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POINTWISE ERROR ESTIMATES
OF THE LOCAL DISCONTINUOUS GALERKIN METHOD
FOR A SECOND ORDER ELLIPTIC PROBLEM

HONGSEN CHEN

ABSTRACT. In this paper we derive some pointwise error estimates for the
local discontinuous Galerkin (LDG) method for solving second-order elliptic
problems in RY (N > 2). Our results show that the pointwise errors of both
the vector and scalar approximations of the LDG method are of the same
order as those obtained in the L2 norm except for a logarithmic factor when
the piecewise linear functions are used in the finite element spaces. Moreover,
due to the weighted norms in the bounds, these pointwise error estimates
indicate that when at least piecewise quadratic polynomials are used in the
finite element spaces, the errors at any point z depend very weakly on the true
solution and its derivatives in the regions far away from z. These localized
error estimates are similar to those obtained for the standard conforming finite
element method.

1. INTRODUCTION

The aim of this paper is to derive some pointwise error estimates of the local dis-
continuous Galerkin (LDG) method for solving the second order elliptic problems.
The LDG method is a discontinuous Galerkin method in the mixed formulation and
was introduced by Cockburn and Shu [15]. The LDG method has been used for
solving different types of differential equations including elliptic equations ([14]).
A rigorous error analysis in the L? norm for the LDG method can be found in
Castillo, Cockburn, Perugia and Shétzau in [9]. To describe our results, we state
that the best error estimate in the L? norm obtained in [9] for the LDG method is
the following:

(1.1) Ip = prllz20) + hlla = anllz2(@) < CR|[pl ier o).

Here, Q@ C RN (N > 2), (p,u) € H*"(Q) x H"(Q)N and (pp, us) are the true and
approximate solutions of the LDG method, respectively, and r > 1 is the order of
the polynomials used in the finite element space. The pointwise error estimates for
p—pr, and u—uy, obtained in this paper take the following form (see Theorems B.1]
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and[@): forany z € Qand 0 < s <r—1,

(1.2) (P —pr)(2)| + hl(u —un)(2)|
< Cllnf (o2 np = Q"p)llL=(o) + hllo p(u =) =(0)) ,

where o7, (z) = h*/(lz —2[+h)*, s =0if0<s<r—lands=1ifs=7r—1,
and Q" and II" are, respectively, L? projections into the scalar and vector finite
element spaces. This result, along with the approximation properties of the finite
element spaces, indicates that the pointwise errors of both the vector and scalar
solutions of the LDG method are of the same order as the corresponding errors
measured in the L? norm, except the logarithmic factor | In k| for the finite element
method with the first order approximation (r = 1). Due to the weight function
0.,n, We can see that, when at least piecewise quadratic polynomials are used in
the finite element spaces, these errors at any point z are dependent on the true
solution mainly at points near z and their dependences on the true solution in the
regions far away from z is weak. These localized error estimates are similar to
those obtained by Schatz [22] for the standard continuous Galerkin method and by
Demlow [16] for the standard conforming mixed finite element method. We also
mention that some localized pointwise error estimates for a discontinuous Galerkin
method in its primal formulation have been obtained in Chen and Chen [11]. We
note that the estimate (LZ) reduces to the following global maximum norm error
estimate when s = 0:

HP—PhHLx(Q) +hllu— uh||L°°(Q) <ClIn hF(HP— QhPHLx(Q) + hllu— HhuHLx(Q))v

where 7 = 0 if r > 1 and 7 = 1 if r = 1. In a forthcoming paper, we will derive
pointwise posterior error estimates for the LDG method so that efficient adaptive
algorithms can be developed for local grid refinements.

The rest of the paper is organized in the following way. In Section 2, we define
notation and the local discontinuous Galerkin method and collect some known
results. In Section 3, we state and prove the pointwise error estimate for the scalar
approximation. The corresponding pointwise error estimate for the vector solution
is in the last section.

2. PRELIMINARIES

For the sake of simplicity, we consider the following model elliptic problem with
homogeneous Dirichlet boundary condition:

(2.1) —Ap=f in Q p=0 on 09,

where Q € RNV (N > 2) is a bounded domain with smooth boundary 952 and f is
a given function.

We shall use the standard notation for the Sobolev spaces and their norms. For
any subdomain D C €2, nonnegative integer ¢ and real number 1 < ¢ < oo, denote
the Sobolev spaces by W5 (D) = {v : |[v|lyres(py < oo} with

’ 1/2 D u(z) . 1/t
“v(x
[vllwet(py = <Z |v|%/V’1vt(D)> s [olwiepy = Z/ Dgo dx
: JD xXr
1=0 |a|=i
We also adopt the usual notation for H*(D) = W*%2(D) and L!(D) = W%(D).

Denote by (-,-) the inner product in L*(Q) given by (u,v) = [, u(x)v(x)dz. For
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¢>0and 1 <t < oo, the negative norm || - ||y —¢.+(py is defined as follows:

v,
lollovepy = sup 08
©ECE (D) H@HWW(D)

where 1/t + 1/t' = 1 and C§°(D) denotes the space of functions with continuous
derivatives of arbitrary order and compact supports in D. We write H (D) =

W=42(D).

