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A DISCONTINUOUS GALERKIN METHOD
WITH NONOVERLAPPING DOMAIN DECOMPOSITION
FOR THE STOKES AND NAVIER-STOKES PROBLEMS

VIVETTE GIRAULT, BEATRICE RIVIERE, AND MARY F. WHEELER

ABSTRACT. A family of discontinuous Galerkin finite element methods is for-
mulated and analyzed for Stokes and Navier-Stokes problems. An inf-sup
condition is established as well as optimal energy estimates for the velocity
and L2 estimates for the pressure. In addition, it is shown that the method
can treat a finite number of nonoverlapping domains with nonmatching grids
at interfaces.

1. INTRODUCTION

This paper is devoted to the numerical analysis of a discontinuous Galerkin (DG)
method with nonoverlapping domain decomposition, of order & = 1,2 or 3 for
solving the steady incompressible Stokes and Navier-Stokes systems of equations.
The finite elements are defined on conforming triangular meshes in each subdomain.
In each triangle, the finite elements discretizing the velocity are polynomials of
degree k with no continuity requirement between triangles and the finite elements
discretizing the pressure are polynomials of degree k — 1, also totally discontinuous.
Boundary conditions are not imposed on the finite element spaces. The viscous
part of the operator is put into a variational form with a jump term on all triangle
interfaces, so that it is always elliptic. The jump term corrects the discontinuity of
the velocity at the interfaces and it corrects the nonzero value of the velocity on the
boundary. This paper considers both nonsymmetric and symmetric formulations.
In the case where the bilinear form is nonsymmetric, there is no restriction on the
coefficient of the jump term.

The zero divergence constraint is imposed by a form that is locally conservative
away from subdomain interfaces. This form coincides with the standard form up to
an extra jump on interfaces that is introduced for satisfying the inf-sup condition.
This extra jump is not needed if there is no domain decomposition. We analyze
the discrete Stokes problem by establishing a uniform discrete inf-sup condition
for the pressure. This is vital for proving optimal estimates for the velocity and
pressure. The nonlinear convection term of the Navier-Stokes equation is discretized
by adapting to totally discontinuous velocities the upwind scheme introduced by
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Lesaint and Raviart [I7] for solving the transport of neutrons. We analyze the
nonlinearity by proving uniform L estimates for the discrete velocity. This enables
us to prove the existence of discrete solutions and error estimates.

We assume a fixed number of subdomains. At interfaces of subdomains, the
triangulations need not match, but we assume that one is a refinement of the
other. This restriction, which does not arise when solving a diffusion or convection-
diffusion equation, is used for proving the inf-sup condition. Relaxing altogether
this restriction in the proof does not seem straightforward. But this is not surpris-
ing, if we had enforced continuity at subdomain interfaces by a Lagrange multiplier,
we would have had two multipliers (the other one being the pressure), and when
there is more than one multiplier, these are usually related; see, e.g., Girault,
Glowinski, Lépez and Vila [II]. However, this is only a sufficient condition and it
may not be necessary.

There exist in the literature many finite element approximations of the steady
incompressible Stokes and Navier-Stokes problems. The reader can refer to Girault
and Raviart [T2] and Pironneau [21] for a good description and study of a wide
collection of schemes. But to our knowledge, there is very little literature on com-
pletely discontinuous Galerkin methods for solving numerically the incompressible
Navier-Stokes flows in the primitive variables. Of course, there are the noncon-
forming finite element schemes of Crouzeix and Raviart [7], Fortin and Soulié [9]
and Crouzeix and Falk [6], but their velocities must be continuous at the &k Gauss
points on triangle sides, whereas we impose here no continuity requirement at all.
Thus implementing our scheme is much easier. Moreover, it lends itself readily
to nonoverlapping domain decomposition. It has the great advantage over mor-
tar elements in that it does not require Lagrange multipliers on the subdomain
boundaries.

We refer to [27], 22, [23], [15, [24] for solving diffusion and convection-diffusion
equations by discontinuous Galerkin methods. In [3], Becker, Hansbo and Stenberg
discretize a Laplace equation with domain decomposition by means of a symmetric
bilinear form and two penalty terms on each subdomain interface. Finally, up-
winding the convective term of the Navier-Stokes equations by the Lesaint-Raviart
method is now well known. We refer to [12] [21] for a thorough study. The reader
can refer to [2] (respectively, [16]) for solving the Stokes (respectively, the Navier-
Stokes) systems by approximating the velocity by discontinuous polynomials that
are pointwise divergence-free, approximating the pressure by continuous polyno-
mials. In [5], the authors propose and analyze a discontinuous Galerkin method
for the Stokes problem written in terms of velocity, gradient of velocity tensor and
pressure.

The outline of the paper is as follows. The Stokes and Navier-Stokes problems
are stated and their regularity is discussed in Section 2. The scheme for the Stokes
problem is introduced in Section 3. Section 4 is devoted to the proof of the inf-sup
condition and Section 5 to a priori estimates for the Stokes problem. Section 6
contains the main points of the discrete Navier-Stokes problem. Conclusions are
given in the final section.

2. MODEL STOKES AND NAVIER-STOKES PROBLEMS

Let Q be a Lipschitz domain of R%. Let f € H~(Q)? and p > 0. The solution
(u,p) € HY(Q)? x L?() of the stationary homogeneous Stokes problem for an
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incompressible viscous fluid confined in {2 satisfies

(2.1) —pAu+Vp = f, in Q
V-u = 0, in Q
u = 0, on ON.

Since p is uniquely defined up to an additive constant, we also assume that fQ p=0.

With the above assumptions, this problem has a unique solution w € Hg(Q)2,p €
L3(Q) [12], where

H3(Q) = {veH(Q):v=0 on 00},
I3Q) = {ge€L*9): / g=0}.

However, in what follows, we shall need that both the gradient of w and the pressure
p have a trace on line segments. For this, it suffices for instance that the data f
belong to L*/3(Q)2. Indeed, Grisvard establishes in [I4] that if Q is a Lipschitz
polygon (i.e., a polygon with no slits) and f € L*/3(Q)2, then the solution (u,p)
of (Z1))-(2:3) belongs to W24/3(Q)% x WH4/3(Q) with continuous dependence on
| £l 4/3()- Thus each component of the gradient of u has a trace on a line segment
e, this trace belongs to W1/44/3(¢) and by Sobolev’s imbedding, W'/4%/3(¢) —
L?(e). Therefore, the trace of each component of the gradient of u on a line segment
e is well defined and belongs to L?(e). The same result holds for the trace of the
pressure. Note that both results are sharp.

The Stokes system is a linearized version of the Navier-Stokes system of equa-
tions, where (1) is replaced by

(2.4) —pAu+u-Vu+Vp=f, in

and (Z2), @3) are unchanged. Here,

2
ou
(2.5) u-Vu = ;ula—x

3

is the convection term. It can be shown that (24)), (22)), (23) always has a solution
(not necessarily unique) (u,p) € Hg(2)? x L3(9); see for example [12], Lions [T9]
or Temam [25]. As far as regularity is concerned, note that by virtue of the Sobolev
imbedding in two dimensions: H!(Q2) < LP(f) for any real number p < co:

(2.6) Yo € Hy(Q), [|v]lrr@) < SpllVollrz),

we have that w - Vu belongs in particular to L*/3(Q)2. Therefore applying the
above regularity of the Stokes problem to

—pAu+Vp=f—u-Vu,

we see that, if f belongs to L*/3(Q)2, then every solution (u,p) of (Z4), 2,
(23) belongs also to W24/3(Q)? x WH4/3(Q). Both problems will be analyzed for
f € L*3(Q)%. But of course optimal error estimates will require more regularity.
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b /

FIGURE 1. Example of two subdomains where 7 is a subgrid of ~}.

3. NOTATION AND PRELIMINARIES

To simplify, we shall present here a domain decomposition into two subdomains
but the analysis below applies to an arbitrary (but fixed) number of subdomains.
From now on, we assume that ) is a Lipschitz polygon partitioned into two sub-
domains 7 and o, both Lipschitz polygons, with interface v (which is also a
polygonal line), i.e., Q = Q2 UyUQs (see Figure[l). For i = 1,2, let £ be a regular
family of triangulations of §2;, consisting of triangles of maximum diameter h. Let
hg denote the diameter of a triangle F and pg the diameter of its inscribed circle.
By regular, we mean (see Ciarlet [4]) that there exists a parameter o > 0 such that

(3.1) VEE€E, i=1,2 —=og<o.
PE

Strictly speaking, we should distinguish all parameters by an index i, but we shall
usually suppress this index, to alleviate notation. We denote by F}L the set of all
edges of & that do not lie on v, set I';, = I', UT? and denote by 7} the set of
edges of £ that lie on 7. At the interface v, the two meshes & are related by two
assumptions specified in Section [

(i) the assumption H1 that states that either v} is a subgrid of 77 or 47 is a
subgrid of ~}.

