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DETERMINANT FORMULAS
FOR CLASS NUMBERS IN FUNCTION FIELDS

HWANYUP JUNG, SUNGHAN BAE, AND JAEHYUN AHN

Abstract. In this paper, by extending Kucera’s idea to the function field
case, we obtain several determinant formulas involving the real class number
and the relative class number of any subfield of cyclotomic function fields. We
also provide several examples using these determinant formulas.

1. Introduction

In the classical case, there are a lot of determinant formulas (Maillet’s deter-
minant, Demjanenko matrix) involving the relative class number for an imaginary
abelian number field. For these determinant formulas, we refer to Kučera’s paper
[8], where one can find the history of Maillet’s determinant and Demjanenko matrix
and many important results about them. In the same paper, Kučera showed a way
of obtaining most of these determinant formulas in a unique fashion by means of
the Stickelberger ideal. He also derived a nonvanishing determinant formula involv-
ing the relative class number by a modification of Ramachandra’s construction of
independent cyclotomic units.

In the function field case, some determinant formulas involving the relative class
number and the real class number of cyclotomic function fields with prime power
conductors are obtained by several authors (Rosen [9], Bae-Kang [3] and Jung-Ahn
[6, 7]). Recently the authors gave determinant formulas for the real and relative
class number of any subfield of a cyclotomic field with prime power conductor [2].
In this paper, by extending Kučera’s idea [8, Lemma 2] to the function field case,
we obtain several determinant formulas involving the real class number and the
relative class number of any subfield of cyclotomic function fields with arbitrary
conductor.

The layout of this paper is as follows. In Section 2, we derive a basic lemma
(Lemma 2.1) which is essential for obtaining determinant formulas for class num-
bers. In Section 3, we state basic notation and results in cyclotomic theory over
the rational function field which are needed later. Several determinant formulas
involving the real class number and the relative class number of any subfield of
cyclotomic function fields are obtained in subsection 3.1 and in subsection 3.2, re-
spectively. Some of them may contain a zero factor. Adopting Kučera’s idea [8,
Example 4], we also give nonvanishing determinant formulas for class numbers. In
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the final section, we provide several numerical examples by using these determinant
formulas in Section 3.

2. Basic lemma

Let G be a finite abelian group with a fixed cyclic subgroup J . For any subset
M of G, let s(M) =

∑
σ∈M σ ∈ Z[G]. Let e+ = s(J)/|J | and e− = 1 − e+. For any

G-submodule H of C[G], we define two submodules H+, H− of H as

H+ = {x ∈ H : e−x = 0}, H− = {x ∈ H : e+x = 0}.
Let Ĝ be the set of all characters of G with values in C. For χ ∈ Ĝ, we say that χ is
real if χ(J) = {1} and χ is nonreal otherwise. Let Ĝ+ be the subset of Ĝ consisting
of real characters and Ĝ− = Ĝ \Ĝ+. A character χ ∈ Ĝ induces a homomorphism
ρχ : C[G] → C defined as

ρχ

( ∑
σ∈G

cσσ
)

=
∑
σ∈G

cσχ(σ).

Let us denote by χ0 the trivial character of G.

Lemma 2.1. Let C be a system of representatives of G/J. For any σ ∈ G, let
σ̃ ∈ C be the unique element such that σσ̃−1 ∈ J.

(i) For η =
∑

σ∈G sσσ−1 ∈ C[G]+, we have

(2.1) det(sστ − sσ : 1 �= σ, τ ∈ C) = ±|J |(1−|C|) ∏
χ0 �=χ∈Ĝ+

ρχ(η).

(ii) For θ =
∑

σ∈G tσσ−1 ∈ C[G]−, we have

(2.2) det(tστ − tστ̃ : σ, τ �∈ C) = ±
∏

χ∈Ĝ−

ρχ(θ).

Proof. For each χ ∈ Ĝ, let eχ = 1
|G|

∑
σ∈G χ(σ)σ−1 be the idempotent element

associated with χ. Let C[G]+0 = {∑σ∈G cσσ ∈ C[G]+ :
∑

σ∈G cσ = 0}. For (i), we
consider the linear transformation S : C[G]+0 → C[G]+0 defined as multiplication
by η. It is easy to see that both X = {(1 − σ−1)s(J) : 1 �= σ ∈ C} and {eχ :
χ ∈ Ĝ+, χ �= χ0} are C-bases of C[G]+0 . The matrix of S with respect to X and
{eχ : χ ∈ Ĝ+, χ �= χ0} are

(|J |(sστ−1 − sσ) : 1 �= σ, τ ∈ C
)

and diag
(
ρχ(η) : χ0 �=

χ ∈ Ĝ+
)
, respectively. Thus we have

det
(|J |(sστ−1 − sσ) : 1 �= σ, τ ∈ C

)
=

∏
χ0 �=χ∈Ĝ+

ρχ(η).

