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FINDING (C3-STRONG PSEUDOPRIMES

ZHENXIANG ZHANG

ABSTRACT. Let q1 < g2 < g3 be odd primes and N = g1g2q3. Put
d=ged(q1 — 1,2 — 1,3 — 1) and h; = 41, i=1,2,3.

Then we call d the kernel, the triple (h1, ha, h3) the signature, and H = h1h2ahs
the height of N, respectively. We call N a Cz-number if it is a Carmichael num-
ber with each prime factor ¢; =3 mod 4. If N is a C3-number and a strong
pseudoprime to the ¢ bases b; for 1 < i < ¢, we call N a Cs-spsp(b1, b2, ...,bt).
Since C3-numbers have probability of error 1/4 (the upper bound of that for
the Rabin-Miller test), they often serve as the exact values or upper bounds
of 1, (the smallest strong pseudoprime to all the first m prime bases). If we
know the exact value of ¥, we will have, for integers n < 1y, a deterministic
efficient primality testing algorithm which is easy to implement.

In this paper, we first describe an algorithm for finding C3-spsp(2)’s, to
a given limit, with heights bounded. There are in total 21978 C3-spsp(2)’s
< 10%* with heights < 10°. We then give an overview of the 21978 Cj-
spsp(2)’s and tabulate 54 of them, which are C3-spsp’s to the first 8 prime
bases up to 19; three numbers are spsp’s to the first 11 prime bases up to 31.
No C3-spsp’s < 10%4 to the first 12 prime bases with heights < 10° were found.
We conjecture that there exist no C3-spsp’s < 1024 to the first 12 prime bases
with heights > 109 and so that

12 = 3186 65857 83403 11511 67461 (24 digits)
= 399165290221 - 798330580441,

which was found by the author in an earlier paper. We give reasons to support
the conjecture. The main idea of our method for finding those 21978 C3z-
spsp(2)’s is that we loop on candidates of signatures and kernels with heights
bounded, subject those candidates N = ¢1g2¢3 of C3-spsp(2)’s and their prime
factors q1,q2,q3 to Miller’s tests, and obtain the desired numbers. At last
we speed our algorithm for finding larger Cs-spsp’s, say up to 10°0, with
a given signature to more prime bases. Comparisons of effectiveness with
Arnault’s and our previous methods for finding Cs-strong pseudoprimes to
the first several prime bases are given.

1. INTRODUCTION

A positive odd integer n > 1 is called a strong probable prime to base b, or
sprp(b) for short, if it passes the Miller (strong pseudoprime) test [7] to base b, i.e.,

(1.1) either b =1 (mod n) or b*' 7 = —1 (mod n) for some r = 0,1,...,s — 1,
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where n — 1 = 2°¢ with ¢ odd. If, in addition, n is composite, then we say that
n is a strong pseudoprime to base b, or spsp(b) for short. We say that n is an
spsp(bi, ba, ..., b) if n is a strong pseudoprime to all the ¢ bases b;.

A Carmichael number is a positive composite integer which satisfies Fermat’s
Little Theorem

(1.2) " '=1 modn

for any b with ged(n,b) = 1. It follows that a Carmichael number n must be square
free with p — 1|n — 1 for each prime p|n and must be a product of at least three
odd prime factors. A Carmichael number n = ¢1¢2q3 with each prime factor ¢; = 3
mod 4 is called a Cz-number. If n is a Cs-number and an spsp(by, ba, ..., bt), we
call n a Cs-spsp(by, ba, ..., b).

Define v,,, to be the smallest strong pseudoprime to all the first m prime bases.
If n < 9, then only m Miller tests are needed to find out whether n is prime or
not. This means that if we know the exact value of ,,, then for integers n < ¥,
we will have a deterministic primality testing algorithm which is not only easier to
implement but also faster than existing deterministic primality testing algorithms.
From Pomerance et al. [9] and Jaeschke [6] we know the exact value of v, for
1 <m < 8 and upper bounds for g, 119 and t11.

In [T1], we tabulated all K2-, K3-, K4-strong pseudoprimes < 10?4 to the first
nine or ten prime bases, where Kk-numbers are the numbers having the form

(1.3) n=pq with p,q odd primes and ¢ — 1 = k(p — 1),

with & = 2,3,4. As a result the upper bounds for 119 and 1, were considerably
lowered:

10 < N1p = 19 55097 53037 45565 03981 (22 digits)
= 31265776261 - 62531552521,

11 < N1 = 73 95010 24079 41207 09381 (22 digits)
= 60807114061 - 121614228121,

and a 24-digit upper bound for 115 was obtained:
12 < Nyg = 3186 65857 83403 11511 67461 (24 digits)
= 399165290221 - 798330580441.
In [IZ], we found all C3-spsp(2,3,5,7,11)’s < 10%°. There are in total 110 such
numbers. We tabulated 36 of them, which are C3-spsp’s to the first 6 prime bases;
one number is an spsp to the first 11 prime bases up to 31. As a result the upper

bounds for 19,119 and 111 are lowered from 20- and 22-decimal-digit numbers to
a 19-decimal-digit number:

Yo < 10 < P11 < Q11 = 3825 12305 65464 13051 (19 digits)
= 149491 - 747451 - 34233211.

Define SB(n) = #{b€Z:1<b<mn—1,nis an spsp(b)} and
_ SB(n)
p(n)

where ¢ is the Euler’s function. It is well known that [5], [10] if n # 9 is odd and
composite, then SB(n) < ¢(n)/4, i.e., Pr(n) < 1/4. Tt is easy to prove that (see

Pr(n)
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12, §5])
(1.4) Pr(n)=1/4 <=
either n = pq is a K2-number with p = 3 mod 4 or n is a C3-number;
(1.5) if n is a K2-spsp(2), then Pgr(n) = 3/16;
and
(1.6) if n is an spsp(2), then Pg(n) = 1/4 <= n is a Cs-number.