To introduce the discontinuous Galerkin method, let 7, denote a partition of
the domain €2 into a finite collection of N} open subdomains Kj, j =1,2,---, Ny,
such that

0= |J K;, and K;NK; =0, ifi#j
K;€Tn
We assume that the partition 7, is globally shape regular. To be more precise, let
B,(z) denote the ball centered at z € RY and with radius p and set

hx = diam(K), h= nax hix, px =max{p: B,(z) C K,z € K}.
€Jn
Then, there are constants C; > 0 and C3 > 0 such that
h
h<Cp min hg, —-=<Cy VYVKEUIh.
KeJn PK

We note that the so-called “hanging nodes” are allowed in the partition J;. Further-

more let ', denote the set of (N —1)-dimensional open subsets e;, j = 1,2,---, N§,
such that

Ny, Ny

U&‘Kj:Uéj, and e;Ne; =0, if (5

J=1 Jj=1
and let

I ={ecT: endQ=0}.
We assume that for each e € I'), there are K, K’ € Jj, such that e C 9K N9K’ and
define he = (hx + hg')/2. If e € I‘h\I‘?L, then there is a k € J), such that e € 9K
and we define he = hg. For each K € J, let nx € RN denote the unit outward
normal vector on 9K.
We now introduce notation for function spaces associated with the partition Jj.
For /> 0 and 1 <t < oo, define the discontinuous Sobolev space

Z’ )
w, "D)={v: ve W' (K) for each K € Jj, and ||1)HW£,¢(D) < oo}
equipped with the broken norm

’ 1/t 1/t
[l o) = (Z |"’|tw,i;"'<D>> Pl oy = (Z lvltwwm) ~
=0

KeJdy

Again, we write Hf (D) = Wf’Q(D).
For any v € L?(2), we define the average and jump operators as follows: On any
e €Ty, let

1
(v} = §(v|K+v|K,) ife eI and e C 0K NOK',
vl if e € T,\I'Y and e € 0K,

] = vl nk + V| nk  ife€el? and e C 0K NOK,
T vlgnk if e e Tp\I'Y and e € OK.
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The jump and average operators can be similarly defined for vectors. It is clear
that [v] is a vector if v is a scalar and [v] is a scalar if v is a vector.

We now proceed with the derivation of the mixed weak formulations of the
problem (2.1 using the discontinuous test functions. To this end we rewrite the
equation as a system of first-order equations. Thus, we introduce u = Vp and
obtain the equations

(2.2) u=Vp, —-V-.-u=f in Q.

Multiplying the first equation of (ZZ) by a function v € H}(Q) and the second
equation by a ¢ € H}(Q), integrating by parts on each element K € J, and
summing up over all elements, we obtain

uvdzr + /pV-vdx— / pv - nids =0,
/Q Z K Z oK K

KeJn KeJn
Z/u-qua:— Z/ qu-anSZ/fqu.
Keg, 'K Keg, oK @
Using the following identity for any ¢ € H}(Q), v € HL(Q)N
Z / V- niqds = Z /[q]{v}ds+ Z /{q}[v]ds7
Keg, 'K eel’, V¢ eery V¢

the continuities of the solution p and u and homogeneous boundary condition, we
have

(2.3) /qudx + Z /KpV -vdr — Z /{p}[v]ds =0,

KeTn eery V¢
(2.4) Z /u~qux— Z/[q]{u}ds:/fqu.
Keq 'K ecl), V¢ @

These are the basic weak formulas satisfied by the solution (p,u) of the original
elliptic problem. We now introduce the following bilinear forms:

(2.5) a(u,v) = /qudx, c(p,q) = e;:h eAlhg [plq)ds,
(2.6) b(v,q) = Z / qV - vdx — Z {q}v]ds — Z Az2[q][v]ds,
KeJn K eEF?L € eEF?L €

where A1 and A2 are two bounded functions and A; is also bounded below by a
positive constant. Noting that b(v, ¢) can also be rewritten as

@7 bdvi)=- 3 /K v -Vadz+ 3 / ads— Y / Dalal[vlds,

KeTn e€l'n ecl9 €

we can write (233) and ([24) in the following form: for any ¢ € HZ(2) and v €
Hi ()"

a(u,v)

N _
(2:8) “b(u,q) + cpa) = (£,
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To define the finite element approximations, let » > 1 be a fixed integer and let
Vi < HZ(Q)N and Wh C H?(Q) be two families of finite dimensional subspaces.
For simplicity, we assume that V" is a tensor product of W":

V= (WhN, Wh={qeL>*(Q): vl €S(K), K€},

where P(K) C S(K) C P, (K) and r < ry, P,(K) denotes the set of all polyno-
mials of degree less than or equal to r. In the local discontinuous Galerkin method,
the finite element approximation (up,ps) € V* x W of (u,p) is sought to satisfy

a(uh,V) + b(V,ph) = 0’
(29) _b(uth) + C(ph,q) = (fa Q)

for any ¢ € H?(Q) and v € HZ(Q)N. Therefore, we have the following error
equation: For any ¢ € W" and v € V", it holds that

a(u—uy,v) + b(v,p—pn) =
2.10
(2.10) —b(u—un,q) + c(p—pnq = 0.

We shall need some special norms. For any D C €, define

(2.11) M%wmm+2/h|ws

=

ecl'y en
(212) Mot = I¥lew) + 3 [ helivids
ecl') en
e o= Y [ walds o= Y [ falas
eecl'y, ecly,
Moreover, ||| - [||2(p) denotes a modified L? norm:

|HQ|H%2(D) = ||q||2L2(D) + h2||Q||§{}1L(D)
As a result of a trace theorem, the inequality
(2.14) lqle,p < Ch™ Mgl 2py), ¥ g € Hy(D1),

holds, where D C D, satisfies dist(D,0D1\092) > kh for some k > 0 (see also
Lemma 3.5 in Chen [10]).