Since C′ = {σ−1 : σ ∈ C} is also a system of representatives of G/J, X ′ =
{(1 − σ)s(J) : 1 �= σ ∈ C} is also a basis of C[G]+0 . The matrix of S from X ′

to X is given by
(|J |(sστ − sσ) : 1 �= σ, τ ∈ C

)
. Since X and X ′ are also Z-

bases of the free abelian group Z[G]+0 , the transition matrix from X to X ′ has
determinant ±1. Therefore we get (i). For (ii), we consider the linear transformation
T : C[G]− → C[G]− defined as multiplication by θ and the following C-bases of
C[G]−, {eχ : χ ∈ Ĝ−}, Y = {(1 − j)σ−1 : 1 �= j ∈ J, σ ∈ C} and Y ′ = {(1 − j)σ :
1 �= j ∈ J, σ ∈ C}. By similar arguments as for (i), we get (ii). �
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When J = {1, j}, we have tσ + tjσ = 0 and

σ̃ =

{
jσ if σ �∈ C,

σ if σ ∈ C.

Thus

tστ − tστ̃ =

{
2tστ if τ �∈ C,

0 if τ ∈ C.

From (2.2), we have

det(tστ : σ, τ �∈ C) = ±
∏

χ∈Ĝ−

1
2
ρχ(θ).

Thus we may regard Lemma 2.1 (ii) as a generalization of [8, Lemma 2].

3. Determinant formulas for class numbers

Let A = Fq[T ] be the ring of polynomials over a finite field Fq with q elements,
and let Fq(T ) be the field of rational functions over Fq. For each N ∈ A one uses
the Carlitz module φ to construct a field extension KN , called the N -th cyclotomic
function field and its maximal real subfield K+

N . It is known that the Galois group
GN of KN/Fq(T ) is isomorphic to (A/NA)∗, explicitly there is an isomorphism

Ψ : (A/NA)∗ → GN , A mod NA �→ σA,

where σA(λ) = φA(λ) for any N -torsion point λ of φ. Moreover, J = Gal(KN/K+
N)

= Ψ(F∗
q). Let Φ(N) be the order of (A/NA)∗. Let MN be the set of nonzero polyno-

mials of degree less than deg(N) and relatively prime to N. Let M+
N be the subset

of MN consisting of monic polynomials and let M−
N = MN\M+

N .
For any nonzero A ∈ A, we define

degN (A) = deg(Ā),

where Ā ∈ MN is the unique polynomial such that Ā ≡ A mod N . For any nonzero
A ∈ A, let sgnN (A) be the leading coefficient of Ā and define

〈A〉N =

{
1 if sgnN (A) = 1,

0 otherwise.

A character χ ∈ ĜN may be viewed as a character of (A/NA)∗, thus as a
primitive Dirichlet character with conductor Fχ, a monic polynomial. As a primitive
Dirichlet character, it induces a function from A to C as follows; for any irreducible
polynomial P ∈ A, we define χ(P ) = χ((P, KFχ/Fq(T ))) if P � Fχ and χ(P ) = 0
otherwise. Here (P, KFχ/Fq(T )) denotes the Artin automorphism of P in KFχ .

Throughout the paper, we always assume that the finite abelian extension k of
Fq(T ) is contained in some cyclotomic function field. By the conductor of k, we
mean the monic polynomial N ∈ A such that KN is the smallest cyclotomic function
field containing k. Let k+ be the maximal real subfield of k, i.e., k+ = k ∩K+

N . Let
G = Gal(k/Fq(T )), G+ = Gal(k+/Fq(T )) and Jk = Gal(k/k+). We say that k is a
real (resp. nonreal) extension of Fq(T ) if k = k+ (resp. k �= k+). For a divisor F of
N, we let kF = k ∩ KF and k+

F = k ∩ K+
F .

We denote by Div0(k) and P(k) the group of divisors of degree zero and the
group of principal divisors of k, respectively. Then the divisor class number h(k)
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of k is defined to be the order of Div0(k)/P(k). It is well known that the divisor
class number h(k) of k is divisible by the divisor class number h(k+) of k+, called
the real divisor class number of k. The relative divisor class number of k, denoted
by h−(k), is given by h(k)/h(k+).