We see that the bounds Nyg, N11, N12 above are all K2-numbers and ()17 is a
Cs-number. The reason for these facts is that these numbers n have Pr(n) equal
to or close to 1/4. So we [12] make the following conjecture.

Conjecture 1. g = 119 = 11 = 3825 12305 65464 13051 (19 digits).

The main purpose of this paper is to give reasons and numerical evidence to
support the following conjecture.

Conjecture 2.

12 = Nip = 3186 65857 83403 11511 67461 (24 digits)
= 399165290221 - 798330580441.

Before stating the main results of this paper, we need the following definition.

Definition 1.1. Let ¢; < ¢2 < g3 be odd primes and N = q1g2g3. Let
=1

d=ged(q1 —1,¢2 — 1,93 — 1) and h; = qT

Then we call d the kernel, the triple (hi, ha, hs) the signature, and H = hihohs the

height of N, respectively. We also call H the height of the triple (h1, ha, h3).

,i=1,2,3.

We describe in Section 2 an algorithm for finding Cs-spsp(2)’s to a given limit,
with heights bounded. There are in total 21978 C3-spsp(2)’s < 10%* with heights
< 10°. In Section 3 we give an overview of the 21978 Cs-spsp(2)’s, among which
1434 numbers, including the 110 ones < 10?° found in [12], are C3-spsp’s to the
first 5 prime bases; and we tabulate 54 of them, which are C3-spsp’s to the first
8 prime bases up to 19; three numbers are spsp’s to the first 11 prime bases up
to 31. No C3-spsp’s < 10%* to the first 12 prime bases with heights < 10° were
found. In Section 4 we speed up the algorithm for finding larger Cs-spsp’s, say
up to 10°°, with a given signature, to more prime bases. We find 5851 C3-spsp’s
< 10°Y to the first 13 prime bases up to 41 with signature (1, 37,41), which pass the
Axiom release 1.1 test, and we tabulate 25 of them, which are Cs-spsp’s to the first
17 prime bases up to 59. In Section 5 we show that Cs-numbers N with heights
> N1/3 are rare (such numbers are called hard Cs-numbers) and reasonably predict
that there exist no C3-spsp’s < 1024 to the first 12 prime bases with heights > 10°.
So, by the foregoing arguments, Conjecture 2 would be most likely correct.

The main idea of our method for finding those 21978 Cs-spsp(2)’s is that we
loop on candidates of signatures and kernels with heights bounded, subject those
candidates N = q1g2qs of Cs-spsp(2)’s and their prime factors ¢, g2, g3 to Miller’s
tests and obtain the desired numbers.

Arnault [2] used a sufficient condition for constructing Carmichael numbers
which are spsp’s to several prime bases and gave a 56 digit sample Cs3-spsp, with
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signature (1,37,41), to the first 11 prime bases up to 31, which pass the Axiom
release 1.1 test. But his condition is too stringent for most Cs3-spsp’s to satisfy. The
5851 Cs-spsp’s could not be found by his method. In our previous method [12], we
loop on the largest prime factor g3 and propose necessary conditions on N = ¢1¢2qs
to be a strong pseudoprime to the first 5 prime bases. Since the ¢; are in general
much larger than the component h; of the signature, our previous method is much
more expensive than our new one for finding all C5-spsp(2)’s to a given limit with
heights bounded. See Remarks 3.1 and 4.1 for comparisons in details.

2. THE METHOD

To state our algorithm more concisely we first need some definitions.

Definition 2.1. Let hy < ho < hg be three positive integers. The triple (h1, ho, h3)
is called Carmichael acceptable (or C-acceptable) if the h; are pairwise relatively
prime. A C-acceptable triple (hy, ha, h3) is called Cs-acceptable if the h; are all odd.
A Cjs-acceptable triple (hq, ho, hs) is called Cs-spsp(2)-acceptable if hy = ha = hs
mod 4.

Definition 2.2. Let (hi, ha, h3) be C-acceptable and
hi;=h;' mod h;

for 1 <14 # j < 3. Then the system of linear congruences

Tr = —h271 - h3’1 mod hl,
(21) r = —h172 — h372 mod hg,
Tr = —h173 — h273 mod h3
has solutions * = xp mod H = hjhohs where xy is the unique solution with

0 < 20 < H, which is called the seed of the C-acceptable triple (hq, ha, hs3).

Definition 2.3. Let q; < g2 < g3 be odd primes and N = g¢;q2q3 with kernel
d, signature (hq, ha, h3), and height H = hyhohs. If (hy, he, hs) is C-acceptable,
let xo be the seed of the triple (h1,ha,hs). The kernel d is called C-acceptable
if (hy,ha2,hg) is C-acceptable and d = zy mod H. The kernel d is called Cs-
acceptable, if (hy, ha, hg) is Cs-acceptable and

d=T9 mod 4H,
where
To=20+JjoH =2 mod4, jo=(2—x0)H mod4, 0<j,<3.

We call ZTg the Cs-seed of the Cs-acceptable triple (hy, ha, h3). The kernel d is called
C3-spsp(2)-acceptable if (hy, ha, h3) is C3—spsp(2)-acceptable and d is C3-acceptable.

Our algorithm is based on the following theorem which needs a lemma.

Lemma 2.1 ([3, Theorem 3.17]). Let n = q1q2q3 be a Cs-number. Then

n is an spsp(b) < (q_b1> = (q%) = (q%> £ 0.
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Theorem 2.1. Let N = q1q2q3 be a product of three different odd primes. Then
we have

(1) N is a Carmichael number if and only if its kernel d is C-acceptable;

(2) N is a Cs-number if and only if its kernel d is Cs-acceptable;

(3) N is a C3-spsp(2) if and only if its kernel d is Cs-spsp(2)-acceptable.