Additionally, for the derivation of the pointwise error estimates we also need
some weighted norms. Following Schatz [22], we introduce the weight function

h S
U?,h($)2<m) , T,2€0,—00< s < 0.

For 1 <t < oo, define
lallrepy,z,s = lloZ palle(p)

HQHW,}f(D),z,S = llallze(p),zs + Z IVallze(xnp),z.s»
KJn

a,1,D,z,s — HV”Ll(D) z,8 + Z / h Uz h| ]|d$

ecl'? en

v

|9le,1,D,2,5 = |07 ple,1,D-

We note that although some of the norms are defined for scalar functions, they
also apply to vector-valued functions in an obvious way.
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In this paper, the notation for the L? projections into spaces W" and V" will
be denoted by Q" the II", respectively. More precisely, II" : L?(Q)N — V" and
Q" : L*(Q) — W satisfy the equations

@Q"¢,x) =(a.Xx), ¥V qeL*Q) and x € Wh,
(I, ) = (v,¢), V¥V veL*Q)Y and ¢ € VM

Because of the discontinuity of functions in V* and W", the operators IT* and Q"
are eventually defined elementwise.

Before we end this section, we shall collect some known results about the ap-
proximation properties of the finite element spaces, global and local error estimates
in the L? norm for the finite element solutions.

The first lemma below collects the standard approximation properties of the
finite element spaces. These results can be easily derived by using the property of
L? projection and the approximation properties of the finite element spaces.

Lemma 2.1. Let 0 < i < j < 1+47r. Then we have the following approximation
properties:
(i) For any K € Jy, and v € HI(K)N, q € H'(K), it holds that
v ="V || iy < CH 7V 13 (1)
llg — Q"qll ez i) < CH ™" |lall s xc)-
(ii) If Dy C D1 C Q with dist(Do,0D1\0) > kh for some k > 0, then for
v e HI(K)N, g€ HI(K), it holds that
IV =1l i (pg) < CH 7 IVl (),
lg — Q" qllari(py) < CH ™" |lall i (py)-
In the next lemma, we state the error estimates in the L? norm which can be
found in Castillo, et al. [9]. The error estimate in the L? norm is optimal for the
scalar approximation but is only sub-optimal for the vector approximation because

the optimal order of approximation in V" is 1 + . However, it does not seem we
can improve this as the numerical experiments in [9] indicate.

Lemma 2.2. Let (p,u) and (py,up) satisfy ZI0) and (p,u) € H™1(Q)x H"(Q)N.
Then we have
1P = pullL2() + hlp = Paleo + hllu = unllag < CA(|pll grer(q)-

The results in the following lemma, which are based on the local error estimates
obtained in Chen [10], are crucial to the proof of the pointwise error estimates.

Lemma 2.3. Let Qy C Q1 C Q be subdomains with d = dist(Qy, 021\0Q) > Mh
for sufficiently large M > 1 and let 92 N OQ be sufficiently smooth. Let (p,u)
and (pn,ap) satisfy @I0) and (p,u) € H™ Q) x H™ ()N, and let t > 0 and
ty =0,1. Then we have

(2.15)  |lp = pallzzcon) < CH 7 Ipll oy
+Cd™ N2 (lp = pallw—r1 (@) +d " o= wp - 0,))
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and for any fized € € (0, %)
(2.16)

lu—uplla,0 + [P = prleo, < CR Pl g1+ (0))

a1 (BT _
#a ™ (B) (o= plwea o + 0 = o).

Here the positive constant C' in ([ZI6) depends on €.

Proof. Without loss of generality, we assume that € is the unit ball in RV. It
suffices to show Lemma [2:3] with €y and Q; being the spheres of radii d/2 and
d, respectively, with centers at x = 0. Assume that x denotes the variable on €.
Let & = x/d be the new variable on the transferred regions Qo and Ql. Then
diSt(QQ,aﬁl) = 1/2. Set

55 = P00 a@) = uGd), g = 20D, = wa), @) = (),

a(n,v) + b(v,p) = 0,

(217) g + dnd) = (Fd)
and for any Q'hEWh and ffhe\?h

C~74(1‘:1}7,7‘7}7,) + E(Ohvﬁh) = Oa
(2.18) b ) + i) = ().
Here
(2.19) a(a,v) = [ avdz, &p,q) = A1 (he/d) " [p][g)ds.

i >
(2.20) b(v,q) = GV -Vdi — {G}[¥])ds — Ao[d][V]ds.

Applying the results of Theorem 4.1 in Chen [10] for p — pp,, we have

h 14r
(2.21) 1P = Pull 20, < C (3) 1Pl prer )

+C (115 = Brllw - (@) + 18 = Bally-ern ) -
Changing the variable Z back to the original variable z in (ZZII) gives (ZI5). Like-

wise, the estimate (2.16) can be proved in a similar way. O

3. POINTWISE ERROR ESTIMATE

The main result of this section is the pointwise error estimate for the scalar
approximation p; which is stated in Theorem B.Il. The proof of the main result is
based on a series of lemmas provided in the section.