A character χ ∈ Ĝ may be regarded as a character of GN which is trivial on
Gal(KN/k), thus as a primitive Dirichlet character. Let dχ = deg(Fχ), and let
mχ(A) = (dχ − 1 − e)(q − 1) − 1 if A ∈ MFχ has degree e. Then there is a well-
known analytic class number formula for the real divisor class number h(k+) [5,
top of p. 408]:

(3.1) h(k+) = (q − 1)−r
∏

χ∈Ĝ+
χ �=χ0

∑
A∈M+

Fχ

mχ(A)χ(A),

where r = [k+ : Fq(T )] − 1. Let F be a monic polynomial. For any A ∈ MF ,
ZF (s, A) denotes the partial zeta function associated with the class of A in Cl(A).
It is known [7, Lemma 3.1] that

(3.2) ZF (0, A) =

{
(q − 2)/(q − 1) if A is monic,
−1/(q − 1) otherwise.

As did Yin [11, Proposition 4], we have an analytic class number formula for the
relative class number h−(k) when k is a subextension of a cyclotomic function field:

(3.3) h−(k) =
∏

χ∈Ĝ−

L(0, χ) =
∏

χ∈Ĝ−

∑
A∈MFχ

ZFχ(0, A)χ(A),

where L(s, χ) is the Artin L-function associated with the character χ.

3.1. Real class numbers. Let x = A/N ∈ Fq(T )/A, where A, N ∈ A and
deg(A) = e < d = deg(N). Define ϕ(x) = (q − 1)(d − 1 − e) − 1. Then ϕ is an
ordinary distribution on Fq(T )/A [4, Proposition 3.1]. For any primitive Dirichlet
character χ, we let

ϕ(χ) =
∑

A∈MFχ

ϕ(A/Fχ)χ(A).

Let F be any monic polynomial divisible by Fχ. Then we have [4, Lemma 3.2] that

(3.4)
∑

A∈MF

ϕ(A/F )χ(A) = ϕ(χ)
∏
P |F

(1 − χ(P )),

where P runs over all monic irreducible polynomials dividing F . For any real
character χ, we have

ϕ(χ) = (q − 1)
∑

A∈M+
Fχ

ϕ(A/Fχ)χ(A),

so the analytic class number formula (3.1) can be rewritten as

(3.5) h(k+) = (q − 1)−2r
∏

χ∈Ĝ+
χ �=χ0

ϕ(χ).

For any N ∈ A, by “F | N” we mean that F is a monic polynomial dividing N . For
A ∈ MN , let σ′

A be the restriction of σA on k. Now we state our basic determinant
formula for h(k+).
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Theorem 3.1. Let k be a finite abelian extension of Fq(T ) with conductor N . Let
C be any system of representatives of G/Jk. Assume that we are given {aF,σ ∈ Q :
1 �= F | N, σ ∈ G}. For σ ∈ G, let sσ =

∑
F |N
F �=1

∑
A∈MN

aF,σ′
Aσ−1ϕ(A/F ). Then we

have

(3.6) det(sστ − sσ : 1 �= σ, τ ∈ C) = ±|Jk|−r(q − 1)2rh(k+)S+
k ,

where S+
k =

∏
χ∈Ĝ+
χ �=χ0

∑
F |N

Fχ|F
bF,χ

∏
P |F (1− χ̄(P )) with bF,χ = Φ(N)

Φ(F )

∑
σ∈G aF,σχ(σ).

Proof. For each F | N with F �= 1, let ηF =
∑

A∈MF
ϕ(A/F )σ−1

A ∈ Q[GF ] and
η′

F = cork/kF
resKF /kF

(ηF ) ∈ Q[G]. By the definition of ϕ, it is obvious that
ηF ∈ Q[GF ]+ and so η′

F ∈ Q[G]+. Here resKF /kF
and cork/kF

are the restriction
and corestriction maps between group rings, respectively. We put

η =
∑
F |N
F �=1

dF η′
F ,

where dF = [KN : kKF ]
∑

σ∈G aF,σσ ∈ Q[G]. Then we have

[KN : kKF ]η′
F = resKN /k corKN /KF

(ηF ) =
∑

A∈MN

ϕ(A/F )σ′
A
−1 ∈ Q[G]+,

and so
η =

∑
σ∈G

( ∑
F |N
F �=1

∑
A∈MN

aF,σ′
Aσ−1ϕ(A/F )

)
σ−1 =

∑
σ∈G

sσσ−1.