Proof. Let d be the kernel, (h1, ho, hg) the signature, and H = hqhaohs the height of
N, and let g be the seed of the triple (h1, ho, hg) when (h1, ho, hs) is C-acceptable.
(1) N is a Carmichael number

—q¢—-1|N—-1fori=1,2,3
q192 — 1= d2h1h2 + d(hl + hg) =
< qqg—1= d2h1h3 + d(hl + h3) = mod g —1= th,
qoq3 — 1 = d2h2h3 + d(hg + h3) =0 modq —1=dh
<= (h1, ha, h3) is C-acceptable and d = zy mod H

0 mod g3 — 1 = dha,
0

<= d is C-acceptable.

(2) Suppose N is a Carmichael number and so d is C-acceptable. Then at least
two of the h; are odd and d = zg + jH for some j > 0. We have
gi=dh;+1=(xo+jH)hi +1=3 mod4fori=1,2,3
< (xg+jH)h; =2 mod 4 fori=1,2,3
<= w9+ jH is even, each h; is odd and j = (2 — z9)H mod 4
<= d is C3-acceptable.

(3) Suppose N is a Cs-number and so d is Cs-acceptable. Then the h; are all
odd and d =2 mod 4. We have by Lemma 2.1

2 2 2
N is an spsp(2) < (—) = (—) = (—)
a1 q2 qs3
<~ @ =q¢g=q3 mod8 <= dh; =dhy =dhy mod 8
<= h1 = hy=hs mod 4 <= dis Cs-spsp(2)-acceptable. O
Before describing our algorithm, we need one more lemma.

Lemma 2.2. Let N = q1g2q3 be a Carmichael number with signature (hi, ho, hs).
Then

hs < %(hl + hy + \/(h1 + hy)? + 4h1h2\/m),
where k = 2. If N = q1q2q3 is a C5-spsp(2), then we can take k = 4.
Proof. Let d be the kernel of N. Since

g3 — 1 =dhs|qig2 — 1 = d(dh1hs + h1 + h2),

we have, g1q2 — 1 = k3(gs — 1) for some k3 > 2. Thus
1
(2.2) hs < %(dhlhg + hy + hg)

where k = 2. If N = ¢1¢2q3 is a Cs-spsp(2), then ¢; = g2 = ¢3 mod 8. Thus we can
take k = 4, since in this case g1g2 — 1 = k3(g3 — 1) for some k3 > 4.
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From (2.2) we have
q> khg—hl—hgl
- hihs
Since g1q2 — 1 = k3(q3 — 1) > k(g3 — 1), we have

kh3 —hy —h
VN > V@ = 1Dgs 1) > Vh(es = 1) = Vidhy > Vihg—"———=
1742

Then k3/2h3 — k'/2(hy + ho)hs — hihaV/N < 0. Thus

1
h3<%(hl—l—hg—l—\/(h1+h2)2+4h1h2\/kN>. O

Now we are ready to describe a procedure to compute all Cs-spsp(2)’s N =
q1g2q3 < L, say, L = 10%*, with heights H = hihohs < H, say, H = 10° > L/3,
PROCEDURE. Finding Cs-spsp(2)’s looping on signatures with heights bounded;

BEGCIN h; « 1;
Repeat hg < hy;
repeat ho < ho + 4; If ged(hg, hy) = 1 Then

begin hg « ha; h3 « %(lh + ho + \/(hl + h9)? + 8h1h2\/f>;

If hs > H/(hihs) Then hz « H/(hihs);
Repeat hz < hz + 4; If (ged(hs, h1) = 1) And (ged(hg, he) = 1) Then
Begin {Now the triple (h1, ha, hg) is Cs-spsp(2)-acceptable}
Using Euclidean Algorithm and the Chinese Remainder Theorem
to compute the seed xg of the triple (hq, ha, h3);
T < xo; jo < (6 —x9 mod 4)H mod 4;
If jo > 0 Then Tg « xg + joH;
For i :=1 To 3 Do ¢; «— Zoh; + 1;
Qg2 — q1 - q2; N — q1q2 - q3;
If N < L Then
repeat If 2¥ =2 mod ¢1¢2 Then
begin If (¢1, g2 and g3 are all sprp’s to the first several prime
bases) And (NN is an spsp(2)) Then
output(N, q1, 2, g3, h1, ho, k3, xo, . ..)
end;
For i :=1 To 3 Do ¢q; < ¢; + 4h; H;
Qg2 — ¢1-q2; N < q1q2 - g3
until N > L

End
Until hs > hs
end
until hy > (H/h1)/?;
hi+— h1+2
Until hy > H'/3
END.

Remark 2.1. One may easily modify the procedure a little for computing all
Carmichael numbers N = g1¢g2q3 < L, with heights H = hihohs < H, instead of
just only Cs-spsp’s.
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Remark 2.2. Alford, Granville and Pomerance [I] have proved that there are infin-
itely many Carmichael numbers, but no one has yet been able to show that there
are infinitely many Carmichael numbers n with a fixed number of prime factors.
Let (h1, ha, hs) be a C-acceptable triple with height H and seed xo. If the widely
believed Prime k-Tuples Conjecture (see [4, Conjecture 1.2.1]) is true, then there
would exist infinitely many integers

0< i <jpp<i<--

such that
Giu = Giu(h1, ho, hg) = dyhi + 1 = xoh; + 1 4 juhiH
are all primes for 1 < ¢ < 3 and v = 1,2,3,..., where dy, = =9 + j,H. Let
Nu = Nu(hla h2; h&) = q1,uq92,uq3,u, U = ]-a 27 3; .... Then
(2.3) Ny <Ny < N3<--

would be infinitely many Carmichael numbers with three prime factors. We call
(23) the chain of Carmichael numbers with signature (hq, ha, h3). Since there exist
infinitely many C-acceptable triples, there would exist infinitely many pairwise dis-
joint chains of Carmichael numbers with three prime factors. The same arguments
can be applied to Cs-numbers and Cs3-spsp(2)’s.