Theorem 3.1. Let (p,u) and (pn,up) satisfy Z.I0) and 0 < s <r—1. Then there
is a constant C' > 0 such that for any z € Q, we have

[(p = pr)(2)] < Clh® ([p = Q"pll L= ()26 + hllu =TTl Lo (0) 2.6)
where s=0if0<s<r—1lands=1ifs=r—1.
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Proof. Let K, € J, be such that z € K,. Construct a function J, € C&(I_(Z).
Namely, §, and its partial derivatives are continuous in €2 and have a compact
support in the closure of K,. In addition to this, we require that function 4,
satisfies the following properties:

(02,qn) = qn(2), Y qn € W",

and L1
1821 Ly + Rll0:llwre@y < CRNY, 1<t < o0, cHm =1

We point out that the requirements on the derivatives of §, are not used in this
proof but in the proof of Theorem [l By the triangle inequality,

3.1 [(p—pn)2)] |(p = Q"p)(2)] + (62, Q"p — pn)|

(= Q"p)(2)| + (62, Q"p — p)| + (3, p — pn)]
Cllp — Q"pll=(q),2s + [(62.0 — pn)-

Let g. € H}(Q) be the solution of the elliptic problem

(3.2) -Ag. =96

and G, = Vg,. We may call g, a reqularized Green’s function. Furthermore, let
(92.n, G2n) € Wh x V! be the finite element approximation of (g., G.) satisfying

ININCIA

(33) a(Gz - Gz,hav) + b(V79z - gz,h) = 0,

_b(Gz - Gz,ha Q) + C(gz — 9z,h; Q) = 0
for any (q,v) € W" x V. Then a simple manipulation leads to
(34)  (0zp—pn) = —b(Gzp—pn)+clgzp—pn)

= a(Gyn—G,u— Hhu) + b(u— 1", 9z.h — Gz)
+b(Gz - Gz,ha th _p) + c(g27 _gz,hap - th)

By the Cauchy-Schwarz inequality and the definitions of the related norms, the first
and the last terms in (34 can be bounded as follows:

(35) a(Gz,h - sz u-— Hhu) + C(gz —9z,h D — th)
< Clu=T"u|=0): G2 = GanllLr @),z —s
+Ch_1l|p - thHLOO(Q),z,s'gZ - gz,h'c,l,Q,z,—s-

Next, we shall deal with the second and third terms on the right-hand side of (3:4).
According to (27), (26) and the orthogonal properties of the operators Q" and
11", we have

(3.6) b(u — T"u, g, — g..1) Z / u —IT"u) —Q"g.)dx
KeJn
+ Z /{u I"u}lg. — go.n)ds — //\2 — g-.p][u — Ixulds
e€ly, eer9 V¢
and
(3.7) (G, — G, Q"p —p) Z / p—Q"p)V- (G, —TI"G,)dx
KeJy,

_ Z /{p th} G, — G, plds — //\2 Qh |[G: — G nlds.

ecly, ecl'y)
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As a result of using the Cauchy-Schwarz inequality for the six integrals on the
right-hand side of (B.6) and (87, one has

(3.8) b(u—1"u,g: —g:n)
< Clu—1T"upe(0)2s(IV(9: — Qg1 () 2o + 192 — Gonle1,0,20—5)
and
(3.9) b(G. —TI"G.,Q"p —p) < Ch 7 'p— Q"pll L~y
(hV - (G: =TI"G.)[L1(9)z—s + Gz = Ganlla,,0,0,-5)-
Consequently, inserting (3.3, (B8) and (33) in (34) results in

(3.10) |(6=,p — pn)l
< (W7 Yp = Q"plle()zs + [0 — Ml oo (@) 25
“(IV(g: = Q"g:) I L1 @),2,—s + MV - (G2 = TI"G.)[| 11 (0) 2 — s
+ g2 = Gonler,02—s T 1G: — Gopllat,0,2,—s) -

Applying the estimates contained in Lemmas and 34 into the above inequality
and then inserting the resulting estimate into (31]), we deduce the desired estimate
of the theorem. The proof is complete. ([

The rest of this section is devoted to providing error estimates for g, — g. 5 and

G, — G, through a number of lemmas. Without loss of generality we assume
diam(€2) < 1 and define

dj=2"7 for j=0,1,2,...,

and for any fixed z € €, set

Q= {zeQ: djj1 <|z—z| <d;},
(3.11) Q%: = {2eQ: djjya <|z—2[<dj1},

Q7 = {2€Q: djys <|v—2[ <dj_2},

Q§,3) = {2e€Q: djja <l|z—2z <dj_3}.

We start with the following result about an auxiliary problem used in the proof

Lemma [3.4]

Lemma 3.1. For ¢ € C(‘)X’(Q;l)) satisfying @l Lr) < 1, let w € H{(Q) be the
solution of —Aw = ¢ in Q. Then we have

(3.12) <cd V' 1<t <o

||w||W1+7‘,oo(Q\Q§_2))

Proof. For any z € Q\Q(Q) let G, denote the Green’s function of problem (EZTI)
with singularity at x. Then we have (see Agmon, Douglis and Nirenberg [1])

(3.13) / G

and

(3.14) ‘w

g | < Clo =N for ]+ 19> .
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Differentiating ([B.13) with respect to z, for x € Q\Q;Q) and |a| <1+ r we have

9 w(x) 9°Ga(y)
= d
o /Q e W) dy
< c/'|x—mbw*“wwndy
ol
—N—r ;N(1-1 1-r—N,
< OdNTaF T ol oy < O
This completes the proof. O

In the next lemma, we show a bound for the derivatives of the “regularized
Green’s function” g, in the regions away from its singularity and an error estimate
for the L? projection of g, in the weighted W' norm.