It follows, by Lemma 2.1 (i), that

(3.7) det(sστ − sσ : 1 �= σ, τ ∈ C) = ±|Jk|−r
∏

χ∈Ĝ+
χ �=χ0

ρχ(η).

If Fχ � F , then ρχ(η′
F ) = 0 because χ is not trivial on Gal(k/kF ). Assume that

Fχ | F . Then by (3.4), we have

ρχ(η′
F ) = [k : kF ]ρχ(ηF )

= [k : kF ]
∑

A∈MF

ϕ(A/F )χ̄(A) = [k : kF ]ϕ(χ̄)
∏
P |F

(1 − χ̄(P )),

and so

ρχ(dF η′
F ) = [KN : kKF ]

∑
σ∈G

aF,σχ(σ)[k : kF ]ϕ(χ̄)
∏
P |F

(1 − χ̄(P ))

= ϕ(χ̄)bF,χ

∏
P |F

(1 − χ̄(P )).(3.8)

Thus we have

(3.9) ρχ(η) = ϕ(χ̄)
∑
F |N
Fχ|F

bF,χ

∏
P |F

(1 − χ̄(P )).

By substituting (3.9) into (3.7) and by the analytic class number formula (3.5), we
get the result. �
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In Theorem 3.1, sσ and Sk depend on the choice of {aF,σ ∈ Q : 1 �= F | N, σ ∈
G}. In the following we choose special values of aF,σ’s to get several determinant
class number formulas.

For any monic irreducible polynomial P ∈ A, we denote by eP and fP the
ramification index and the residue class degree of P in k, respectively. Let gP =
[k : Fq(T )]/(eP fP ), the number of primes in k lying above P. We also use e+

P , f+
P

and g+
P for the corresponding ones for k+.

Lemma 3.2. Let Q
(+)
k =

∏
χ∈Ĝ+
χ �=χ0

∏
P |N (1 − χ̄(P )). Then we have

(3.10) Q
(+)
k =

{∏
P |N f+

P if g+
P = 1 for all P | N,

0 otherwise.

In particular, if k has prime power conductor, then we have Q
(+)
k = 1.

Proof. Let Q
(+)
k (z) =

∏
χ∈Ĝ+
χ �=χ0

∏
P |N (z − χ̄(P )). Then the result follows from the

fact that

Q
(+)
k (z) =

∏
P |N

∏
χ∈Ĝ+
χ �=χ0

(z − χ̄(P )) =
∏
P |N

(zf+
P − 1)g+

P

z − 1
,

where the last equality follows from [10, Theorem 3.7]. �

Take aF,σ = 1 for F = N, σ = 1, and 0 otherwise. Then sσ =
∑

A∈MN
σ′

A=σ

ϕ(A/N).

Thus for any σ, τ ∈ G

sστ − sσ =
∑

A∈MN
σ′

A
=στ

ϕ(A/N) −
∑

B∈MN
σ′

B
=σ

ϕ(B/N)

= −(q − 1)
( ∑

A∈MN
σ′

A
=στ

degN(A) −
∑

B∈MN
σ′

B
=σ

degN (B)
)
.

Moreover, we have bF,χ = 1 for F = N and 0 otherwise. Thus Sk = Q
(+)
k and so,

by Theorem 3.1, we get the following.

Proposition 3.3.
(3.11)

det
( ∑

A∈MN
σ′

A=στ

degN (A) −
∑

B∈MN
σ′

B=σ

degN (B) : 1 �= σ, τ ∈ C
)

= ±
(q − 1

|Jk|
)r

h(k+)Q(+)
k .

Now we assume that k = KN . Taking C = {σA : A ∈ M+
N} as a system of

representatives of GN/J , we get the following corollary.

Corollary 3.4.

(3.12) det
(
degN (AB) − degN (A) : 1 �= A, B ∈ M+

N

)
= ±h(K+

N)Q(+)
KN

.

Unfortunately, when Q
(+)
k = 0, formula (3.11) will not give any information.

Thus, in this case, we need another choice of aF,σ to get the nonvanishing determi-
nant formula. We will follow the idea of Kučera [8, Example 4]. Let N =

∏s
i=1 P ri

i
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be the factorization of N into monic irreducible polynomials. Let S = {1, 2, . . . , s}
and NI =

∏
i∈I P ri

i for any I ⊂ S. Put ci = −Φ(P ri

i )−1 for each 1 ≤ i ≤ s and

aF,σ =

{∏
i�∈I ci if F = NI for some I ⊂ S and σ = 1,

0 otherwise.