(ii) the assumption H2 of local quasi-uniformity on .

For any nonnegative integer k and number r > 1, recall the classical Sobolev
space on a domain O C R?

Whr(O)={ve L"(0): Vm| <k, 0™velL"(0)},
where 9™wv are the partial derivatives of v of order m. It is a Banach space for the
graph norm, which we denote by |||y x.r (o). In view of the regularity considerations
of the previous section, we define

X = {vel*Q): VEe&, uvlgeW>¥3E)},

M = {qeLiQ): VYEc&, qlgecWh3(E)}.
For an integer k& > 0, the usual Sobolev norm (resp. seminorm) of H*(0) = W*2(0)

is denoted by || - ||x,0 (resp. |- |k,0), the L? norm corresponding to k = 0. If O = Q
and if there is no ambiguity, we simply write || - ||x (resp. |- |x). We refer to Adams
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[1] or Lions and Magenes [I8] for the definition of the norm of H*(2), for real s > 0.
The norm associated with X is the “broken” norm

I-lz= >0

Ecé&y,
We denote the product space by X = X?2. Let D(O) denote the space of infinitely
differentiable functions with compact support on @ and D’'(QO) the space of distri-
butions on @. We recall that, by definition, for v = (v;);, Vv = (g”i ) ~and Von
i,J

Tj

2
kE-

is the product of the matrix Vv by the vector n. Let e denote a segment of F};
shared by two triangles E*¥ and E' of £ ; we associate with e, once and for all, a
unit normal vector n. directed from E* to E' and we define formally the jump and
average of a function ¢ on e by

8= @lele = @lples {9} = 3@zl + 5(0lp0).

If e is adjacent to 92, then m, is the unit normal n exterior to Q and the jump
and the average of ¢ on e coincide with the trace of ¢ on e. If e is a segment of 7},
we denote by n; the outward normal to € and we set

8= @)l = Glales {8} = 5(lou)le + 5 (0la)l

Then, we introduce the following bilinear forms on X x X and X x M, respectively:

a(u,v) = Z/EVUZV’U

E€&y,
(3.2) -y / (Vupn, o] e 3 / (Voln. - [u],
e€l,uUq}t V¢ eelpUyE 7€
(3.3) blv,p) = - Vv + {p}v] - ne+ y[v] -,
p Eze;h/Ep e;:h/ep g%/@p

where p, is the trace of p on the coarser mesh, i.e.,

[ pla, if 97 is a subgrid of A,
Py= pla, if 7l is a subgrid of ~Z,

and on each segment e of v}, the contribution of Vul, and Volg, stands for the
piecewise gradient on each triangle of Eﬁ adjacent to e. The parameter ¢* takes the
constant value +1 or —1. We also introduce the jump term

(3.4) vy = > 7 [[]-[o],

e€lL UV} |6| ¢

where |e| denotes the measure of e. We assume throughout the paper one of the
following cases:

(Ca) If the parameter e* = 1, then the jump coefficient can be simply equated
to 1 on all edges. In practice, it could be useful to put more weight on some edges,
but it is sufficient for the analysis to have o, > 0g, independent of h.

(Cb) If the parameter ¢* = —1, then the jump coefficient cannot be arbitrary.
On one hand, it must be bounded below by oy > 0 and above by o,,,. The analysis
will show that it has to be sufficiently large. But in practice, its precise choice is
delicate: if it is too large, the matrix of the discrete system will be ill-conditioned.
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Remark 3.1. The form b defined by (B3) can also be written
€
Wop) == 3 [9ve ¥ [+ Y [l
Ecé e€l, Uyl e€y}

where
[ 1 if 42 is a subgrid of ~},
€T -1 if vt is a subgrid of 7.

The extra jump term on + is added so that all jump terms on -y disappear when one
subdivision is a subset of the other. This is used for proving the inf-sup condition
while doing domain decomposition.

Remark 3.2. Note that in (B8.2), (33) and ([B4) each edge of &, is counted exactly
once. We have chosen the mesh ~} on the interface ~, but this choice is arbitrary
and we could have chosen 77, in which case the jumps should be defined from
to Ql.

Remark 3.3. Note that if w and v both belong to H}(€2)?, then formally

a(u,v) = / Vu:Vov and b(v,p) =— / pV - v,
Q Q
which are the standard bilinear forms associated with the Stokes problem.

With these forms, we consider the following variational problem: Find u € X
and p € M, solution of

(3.5) u(a(u,v) + Jo(u,v)) + b(v,p) = / fv, YweX,
(3.6) bu,q) = 0,Q Vq € M.
Remark 3.4. Note that all functions v in X satisfy
—Z/Vm—i— Z /[v]'nezo.
EBeg, U E e€lUy} @

Therefore we can relax the zero mean-value constraint in ([36); i.e., (B0) is equiv-
alent to

b(u,q) =0, VgeQ={qe L*Q): VE €&, qlg € WH/3(E)}.

Remark 3.5. The case € = 1 yields a nonsymmetric bilinear form a and corresponds
to the generalization of the NIPG method [23] whereas the case e* = —1 yields a
symmetric bilinear form @ and is the generalization of the SIPG method [27].

We denote by V the kernel of b in X :
V={veX; VgeM, b,q) =0}

Lemma 3.6. Let f € LY3(Q)%. If (u,p) is the solution of ZI)-(Z3), then (u,p)
satisfies the variational problem [B5), BB) and conversely.

Proof. Let (u,p) be the solution of (ZI)-(Z3). Then V-u =0 and [u] - n. = 0
on each edge e, since u € H}(Q)2. Therefore, u satisfies (36). Let us multiply
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2I) by v € X and apply Green’s formula in each E. As u € W2%/3(Q)? and
p € WH4/3(Q), we have

/Q(_MAU+VP)'UZEE:/E(—MAu+Vp)-v

:XE:</E(MVU:Vv—pV-'U)—/BE(MVUTLE—I?"E)"U)7

where ng is the outward normal to OF. But since pVun, — pn, are continuous
across each interior edge, we have

(LVune —pne)le = {pVune — pnctle = {uVullene — {p}|eme.

Therefore,
/Qf"v = ZE:/E(MVU:Vv—pV-v)
- > /{uvu}ne'[v]jL > /{P}[”]-ne.

e€T UL € e€lp Uy} €

This coincides with (1)) because the jump of u is zero on each interior edge e, the
jump of p is zero on each edge e of 'y,lL and w vanishes on each boundary edge e.

Conversely, let (u,p) be a solution to (3H), (B6). First, let E belong to &, and
choose v € D(E)?, extended by zero outside E. Then, (u,p) satisfies in the sense
of distributions

(3.7) —pAu+Vp=f, V-u=0, in FE.

Next consider v € C'(E)? such that v = 0 on JF, extended by 0 outside E, and
Vv -ng =0 on JF except on one side e. We multiply (B:7) by v and integrate by
parts:

u/V'u,:Vv—/pV-v:u/ Vu:Vv—/pV-v+ue*/{Vv}ne-[u],
E E E E e

which is equivalent to
/{V'v}ne - u] = 0.
€

Since {Vwv}n, is arbitrary, [u] = 0. If e belongs to the boundary 952, this implies
that u|q = 0. Thus u € H}(2)2. Finally, let v € C*(E)?, with v = 0 on OF except
on one side e, extended by 0 outside. First, we assume that e does not belong to
the interface, i.e., e € T';,. We have

u/ Vu:Vv—/pVﬂv—u/VunEﬂv—f—/pv'nE
E E e e
—u [ vuiVo- [ pVovp [(Tunelol+ [ (ool n
E E e e
which implies
/(—uVunE +png)-v= /{—uVunE +png}-v.