Example 2.1. The C-acceptable triple having the smallest height among all C-
acceptable ones is (1,2,3) with height H = 6 and seed zy = 0; the first (the
smallest) element of the Carmichael number chain with signature (1,2, 3) is

1729 =7-13-19

with kernel d =6 = 0+ 6 - 1. The Cs-acceptable triple having the smallest height
among all Csz-acceptable ones is (1,3,5) with height H = 15, seed o = 12 and
Cs-seed Tg = 42 = 12 4 15 - 2; the first (the smallest) element of the Cs-number
chain with signature (1,3,5) is

1152271 =43 - 127 - 211

with kernel d = 42 = 42 + (15 - 4) - 0. The Cs-spsp(2)-acceptable triple having
the smallest height among all Cs-spsp(2)-acceptable ones is (1,5,9) with height
H = 45, seed zg = 15, and Cs-seed Tg = 150 = 15 + 45 - 3; the first (the smallest)
element of the C3-spsp(2) chain with signature (1,5,9) is

83828294551 = 1231 - 6151 - 11071
with kernel d = 1230 = 150 + (45 - 4) - 6.

3. NUMERICAL RESULTS AND STATISTICS

The Pascal program (with multi-precision package partially written in Assembly
language) ran about 50 hours on a PC Pentium III/800 to get all Cs-spsp(2)’s
< 10%* with heights < 10°. There are in total 21978 numbers, among which 54
numbers are spsp’s to the first 8 prime bases up to 19 (listed in Table 1), 21
numbers are spsp’s to base 23, 8 numbers are spsp’s to bases 23 and 29, 3 numbers
are spsp’s to the first 11 prime bases up to 31. No Csz-spsp’s < 10?* with heights
< 10°, to the first 12 prime bases, are found.
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TABLE 1. List of all C3-spsp’s < 1024, with heights < 10°, to the
first 8 prime bases

By hs 0 spsp-base

N=a0e @ | 23 [29 | 31
230245660726188031 | 214831 | 3| 11 19 132|001
3825123056546413051 | 149491 | 1| 5| 229 640 | 1| 1|1
5474093792130026911 21319 | 1]105| 5381 | 21318 0 | 0 | 0
7361235187296010651 | 412339 | 1| 5 21 310lo]o0
8276442534101054431 | 200431 | 1| 17 53 398|001
195069335909566505311 | 393031 | 1| 17| 189| 1044 | 0 | 0 | 0
254699850156491854531 | 712219 | 1| 5| 141 68| 1010
406109173515574567039 | 307399 | 1| 41| 341 | 13797 | 1 | 0 | 0
1127737640453498269651 | 1133731 | 3| 7| 995| 1800 | 0 | 1 | 1
1397794271514875845651 | 1336891 | 1| 9 65 1650010
92242021587179041518751 | 3993991 | 7 | 23 750 3045 1|0 |0
3194607429820896878251 | 526051 | 1]105| 209 | 21315| 0 | 1 | 0
4412130885405879485851 | 1570339 | 11 | 91 | 1515 | 142758 | 0 | 0 | 0
5701046551584439525471 | 2518231 | 1| 17 21 309 0|00
5958695097405523240951 | 2897311 | 1| 5 49 1851010
9113145253407751789351 | 976951 | 15 | 247 | 8903 | 65130 | 0 | 1 | 0
9939727319790001375351 | 6778351 | 15 | 43| 167 | 21030 | 0 | 1 | 1
10370556164168370465751 | 1395871 | 1| 41 93 3121110
11766571723662840188371 | 12264211 | 21 | 29 97| 52353 | 0| 1|0
13138898535179034186031 | 1360591 | 11 | 347 | 1819 | 123690 | 1 | 0 | 1
17661599911521864964667 | 334643 | 1| 13 | 36253 | 334642 | 0 | 0 | 1
929377871579629220240951 | 2281231 | 1| 29 65 380|010
23803627414421799913051 | 4756771 | 5| 57 97| 11424 | 0|0 |0
24641960187979924539751 | 2320399 | 51 | 451 | 11375 | 45498 | 1 | 0 | 0
31114093717651985564707 | 2248507 | 1| 17| 161| 1420] 1 |0 | 1
34957194928469840636443 | 3436987 | 1| 21 41 735 0| 1|1
36311562703426066768531 | 574939 | 1|265| 721 | 17430 |0 | 0
40415893466198304051271 | 2327599 | 1| 5| 641 768 | 1| 1|0
45555991965773372374831 | 7570399 | 1| 5 21 31000
46672089968136299211091 | 4983931 | 1| 13 29 367|010
48857493627509540231611 | 2505859 | 1| 5| 621 122/ 1]01]0
52534131015423500638651 | 7002451 | 1| 9 17 99| 0|00
126174611480842540712251 | 4585051 | 1| 17 77 932 1 (1] 0
138109734583474439306971 | 3157771 | 1| 21| 209| 2079 | 0 | 0 | 0
170738089381697431624031 | 3926231 | 1| 13| 217| 2219| 1 |0 | 1
209312276410824043446991 | 11881879 | 19 | 99| 455 | 625362 | 0 | 0 | 1
216637667956488044143151 | 5003951 | 1| 13| 133 24011
233534116295099077548091 | 784939 | 1| 221 | 2185 302053 | 1 | 0 | 0
255517570304002813885651 | 9047611 | 1| 5 69 330|101
286102310653298641736431 | 17614759 | 7| 27 95| 2694 | 1|0 |1
334277210819500412182291 | 2771011 | 9| 13| 97889 | 307890 | 0 | 0 | 0
351738842489919281301451 | 3400531 | 1| 5| 1789 | 1430 | 1 |1 | 0
368676478516093734323107 | 10507267 | 7| 87| 179 | 83895 | 0 | 1 | 1
427343918229393756373567 | 10617847 | 1| 17 21 300 111
470919365444700352493587 | 36877387 | 20 | 53 | 149 [ 126569 | 0 | 1 | 0
544513293798193773190411 | 5744131 | 1| 17| 169| 1003| 0 | 0 | 0
604862030394148915227451 | 4783819 | 1| 25| 221 | 4693 | 0 | 1 | 1
694377826663618499764231 | 11493871 | 31 | 99 | 4439 [ 370770 | 1 | 1 | 0
730642924951631011438471 | 2060791 | 1| 69| 413 | 25599 | 1 | 0 | 0
769506747162635763214363 | 4035043 | 1| 53| 221 | 5770 0 | 0 | 0
793644330003453987232231 | 754111 | 1 |393 | 4709 | 754110 | 0 | 0 | 0
858104265182620413802951 | 15186511 | 1| 5 49 185|111
867433972583793467874451 | 35088811 | 13 | 17| 185| 29075 | 0 | 1 | 1
896098460552472805377751 | 5389231 | 1| 25| 229| 2005| 0 | 0 | 1
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For the rest of this paper let b; be the ith prime. Define sets