Then for any σ ∈ G, we have

sσ =
∑

∅�=I⊂S

∑
A∈MN
σ′

A
=σ

(−1)s−|I|

Φ(N/NI)
ϕ(A/NI) =

∑
∅�=I⊂S

(−1)s−|I|

Φ(N/NI)

∑
A∈MN
σ′

A
=σ

ϕ(A/NI)

=
∑
I�S

(−1)|I|

Φ(NI)

∑
A∈MN
σ′

A
=σ

ϕ(A/(N/NI)).

Thus

sστ − sσ = −(q − 1)
∑
I�S

(−1)|I|Φ(NI)−1
( ∑

A∈MN
σ′

A=στ

degN/NI
(A) −

∑
B∈MN
σ′

B=σ

degN/NI
(B)

)
,

for any σ, τ ∈ G. We note that, in this case,

(3.13) Sk =
∏

χ∈Ĝ+
χ �=χ0

∑
I⊂S

Fχ|NI

Φ(N)
Φ(NI)

∏
i�∈I

ci

∏
i∈I

(1 − χ̄(Pi)) =
∏
i∈S

∏
χ0 �=χ∈Ĝ+

Pi�Fχ

(−χ̄(Pi)) = ±1.

Define

Sk =
( ∑

I�S

(−1)|I|Φ(NI)−1
( ∑

A∈MN
σ′

A=στ

degN/NI
(A)−

∑
B∈MN
σ′

B=σ

degN/NI
(B)

)
: 1 �= σ, τ ∈ C

)
.

Then from Theorem 3.1, we get the following nonvanishing determinant class num-
ber formula for h(k+).

Proposition 3.5. det(Sk) = ±((q − 1)/|Jk|)rh(k+).

In particular, if k = KN , the matrix SKN is given as

SKN =
( ∑

I�S

(−1)|I|Φ(NI)−1(degN/NI
(AB) − degN/NI

(A)) : 1 �= A, B ∈ M+
N

)
.

3.2. Relative class numbers. For a monic polynomial F ∈ A, let

θF =
∑

A∈MF

ZF (0, A)σ−1
A ∈ Q[GF ].

Recall that N is the conductor of k. For any F | N with F �= 1, we define

θ′F = cork/kF
resKF /kF

(θF ) ∈ Q[G].

By (3.2), it is obvious that θF ∈ Q[G]− and so θ′F ∈ Q[G]−. Then we have

(3.14) [KN : kKF ]θ′F = resKN /k corKN /KF
(θF ) =

∑
A∈MN

ZF (0, A)σ′
A
−1 ∈ Q[G]−.
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If Fχ � F , then ρχ(θ′F ) = 0 because χ is not trivial on Gal(k/kF ). Assume that
Fχ | F . As in [10, Lemma 8.7],

(3.15) ρχ(θ′F ) = [k : kF ]ρχ(θF ) = [k : kF ]L(0, χ̄)
∏
P |F

(1 − χ̄(P )),

where P runs over all monic irreducible polynomials dividing F.

Theorem 3.6. Let k be a finite abelian extension of Fq(T ) with conductor N . Let
C be any system of representatives of G/Jk. Assume that we are given {aF,σ ∈ Q :
1 �= F | N, σ ∈ G}. For any σ ∈ G, we let

tσ =
∑
F |N
F �=1

∑
A∈MN

ZF (0, A)aF,σ′
Aσ−1 .

Then we have

(3.16) det(tστ − tστ̃ : σ, τ �∈ C) = ±h−(k)S−
k ,

where S−
k =

∏
χ∈Ĝ−

∑
F |N
Fχ|F

bF,χ

∏
P |F (1− χ̄(P )) with bF,χ = Φ(N)

Φ(F )

∑
σ∈G aF,σχ(σ).

Proof. We consider θ =
∑

F |N,F �=1 dF θ′F . Then, from (3.14), we have

θ =
∑
σ∈G

∑
F |N
F �=1

∑
A∈MN

ZF (0, A)aF,σσ′
A
−1

σ =
∑
σ∈G

tσσ−1.

By Lemma 2.1 (ii), we have

(3.17) det(tστ − tστ̃ : σ, τ �∈ C) = ±
∏

χ∈Ĝ−

ρχ(θ) = ±
∏

χ∈Ĝ−

∑
F |N
F �=1

ρχ(θ′F )ρχ(dF ).

