are established.
We show how the error of the best algorithms depends on v and §. We prove

3
that jitter causes error of order Q2+, where [—,] is a bandwidth, which
is similar to the error caused by jitter in the case of recovering signals from
samples.

1. INTRODUCTION AND PRELIMINARIES

The usual approach to recovery of signals [1], [4], [5], [6], [7], [8], [9], [LO] assumes
gathering their samples, which are then combined in some way to get approximate
signals’ values. In practice, the data is contaminated with some noise coming from
an inaccurate sample points reading (called jitter) and from the measurements of
resulting samples. It has been proved [1] that to get satisfactory quality of the
reconstruction, we may need to ensure very small jitter.

In the 1960’s, mainly due to Slepian, Landau and Pollak [T4], [20], [22], a new
way of gathering information about signals came into consideration. Instead of
samples, certain inner products involving prolate spheroidal wavefunctions could
be evaluated. Optimality properties of such information have been exhibited in
[8], [[0]. The measurement noise has been proved to have smaller influence on the
quality of recovery than in the case of utilising information consisting of signals’
samples [H].

We deal with the recovery of band- and energy-limited signals. We estimate the
loss caused by jitter (meant here as the perturbation of the length of the integration
interval) while using the prolate spheroidal wavefunctions.
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In order to give a precise formulation of the problem, we denote by F' the space
of signals of bandwidth [-€, ],

Q
F:{f:R—>(C: f(t)zé f@)e™ do, feL?[_Q,Q]}.

We are interested in the signals with limited energy, that is, in the subclass F =
{feF: fe.J}, where J denotes the unit ball in L2—,€]. The reconstruction
of a signal f at a point ¢y from the interval [—7,7], 7 > 0, can be treated as a
recovery of the linear functional

S:F—C,

from information vector i € N(f), where N : E — 2€" is an information operator
defined by

T+
N(f) = {zj’e C": oy = / f()wy(t) dt + Ay,
—T74+Ag

1 1K e <7, &1 < 5}.

Here, v and ¢ are fixed positive numbers, 1 < pq,p2 < 00, and || - ||, denotes the
pth norm in C". The functions wy are scaled prolate spheroidal wavefunctions as
precisely defined in Section Bl We shall also use the symbols ¢; and g2 to denote
the quantities associated to p; and pas, i.e.,

1 1 1 1
—+ — = 17 —+— = 1)
P @ P2 @
with the convention that é =0.
To recover S(f), we use an algorithm ¢ : C* — C, which can be an arbitrary
mapping. We measure the error of ¢ by its worst performance in the class E:

e(¢,7,0) = sup sup [|S(f) — o).
JEE FeN(f)

Our aim is to find the best possible algorithm. If some ¢* satisfies
G(Cﬁ*, Y, 5) = lgf €(¢, e 5);

we call it an optimal algorithm.
Let A(Y) denote the image under S of the set of all elements from E sharing the
information ¥

Ag) ={S(f): feE, §eN()}.
The quantities
r(v,6) = sup inf sup [lg—all,
geCn 9€G ac A(y)

d(v,6) = sup sup [a—b|,
FEC™ a,beA(H)
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where the supremum over the empty set is to mean zero, define a radius and a
diameter of information, respectively. It is well known that

r(7,0) = infe($,7,0);

see for instance [18], [19] for the proof. We shall use these relations to estimate

the lower and upper bounds on the error of the optimal algorithm. For more

information on the worst case setting we refer the reader to [19], 23], [24], [25].
We shall prove that for sufficiently small ~

7(0,0) + A1 Q% ~ + B§
2
The constants A; and As are independent of 2, v and 4. The same refers to B
when wy, are suitably chosen. Jitter causes error of order Q%'y, which is similar to
the error caused by jitter in the case of recovering signals from samples. In both
cases the condition Q%fy < 1 should be satisfied to get the radius of information
small enough. It may force v to be very small, since {2 may even exceed 2'6.

+ 03+ 6%) < r(v,6) < r(0,0) + AyQ3~ + BS.