Since v is arbitrary, this means that the quantity —uVung + png is continuous
across e. Therefore, —uAwu + Vp = f in both subdomains 21 and 5. Next, let e



60 VIVETTE GIRAULT, BEATRICE RIVIERE, AND MARY F. WHEELER

belong to the interface v}, and assume that 7} is a subgrid of 77. The case where
72 is a subgrid of v} is handled exactly the same way. If E belongs to £/, we have

—u/VunE-v—k/pmlv'nE :—u/{Vu}nE'v—k/pmlv'nE;
e e e e

therefore Vung is continuous across e. Similarly, if E belongs to £7, we have

/pln2v-nE = /plnlv-nE,
e e

which implies that the jump of p across e is zero. Thus, —pAu+Vp= fin Q. O

Remark 3.7. Note that the jump term Jy plays no part in this proof and therefore
the statement of Lemma [3.6]is valid even if Jy is suppressed from (3.3).

In order to approximate w and p, we introduce two finite-dimensional spaces
X, € X and My, C M, such that

X, = {’UhEX: VE € &, ’U}LEPk(E)}, Xn =X x Xy,
M, = {qh e M: VE € 5}“ qn € ]Pkfl(E)}.
With these spaces, the discrete scheme is: find (U, P) € X}, x M}, such that
(38) Yo, € X, ‘LL(a(U,’Uh)-i-Jo(U,’Uh)) —|—b('vh,P) = / f-op,
Q
(3.9) Yqn € Mp, b(U,qh) = 0.

We denote by V', the kernel of b in X,:
Vi ={vn € Xn; Van € My, b(vn,qn) = 0},

and we observe that, as in the continuous case, we can relax the zero mean-value
constraint in (3]). We shall address in the next section the existence and unique-
ness of the solution.

Remark 3.8. If U € X, satisfies (33), i.e., U € Vy, then for all E € &, not
adjacent to

{U} ‘Mg = 0,
OE

but if F is adjacent to v and e is the side of E on 7y, we have
€

| wyene =5 [0 n o

Thus the discrete mass is conserved on each triangle F that is not adjacent to the
interface. As mentionned in the introduction, the factor of € in the definition of b is
added to prove the inf-sup condition. Indeed, if there is no domain decomposition,
i.e., no interface, then the analysis goes through with the following b, which is what

one expects:
o)== [ Vot ¥ [lel ne

Eeé&y, ecl', V' €

In this case, the mass is conserved on all elements.
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Finally, let us recall the approximation properties of X, and Mj. Recall that
the meshes & are regular (see (3I)). For each integer k > 1, it is easy to construct
an operator 7, € L(L3(2); M}), such that, for any E € &,

(3.10) Vo€ Pia(B), [ atr(p) -p) =0,
E
and for any real number s € [0, k],
(3.11) Vg e H*(Q) N L), g —ru(@)llo.e < Childls.e.

For each k = 1,2,3, there exists an operator RZ € L(HY(%)?% X 1()), where
X 1,(€;) denotes the space X, restricted to Q;, such that for any F € &,

(3.12) Vo € HY(Q)?, Vau € Poy(E), / oV - (R (v) — v) =0,
B
(3.13)
Yo € H'(Q;)?, Vinterior e of T%, Vg, € Pr_i(e)? /qh - [Ri(v)] =0,

(3.14)  Vw € H} (%)%, VYe€ 09, Vq, € Pr_1(e)?, /qh R}, (v) =0,

e

(3.15) Vse[l,k+1], Yve HS(Qi)Q, |lv — RZ(’U)|LE < C’hSE*l|'v|S7AE7

where A is a suitable macro-element containing £. When k =1, A = E. The
case k = 1 follows from [7], k¥ = 2 from [9] and k¥ = 3 from [6]. It also follows from
Girault and Scott [13] that, for m = 0 or 1, for any t > 2, for s € [1,k + 1],

(3.16) Yo e W Q)2 v — R, (v)|lwmem) < Chy ™ |vlwet(ap):-

Furthermore, each triangle E € E} has at least one side e such that

(3.17) Vo € H'(,)?, /(R;(v) —v) =0

This property is obvious when & = 1 and it holds on all edges e of I‘ﬁLU'yz, because in
this case there is only one degree of freedom per edge and it is defined by |e|~* fe v.
When k = 2, (B.17) also holds on all edges e of F}L U'yi, because it is a consequence
of formulas (19) and (49) of reference [9]. When k = 3, for most practical meshes,
it holds on all edges e of I'} U~ , with the exception of the interior edges of the
configuration on Figure 2l But as the boundary edges of this configuration satisfy

FIGURE 2. Special configuration for k£ = 3.
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(BIM), each triangle in this configuration has an edge where (B:IT) holds. An easy
consequence of ([B.I7) is the following lemma.

Lemma 3.9. Assume that &} satisfies (B1)). Then there exists a constant C' inde-
pendent of h, such that

(3.18) Yw € (Hy(9))?, (Z

e€l,

1

i = R, (0)]I3 )" < CIV(v — Rj,(v))llo,o, -

4. AN INF-SUP CONDITION

For proving an inf-sup condition, we must choose a norm on X that is more
appropriate than the broken H! norm. In the exact case, X = Hi(Q) and the
intrinsic norm is the H' seminorm. But clearly, this is not a norm on X and
completing this seminorm with the L? norm does not represent sufficiently well the
jumps on the edges. Therefore, we propose to complete the seminorm with the
jump term Jy. This idea is not new, it has already been used by Wheeler in [27].
Thus, we define the norm

1/2
(4.1) V’Uh S Xh, H’Uh” = ( Z ||V'Uh||(2),E + Jo('vh,'vh)> .

Ee&y,

If there is no domain decomposition, the inf-sup condition follows directly from the
properties of Ry, stated in Section 3. But a special proof is required if there is
domain decomposition with nonmatching grids. In this case, we need the following
assumptions.

Hypothesis H1: Either 7} is a subgrid of 2 or 77 is a subgrid of 7}.

Hypothesis H2: There exist two constants L1 and Lo independent of h such that
for any pair of segments e; € 7} and e € 'y,zl such that |e; Neg| > 0, we have
(4.2) @ < L; and @ < Lo.

2] =1

Remark 4.1. Since by assumption, 7} is a subgrid of 47 or vice versa, then one of
the two constants L; or Lo is one; but this precise value is not used here.

Then, we have the following preliminary result.

Lemma 4.2. Let the mesh &y, satisfy (1) and (E2). Let v € HY(Q)?, let k = 1,2
or 3 and let Ry, (v) denote the operators R} (v) in Qi and Ri(v) in Qq satisfying
BI3)-BID). Then there exists a constant C that depends only on k, L1, Ls and
the constant o of Bl such that

(4.3)

Vpn € My, > [{pr}Ri(v) = v] - ne| < Clpallo, o= IV (R (v) = v)llo, 12,
e€lL UV}

where D*? = Dy U Dy and D; denotes the union of elements of £ adjacent to 7.

Proof. Consider

> [uHBuw) o) < [ {pnHBA(w) = 0] i,

eevi
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since the contribution of the left-hand side of (43)) to the edges e of Ty, is zero by
virtue of (B13). Expanding {pn} and [Rp(v) — v] - n1, we can write

[ 1) Raw) = o]
< 5 ([ o 1) = 01+ [ ol 1 Baw) =)l
+ [l lIRuw) = o) + [ Il (Bao) = 0o,

where || - || denotes here the Euclidean norm. To bound the first integral, let e € v}
and let F € &£} be adjacent to e; we have

/Iphlnllll(Rh(v)—v)lnlll < lpalesllo.cl(Br(v) = v)layllo,c

Clell B[~ [[pullo.z | Ru(v) = ©lo.e,

IN

because pp belongs to a finite-dimensional space on E. Here C denotes various
constants independent of h. On one hand, by the trace theorem,

IRk (v) = ®llo.e < C|Ra(v) — ol -

On the other hand, E has one side on which (ZI7) holds. Therefore, as in
Lemma 39 there exists a constant C' such that

(4.4) R (v) = 0llo,e < C|Rp(v) — ], p.
Hence, reverting to F and applying (3.1I), we obtain

/|ph|m|||(Rh(U) —)laull < Cllpnllo.s | V(RA(v) = v)o.5-

Thus denoting by D; the row of elements of £} adjacent to v, we derive
/ [Pl 1R (v) =)l | < Cllpnllo,n, IV (Ra(v) = v)llo,p, -
.