Since χ(dF ) = [KN : kKF ]
∑

σ∈G aF,σχ(σ), by (3.15), we have

(3.18) ρχ(θ′F )ρχ(dF ) =

{
L(0, χ̄) bF,χ

∏
P |F (1 − χ̄(P )) if Fχ|F ,

0 otherwise.

Therefore, by substituting (3.18) into (3.17) and by the analytic class number for-
mula (3.3), we have

det(tστ − tστ̃ : σ, τ �∈ C) = ±
∏

χ∈Ĝ−

∑
F |N
Fχ|F

L(0, χ̄)bF,χ

∏
P |F

(1 − χ̄(P ))

= ±
∏

χ∈Ĝ−

L(0, χ̄)
∏

χ∈Ĝ−

∑
F |N
Fχ|F

bF,χ

∏
P |F

(1 − χ̄(P ))

= ±h−(k)
∏

χ∈Ĝ−

∑
F |N

Fχ|F

bF,χ

∏
P |F

(1 − χ̄(P )). �

As for the real class number case, we choose special values of aF,σ to get several
determinant class number formulas.

Lemma 3.7. Let Q
(−)
k =

∏
χ∈Ĝ−

∏
P |N(1 − χ̄(P )). Then we have

(3.19) Q
(−)
k =

{∏
P |N (fP /f+

P )gP if gP = g+
P for all P | N,

0 otherwise.

In particular, if k has prime power conductor, then we have Q
(−)
k = 1.
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Proof. Let Qk(z) =
∏

χ0 �=χ∈Ĝ

∏
P |N(z − χ̄(P )) and Q

(−)
k (z) = Qk(z)/Q

(+)
k (z). By

[10, Theorem 3.7], we have Qk(z) =
∏

P |N (zfP − 1)gP /(z − 1) and so

Q
(−)
k (z) =

∏
P |N

(zfP − 1)gP

(zf+
P − 1)g+

P

.

By evaluating Q
(−)
k (z) at z = 1, we get the result. �

For any A ∈ MN , we let Ã = A/ sgn(A) ∈ M+
N .

Proposition 3.8. Let f : Jk → C be any map. For any σ ∈ G, we let

tσ =
∑

α∈Jk

∑
A∈MN
σ′

A
=ασ

ZN(0, A)f(α);

that is, we take aF,σ = f(σ) if F = N, σ ∈ Jk and 0 otherwise. Then we have

(3.20) det(tστ − tστ̃ : σ, τ �∈ C) = ±h−(k)A[k+:Fq(T )]
f Q

(−)
k ,

where Af = det(f(αβ−1) − f(α) : 1 �= α, β ∈ Jk). In particular, if k = KN , then
we have
(3.21)

det
(
f(sgnN (AB)) − f(sgnN (AB̃)) : A, B ∈ M−

N

)
= ±h−(KN )A[K+

N :Fq(T )]
f Q

(−)
KN

.

Proof. Define aF,σ = f(σ) if F = N, σ ∈ Jk and aF,σ = 0 otherwise. Then we have

tσ =
∑

A∈MN

ZN (0, A)aN,σ′
Aσ−1 =

∑
α∈Jk

∑
A∈MN
σ′

A=ασ

ZN (0, A)f(α).

We note that bF,χ =
∑

α∈Jk
f(α)χ(α) if F = N and 0 otherwise. Thus∏

χ∈Ĝ−

bN,χ =
∏

χ∈Ĝ−

∑
α∈Jk

f(α)χ(α) =
( ∏

χ∈Ĵk
χ �=χ0

∑
α∈Jk

f(α)χ(α)
)[k+:Fq(T )]

=
(
det(f(αβ−1) − f(α) : 1 �= α, β ∈ Jk)

)[k+:Fq(T )]
,

where the last equality follows from the Dedekind determinant formula [10, Lemma
5.26 (b)]. Therefore from Theorem 3.6, we prove (3.20). Now assume that k = KN .
For each A ∈ MN , we have

tσA =
∑
α∈F∗

q

ZN (0, α−1A)f(α) = f(sgnN (A)) −
∑
α∈F∗

q

f(α)
q − 1

.

Thus tσAσB − tσAσ̃B = f(sgnN (AB)) − f(sgnN (AB̃)), for any A, B ∈ MN . This
completes the proof of (3.21). �

Now let us choose a specific map f : Jk → {0, 1} by f(α) = 1 if α = 1 and
0 otherwise. Then we have the following generalized Demjanenko matrix for the
relative class number of k.