2. PROLATE SPHEROIDAL WAVEFUNCTIONS

This section presents some facts concerning the prolate spheroidal wavefunctions.
Given positive number ¢, we consider the differential equation
(1 — )" (t) — 2t (t) + (k — t%)u(t) = 0.
It is well known [2] that the values of the parameter x such that the equation has
a nonzero solution can be ordered
0 < kole) < kifc) < -+
and when x = ki(c), there exists exactly one solution
k- [—1, 1] — R
such that f_ll |og(t)|> dt = 1 and vg(1) > 0. Let us set ¢ = Q7 and define the prolate
spheroidal wavefunctions by
ort) = —vp (L), k=01, telrT]
= — — B == s Ly ey T, TI.
b VT M\ 7
Theorem 1.

(1) The functions ¢y, continuously depend on Q and 7. For fixred ¢ = Q7 they
can be extended to entire functions.

(2) Each function ¢y, is an energy-limited signal of bandwidth [—Q, Q).

(3) The functions ¢y are even for even k and odd for odd k.

(4) The following eigenrelations are satisfied:

/ % Sinc(Q( — 5))én(s) ds = Audn(t),

T

/eiQ%SQSk(S) ds = Oékd”c(ﬂa

-7

where t € C, \x \, 0 when k — oo, and |ay|* = 27rTT/\k.



282 DOROTA DABROWSKA

(5) The functions ¢r. are orthonormal in the space L*[—7, 7] and orthogonal in
L?[~o00,0c], and [ |¢x(t)]* dt = -

Here and in what follows Sinc(z) is defined by

sin(z)

Sinc(x) = ,  # 0; Sinc(0) = 1.

It should be noted that vy, Ag, ag, Kk depend on ¢ and ¢y depends on 2 and 7.
To simplify the notation, we do not point it out. The above theorem was proved in
], [220; see also 2, [B1, ], [T, [12], [13], [14], [15], 18], [17), 20, 1] for a more
complete treatment.

The following lemma will be used in the next section to get an upper bound on
the radius of information.

Lemma 1. For each k=0,1,...

bu(r) = ¢ dln )y _\/gdlmk
M=V orTae ~ V2 ae
Proof. According to [3], [20] we have

2, dln),

- (1) = .

cvk( ) de

This combined with v (1) = \/7¢r(7) > 0 and ¢ = Q7 gives the desired formula. O

The next two lemmas provide tools for establishing the upper bounds on the
derivatives of ¢y at 7. We shall use them in the next section.

v (1)

Lemma 2. Let us fix c and Ky, (mdseta:""“T_Cz,bzé and xj = =75 Then
rog = 1,
rr = a,
2
a® a
= ——=--b
2 2 2
a j—1> J—1 G-DG -2
xj = |- -7/ |rj_1 —2b——x;_ 9 —b—"—"1; 3,
J <j 5 J P j J
for 57=3,4,....

Proof. The function vy is a solution of the differential equation
(1 — )" (t) — 2t/ (t) + (k — t*)u(t) =0

with x = k. Therefore

(1) (1 =202 () — 200 (8) + (ki — A12)or(t) = 0.
This yields
(2) (1 =20 (@) — 40P () + (k. — A2 — 20 (1) = 0.

We shall prove by induction that the following equation holds for j = 3,4, ...
(1= o0 (0) = 207 (0) + (kx = P22 = 3G = D)o (1)
3) —2( = Do ") = (G = D) = 2P (1) = 0.

It can be verified for j = 3 by differentiating the equation (Z)). Let us assume that
(B) is valid for some j. Then by differentiation we get it for j + 1. By the definition
of a, b and z;, the lemma follows by setting ¢t = 1 in (1), (@) and (B). d
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Lemma 3. Let a, b and x; be defined as in Lemmald. If
B = max{lal, [b[} > 2,

then
lzj| < (5 — DIB7 for j=1,2,....

Nl

Proof. We proceed by induction. For j = 1 the inequality holds. As x5 = “—22 —
and

2

a 2 4+

=)
=@

2
T-2-b < T-2¢< <
2 2 2 2 2
2
a a a 154 2
22y > 2 _p>_E_pg>_
2 2 - 2 - 2 Bz -5,
we have |zo| < 32. Since x3 = %a?’ — %aQ + %a — %ab—l— b, it follows that

1. 2 1.5 [
|:c3|§653+§ﬂ2+56+§62+ﬂ<2ﬂ3.