3.1) {Cg(t,L) ={N: N is a Cs-spsp(by, ba,...,bt) < L},

Cs(t,L,H) ={N:N € Cs(t, L) with height < H}
and functions
(32) f(ta L) = #03(t5 L) and f(ta LaH) = #03(t5 LaH)

for ¢ > 1. The sets and functions can be extended for ¢ = 0, in which case C5(0, L)
is the set of all C3-numbers < L, etc. Then we have

C3(0,L) D C3(1,L) D C3(2,L) D - -- .
In Table 2 we give f(t,L,10%) for t = 1,2,...,11 and L = 10%°,10'2,...,10%.
In Table 3, we give f(¢,10%4,’H) for 1 <t < 11 and ‘H = 10%,10%,...,10°.

TABLE 2. The function f(¢, L, 10°)

1010 1012 1014 1016 1018 1020 1022 1024

t=1 1 8 35| 157 | 522 | 1790 | 6179 | 21978
t= 2 1 6 28 | 100 | 364 | 1277 | 4381 | 15575
t= 3 1 4 18 60| 203 | 710 | 2446 | 8581
t= 4 1 1 7 19 89 | 337 | 1205 | 4205
t= 5 0 0 3 6 28 | 110 | 393 | 1434
t= 6 0 0 1 2 8 36 | 128 481
=7 0 0 0 1 2 12 48 165
t= 8 0 0 0 0 1 5 17 54
t=9 0 0 0 0 0 1 ) 21
t =10 0 0 0 0 0 1 1 8
t=11 0 0 0 0 0 1 1 3

TABLE 3. The function f(¢,10%4,'H)

H 102 | 103 10* 10° 106 107 108 10°
t= 11883 | 7214 | 12290 | 16280 | 19040 | 20675 | 21562 | 21978
t= 21883 | 6009 | 9481 | 12106 | 13836 | 14851 | 15344 | 15575
t= 3| 1341 | 3523 | 5336 | 6704 | 7646 | 8186 | 8464 | 8581
t= 4| 321 | 1888 | 2728 | 3355 | 3800 | 4036 | 4167 | 4205
t= 5 81| 568 886 | 1124 | 1285 | 1364 | 1419 | 1434
t= 6 29 | 170 283 366 428 456 476 481
t= 7 6 93 91 119 144 155 163 165
t= 8 0 14 29 39 47 50 93 o4
t=9 0 5 13 17 18 19 20 21
t =10 0 2 7 7 7 7 3 3
t=11 0 2 3 3 3 3 3 3
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Remark 3.1. The smallest five numbers < 102" in Table 1 appeared earlier in [12]
Table 5] where we used 1600 hours of CPU time on a PC Pentium III/800 to find all
110 Cs-spsp(2,3,5,7,11)’s < 10%°. Since all the 110 numbers have heights < 107,
they were caught once again (see Table 2: f(5,10%°,10°) = 110) and much more
information than that was obtained by our new method, using only 50 hours of
CPU time on the same machine. In our previous method, we loop on the largest
prime factor g3 and propose necessary conditions on N = g1¢2q3 to be a strong
pseudoprime to the first 5 prime bases. In the new method we loop on Cs-spsp(2)-
acceptable signatures (h1, ho, hs) and kernels d. For a given Cs-spsp(2)-acceptable
triple (h1, ho, h3), the procedure loops at most | (L/(43H*))*/3| times in the “repeat

- until N > L” loop. So, when L is not too large, say, L = 1024, it does not take
much time on a modern PC (say, Pentium III1/800) for a given triple (h1, he, h3)
until N > L. Since the h; are in general much smaller than the prime factors ¢;
of N, our new method is much faster than the previous one for finding all those
N < L with heights H to a given limit, say, H < L'/% or H < L3/8,

Remark 3.2. From Table 3 we see the following facts:
(1) there is only one Cs-spsp(by, ba, . .. ,bg) < 10%* with 10% < H < 107
(2) there is no Cs-spsp(by, ba, ..., b1o) < 10** with 10 < H < 107%;
(3) there is no Cs-spsp(b1, ba, ..., b11) < 10** with 10* < H < 10°.
Reasons for these facts will be discussed in Remark 5.2 below.