Similarly, denoting by D, the row of elements of &7 adjacent to 7, we bound the
fourth integral by

/ [l [I|(Bh(v) = v)|a, | < Cllprllo.p. V(R (v) = v)llo,D.-
~
To bound the second integral, consider again e € 'y}b; we can write

/Iphlnlll\(Rh(v) = )laull < Ipnloslloc (Y 1 Ra(v) —vll3 )",
€ J

where j runs over all segments e; of 7}21 that intersect e. Thus,

/ ol (R () — )],

IN

Al E- e
Clel[B1|lpallo.( Z|— (v) — vl g2
J

IN

CLy? oo,V (Ra(v) = v)llo.u, 2,
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by virtue of (Z2), where E; denotes the element of £7 that is adjacent to e; and
the union runs over all e; of 47 that intersect e. Hence

Ar1/2
[ 1pukas 1B (®) = 0}l < CLY 2 nlo.0, 19 (Ra®) ~ ).
N
Similarly, applying the first inequality in (£2), the third integral is bounded by
Ar1)2
/ Il [l(R(v) = v)la, | < CLY?[pnllo,p. IV (Ri () = v)llo,p, -
.

Collecting these bounds, we obtain

[ o) Raw) o] -

1 -
< ﬁ(](l + L+ L2)|Ipullo,pyup. [V (Ri(v) = ©)llo,p,up -
This proves ([@3). O

Remark 4.3. More generally, if v, € X, satisfies only the analogue of (3.17), then
([E3) is replaced by

45) Ve M, | D [{pa}lon =] ne| < ClpallolV(vn —v)lo.

el UvE ¢

Indeed, the jumps on the interior edges of T, vanish when (3.13) holds. If we only

have (3.17), then
> [tm}ion ol n.

e€l, V¢

< Cllpallo,allV (v = v)lo-

Remark 4.4. Similarly,

(4.6) > /[Ph][Rh(v) —v]-ne| < Clpallo,pr=V(RA(v) = v)llo,pr2

eevi

Now we can address the existence and uniqueness of (B8), (39). Since it is a
square system of linear equations in finite dimension, it suffices to prove that f =0
implies U = 0 and P = 0. We choose v, = U. In the nonsymmetric case, this
implies that a(U,U) = 0 and Jo(U,U) = 0, and thus U = 0. In the symmetric
case, we make the following assumption.

Hypothesis H3: There exists a constant K > 0, independent of h, such that

(47) Yo, € X, a(’vh, ’Uh) + J()(’Uh, ’Uh) > K”’Uhﬂ2.

In the nonsymmetric case, K = 1. In the symmetric case, a standard proof [27]
shows that H3 holds if H2 is valid and the coefficients o, in ([34) are sufficiently
large (but independent of k). Hence in both cases, b(vp, P) = 0 for all vy, in Xp.
We shall see that P = 0 by virtue of Theorem E3|

So far, we have not used the fact that v} is a subgrid of 77 (or vice versa). But
now we shall use it for proving the inf-sup condition, so we make this assumption
from now on.
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Theorem 4.5. Let the mesh &, satisfy B1) and Hypotheses H1 and H2. Then,
there exists a constant 3* > 0, independent of h, such that

(4.8) inf  sup M > 6%,

PrhEMp UhEXVh ”vhﬂ thHO B

where
X = {on € Xp:Ve ey, /qh (oAl =0, Va, € Pr1(e)’}.

Proof. We shall prove that for any pp in Mj, there exists v, in fX\; such that

(4.9) b(vn, pr) Billpnll3,
(4.10) [vn] B3 lpnllos

with constants 87 > 0 and 35 > 0 independent of h, p;, and vj,. Clearly, this will
imply [@&3)). Let pr, € Mp. The idea of the proof is to use the inf-sup condition
that holds separately in each €; and to correct it suitably in order to account for
the interface. For this, we split p; into two functions with zero mean value in ;
plus two constant functions in §2;. Thus we define

o1 5
Pp = |Qz| Q'pha Pn = Pn

Since p, € LE(€2;) and the spaces H}(£;)?, L3(£;) satisfy the exact inf-sup condi-
tion (see for example [12]), there exists ©* € H}(£2;)? such that

>
<

=1
Q; = Ph-

Q = ﬁ;m Dh

Q; _p;w Dh

- » - 1, .
(4.11) =V 0 =pp,  |Vil1,0, < ZlBkllo;-

Define ¥, = R} (9") and define ¥, by 95|, = ©,. Then 9), € X, and satisfies

(4.12) -> /E(v"ﬁh)ﬁh = /Q(ﬁh)27

FEe&y,
- Ch .
(4.13) (3 Bafip)? < Zlnlos,
FEe&y,
(4.14) Ve €T, Vg€ Pr_1(e)?, /q-[f)h] = 0, ie, o€ Xn,
(4.15)  VYee€ni, Vqe Py 1(e)? /qf)z = 0,

with a constant Cy independent of A and (. To simplify, take e = 1. The case
€ = —1 is treated similarly.

b(omin) = [Fnl2+ 3 / (R (8Y) — R () - .
eE’Y;lL €

(Recall that n; is the normal on ~, exterior to €;.) But in view of (B14),

/ﬁth(ffl) ‘ny = 0;

€
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and since 77 is a subgrid of 7}, then on each e; of 47 that is contained in e, p}, is
a polynomial of IPy_1. Therefore (BI4)) implies also that

Z/ PrRu (%) -my = 0.
j e

Note that this is the only instance where we use Hypothesis H3. Thus,
(4.16) b(0n, pn) = 1nll5-

As far as the piecewise constant functions are concerned, note that pj, € L3(f)
because py, € L§(Q), i.e., P[] + pj Q2| = 0. Take © = ap, a to be chosen, where
p is a function in C?(Q)?2, with compact support in Q such that fv p-n1=1. Let
gn € L3(92) such that

[ @ in €, @, Cconstant,
= g in Qo q; constant.

We want to find « so that for all g;, defined as above,
- / (V-0)gn = / Phin;
Q Q

—/ (V-v‘f)@i—/ (V-0)q, = [Qu|pray + |Q|p7;-
Ql QQ

Applying Green’s formula and using the continuity of ©, this becomes

ie.,

—(cii—@%)/@lm s = | [Py + Qo055
v
As © = ap and f7 p - ny = 1, this holds if
—a(ah — ) = | PLa) + [Q]07d.

Let us multiply this equation by |Q2| and use the fact that [Q4]g; + [Q2]|g7 = 0.
This yields

—,010] = [ [1Q1G,pr, e, o= —|Qp.
We can cancel by gi because if g, = 0, then g, = 0. Thus,
(4.17) laf = V2 (IBhllo.0r < (]2 pllo0 -

For any E € &y, define R, (v) € IP1(E)* by [ (Rn(v) —©) = 0 on the three edges
e of E (i.e., these are the degrees of freedom of the Crouzeix-Raviart element of
degree 1). Then Ry (v) € Xp. Set

v = 00 + Ryp(0) € f)\f/h, where 0 >0 is to be chosen.
Thus,
b(vh, pr) = 0b(Vn, Pr) + 6b(Vn, Pr) + b(R(V), pr) + b(RA (D), Pr).

First, (14) and (AI3) imply
b(Onpr) = — Y ﬁi/ Veon— Y ﬁ%/ Vo,
E E

Ee&} EeE}
— = s =2 > =0:
= —Pn Up - ME — Py Vp-np =U;
Eeel 7 OF pee2’9F
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next
b(Ru(0),pn) = b(Ra(V) — v, pn) + b(v, pn),
(4.18) b(©, pr) = ||nll3 a0
and it can be easily checked that
b(Ry(v) —v,pp) = 0.
Finally,

b(Rh(@)aﬁh) = b(Rh(@) - @7ﬁh) —« Z / ﬁhv * P,

since p is continuous. Therefore ([@I7) implies
(419)  |p(@,pu)l <lal Y lBnlo.sv2lele < 102 |Dhllo.c V2ELIFL 0.0
Ecéy,

where K1 = |p|1,o. We also denote K3 = |p|2,0. Next

[ 3V Rufo) = 9) < ulosvEChlo]o
< V2Chg|pnllo.el] 25} ]l0.0. |pl2 2
Therefore
(4.20) > |/ PV - (Ra(©) — 9)| < V2C K00 V2 [nllo.allphllo.0: -
E€&y, E