Lemma 3.2. Let g, € H}(Q) be the solution of [B:2). Then we have
1—r—N/2
(315) ||gz||H1+7‘(Q§1)) < Cd] TN
and
(3.16) [V(9: = Q"9:)ll11(2),2—s + hIIV - (G2 =I"G.)l|11(02) 2,5 < Ch|InAJ*,
where G, =Vg,, §=1if0<s<r—1lands=1ifs=r—1.

Proof. Forany x € Q§»1), let G, be Green’s function of problem (1)) with singularity
at . Then we have

(3.17) M@:A@@Mw@

and G (y) satisfies the inequality (3I4). Differentiating (B.I7) with respect to z,

we have for x € Q;l) and |a| <1+7

9%g(z) 0°G.(y)
1 = —224, d
(3.18) e (L5 dy
< f lemul T a )] dy
< Cdy NSy < Cdy N

Integrating (BI8) over Q&l) gives us the desired result (B:15). We now show (B.16).
By the triangle and the Cauchy-Schwarz inequalities, we have

(319) ||v(gz - thz)”Ll(Q)vZ’75
J

< ||v(gz - thz)”Ll(BMh(z)),z,—s + Z ”V(gz - thz)”Ll(Qj),z,—s
j=0

J
N/2+s;r—s
< ChN/2+1||gZ||H2(Q) + Czd] / +gh ||gZ||H1+7‘(Q§1))'
=0

Using the H? a priori regularity [|g.[m2) < Cll8:]z2(x.) < Ch™/2 and the
estimate (B13) in (BI9), we have
(3.20) [V(g: — Q"g:)l21(0),5,—s < Ch+CO(r — 1 —s)h < Ch|Inh*.
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Here the function ©(7) is defined by
TN ln% ify=0,
(3.21) 0(1) =Y (E) <cC ) _
j=0 ~" I )] if v > 0.
With a similar procedure, we can obtain
(3.22) IV(G: = II"G.)l|11(0),2,—5 < C+CO(r —5) < C
for any 0 < s <r — 1. Thus, B20) and (F22) prove the lemma. O
The next lemma is used in the proof of Lemma B4 for ¢ = g,, v = G, ¢, = gz.n

and v, = G, . It will also be used in the next section for different ¢, g, v and
V.

Lemma 3.3. For ¢ € CSO(Q§»1)) satisfying ||¢l| L) < 1, let w € Hg () be the
solution of —Aw = ¢ in Q and ® = Vw. Then for any vy, € V5, q € W and
veH (DN, ge H(Q), we have
a(® —T"® v —vy) +b(® - 1"®, g — qp,)
(v = Vi, w = Q"w) — e(w — Q"w,q — qn)
N/2
< O a (lall oo + IVl o)
+OR ;™ (IV (g = Q")) + IV - (v = TI"V) 11 (0))
+Ch"d; " (Ig = qnlea.o + IV — vl

a,l,Q)
N/2
+Chdj / (v — vh”a@f) + g — qh|c7Q§2)).
Proof. Let us consider the following decomposition:

a(® —1"®, v —v;,) +b(® —11"®,q — g
+b(v — vi, w — Q"w) — c(w — Q"w,q — qr) = I + I,

where
(323) I, = A0 (@ —1I"®,v —v) + bQ\Q‘?) (@ —11"®,q — q1)
+bQ\Q(.2) (V — Vh, W — Qhw) - CQ\Q(?) (’LU - Qhw7 q— qh)7
J J
(3.24) L = age (@ —1I"®,v —v;) + bﬂgz) (@ —11"®,q — q1)

+bg ) (v—vpw-— Qhw) C) (w— Q"w,q — qn)-
J J

We shall estimate all terms of I; and I3. For the first and last term of 17, applying
the Cauchy-Schwarz inequality and Lemma B with ¢ = co, we have

(3.25) |aQ\ng) (® —T1"®,v — vp,)| + |CQ\Q;2) (w — Q"w,q — qn)|
< Chr||wHW1+'r',OO(Q\Q§,1))(”v - VhHLl(Q) +1g = qnle1,0)

< Ch’“d}fr(HV — Vil + 19— anle,o)-
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For the second term of I, we recall the formula (27)) for the bilinear b and note
that VIW" C V. We have

(3.26) bQ\ng) (P — Hh@, q— Qh)

= - > / (® —1I"®)V(g — Q"q)dw
En(@\o8)

KeJy,

£y / (& — '@ [g — 1]ds
el Q\Q(.2)

-y / o Aalg — qu][® — I, ®]ds.
eEl"O

By the Cauchy-Schwarz inequality and Lemma [B.1] with ¢ = oo, the terms on the
right-hand side of ([B:26)) are bounded as follows:

(3.27) -2 / (@ -1I"®)V(q — Q"q)dx
KeJn KH(Q\Q;))
< ChT||w||W1+r,oo(Q\Q§.“)Hv(q - th)”W“(Q\Qﬁz))
< Chd V(g — Q") (),

(3.28) / {® —11"®}[q — qulds
e;h en(@\Q)
< Ch"

||w||W1+7‘,oo(Q\Q§2))|q - Qh|c’179\9§2)
< Ch'd;""|q — qnlero;

(329) > / Xolg — qn][®@ — T, @lds < Ch'd; "|q — qule1.0-
ecl') Q\Q(z)