We now know that the lemma holds for j = 1,2,3. For any j > 4 we assume that
|z;] < (i — 1)!3" holds for all i < j. Then from Lemma 2 we get

ol < (24I5 )G -2t 2l -

-1 -2
J

+0 (7 -4 ?

B - i 62 l 2 1
A L’(j—m*5(2%@—2))*.7@—3)]
(j - 1)1 (% + 38 i)

< (1)

The proof is complete. O

IN

Corollary 1. Let 3y = max{|“: —¢|,c}, where ¢ > 2. Then

_ J
6001 < G- 025 ) u(r) for d =1.2.....

Proof. Since

o (7) = =5l (1),

by Lemma B we get

o (r) ol 1, me—c| Y
@ | = o Sl max{ ; ’2}
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3. ESTIMATION OF THE RADIUS OF INFORMATION

We are now in a position to define the functions wy. As was mentioned before,
they are scaled prolate spheroidal wavefunctions, i.e,

wy = Wi 1¢p-1, k=1,...,n

where the quantities Wy_; are arbitrary positive numbers.
We remind the reader that an optimal algorithm using the exact information
(v =460 =0) [18] is given by

) Pr—1(to)
y Z W1 ’
We shall now estimate the error of ¢* for arbitrary -+ and 6.

Lemma 4. Let ¢* be defined as above. Then

n—1
e(¢",7,0) <r(0,0)+ sup > Ak(f,Thgr, Aegr) [0k (t0)| + B,
HFH:E<w k=0
I1Xlp; <7
where
A(fiThg1, Akr) = / |f(t)ow(t)] dt,

[=7=1Ak41l—7]
U [r7m+ITgyq ]

_ || #o(to) én—1(to) g
[ st

q2

Proof. We have

6((1)*7’)/, 5) < Sup sup |S(f) - ¢*(g)|

geCn feB

GEN(f)
v Pr—1(to)
< su wy ()] dt 1170
< supsi 2(/|f wojar) St Ce)
| (to)|
k\l0
P D ( (@i (1) dt) T
k
Hrupl<w k=0 \(rojapyql -
1Xllpy <v U [m 4T, 1]
n—1
t
+ sup ZAkH—@;}[(/O)
”A”P2§6 k=0 k
n—1
= 70,00+ sup ¥ Ak(f,Thsr, A1) [0k (to)| + B.
1Tlp, <7 =0
I1X1py <v
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If an f belongs to E, then |f t)] <
sented in Theorem [ yield |¢x (¢)] <

[ 2
Ak}(f} Fk+1;Ak+1) < —Q(|Fk+1| -+ |Ak+1|)
7T)\k

This can be improved if v is small enough.

Furthermore, the eigenrelations pre-

Hence

ﬁ

Lemma 5. If f€e E, ¢>2 and
2

b
max;—o,...n—1 5

dln A
Ap(f. Tipr, k) < 20/ =Dk |+ [ ])-

Proof. Since |f(t)] < V28 and ¢y, is odd for odd k and even when k is even, we
obtain

Qy <

then

TH| At THTrgr]
Au(f.Tasns Apst) < V20 / e ()] dt + /"|mth

Expanding ¢y, in the Taylor series and applying Corollary [I we get

T+ Tht1] T+ T et1] oo |¢(J)(7-)|
|pr(t)[dt < Z;)kT(t—T)j dt
T T J=
= |op(T)||Tkt1] + Z |¢k+(1—))'| Tpoqr [t
m¢ ()] o (2 [Taga
< oIkl + =, Z; AT
- wmﬁwﬂu+'3§”@+mu—mbﬂ,

where z = %|Fk+1|. The last equation holds since x < 1 is guaranteed by the
assumptions. As In(1—z) < 0 for z € [0,1), it follows that x + (1 —2) In(1 —z) < x.
Q d ln )\k

According to Lemma [l we have |¢x(7)| = . Consequently

R Qdln A
n
Br(0)]dt < 20| Thsa| = 2/ 5 T2 D,

Tl )

T

The same argument applies to the integral f t)| dt. The proof is com-
plete. ([

We can now establish an upper bound on the radius of information.