Remark 3.3. A difficult problem is the decision of a favorable upper bound H of
heights of Cs-spsp(2)-acceptable triples (hi, he, hg) so that we can obtain all Cs-
spsp’s < L, say, L = 10?4, to the first ¢, say, ¢ > 11, prime bases. We will explain
in Section 5 why we choose H = 10°, i.e., why we did not run the procedure for
H = hlhghg > 109.

4. LARGER (3-SPSP’S TO MORE BASES

In this section we will speed up the method so that we can find all Cs-spsp’s
less than a larger limit L, say L = 10°°, with the same signature, say (1,37, 41), to
t > 9 prime bases.

Definition 4.1. Let N, q1,q2,qs, h1, ho, hs, xo, Tg, d be as in Definition 2.3. Let b
be an odd prime, and suppose (h1, he, hg) is Cs-acceptable. Define the set

S,Ehl””“):{u;u:2+4k,ogk<b,( b ):( b ):( b )}

uwhy +1 uhy +1 uhg + 1
A Cs-acceptable triple (hq, ha, h3) is called Cs-spsp(b)-acceptable, if the set
(4.1) Syrtate) g
and if the system of linear congruences
r=1x9 mod H,
4.2
(4.2) {x =wu mod 4b for some u € Séhl’h2’h3)

has solutions. The kernel d is called Cs-spsp(b)-acceptable if (hi,ho, hs) is Cs-
spsp(b)-acceptable and d = z¢ + jH = u mod 4b for some u € Séhl’hz’hg) with
j=(2—1x9)H mod 4, or in other words, if
{d =79 mod 4H,

4.3
(4.3) d=wu mod 4b for some u € S,Ehl’

h2,h3)
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Definition 4.2. Let N, q1,q2, g3, h1, ha, h3, xo, Tg, d be as in Definition 2.3. Let b;
be the ith prime, ¢t > 2 and M; = 4by - - - by; and suppose (hi, ho, h3) is Cs-spsp(2)-
acceptable. Define the set

Rghl’hz’h?’) = {r :0 <r < M;,r=wu; mod 4b; for some u; € Séfl’hz’h?’), 2<4< t}.

The triple (hi, he,hg) is called Cs-spsp(bi, ba, ..., b )-acceptable if the system of
linear congruences
{x =79 mod 4H,

4.4
(44) x =u; mod 4b; for some u; € Séfl’hQ’hS), 2<1<t,

has solutions, or in other words, the system

(45) To mod 4H,
' x=r mod M, for some r € Rghl’hz’hB)

has solutions. The kernel d is called Cs-spsp(b1, be, ..., bt)-acceptable if (h1, ha, h3)
is C5-spsp(by, ba, . . ., b)-acceptable and (@3] holds with z replaced by d.

Example 4.1. The triple (1,5,13) is Cs-spsp(b)-acceptable for b = 2 and 3, but
it is not Cs-spsp(5)-acceptable. Clearly, if ged(b, H) = 1 with H = hqhohs, then a
Cs-acceptable triple (hi, ho, hg) must be Cs-spsp(b)-acceptable. But the converse
is not true. For example, the triple (1,5,9) is Cs-spsp(b)-acceptable for all primes
b, including b = 3 and 5.

Theorem 4.1. Let N = q1q2q3 be a product of three different odd primes and let b
be an odd prime. Then we have

N is a C3-spsp(b) <= its kernel d is C3-spsp(b)-acceptable.

Proof. Suppose N is a Cs-number and so d is Cs-acceptable. Then we have by
Theorem 2.1 and Lemma 2.1

N is an spsp(b)

‘:’(dhlb+ 1) - (dh2b+ 1) = (dh3b+ 1)

hz,h3)

<= d=wu mod 4b for some u € Séhl’
<= d is C5-spsp(b)-acceptable.

By the Chinese Remainder Theorem, we have the following corollary.

Corollary 4.1. Let N = q1q2q3 be a product of three different odd primes and let b;
be the ith prime and t > 2; and suppose (h1, ho, hs) is Cs-spsp(2)-acceptable. Then
N is a Cs-spsp(b1,ba, ..., b) if and only if its kernel d is Cs-spsp(by,ba, ..., b)-
acceptable.

Example 4.2. The triple (1,37,41) is Cs-spsp(b)-acceptable for all primes b, with
seed xg = 563 and height H = 1-37-41 = 1517. Let t = 9 and M; = 4by--- by =
446185740. We have g = xo + 3H = 5114 and #R{"*"*Y) = 2880. In Table 4 we
give Sy, = 523’37’41) and #R; :#R§1’37’41) for 2 <i<09.
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TABLE 4.
il b M; | #5Sh, Sy, | #Ri
2] 3 12 1 {6} 1
3| 5 60 2 {6, 10} 2
41 7 420 2 {2, 14} 4
5| 11 4620 3 {18, 22, 38} 12
6|13 60060 2 {10, 26} | 24
717 ] 1021020 4 {10, 18, 30, 34} | 96
8119 19399380 5 {26, 38, 50, 54, 74} 480
9| 23 | 446185740 6 | {38, 42, 46, 82, 86, 90} | 2880

A procedure based on Corollary 4.1 ran about 5 hours on a PC Pentium III/800
to get all C3-spsp(by,ba,...,bg)’'s < 10%° with signature (1,37,41). There are in
total 86687 numbers, among which 5851 numbers are spsp’s to the first 13 prime
bases up to 41, 25 numbers are spsp’s to the first 17 prime bases up to 59 (listed
in Table 5), 7 numbers are spsp’s to base 61, 3 numbers are spsp’s to the first 19
prime bases up to 67.