Hence, inserting (327), (B328) and (329) in ([B26), we obtain the estimate for the

second term of Iy:
(3.30) bQ\Q§2> (@ -11"®,q - gn) < Ch'd; " (|V(g = Q"1 + g = anle,1,0)-

For the third term of I;, we use the formula (26]) of bilinear form b to write

(3.31) bQ\ng) (v —vp,w— Qh’w)
= - Z / (w — Q"w)V - (v — I"v)dx
Ked, En(o\o8)
- Z / {w — QMw}[v — vi,]ds
ecl') eﬂ(Q\ng))
- Z / Ao[w — Q"wl[v — vy]ds.
ecI'y eﬂ(Q\ng))

The three term on the right-hand side of (3.31)) can be estimated in the same way
as those of (3.26). We deduce that

(3.32) bQ\ng) (V—Vh, w—Qhw) < Chrdjl,*r(hHV- (V—HhV)HLl(Q) + ||V_Vh||a71’Q).
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On combining (3:25), (B:3U) and (B32), we obtain the estimate for I;:
(333) L < Ch'dy(IV(g— Q")) +AIV - (v = TI"V) |11 0))
+CR'd; ™" (lg = anlen0 + IV = Vallap9)-
It remains to estimate terms of I5. Like I7, we shall first estimate the first and the
last terms of I and then the second and third terms of I5. In fact, for the first and
last terms of I, using the inequality (2-14)) and the approximation property of Q"
to get
|w — Qhw|c’ﬂ§2) < Ch||w||H2(Q§.3))

and applying the Cauchy-Schwarz inequality, we have
(3.34) lage (& —T1"®, v — vi)| + |cq@ (w — Q"w, q — qn)]

J J

< Chl|w||H2(Q§3))(||v - Vh||L2(Q§2)) + |q - Qh|c’9§2))

< Ch||so||L2(le))(”V - Vh||L2(Q§2)) + |q - Qh|C,Q§,2))

IA

N/2
Chd} (v = Vall o g, + |2 = anl, gi2)-

In the last two steps in (3:34), we have used the H? a priori regularity ||w|| g2 (o) <
C||30||L2(Q(1>) and the inequality
J

N/2 N/2
(3:35) lll 2oy < Cd3 2l oy < €72
Using the formula ) of the bilinear form b and similar to (3:26]), we have
(3.36) bo@ (@ —1"®, g — gp)

- -y /Km@)(@ C1"®)V(g — Qq)dx

KeJy

#3 [ Te)g- gds
ecly, 60922)

- Z/ Aalg — qn][® — IO, ®)ds.
ecI') eﬁQg.Q)

By the Cauchy-Schwarz inequality, the H? a priori regularity and the inequality
(B37), we have the following estimate for the first term in (336):

(3.37) Z /1<m9‘2> (® —11"®)V (g — Q"q)dx

KeJn

S Ch1+r||w||H2(Q§3))||q||H1+1(Q§3))

N/2
< Chl+r||50”L2(Q§1>)”q”HHr(Q;?)) < ChH_de / ”q”HHr(

and, by (Z.14),

B39 Y [ (®-T'BYa—alds < Cl® =08 g0 0= il g0
ecly, Vel

®
Q)

IN

Ch”sO”Lz(le)) |q - qh|c,Q§.2)
N/2
Chd,/?|q - Uhle 0@

IN
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(3.39) > / o, dele = an)[® — T, B]ds < Chd}?|q = qul, -
ecl') en®y; !

Substituting (37), B3]) and B39) in B3G), we arrive at the following estimate

for the second term of I5:

(3.40) by (® — 1"®,q — 1) < CR "4} gl 1o o) + Ch} g = anl, -

@)
Likewise for the third term of I, we have

(3.41) boya (v — Vi, w — Q"w) < Ch1+rd§y/2||v||Hr(Q(s) + Chd}

On combining (3.34)), (B:40) and B41), we have
r N/2
(3.42) I, < Ch't dj/ (||Q||H1+T(Q§.3))+||V||HT(Q§.3>))

N/2
/ ||V — Vh”a’Q‘g?).

—I—Chd;v/Q(Hv - Vh”a,QE.Q) + |q - qh|5,9§2>)'

Finally, the estimates (B333)) and (3:42)) imply the desired result of the lemma. The
proof is complete. O

Lemma 3.4. Let g, € H}(Q) be the solution of B2), G, = Vg., and (9., G,1) €
Wh x V! satisfy (33). Then for 0 < s <r— 1, we have

(3.43) |92 = gzmlep0z—s + Gz = Ganllagz—s < ChlInhJ%,

where 5=0if0<s<r—1lands=1ifs=r—1.

Proof. Let M > 1 be a real number to be determined later in this proof and let J be
an integer such that Mh < 277, Then J < C'ln(1/h). For notational convenience,

set Eg =g, — g, and Eg = G, — G, . In view of Q = By, (2) U (U;] 0 §2;) and
the triangle inequality, we have

J
(3'44) |E9|C,17Q,Zﬁ8 < |Eg|c,1,BM;L(z),z,—s + Z |Eg|c,179j,2ﬁ8’
j=0
J
(3.45) IEG a0z -5 S IEGlatBan()zs + O 1 Ecllan;,2 s
=0

By the definitions of the norms |- |c 1,0, s and | - |a,1,0,,2,—s and the Cauchy-
Schwarz inequality, we have for 0 < j < J

(3.46)  |Eglea,0;,2,-s + ||EG||a,1,9J,z,fs

Z/ E,)\ds + Z/ hazh|EG]|ds+/ 073 Egld

eel’y, EFO en

Cdes *(1Bgle, + 1Ec]lan;)