In addition, applying (H) to this choice of Ry, and adding ( EE20), we obtain
(4.21) [b(R(0) — 0, 5n)| < ChK2|Qu|"?||Bnllo.ellph]lo.01,

with a constant C' that does not depend on h. Collecting the relations (Z16), @IS,
#19) and E21]), we derive

b(vn,pn) > dllEnld o+ 15815 o — V2E1 0[5} 0.4 1Bnllo.c
—ChI| ] 2 B3 0,04 17n 0.0

_ _ 1, 1, .
> 8llpnllg.q + 150130 — \/§K1|91I1/25(Allph||3,91 + XIImII%,Q)
. 1 1, .
~ChE| [ (NP o, + 3 l180l50). A>0. N >0,
V2 1 . Ko 1
> Bnll? o6 — 22K, 2~ — Ch=2|0, Y2 =
> Ipnlf (6 — Kl [? S — ChZ ]2 5)

_ V2 b
+||ph||(2),ﬂ(1 - 7K1|Q|1/2/\ - C§K2|Ql|1/2Al).
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Choose for instance A and )\ so that

2 ~h 1
§K1|Ql|1/2)\ + 05K2|Ql|1/2/\’ ==

for example
1 1 , 1

= = N=—
2v2 K1| |12 2ChK,|Qy |1/
Then, the coefficient of ||pn || ¢ is § — 2K | — C2h2K2|Q|. Choose for instance
6 = 2K3|Qu| + C?h?K3|Q| + L. Then,

b(on,on) > 51l + 5 Iul3 = 3 Il
This establishes (9) with 8 = 5. There remains to bound th”. We first bound
(ZEESh |”h|iE)1/25
[onl1e < (2K7I0] + CPR2 R3] + )lvh|1 g+ |[Ra(0)[1,p-
But I8) with s =1 and k = 1 implies

|RL(®)|1, < C2lo|16 < Ca| ]2 ||Bh 0.0 ol 2-
Then,

I9oullo < (52 +C4)1/2||ph||07

ﬂZ

where
\/_Cl( + |Ql|(2K1 —+ h202K2)) C4 — \/§C2|Q1|1/2K1.

We now bound Jy (vh, vp). Since Jp is a seminorm and vy, is the sum of Ry, ()
and §vy, it suffices to bound Jo(9n,0p) and Jo(Ry (D), Ry (D). As v; € HE ()2,

we can write
vh,vh < 22 Z

=1 e€T} Uyj,

Lemma 39 and (@4)) together with (BIH]) with s = 1 and (@I3)) imply that

o Cs . .
(5J0('vh,vh)1/2 < %th”o,ﬁa

H~z

— R, (8|5 .-

with a constant C5 independent of h and B. The argument for bounding
Jo(Rp(v), Ry (v)) is a combination of Lemmas B and EE2. Let e € }; we have

1 _ _
> B |||[Rh( DI EH[Rh(U)—U] o
e€n} e€n}
Then proceeding as in Lemmam we write
o L
% (Ra(o)]I3. = Z/ [(Ra(®) ~ ®)lo, — (Ra(o) ~ 0)lo, |
|€| |€| eNe;
206 _ _ 2 |e]| 1 = 2
< HH(Rh(U) —0)[o, [1§.e +20m Y HEH(Rh( 9) — U)o, 0.,
4 J
j
20, - - 2 1 = 2
< 7 (R (v)_v)|91||0,e+2L20mZ_”(Rh( ) = V)l 0,
J

1
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where j runs over all segments e; of 77 that intersect e. Therefore

> %IHRh(TJ)]II&e < CIV(Ru(®) — 9)2.p,ups»

eevi

with a constant C' that depends on Lo, but not on h. Ife € I‘;L, we use the argument
of Lemma B3 Then, I0) with s =1, k = 1 and (@I7) imply

Jo(Ry(v), Ri(©))"/? < Cs||p} |0,
where Cs = C’K1|Ql|1/2. Hence

02
Jo(vn,vp)? < (5_2 + G Ipnlo.0-

2 2
This proves [@10) with 85 = (% + % +C} + C2)V/2. O
Remark 4.6. Theorem [L5] establishes the inf-sup condition for two subdomains. It

can be extended by induction to a fixed number of subdomains.

Remark 4.7. An immediate consequence of the inf-sup condition (£38) is [12]: for
any pp, in My, there exists a unique vy in X such that

Ywy, € Vi, Z / Vo, : Vwy, + Jo(vp, wy) =0,
Ecé&y, E

1
b(vn,pn) = —llpall,  [lvn] < EHPhHO-

The next corollary shows that the inf-sup condition allows one to construct a
good approximation operator.

Corollary 4.8. Under the assumptions of Theorem [{.9] there exists an approzi-
mation operator P, € L(HL(Q)?; X 1) such that for any s € [1,k + 1]:

(4.22) Yo € H&(Q)Q, Yaqn € My, b(Ph(’U) — v, qh) =0,
(4.23) Yo e (H(Q)NHHQ))?,  [Pr(v) —v] <ChHolsa,

(4.24) Vo € H}(Q)?, YeeTy,, Vqe P, i(e)? /[Ph(v) —v]-g=0.

€

Proof. For k = 1,2 or 3, let v € H}(Q)? and let Ry (v) be the interpolant of v in
X, satisfying (BI2)—@BI5), defined separately in 27 and 5. Then, we define

Py (v) = Ry(v) + ¢y,
where ¢, € E satisfies
Yan € My, b(en, qn) = b(v — Ry (v), qp).
Theorem implies that ¢ € E exists and

1 b(v — Ry (v), qn)
cp|| £ = sup .
lend < B o ™ Tl
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Furthermore,

b(v — Ru(v),an) < V2llanlloal V(v = Ru(@))lo +1 Y [ {an}v — Ru(v)] - nel

e€l'y, €

Sy /<qhmv ~ Ry(v)] -l

eE’)';lL ¢

With Lemma and Remark FE4] this becomes

b(v — Ry (v), qn)| < Cllgnloll V(v — Ru(v))]lo-
Then [@23)) follows from the argument used in bounding Jo(Rp(?), Rp(?)) in
Lemma B3 and the approximation properties of Ry, and [{24)) follows from (BI3)
and the fact that e € 3(7 [l

5. ERROR ESTIMATES

In this section, we derive optimal a priori error estimates in the energy norm
of the error for the velocity field and the L? norm of the error for the pressure.
A third estimate gives an optimal convergence rate for the L? norm of the error
in the velocity field for the symmetric formulation (¢* = —1) and a nonoptimal
convergence rate for the nonsymmetric formulation.

Theorem 5.1. Let k = 1,2 or 3 be the degree of the polynomials in the defini-
tion of X1, and assume that the solution (u,p) of problem ZI)—(Z3) belongs to
HM1(Q)2 x HF(Q). Then, if the triangulation satisfies [3.1) and Hypotheses H1
and H2, and if H3 holds, the solution (U, P) of B.S), B9) satisfies the error
estimate

1
(5.1) [u—U| < Ch*(Julis1 + ;|p|k),

where C' is independent of h and p.

Proof. Let Uy = Pj(u) and P; = ri(p). Denote x =U — Uy, £ = P — Pr. The
errors x and ¢ satisfy the equations

pla(x,v) + Jo(x,v)) +b(v,§) = pla(u—Urv)+ Jo(u—Ur,v))
+b(’l),p—Pj), V’UEX}“
b(X7 q) = b(u - UI7 q)a vq S Mh-

Set v = x and ¢ = £. Then dividing by u, the two error equations become by

virtue of [@22) and @7)):
2 1
K(x]” <alx,x) +Jo(x,x) = atu —Ur,x) + Jo(u—Ur, x) + ;b(x,p - Pp).

Then, we only need to bound the three terms a(u — Uy, x), Jo(u — Uy, x) and
%b(x,p — Pr). By definition,

ow-Ux) = ¥ [ Va-U):vx- ¥ [(Va-Unin

Ecé&y, CEF;LU’)’}L €

+e* Z {Vx}ne-[u—-Uj]
eEFhU'y}lL €
— T, +T,+Ts
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Using Cauchy-Schwarz and the approximation result (4.23]), we have

K
Ti< ) IV =UploellVxlos < §|||VX|||3 +CV(u - Ul
Ecgy,

K
< 2 IVxls + Cr*Muli..

Let Ly (u) denote the standard Lagrange interpolant of degree k defined separately
in 1 and Q5 and let us insert it in the second integral term:

/{V'u U )ine - [x /{V'u L)} - [x /{v Ln(w) - Ur)ine - [x].