Corollary 3.9. Let tσ =
∑

A∈MN ,σ′
A=σ ZN(0, A). Then we have

det(tστ − tστ̄ : σ, τ �∈ C) = ±h−(k)Q(−)
k .
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When k = KN , let OKN be the integral closure of A in KN and let h−(OKN ) be
the relative ideal class number of OKN . Then we have
(3.22)

det(〈AB〉N : A, B ∈ M−
N ) = ±

{
h−(OKN ) if N is a prime power,
h−(OKN )Q(−)

KN
/(q − 1) otherwise.

Proof. Since bF,χ = 1 if F = N and 0 otherwise, the first statement follows from
(3.20). Assume that k = KN . Since f(sgnN (A)) = 〈A〉N , we have

det(〈AB〉N − 〈AB̃〉N : A, B ∈ M−
N ) = ±h−(KN )Q(−)

KN
.

From [11, Lemma 3], we have

h−(KN ) =

{
h−(OKN )(q − 1)[K

+
N :Fq(T )]−1 if N is a prime power,

h−(OKN )(q − 1)[K
+
N :Fq(T )]−2 otherwise.

In [6, Proposition 2.6], it is shown that

det(〈AB〉N −〈AB̃〉N : A, B ∈ M−
N )=±(q−1)[K

+
N :Fq(T )]−1 det(〈AB〉N : A, B∈M−

N ),

when N is a prime power. It is easy to see that the proof of [6, Proposition 2.6]
also holds for an arbitrary polynomial N . We note that Q

(−)
KN

is 1 if N is a prime
power. Therefore we get the result. �

We give another matrix whose determinant is also related to h−(k). Let j be a
fixed generator of Jk. We define f : Jk → {0, . . . , |Jk| − 1} as α = jf(α) for any
α ∈ Jk. When k = KN , we let sgnN (A) = f(sgnN (A)) for A ∈ A. Then we have
the following.

Corollary 3.10. Assume that q > 2. For each σ ∈ G, we let

tσ =
|Jk|−1∑

i=0

(
∑

A∈MN
σ′

A
=jiσ

ZN (0, A))i.

Then we have

det(tστ − tστ̃ : σ, τ �∈ C) = ±h−(k)|Jk|(|Jk|−2)[k+:Fq(T )]Q
(−)
k .

For k = KN ,

det
(
sgnN (AB) − sgnN (AB̃) : A, B ∈ M−

N

)
= ±h−(KN)(q − 1)

q−3
q−1 Φ(N)Q

(−)
KN

.

Proof. We note that

det
(
f(αβ−1) − f(α) : 1 �= α, β ∈ Jk

)
=

∏
χ∈Ĵk,χ�=1

∑
α∈Jk

f(α)χ(α)

=
∏

χ∈Ĵk,χ�=1

|Jk|−1∑
i=0

iχ(j)i.

Here χ(j) ranges over all nontrivial |Jk|-th roots of unity as χ runs over Ĵk\{1}.
Consider g(X) = (X |Jk| − 1)/(X − 1) = X |Jk|−1 + · · · + 1. Then the discriminant
of g is ±|Jk||Jk|−2. Thus we have

det(f(αβ−1) − f(α) : 1 �= α, β ∈ Jk) =
∏

ζ|Jk|=1,ζ �=1

ζg′(ζ) = ±|Jk||Jk|−2.

Now the results follow from Proposition 3.8. �
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Finally, we also need a nonvanishing determinant class number formula for h−(k),
in the case that Q

(−)
k = 0. We follow the same notations and definitions for S, NI

and aF,σ’s as in the real class number case. Then we have

tσ =
∑

∅�=I⊂S

∑
A∈MN
σ′

A
=σ

(−1)s−|I|Φ(N/NI)−1ZNI (0, A)

=
∑
I�S

(−1)|I|Φ(NI)
∑

A∈MN
σ′

A
=σ

ZN/NI
(0, A).

Thus

tστ − tστ̃ =
∑
I�S

(−1)|I|Φ(NI)−1
( ∑

A∈MN
σ′

A=στ

ZN/NI
(0, A) −

∑
B∈MN
σ′

B=στ̃

ZN/NI
(0, B)

)
=

∑
I�S

(−1)|I|Φ(NI)−1
( ∑

A∈MN
σ′

A=στ

〈A〉N/NI
−

∑
B∈MN
σ′

B=στ̃

〈B〉N/NI

)
.