IN

and
(3-47) |Eg|Cy17BMh,(Z)727*5 + ||EG||(171)BJ\/Ih(Z)727*5

< C(Mh)N/2+Sh78(|Eg|c,BMh(Z) + ”EG”a,BMh(Z))
< C«MN/2+shN/2+1||gz||H2(Q) < CMN/2+Sh.
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In (B.417), we have used the result in LemmaZ2]and the a priori regularity ||g.| g2 )
< ONoz2x.) < Ch~=N/2. Next, applying the local error estimates in Lemma
for the two norms |Egy|. o, and ||Eglla,0, on the right-hand side of (3:46]) and then
using Lemma [32] we get

(348) [Eglen,0;,2-s t 1 Eclla1,9;,2-s

N/2 _
< Cdj/ +ShT S||g2||H1+r(Q§1))

+Cd;T T T (| Byl ) + [ Ballw-1a(0;)
< OdjTTRTT 4 CdyT R TT(| Byl ey + [ Ballw o))
From B44), (345), (3410) and [34]), we deduce that
(3.49) |Eglenzs +1Ecllataz—s < CMN2 h 4 ChO(r — 1 — s) 4+ L1 + Lo,
where O is defined in (3:21]) and
Ly = Ch Y| Egll (0,21 —s—e

J
Lo = CZ d;_1+€h7576||Eg||W71,1(Qj).
=0

By a similar procedure, it follows that

J
1Btz 1-s-e < 1 Bglliamyne,zi-s-e+ D 1Bl 10
j=0
J
< OMNPERNP Byl ey +C Y di™ R 7 Byl
7=0

J
< ChQMN/2+s + CZ d;71+6h1_s_€||Eg||L1(Qj),

§=0
which implies
J
(3.50) Ly + Ly < CMNZh 40 a7 b= (| Byl sy + | Eallw-11(0,).
§=0

We are now in a position to estimate ||Eg||L1(Q(1>) and | Eg ||y, -1 . Recall the
J

@)
following formulas:

(3'51) ||E9||L1(Q§1>) = S::p o (Ega 50)7
peCs @)
H<PHLOO(Q§1)):1
(352) ||EG||W—1,1(Q£1)) = sup (Eva)
’ wece (95)N
11l

soo (1)) =1
wi, @)

For any ¢ € Cgo(Qg-l)) satisfying ||<P||Loo(9<,1)) =1, let w € HY(Q) N H?(Q) be the

solution of

—Aw=¢ in Q.
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Then letting ® = Vw, we have for any ¢ € W, v € V!

a(®,v) + bv,w) = 0,
3.53
(3.53) —b(®,9) + c(w,q) = (p.q).
By a straightforward manipulation, we obtain
(354) (Ega 50) = _b((§ —1I,®, EQ) + C(w - Qhwv EQ)

+a(Eg,1,® — ®) + b(Eg, Q"w — w).
By applying Lemma and B2 it follows that
(3.55)  (Eg,9) < Ch™"|Inh["d;" +Ch'd; " (|Egler0+ |1 Ecllan.0)

N/2

+Chd; (| Eell, oo + Bl q),
where 7 = 0if r > 1 and 7 = 1 if r = 1. On the other hand, for any ¢ € CSO(Q§1))N
satisfying [[¢]l 1,00 gy =1, if w € H} () N H%(Q) is the solution of
J
—Aw=V-¢ in{,

then letting ® = Vw + v, similar to the derivation of (Z.8) we have

a(®,v) + b(v,w) = (¢,v), VveH(Y,
—b(®,q) + c(w,q) =0, Vqe HIQ).

With a straightforward manipulation, we obtain
(3.56) (Eg,v) = b(®—T11,®,E,) — c(w— Q"w, E,)
—a(Eg,11,® — ®) — b(Eg, Q"w — w).
Using Lemma B3] and again, we get
(357)  (Be,¥) < Ch'™|Inh["d;™" + Ch'd;™"(|Eylea.0 + [|Bcla.0)
+Chd; (| Bell, oo + Bl q)-

Inserting the two estimates ([B:55) and B57) in BEI) and BE52), respectively,
yields

(3.58) 1 Egllr ;) + 1 Ballw-11(a))
< CRM™|Inh["d} ™" + Chrdy ™" (|Eylen. + |EGllai.0)

N/2
+Chdj / (||E(;||a,Q;2) + |E9|c,Q;2))’
which, when the local error estimate in Lemma [2:3]is applied to the last term

(359)  |IBall, g +1El, g0 < Chd; N

_Nj—1 (RN TT
0t () 1B o, + S )
results in

(3.60) 1Egll L1,y + 1 Ecllw-11(q;)
< Ch' 1nh|Fd;—T + Cth;—T(|Eg|C,1,Q +1Eclla1.0)

R\'"¢
+ (d—j) (1Bl 1 ) + dill Eall 1 q))
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We are now about to insert (B:60) into (B.50). Before we write the result of this
insertion, we note that the contribution of the last term of (3:60) to (B50) is

J 1—e
- —s—¢ h
360 Y w7 () (B, + el o)