Let e be a segment of 'yh. Expanding the first integral and applying the argument
of Lemma 2], we obtain with the same notation

[ ¥ Lw)n m\ < SO0+ L) 2(fu ~ Ln(w) 5
1/2

ag
+hlu— Ly(uw)f3 g+ Y (lu = L(w)f g, + b Ju — Lu(w)3 5,)"? e[172 I llo,e-
i

Similarly,

(V(Ln(u) - U}, m\ SO0+ L) (1)~ ULl

0'
+Z |Lh(u) - UI|%,E )1/2| |el/2 H[ ]HO,e-

Therefore,

> /{V(u ~Un)ine - [x]| < CUIV(u = Li(u)l§ + IV (La(w) = UG

e€lL UV} €

+ > Wplu— La(w)l3 )2 Jo(x %)
Ecéy,

Hence the estimate ([@23) and the standard approximation properties of Ly, yield

K
|Tz| < gJo(Xv x) + Ch**|uli, .

The third term has the same structure as the one studied in Lemma [4.2 because
the degree of {Vx}n. is k — 1; thus it satisfies the bound

K
175 < CIVXlo.pr= IV (e = Unlo.pr= < L IVXIG + Ch iy,

Using Cauchy-Schwarz inequality, the jump term is bounded by virtue of ({:23)):

K
Jo(x> x) + Ch2k|u|i+1.

K
Jo(u—Up,x) < gJo(X;X) +CJo(u—Ujp,u—-Uyp) < 5

Finally, the term involving the pressure reduces to

;b(xp Pr) = Z/{p Pr}lx] - mne+ — Z/p Pr)y[x] - ne,

eEFh eE'y
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owing to (BI0) and the fact that each component of V - x € IPy_1(F). Its right-
hand side is similar (but simpler than) Ts; the first term is bounded by

(5.2)

. 1/2
1 C
=13 [{p—Pi}x] - me| < = <|Ip—PIII3+ > h%lp—PII?,E> Jo(x, x)'?
Heer, /e H E€é&,

K C 2k 2

< gJo(x,x) + Eh P
Similarly
1 K C

63 2| X [P n < S0 + G

ecyh 7€
Combining all the bounds above, we obtain
Kl < 5 (30 + VXIS + 00 (ut 1 + 5 bl
therefore
el < Cr*(ult e + ol
Then (5.1]) follows from the triangle inequality and ([23). O
We now derive an estimate for the pressure.

Theorem 5.2. Under the assumptions and notation of Theorem [, we have

Ip = Pllo < Ch* (fulksr + [plk),
with a constant C independent of h and p.

Proof. We can write the error equation as follows:

1 1
(54) Yve Xy, a(U—u,v)+ Jo(U —wu,v)+ ;b(v, P—Pr)= ;b('v,p — Pr).

By virtue of Remark [£7, there exists vy, € X, such that
1
(5.5) b(vn, P— Pr) = —||P = Prl§, [loa] < @HP = Prllo,

and in particular

Z / V(U -Uy) : Vo, + Jo(U —-Uy,vy) =0,
Eeg, U E

where U = Pp(u). Therefore, (54) with the choice v = v}, becomes

1 1
Plaie Prlg=aU —u,vp) + Jo(U — u,vp) — L bwnp = Pr)

1
= Z/V(Uf—u):Vvh—l—Jo(U[—u,vh)—;b(vh,p—PI)
E

Ecéy
— Z /{V(U —u)in, - [vp] + € Z /{Vvh}ne U — ul
eEFU'y}L ¢ eEFUV}lL €

=Q1+ Q2+ +Qs.
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The estimates for @1, Q2 and Q3 are straightforward. The bound for Q5 is similar,
but simpler than that for Ts:

Q5] < CJo(U — w,U —u)/?|Vopllo < %JO(U —u, U —u)'?||P = Pillo.
We then conclude by using (G51)):
Q5] < CH*(Jualiss + %mk)HP Pl
It remains to bound @Q4; we write
JE@ =) = [0 —Une-fonl + (90w - fon

The second term is bounded as T, in Theorem BTk

3 /{V(UI —wne - [on]] < Co(wn, o) /2R s

eclUv} €

The first term vanishes on all segments of I', because {V(U — U)}n. belongs to

Pi_l and vy belongs to X5,. Thus it has the same structure as the term studied
in Lemma

> [V -Un ] < Chalonen) IV - Ul

e€lUy} ¢

IN

1
< CJo(vn, va)" 2 ¥ (Julpir + ;|p|k)-

The theorem is then obtained by combining these bounds with the triangle inequal-

ity and (B5.5). O

We now address the estimate for the velocity in the L? norm. The next theorem
shows that the convergence is optimal in the mesh size in the symmetric case (Ca),
but when €¢* = 1, we lose a power of h. The proof is written under the assumption
that €2 is convex so that for any g € L%(2)?, the solution (®, £) of the dual problem

(5.6) —pAP+VE = g, in Q
(5.7) V-® = 0, in Q
(5.8) ® = 0, on 09,

belongs to H2(2)? x H'(Q) with continuous dependence on g, .i.e,

1 C
(5.9 @2 + =€l < = lIgllo-
) (@]l u” | u' [

The theorem handles both cases in order to show precisely where the nonsymmetric
formulation loses the factor of h. However, the estimate (51T holds without the
convexity assumption (see Lemma [6.2).
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Theorem 5.3. Assume that  is convex. Then, under the hypotheses of Theo-
rem [51] there exists a constant C, independent of h and p such that

1
(5.10) s = Ullo < OR s + lple), = -1,
1
(5.11) s = Ul < OW (ulinr + - ply). € = +1.

Proof. Consider the dual problem ([E6)-(ER) with ¢ = U — u. Using Green’s
formula over each element of &, we get

Z/(U—u)-(—uA<I>+V€)
Z/WU w): VP — Z/ (uWV®ng) - (U —u)
—XE:/EEV-(U—u)+zE:/8E£nE-(U—u).

The regularity of @ and ¢ implies that [uV®]|.n. = 0 and [{]|. = 0 on each interior
edge e. Thus, we have

1T = ul3

U—ulp =3 [ 4ve: VU ) (HV®B)n, (U ] +H(U — ).

CEF}LU’Y;, ¢
By subtracting the orthogonality equations

Yo € Xp, wa(U —u,vp) + Jo(U — u,vp)) + b(vy, P—p) =0,
th S Mha b(U —u, Qh) = 0)

we obtain for any vy, in X, and ¢ in My,
U —ullf =3 [ 9@ = 0): VW -w)
E

—(1+¢€) Z /{MV‘I)}"% U — u)

e€lp Ut “ €
+e > /{uV(@—vh)}ne-[U—u]
e€lL UV} ¢
Y [evw - win o)
eEF;LU'yh €

— pJo(U —u,vp) +0(U —u,§ — qn) — b(vp, P —p)
= Ay + Ay + -+ A

We choose v, = Pp(®) and ¢, = r,(§). First, observe that the properties of ®

and (£22) imply
b(vp, P —p) = b(Pp(®) — ®,P —p) +b(P,P —p) = b(Pp(®) — ®,71(p) — p).
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Moreover, comparing with (5.2), we obtain

[b(Pr(®) — @,71(p) — )|
<V2 Z |Pr(®) — @1 gllrn(p) — pllo.e

Ecé&y,

+C(llra(p) = plI5 + > helra() = pli £)*Jo(PL(®), Pr(®))"/?
Ecéy,

C
< ;hk“lplkllU — ullo,

owing to ([@23) with s =2 and (5.9]). Similarly,

b(U —u, & —rp(€ Z/V (U1 —u)(€—ru(8))
Ecé&y,
{€=rn(€)}HU — ]
Z/ h
+ Z E—1r(8))y[U —ul-nq,

where U is an interpolant of U of degree k in each element. Then comparing again
the second term with (5.2)) and (E.3]), we obtain the same bound as above:

1
bU —u, & — ()] < CR (|ulksr + ;|p|k)||U — ullo.
Next, the bound for A is straightforward:
1
A1 < CRFH (Jufg + ;|p|k)||U — ullo,

As is bounded as Tb, A4 is bounded as Q4 in TheoremsBH.Iland[B.2, and considering
that

(5.12) Jo(vp, vp)Y? = Jo(Ph(®) — ®, Py (®) — ®)/2 < Ch|®|,,
it yields

1
| As] < CP*H(Jufr + ;lplk)HU — o
Similarly, by (E12) and (&), we obtain
1
JoU = w,vn) < Jo(U = w,U =) * Jo(on, v1)'* < O (fulia + ol

It remains to derive a bound for As. This term vanishes as ¢ = —1, and we can
conclude. However, if €* = 1, this term is not zero, and this is where we shall lose
a power of h. Arguing as for )5 in Theorem [5.2], we derive

|Aa| < pCIo(U —u,U — )2 @]z,
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and with (B.9) this gives
1
42| < CIo(U — u, U —w)2|U — ullo < OR*(Juls1 + L PIEIT = wlo.