TABLE 5. List of all C3-spsp’s < 1059 with signature (1,37, 41) to

the first 17 prime bases up to 59

N = q1q92g3

q1

spsp-base

61

67

71

664285341720894140846825851168090899459337851067
1801188787585914139564810592131100649232502090131
2254188563707371059999034172489288735827395166967
2295419709119519138624774107607428487397986227711
4830615526563629640707213324003423570276032239067
5606141065699774478327048822491526469151721036191
6079037109932002285849522788586785893918822839651
6177545012072454394180280121837534201011666749867
6792469965351873320846123947106517207243763369651
9231658871799183872380918591735012360063879509367
9688312712744590973050578123260748216127001625571

17077389050992177663907511962926227202811796430411
20419468508849496652785114968040727226399506005367
24989407894883186945549938905182259644632907446867
26706083736620248445278451981338590391039943640367
29976443610578528721850170580010674973747257453171
37022269021333497793028821196322216146297759893567
39397023402592750173016278148536552680399692486831
49765723320580275663033246960798005905092493704271
54137204419251617397822551921251265769160917390091
60182972252640561414204431408975362441401651006367
63627021553793884438571687827273322639293179452371
68172488800119872312050407892588071592239057698791
69102192250587765543843633166409535362271092418091
95305641129861756749783024175271806664680889298311

759375118130107
1058907159503971
1141129380182767
1148044815933991
1471201968695707
1546059297919111
1588362912440851
159689653 7577547
1648215707510851
1825708296411247
1855328670525331
2241189765445291
2378772729204847
2544427779105187
2601406424985847
2703531964889731
2900630998141927
2961369573201271
3201215516700631
3292330421343211
3410588713549447
3474444171754531
3555285837408511
3571374676875211
3975371093655391

O OO OO HHOHOOOOOHFHFOFOOOORFEOO

OO OH O OOHOOOOHFHFFEFOODODODODODOOOOo

OO O OO OHOFOOOODODOOOHHOOOOoO
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Remark 4.1. Arnault [2, Equation (4)] used a sufficient condition derived from the
condition

(49) () =G =)=
q1 42 qs3

for finding Cs-spsp’s n = ¢1g2g3 to all the first several prime bases b with Cjs-
spsp(2)-acceptable signature (hy, ha, hs) satisfying additional conditions hy = 1
and ged(b, hohs) = 1, whereas our method has no restrictions either on h; or on
ged(b, hahg) (see Definition 4.1, Example 4.2, Theorem 4.1). Arnault found a 56-
digit C3-spsp to the first 11 prime bases (actually his 56-digit sample is an spsp to
the first 13 prime bases up to 41), which passes the Axiom release 1.1 test. All our
5851 C3-spsp(b1, ba, . . ., b13)’s < 10°° with signature (1, 37,41) also pass the Axiom
release 1.1 test, but they are much smaller than his 56-digit sample. Arnault’s
Condition (4.6) is too stringent for most Cs-spsp’s to satisfy. Our 5851 numbers
could not be found by Arnault’s condition.

5. DISCUSSION
Let N,q1,42,qs3,h1,ho, hs, H, 29, T, d be as in Definition 2.3. Define
log N
log H’

which is called the height index of N. We call N a hard Carmichael number (resp.
hard Cs-number or hard Cs-spsp(by,..., b)) if N = ¢1¢2¢3 is a Carmichael number
(resp. C3-number or Cs-spsp(by, . .., b)) with height index 8 < 3.

(5.1) 8= B(N) =logy N =

Proposition 5.1. If N is a hard Carmichael number, then we have

(5.2) xo=d < HY.
Proof. Put a =logy d = llc‘))ggl‘_il. Then
i) § d=H".
Since d®*H < N, we have
1
<-(B-1
a<3(B-1)

where 3 = 1022 is the height index of N. If NV is a hard Carmichael number, then

lo

B < 3. Thus a < 2/3, and therefore equation (B2) holds since d = zy mod H. O
Corollary 5.1. If N is a hard Cs-number, then we have

(5.3) zo =T = d < HY3,

moreover if N is a hard Cs-spsp(b1,...,b) with t > 2, then we have

(5.4) xo =7 mod M, for some r € RE}“’M’}“)

where My and Rghl’hz’hB) are as defined in Definition 4.2.

Example 5.1. We list in Table 6 hard Cs-spsp(by,...,b:)’s for 0 < ¢ < 9 with the
smallest height indices among the three sets of C's-numbers: the 2837 C3-numbers
< 10'8; the 110 C3-spsp(2,3,5,7,11)’s < 10%° and the 21978 C3-spsp(2)’s < 10%4.
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TABLE 6. Sample hard Cs-spsp(bs, ..., b)

t N h1 ho hs H | xzg=d B

0 67902031 7 45 971 305865 6 | 1.427---
1 145936981694079451 | 115 | 903 | 1324151 | 137506460595 102 | 1.541---
2 145936981694079451 | 115 | 903 | 1324151 | 137506460595 102 | 1.541---
3 64770695384645251 67 | 147 92675 912756075 414 | 1.876- -
4 90022554326251 29 | 125 2681 9718625 210 | 1.997---
5 3948835658621975551 | 117 | 397 4985 231548265 2574 | 2.223 - --
6 3948835658621975551 | 117 | 397 4985 231548265 2574 | 2.223 - --
7 | 24641960187979924539751 51 | 451 11375 261636375 45498 | 2.660 - - -
8 | 24641960187979924539751 51 | 451 11375 261636375 45498 | 2.660 - - -
9 | 24641960187979924539751 51 | 451 11375 261636375 45498 | 2.660 - - -
Define