3=0
) J o/ p\1E
J2:20<E> ”E9”L1(9§3>),z,175,5
> () 1ol
e\ d; L) ,z,—s
< Ch7'O(1 = )| Byl @),z1—s—c + CO(1 = 2¢) | Eglla1,0,z, s
Hence, inserting (3.60) into (3.50) and using (3.61), we obtain
(3.62) Li+Ly < CMN?%h40(r—s—e)h|Inh|”
+O(r — s — &)(|Egle,n.0 + | Egllan,0)
+CO(1 —e)L1 + CO(1 — 2¢)||Eglla,1,0,2,—s-

Since 1 — e > 0, using (B2I), we can choose M sufficiently large so that ©(1 — ¢)
is small enough for the term CO(1 — ¢)L; on the right-hand side of [B.62) to be
absorbed into the left-hand side. Then we insert ([8.62) into ([3.49) to get

< Ch~
+C
J

||Eg||C,1,Q,z,—s + |EG|a,1,Q,z,—s
< OMN*h 4+ ChO(r—1—5)+O(r —s—e)h|Inh|”
+O(r — s —e)(|Eyle1.0 + [Ealla.0)
+CO(1 - 20)||Eg otz s

which, when the last term is eliminated by means of taking M sufficiently large,
leads to the following estimate:

(3.63) Eglle1,0.2-s + [EGla1,0.2,-s
< CMN?Th 4+ ChO(r—1—5)+O(r —s —e)h|Inh|"

+CO(r — s —)(|Eglen.o + [|Eclla.0)-
In particular, (3.63) holds true for s = 0, which gives us
(3-64) ||Eg||071,9 + |EG|a,1,Q

< OMMN2h+ChO(r —1) +O(r —e)h|Inh|"
+O(r —e)(|Eglena + [[Ecllar.a)-
Eliminating the last term in (3.64]) with a sufficiently large M, one can see that
(3.65) | Eglleo + |Eglare < CMY2h+ChO(r —1) +O(r — e)h|Inh|"
< Ch|lnh|".

On substituting (B:69) into (B:63), we have
(3.66) 1Eglle,1.0.2,s + |Egla1,0,2,-s

< CMN?H5h 4 ChO(r —1—5) + CO(r — s —e)h|Inh|"
+ChO(r — s —¢)|Inhl|".
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Ifo<s<r—1,then7=0and r — s —e > 0. Thus, from (B.60) we conclude the
desired (3.43]). The proof is complete. O
4. POINTWISE ERROR ESTIMATE FOR THE VECTOR APPROXIMATION

The main result of this section is the pointwise error estimate for the vector
approximation in Theorem 1]

Theorem 4.1. Let (p,u) and (pn, uy) satisfy (ZI0) and 0 < s <r—1. Then there
is a constant C' > 0 such that for any z € Q, we have

l(u—up)(2)| < ClnAf® (R p = Q"pllL(0),2s + It = T"u]| Lo () 2.6 »
where s=0if0<s<r—1lands=1ifs=r—1.

Proof. Let K, € Jy, be such that z € K,. Let §, € C}(K.)"™ be the vector function
whose components are ¢, defined in the proof of Theorem[3:1] Then it follows that

IV 32l < Ch N, 1<t <00, 543 =1
Similar to B:1]), we have
(4.1) (u—w)(z)] < Clu—I"ulpe(0)zs + (0 u—w)l.
Let g, € HX () be the solution of
(42) G =V ()

Further let G, = V§j.+6.. Then V-G, = 0. Also let (G2.n, éz,h) € Wh x V" be

the finite element approximation of (g,, G.) satisfying

(43) a((?}z - (N%z,hav) + b(v7§z - gz,h) = 0,
_b(Gz -Gy p, Q) + C(gz = Gz,hs Q) =0

for any (¢q,v) € W" x V. Then

(4'4) (6z7u_uh) = a(éz7u_uh) +b(u_uhagz)

= (G, - G.p,u—T"u) + b(u —TT"u, G — G..n)
+0(G2 — Gop, Q"p = p) + ¢(Gzr — Gz — QD).
By the same arguments as those used in the proof of Theorem [31] we have
(4.5) (d,,u—uy)
< (h7'p = @"pllL~(9).z,s + lu = T"a Lo (o) 2.
(V@ = @)l (@) ms + 1V - (G TG 120

+|gz - gz,hlc,l,ﬂ,z,—s + ||(~;z - éz,h”a,l,Q,z,—s) .
Using the results in Lemma [£1] and [£2] we obtain the desired estimate of the

theorem. 0
Lemma 4.1. Let §, € HE(Q) be the solution of @Z). Then we have
G 1 —r—N/2
(46) ||gz||H1+1'(Q§3)) < Ch 1dj T /
and

(4-7) ||v(§z - QhQZ)HLl(Q),ZﬁS + th' (éz - HhéZ)HLl(Q),ZﬁS < Cl lnh|§,
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where G, =Vij,, 5=1if0<s<r—1lands=1ifs=r—1.

Lemma 4.2. Let §, € H}(Q) be the solution of D), G, = V., and (§o.n, G.p) €
Wh x VI satisfy @3). Then, for 0 < s <r— 1, we have

(4.8) 19 = Gz pleroz-s T 1G: = Genllaroz-s < Clnhf,
where 5=0if0<s<r—1lands=1ifs=r—1.

The proofs of these two lemmas are almost the same as those of Lemmas
and B4l The only difference is that the right-hand side function for g, is V - (d.)
which gives an extra factor h~! for all bounds associated with §, and G.. In the
proof of Lemma B2, we use the results of Lemma Il So the corresponding terms
on the right-hand sides of the inequalities derived in the proof of Lemma [3.2] are
multiplied by the factor h~!. We omit the details.
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