Theorem 2. Assume that ¢ > 2 and Qy < ——2———_ Then

max;—o,...,n—1 Bi

r(v,8) <7(0,0) + AQ%’y + B9,
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AN fdndg (t dind, 1 (Bo)\]"
Ve de °\7 ) de s
Q 1 to 1 tO g
B = /= o ——u (2
[Wo ( ) Wit 1<T>}

Proof. The theorem follows from Lemmas (] and [B] and the definitions of ¢ and
c. (]

where

Y

q1

One may ask whether the estimate in Theorem [2] is sharp. To answer this, we
shall show a lower bound on the radius of information. The basic idea of getting it
is to find two functions sharing the same information. Then we shall use them to
estimate the diameter of information and finally the radius of information.

The following assumptions will be needed in the remainder of this section. They
are a consequence of the proof technique, and all, except the first one, state some
limitation on the size of . The goal of the last one is to guarantee that the functions
oK, k=0,...,n— 1, are nonnegative in the interval [T — v, 7 + 7].

AO0. c>2,
Al. Qy < 1,
- 12
2”[)\0607 ey )\nflﬂnfl]T”pl
max;—o,... n—1 3 ’

1
A3, Oy — =
max;—o, . n—1 3

A4. Qv such that vk=07___,n_1vte[1_@_ 14223 vg(t) > 0.

A2. Qy <

Roughly speaking, the next lemma says that ¢y (7) is close to the mean value of
the function ¢y on the interval [T — T'gy1,7 + Tgga]-
Lemma 6. If ¢ > 2, T'y11 >0 and QBkTky1 < 1, then
4+ kg1
o0t > ou(Tus (2= T OKT ) = FonlrTun,
T
Proof. The Taylor expansion of ¢ combined with Corollary [l yields

T+l k41
¢k (t) dt — 2¢k (T)FkJrl

7Tk
T+l k41 )
> (5)
T .
= (Z(bkj'( )(t—T)]> dt—Q(bk(T)Fk_H
T*Fk_*_l ‘7:0 .
o (21)( )

=12) kLt
Z (2 + 1) k+1

2 s 2 Qﬁkrk 1)23-{-1
Q Z 2j(2j+1)

J:1
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We set z = %Fk.ﬁrl and note that

= 22t i
;232 =% +1-oh(-2)-(1+9)hl+e) < o

since z € [0, %) Consequently,

4T 1 Q4T )
oty dt —20(r)un| < EOTl g gy
P
< Lourren,
- 11
and the lemma follows. O

The task is now to find two functions sharing the same information and whose
difference at some point tg is of order Q%'y.
Lemma 7. Define
1
2[1[AoBo, - - - An—1Bn—1]"llp,’
fi(t) = V2Q Sinc(Qt — 7 — o)),
fo(t) = V29 Sinc(Qt — 7 + o))

and assume that 6 = 0 and let conditions AO-AJ hold. Then the functions fi, fo
belong to E and N(f1) NN(f2) # 0.

o =

Proof. Since

V2Q Sinc(Qt) =

itw dw
)

e /
we get f1, f2 € E. In order to show that N(f1) NN(f3) # (), we need to find a vector
I such that ||T'||,, <+ and

T4+

/ f1 (t)wk (t) dt = / f2 (t)wk (t) dt,

—T

for all k=1,...,n. By the definition of w; and Theorem [ we can rewrite the
above equation as

Z)\kq (¢k71(T +ay) = ¢r-1(1 — 0‘7))

Q
T4+
/ Sinc(Q(t — 7+ o)) prp—1(t) dt + / Sinc(Q(t — 7 — ay))dr—1 (¢) dt
T—T%
where kK = 1,...,n. According to Al and A4 both integrants are nonnegative.