As in (3.13), we have∏
χ∈Ĝ−

∑
F |N

Fχ|F

bF,χ

∏
P |F

(1 − χ̄(P )) =
∏

χ∈Ĝ−

∑
I∈S

Fχ|NI

(−1)s−|I| ∏
i∈I

(1 − χ̄(Pi)) = ±1.

Define

Tk =
( ∑

I�S

(−1)|I|Φ(NI)−1(
∑

A∈MN
σ′

A=στ

〈A〉N/NI
−

∑
B∈MN
σ′

B=στ̃

〈B〉N/NI
) : σ, τ �∈ C

)
.

Then from Theorem 3.6, we have the following.

Proposition 3.11. det(Tk) = ±h−(k).

When k = KN , the matrix TKN is given as

TKN =
( ∑

I�S

(−1)|I|Φ(NI)−1(〈AB〉N/NI
− 〈AB̃〉N/NI

) : A, B ∈ M−
N

)
.

4. Some numerical examples

Example 4.1. Assume that q = 3 and k = KPQ with P = T and Q = T 2 + T + 2.
Then M+

PQ = {1, T +1, T +2, T 2+1, T 2+2, T 2+T +1, T 2+2T +1, T 2+2T +2} and
M−

PQ = {2, 2T +1, 2T +2, 2T 2 +1, 2T 2 +2, 2T 2 +T +1, 2T 2 +T +2, 2T 2 +2T +2}.
We use M+

PQ and M−
PQ in this ordering for matrices in this example. Then the

matrix in (3.12) with N = PQ is given as

1 1 0 −1 1 1 1
1 1 1 1 1 −1 0

−1 0 0 0 −1 0 −2
−2 0 0 −1 0 −1 0

0 0 −1 0 −2 −1 0
0 −2 0 −1 −1 0 0
0 −1 −2 0 0 0 −1


.
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An elementary calculation shows that g+
P = g+

Q = gP = gQ = 1 and so Q
(+)
KN

=

Q
(−)
KN

= 4. Thus we have h(K+
N) = 2 · 17. The matrix in (3.22) is given as

1 1 1 1 1 1 1 1
1 1 1 1 1 1 0 0
1 1 1 0 0 0 0 1
1 1 0 0 0 1 0 1
1 1 0 0 1 0 0 1
1 1 0 1 0 0 0 1
1 0 0 0 0 0 1 0
1 0 1 1 1 1 0 1


.

Thus we have h−(OKN ) = 5.

Example 4.2. Assume that q = 3 and k = KPQ with P = T and Q = T 2 + 1.
In this case it is easy to check that g+

P = gP = gQ = 2 and g+
Q = 1. Thus

Q
(+)
KPQ

= Q
(−)
KPQ

= 0 and we cannot compute the real class number and the relative
class number of KPQ from (3.12) and (3.22), respectively. We compute the class
numbers of KPQ from the nonvanishing formulas in Propositions 3.5 and 3.11. Then
we have h(K+

PQ) = 22 · 32 and h−(OKP Q) = 22.

Example 4.3. Assume q = 3 and k = KN with N = T (T 2+1)(T 2+T +2). In this
case both Q

(+)
KN

and Q
(−)
KN

are zero. Using Propositions 3.5 and 3.11, we compute
that

h(K+
N) = 242 · 38 · 52 · 72 · 176 · 113 · 2412 · 257 · 281 · 433

and
h−(OKN ) = 213 · 36 · 56 · 13 · 172 · 412 · 137 · 193 · 241 · 281.

Example 4.4. When q = 3 and N = T 2(T 2 + 1), we have

h(K+
N) = 28 · 36 · 112 · 732, h−(OKN ) = 28 · 13 · 457.

When q = 3 and N = T 2(T 2 + T + 2), we have

h(K+
N ) = 2 · 17 · 19 · 337 · 409 · 733, h−(OKN ) = 53 · 73 · 37.

When q = 5 and N = T 2(T + 1), we have

h(K+
N ) = 41 · 71 · 101, h−(OKN ) = 24 · 5 · 11 · 41 · 1301 · 11981 · 15601 · 57301.

Example 4.5. Table 1 gives the real and relative class numbers of KN for q = 3
and N = T n(T + 1) with n = 1, 2, 3, 4.

Table 1. q = 3, N = T n(T + 1)

n h(K+
N) h−(OKN )

1 1 1
2 7 1
3 26 · 75 · 13 22 · 72 · 19

4 26·75·13·192·37·1092·127
·3072·1009·10531·270379

22·72·19·372·127·181
·307·379·523·9091
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