This is the dominating term; all the other terms are of order h*t1. (Il

6. NAVIER-STOKES PROBLEM

We recall the Navier-Stokes system of equations (2.4), 2.2), 23):
—pAu+u-Vu+Vp=f, in Q
V-u=0, in
u=0, on JN.
We discretize the Stokes part of the equation with the left-hand side of (B.8]), (B9)

and we address now the discretization of the nonlinear convection term u - Vu. We
shall use the following upwind discretization of u - Vz:

c(u;z,0) = Z </E(u.vZ).g+/8E_ |{u}.nE|(zint_zext).aint>

Ee&y,

(6.1) +%Z/E(V-u)z-0

Ecé&y,
1
~3 Z [u] - ne{z- 0}, Vu,z,0 € X,
eEFh,U'y}L €
where
OE_ ={x € OF : {u} -ng < 0},

and the superscript int (resp. ext) refers to the trace of the function on a side
of E' coming from the interior of E (resp. coming from the exterior of F on that
side). When the side of E belongs to 0f2, then we take the exterior trace to be
zero. The first three terms in the definition of ¢ were introduced in [17] for solving
transport problems; the last term is chosen so that ¢ satisfies (6.6]), which ensures
its positivity. It is easy to see that, when u, 2,0 € HZ(2)?, ¢ reduces to

(6.2) c(u;z,@):/ﬂ(u-Vz)ﬁ—i—%/Q(V-u)zﬂ.
Then we discretize (24), (22), @3) by: find (U, P) € X}, x M}, such that
(6.3)

Vou € X (a(U.v1) + Jo(U,00) +e(UsT, ) + bow. P) = [ £-on,
(6.4) Yan, € My, b(U,qn) =0.

In view of (62), the argument of Lemma shows that every solution of the
Navier-Stokes problem is also a solution of ([63)), (64) and conversely. The first
lemma shows that ¢ has a nice “integration by parts” property.
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Lemma 6.1. The trilinear form c defined by (61)) satisfies the following “integra-
tion by parts” for all u,z,0 in X:

c(u;z,0) = — Z (/(u-VB)-z—i—%/E(V-u)z-B)

Eecé&y, E
1
(6.5) t3 Z /[u]'ne{z'e}
el UvE ¢
-5 [ el @ 0%+ [ Jucnls-o
E€&y, Py

where T'y is the subset of 02 where w-n > 0. In particular, if z =0, we obtain
66) cwiz) =3 > [ sl =20 g [ penlz 20
Eefh

Proof. Noting that V - (uz;) = (V- u)z; + u - Vz;, we can write

/E(u-Vz)-G = /V z@u)-0— /V u)z

= —/(u-V@)-z+/ ('u,int-nE)zi“t-Hint—/(V-u)z-O.
E oF E

c(u;2,0) = — Z (/E(u-VB)-z—i—%/E(V-u)z-B)

Ee&y,

+ Z/ |{u} ng |( int ext) Olnt

Eec&y,

Therefore

D> /[u]-ne{z-e}

eelpU~}E 7€

+ Z / 1nt lnt . aint.

Ee&y,

In the last integral, let us split u"*|sx into

1 .
u nt _ {u} + 5(umt _ uext).

Therefore

/ (uint . ,nE)zint . Bint — / {u} . nEzint . Bint + 1 / (uint _ uext) 'TLEZint . aint.
oE OE 2 Jor
We now sum the last integral over all E and consider the contribution of this sum
to one interior edge e. Assume that e is shared by two triangles E' and E?, with
exterior normal ; and mg; we obtain

1

1
5/(U|E1 —’U,|E2)'nlz|E1 0|E1 +§/(U|E2 —UlEl)'n2Z|E2 0|Ez)
e e

_ /e[u] ‘nu{z-0).
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The same formula is valid when e is shared on one side by more than one triangle.
It is also valid when e C OS2 because the jump and average coincide with the trace.

Hence
c(u; z,0) = — Z(/(u-V@)-z—i—%/E(V-u)z-B)

Eec&y, E
+ Z/ |{u} nE| int ext) 0111t
Eec&y,
1
+§ Z /e[u]-ne{z'e}
e€lp Uy}
+ Z / {u} ng 1nt.01nt.
Eec&y,

But since {u} is now continuous across the edges, the argument used in [I7] gives

Z/ {u} nE| int ext 0111t+ Z/ {’U,} ng 1nt Olnt

Eegy, Eeé&p
Z / |{u} nE|Zext (eext elIlt) / u-nz-0.
Eeg), VOB Iy

This gives (E3). Then if we take 8 = z and add (@) to ([@H), we recover (@6). O

The next lemma gives an LP estimate for functions in X, in terms of the norm
[| . |] It is stated for any function in the space

(6.7) HY &) ={vel*Q):VEc&,, v|lgpecH(E)}.

Lemma 6.2. Assume that the triangulation satisfies (B1l) and @2). Then for
each real number p € [2,00) there exists a constant C(p), independent of h, such
that

(6.8) Vo€ HYEW), ellum@ < C@)]o]-

Proof. 1f v were in H(Q), then (6:8) would follow from Sobolev’s imbedding (Z.6]).
Since v does not belong to H{ (), the idea of the proof is to associate with v a
suitable function v(h) whose gradient is closely related to Vv in each E and to
study the difference v — v(h). Thus, we define v(h) in H}(Q) by

(6.9) Yw € Hy (Q /Vv -Vw = / Vv - Vuw.
Ecé&y,

Then

(6.10) IVo(R)[lo < IVollo-

Now the proof proceeds by duality: we write

||’U(h) - U”LP(Q) = sup fﬂ(v(h) -

geL? (Q) ”gHLP’(Q) ’

where p’ is the dual exponent of p: %—l—ﬁ = 1. For afixed g in L? (Q), let ¢ € HL(Q)
be the solution of

(6.11) —Ap=g, in Q, ¢ls=0.
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and it follows from [I4] that ¢ € W2?' (Q) with

(6.12) lellw20 () < Cr@)9ll Lo -

When p < 4, then p’ >
o € W24/3(Q) with
(6.13)

11
lellwzars@) < Crid)lgllLars@) < QU3 CLA) gl Lo ) = Co®l9llo, Lo (@)
Now (EIT)) implies that
-3 [ aete

Jem=og = = [ sptm- py}
Z/wv ) —v) Z/aEWnE h) =)

Eegy, Eeé&p

= Y vk ndot -l

e€T LUV} €

When p > 4, then p’ <

Ll

and g belongs always to L*/3(). Therefore, we also have

SV

owing to (G9) and the regularity of ¢. Let p > 4; by the trace theorem and the
regularity properties (B1) and [2) of &, we have

©1) | [ 00) = 0)al < Colo)lehr B el oy o0,
If p < 4, we use the fact that ¢ € W2%/3(Q) and (BI4) is replaced by
[ ) = 0)gl < Cata)oh + B2 phynarsno(w. o)
With (6.12) and (G.I3)), this becomes
| 0 =v)gl < Catwlglsen o)

Therefore
[o(h) = vl Loy < Calp)Jo(v,v)'/?,
and hence by virtue of (Z8) and (610), we have (6.8)) with

C(p) = (Ca(p)* + Sp)'/2. 0

Lemmas [6.1], [6.2] and Theorem E.5] enable us to prove the existence of discrete
solutions and a priori estimates.

Proposition 6.3. Assume that the triangulation satisfies (31) and Hypotheses H1
and H2. Then, if H3 holds, for any f in L*/3(Q)? and pu > 0, the discrete Navier-
Stokes problem ([G.3), (€4) has at least one solution (U, P) in X}, X My, and each
solution satisfies the a priori estimates

cH)

(6.15) U] < —||f||L4/3(Q)v

11 X 2
S [ KUY el iU U [0 lOE € ORI e
Ty pK

Ecé&y,
2
1Pllo < C(I Sl arsy + [U]),
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where C(4) is the constant of LemmalGA with exponent 4 and C is another constant
that depends on (3* (see (X)) but is independent of h and p.