(5.5) C4(t,L,3) = {N : N is a C3-spsp(by, . ..,b;) < L with height index < 3}
and
(5.6) Chi(t,L,B,H) = {N : N € C4(t, L, 3) with height < H}

for t > 1 and C4(0, L, B) is the set of all Cs-numbers < L with height index < .
Thus C5(0, L, 3) is the set of all hard Cs-numbers < L and Cs(t, L, 3) is the set of
hard Cs-spsp(by, . ..,b)’s < L for t > 1. Define

(5'7) g(t7 L? B) = #Cé(t7 L? B) a’nd g(t7 L? B? H) = #Cé(t7 L? B? H)'

Studying the 2837 C3-numbers < 10'® given by Pinch [§] and the 110 Cs-spsp(2,
3,5,7,11)’s < 10?° obtained in [T2], we obtain values of g(¢,L,3) and f(t,L) (see
equation (B2) for the definition) tabulated in Table 7, where the numerator is
g(t,L,3) and the denominator is f(¢t,L). If both g(t,L,3) and f(¢, L) are 0, we
write only 0 instead of 3. The values of g(t,10%,3) and f(t,10%°) for 0 <t < 4 are
unknown.

Remark 5.1. If N < L with height H > L*/?_ then 8(N) = logy N < logy L < B.
So, we have

(5.8) F(t,L) — f(t, L, LP) < g(t, L, B).

The left side of inequality (B.8)) is the number of Cs-spsp(by,...,¢;)’s < L with
height H > L'/?. For example, f(0,10'®) — £(0,10'8,10%) = 2837 — 2620 = 217 <
384 = ¢(0,10'8, 3).

Remark 5.2. Since zg is a positive residue modulo H (see Definition 2.2), condition
(E2) (resp. condition (B3))) is too stringent for most Carmichael numbers with three
prime factors (resp. Cs-numbers) to satisfy. So, hard Carmichael numbers are rare,
and hard Cs-numbers are even more rare. Because of the even more stringent
condition (5.4)), hard Cs-spsp(bs,...,b:)’s are even more rare as t increases as can
be seen in Table 7. This explains Remark 3.2.

Studying the 21978 C3-spsp(2)’s < 10%* with heights < 10°, we obtain values of
g(t,L,3,10°) (the number of hard C3-spsp(b1, ..., b;)’s < L with heights < 10° for
t > 1) tabulated in Table 8, whereas g(0, L, 3, 10%) (the number of hard C3-numbers
< L for L < 10'® with heights < 10%) are obtained from Pinch [§].
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TABLE 7. The functions ¢(¢, L, 3) (numerator) and f(¢, L) (denominator)

L 104 | 108 | 108 | 10'° | 10'2 | 10 | 10'6 | 10'® | 102°
t= 0] L 1 4 13 27 70 163 | 384
1 1 8 29 79 271 868 | 2837
_ 0 3 10 36 89
t= 1| 0 0 0 1 3 35 157 507
_ 0 1 6 20 49
=210 0 0 1 & 2% 700 :32%
0 0 3 10 5
0 0 1 3
_ 0 0 2
t= 5| 0 0 0 0 0 3 3 38 10
0 0 0 2
t= 6| 0 0 0 0 0 1 3 g 36
0 0 0
TABLE 8. The function g(t, L, 3,10°)
logio L |12 14| 16| 18| 20| 22| 24
t= 0|27 (69| 161 | 369
t= 1 3110 36| 84| 198 | 424 | 874
t= 2 1 6| 20| 47| 105|237 | 480
t= 3| 0] 3 10| 25| 52120 | 248
t= 4| 0 1 3 6| 20| 44| 95
t= 5| 0| O 0 2 71 21| 42
t= 6| 0| O 0 0 2 6 12
t= 7| 0| O 0 0 0 2 5
t= 8| 0] O 0 0 0 1 2
t= 9| 0] O 0 0 0 0 1
t=10| 0| O 0 0 0 0 0

From Tables 7 and 8 we find that

9(0,10'%,3) =

g(1,10'8,3
9(2,10'%,3

g(t,10'8,3) =

g(t,10%,3

So we may predict that

)=
)=
)=
)=

0,10'®,3,10%) + 15,
1,10'® 3,109)

t,10'8,3,10°
t,10%,3,10°

(
g(
g(2,10'®,3,10%)
g(
g(

)
)

+
+

5,
2

for t > 3,
for t > 5.

g(t,10%*,3) = g(t,10**,3,10%) for ¢ > t,

1023

for some to > 9. To be safe, we may take to = 12. If so, i.e., if g(¢,10%4,3) =
g(t,10%4,3,10%) = 0 for t > 12, there would exist no hard Cs-spsp’s to the first 12
prime bases. Then from (£.8) we would have

F(£,10%) — f(£,10%4,10%) < g(t,10*%,3) =0

for t > 12. This means that there would exist no Cz-spsp’s < 10?4 to the first 12
prime bases, with heights > 10%. These arguments explain Remark 3.3.
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At last, we point out an argument which is perhaps unfavorable for our method.
Given any small € > 0, does there always exist a C-acceptable triple (hq, ha, h3) =
(h1, ha, h3)(e) with height H = hihohs and positive seed xg < H? If so, and if
one wants to compute ALL! Carmichael numbers < L with three prime factors, one
should check as many as O(L1+°(1)) C-acceptable triples. The algorithm would take
time O(L'T°(1)). The same argument can be used for finding ALL! Cs-numbers or
ALL! Cs-spsp(2)’s with a smaller constant for the big O- and/or a smaller order for
the small o(1). To this end, a favorable estimate of H in Remark 3.3 as a function
of L and t would be an interesting but difficult problem.
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