Without loss of generality we assume that I'y, > 0. Expanding ¢x—1 in the Taylor
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series and applying Corollary [l and property A2, we get
™
ﬁ)\kq <¢k71(T +ay) = gr-1(7 — 04’7))

o ) (aﬂk—197)2j+1
< 2N _ 2
< Q)\k 10k 1(7)' 5 11
7=0
2 190
= ﬁﬂ)\k,lqbk,l (1) arctanh M.
On the other hand, by Al, A3, and Lemma [fl it follows that
T+ T
/ Sinc(Q(t — 7+ ay))pp—1(¢) dt + / Sinc(Q(t — 7 — ay))pr—1(t) dt
T 7T
T+
63
> — Gr—1(t) dt > —dp—1(7)T.
T 117
7T*Fk

We complete the proof by finding a vector I’ such that ||T'|,, < v and

2 -1 63

%Ak,1¢k,1 (’7’) arctanh % S m(ﬁk,l (T)Fk

To this end we set 'y, = 2\,_18;_1cy. Then ||T,, = v and the inequality above
reduces to the inequality

afe-1Sy _ 126 afp_1{ly
2 ~ 1172 2 ’
which is valid since A2 implies M < % O

arctanh

The following result is a counterpart of Theorem Pl

Theorem 3. Under the assumptions A0-A4 we have

r(y,0) > %(r(o, 0) + AQ3y + Bd) +0(y* +62),

where
4 @ max{| Sinc’(Q(to — 7))/, | Sinc’(Q(to + 7))}
2 ||[>\0507-'~v>\n71ﬂn71]T”p1 ,
. Q 1 to 1 tO T
2= 2l (P) i (2)]
q2

Proof. We define f; and f5 as in Lemmal[fl Since N(f;) N N(f2) # 0, we have
d(v,0) = [S(f1) = S(f2)]
= V2Q|Sinc(Q(to — 7 — ay)) — Sinc(Q(to — 7 + ay))|
V2|Sinc'(Qto — )| 3 3
DoBor— At Tr 1 O
By considering the functions
g1(t) = V2QSine(Qt + 7 — ay)),
92(t) = V2QSinc(Qt + 7 + a))
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and reasoning as in the proof of Lemma [7] we obtain that N(g;) N N(g2) # 0 and
consequently
2| Sinc’ Q(t
d(7,0) > /2| Sinc (0+T)|T
1[XoBos - - -5 An—1Bn-1]"lp,

Hence d(v,0) > 2402~ 4 0(y3). By [] we also have r(0,8) = r(0,0) + B+ O(62).
We complete the proof by observing that

Qv + O(9%).

1 1 1
T(Oa 5) + ir(’ya 0) > §T(Oa 5) + Zd(’y’ 0)

|~

r(v,0) >

We summarise Theorems[2 and Blin the following final result.
Theorem 4. Let assumptions A0-Aj be satisfied. Then

7(0,0) + A1 Q% ~ + B§
2
with quantities A1, As, B defined by the equations

V2 max{] Sinc'(Q(to — 7))|, | Sinc’ (2(to + 7)) [}

+O0(v* +62) < 7r(v,6) <7(0,0) + AQQ%7 + B9,

A ,
' 2 10505 - - - s An—1Bn-1]T [l
o A [dmXe (o dind, o (t)\]"
2= Ve de °\ 7 ) de [ ’
q1
Qllr 1 to 1 to\1%
B = /I l—=w(2),... —u, (2
c [Wov()(T)’ "Wt 1<T>}
q2

Remark. In order to make the radius of information sufficiently small, we may need
to ensure that AQ3y < 1 where A € [min{A;, Ay}, max{A;, A5}]. The quantities
A; and As depend only on ¢ and although they are not very close, the last theorem
carries a negative message to practical applications. Usually relatively small values
of ¢ are of interest. Taking ¢ = 3 and n not too big, but causing r(0,0) to be small
enough, we get A1 ~ 0.1. As we mentioned before, ) can even exceed 2'6 which
leads to the inequality v < 217(1.

The measurement errors affect the radius of information r(vy,d) depending on
the way in which the functions wy,...,w, are scaled. Taking for example Wy =

- = W,_1 = VQ, we get rid of the parameter Q in the constant B.
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