We skip the proof because the existence of U is a straightforward application of
Brouwer’s Fixed Point Theorem in the space V. It is made possible by (6.6) and
(6-8) with exponent 4. Then the existence of P follows from Theorem [.5

Now, we turn to error estimates. Let (U, P) be a solution of (6.3), (G.4), let
(u,p) be a solution of (24)), 22), (23)), let U; = P (u) be the operator defined
in Corollary[4.8 and let P; = r,(p) be the operator defined in (3I0). Then taking
the difference between (6.3) and the same equation satisfied by the exact solution,
using ([£22) and setting x = U — Uy, £ = P — Pr, we obtain the following equation:

(6.16)

p(a(x, x)+Jo(x; x))+c(Ur; x, x)+c(x; U, x) = pla(u—Ur, x)+Jo(u—Ur, X))
+b(x,p—Pr)+c(u—-UrnUr,x)+clu;u —Uyp, x).

Owing to (6.6), the left-hand side is bounded below by
(6.17)
1

2 1 ex in
Kulxd+5 30 [ 10l x4 g [0l + 0 U0
Eeg, OB Iy

Therefore, we must find an upper bound for ¢(x; U, x).

Lemma 6.4. Assume that the mesh satisfies Bdl) and @2). There exists a con-
stant C and for each r > 2, there exists a constant C,., both independent of h, such
that

(6.18) Vuy € Vi, You, wy, € Xp,  |c(un;vn, wy)| < Cob®" Jup | [Jon] [wh]
+ Cllwnl L2 (lunll 2oy [va] + lvnllzag) Jo(wn, un)/?).
Proof. Observe that
c(up; v, wp) = Y (/ (un - Vop) - wp +/ {un} - ne|(vi — o) - wii)
oE

Ee&y, E -

1
—Eb(uh,vh cawp) + i ; /e['u,h] -ny[vp - wp).
€CT},

To bound the third term, we use an argument of Girault and Lions [I0]. By the
definition of V', we can write in particular

b(wn, vi - wp) = b(up, v, - Wh — qn),
where in each F, g is the scalar product of two constant vectors c¢; - ¢s:
(vp-wp —qn)|lg = (V- wp — €1 - e2)|p = (vp —c1) - wp + e - (wy — e2).
Then arguing as in Corollary B8, we derive

[b(wn, vn - wn)| < Clunl (D [I(vn — e1) - wald g + ller - (wn — e2)[13 )"
Ee€é&y,

7). 7).
Cl1= 1~ Vh, Co = — Wh,
|E| /e E| /e

Let us choose
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and for some number r > 2, let us write

[(wn—=e1)-whllo,p < [lvn—erllLrmllwal | 2 < C|E|1/’“||Vvh||0,E||wh||L 2

2(B) ~ "2 (B)

Then summing over all F and applying (6.8]) to each component of wy, with expo-
nent (2r)/(r — 2), we obtain for any fixed r > 2:

(> Ml = e1) - wrll§ 2)'/* < CR?" [ Vonlo [wh].-
Ee€&y,

Similarly,

(> ller - (wn = e2)|I§ £)'2 < CR"[Vwnllo[wn]-
Ecé&),
Therefore, for each r > 2, there exists a constant C., independent of A, such that

|b(uh,vh 'wh)| § Crh2/r Huhﬂ H’Uhﬂ Hwhﬂ

For the second term, we have

> / {un} - me| (0 = vi) - wi| < CJo(vn, vi)" | unl|Ls () wh L.
Bee, JOE-
The last term is bounded as follows:
5 sl mafon -l < Coaluanun) 2onll o w120
e

eEWi

and the first term has the straightforward bound

> /(Uh'Vvh)'wh| < |IVorllollwnllLa)llwnllLe)-
Ee&y, E

Then (EI8) follows by collecting all these bounds. O
Remark 6.5. When the first argument of ¢ belongs to V' (instead of V'), then only

the first two terms in the expansion of ¢ remain and
le(w; vn, w)| < Jwall o) (1wl pa@) I Vorllo+Clo(vn, va) 2 ([l Loy +h' 2 luh)),

where the constant C is independent of h. When the first argument of ¢ belongs to
V + V7, then (6I8) is replaced by

le(w = un; v, wi)| < [Jwnl| L) (Cllu = wnl] [vn] + [lw —wnllLi@) [ Vorlo)
+ C-h" lu — up] [on] [wa].
As is usual for the Navier-Stokes equations, we introduce the quantity

(6.19) N(h) = M

Vi, WheV th” ”wh”

According to Lemmas [6.1] and [6.2], N (h) is bounded by a constant N independent
of h. Tt is easy to check that the discrete Navier-Stokes problem (6.3)), (6.4]) has a

unique solution if the data satisfy
N
KTMQC(‘L)HJCHLM%Q) <1,

where C(4) is the constant of (68) with exponent 4. We have the following error
estimates.
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Theorem 6.6. Under the assumptions of Theorem [ and if the data f and p
satisfy:
N

1
KTMQC(‘L)WHLMB(Q) <35

then, the solution (U, P) of (63), (64)) satisfies the following a priori error esti-
mates:

1 1
(6.21) lu—U[ < CR*((1+ E)|u|k+1 + ;|p|k)7

(6.20)

C
(6.22) I~ Plo < Ch¥Gululn + 1ph) + 5 [u - U,
where (u,p) is the solution of 24), 22), @3) and the constant C depends upon
f, but not on h or u.

Proof. Tt follows from (6.20), (6.19) and (B.15) that the factor of u in the left-hand
side of (6.16) is greater than or equal to

K#HXH2(1 - %SQ(ZL))HNLMS(Q) > %K#HXH%

Then substituting this lower bound into (EI6) and dividing both sides by %K 1, we
obtain

N+ g2t

Ecé&y,

2 1
< It (a(u ~Ur,x)+Jo(u—-Up,x)+ ;b(X7PI —p))

[ melxes = x12+ [0 nllxP)
OE_ I,

2
+ Kn (clu—Ur;Ur,x)+c(u;Ur —u,x))-

The first group of terms in the right-hand side is estimated in Theorem [5.1]and the
second group of terms is estimated in Remark 6.5. Then the theorem follows from
these two estimates, the approximating properties of P}, and the triangle inequality.
The estimate for the pressure follows from the inf-sup condition. O

Of course, if ([6:21) holds, then the solution u of the exact problem is unique.
As expected, the L? error estimate for the symmetric formulation is optimal.

Theorem 6.7. Under the assumptions of Theorem [6.68, and if Q0 is convex, there
is a constant C independent of h such that

(6.23) |u—Ulloq < CRF.

Proof. For the sake of brevity, let us sketch the proof. Its main idea, due to [26],
consists of two steps. First, we solve the auxiliary discrete Stokes problem

pla(wn, vn) + Jo(wn, vn)) + b(vn, zn) = (f,vn) — c(lusu,vy), Yo, € X,
b(wn,qn) =0, Vaqn € My,
and we observe that the exact solution is precisely (u,p). As in Theorem 53 the
error wy, — u in the energy and L? norms is optimal. The second step consists of

estimating ||U — wy||o,o. If &€ = U — wy, the error equation can be rewritten as
(6.24)

/J/(a(gag) + Jo(éaé)) + C(U,é,é) + 6(57 U7€) = C(U; u— whvg) + C(U — Whp; U;é)
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The left-hand side of (6:24) is similar to that of (GI6) and has the same lower
bound. Then, we prove that its right-hand side is bounded by ChF+1 HE |] O

7. CONCLUSION

In this paper, we have established optimal a priori estimates for a totally discon-
tinuous family of approximations of the steady incompressible Stokes and Navier-
Stokes equations in two dimensions. We have balanced the discontinuities by insert-
ing suitable jump terms and in the nonsymmetric case these have only the viscosity
as a coefficient. Simultaneously, we treat domain decomposition with nonmatching
grids. The schemes are locally conservative away from subdomain interfaces. To
our knowledge, this is the first analysis of discontinuous Galerkin methods with
nonmatching domain decomposition for Stokes and Navier-Stokes equations in the
primitive variables.
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