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DATA-SPARSE APPROXIMATION TO A CLASS
OF OPERATOR-VALUED FUNCTIONS

IVAN P. GAVRILYUK, WOLFGANG HACKBUSCH, AND BORIS N. KHOROMSKIJ

ABSTRACT. In earlier papers we developed a method for the data-sparse ap-
proximation of the solution operators for elliptic, parabolic, and hyperbolic
PDEs based on the Dunford-Cauchy representation to the operator-valued
functions of interest combined with the hierarchical matrix approximation of
the operator resolvents. In the present paper, we discuss how these techniques
can be applied to approximate a hierarchy of the operator-valued functions
generated by an elliptic operator L.

1. INTRODUCTION

In the papers [12]—-[15] and [10], a class of hierarchical matrices (H-matrices) has
been analysed which are data-sparse and allow an approximate matrix arithmetic
with almost linear complexity.

In the present paper, we apply the H-matrix technique to approximate differ-
ent classes of mappings generated by integrals of functions of an elliptic operator
L. These mappings are of the form function-to-operator, operator-to-operator or
sequence of operator-to-operator.

As examples of function-to-operator mappings we consider the solution operators
to parabolic PDEs (the operator exponential), to elliptic PDEs (the normalised
hyperbolic sine function) and to hyperbolic PDEs (the operator cosine function),
where these operators are represented by the Dunford-Cauchy integral (cf. [5]-[g]).
Approximating this integral by a proper quadrature formula (Sinc quadrature or
Gauss-Lobatto quadrature) and applying the H-matrix arithmetics to the discrete
resolvents lead to a data-sparse representation to the solution operator of interest.

As an example of an operator-to-operator mapping we consider the solution oper-
ator to the Lyapunov equation. We use two integral representations of the solution
operator, namely (i) by a double Dunford-Cauchy integral and (ii) by an improper
integral with the operator exponential. In both cases, the appropriate exponentially
convergent quadrature formulae and the H-matrix approximations to the elliptic
resolvents or to the operator exponential lead to data-sparse approximations with
the linear-logarithmic cost.

As an example of a sequence of operators-to-operator mapping we discuss the so-
lution operator to the Riccati equation by an iterative scheme involving the solution
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of Lyapunov-Sylvester equations in each step. Together with data-sparse approxi-
mations to these solutions, we arrive at algorithms of almost linear complexity.

Note that the data-sparse H-matrix approximation of almost optimal complexity
to the operator-valued functions

.7:1(,6) ::e_tﬁ,
Fao(L) :=L7 a>1,
Fs1(L) :zcos(t\/Z)E_k, keN,

(1.1) Fi(L) := / et Getldt,
0

of an elliptic operator £ was addressed in [7] (see §8lfor more details). In this paper
we derive a new quadrature rule for the operator F4(£) which is more efficient
than the previous one from [5l [7. The method is now based on a double integral
representation to the solution operator for equations with the general family of
so-called elementary operators (cf. [27]).

In §§8.TH3 2 we are looking for a data-sparse approximation of the solution X to

the operator equation
M

S UXV; =Y
j=1
for certain operators U;, V; and Y.

Finally (see §l), we construct an explicit approximation by resolvents to the
operator sign-function which can be applied, for example, to represent the solu-
tion operator of the algebraic Riccati equation. A short version of this paper was
published in [§].

2. GOALS AND OVERVIEW

2.1. Hierarchy of the operator-valued functions. In this section we define a
hierarchy of operator-valued functions which can be represented by various map-
pings generated by an elliptic operator £ in a Banach space X. In the following, we
will develop various discretisations to these mappings. The hierarchy of operator-
valued functions consists of function-to-operator mappings, operator-to-operator
and sequence of operators-to-operator mappings which arise in applications related
to partial differential equations, control theory and linear algebra.

One basic function of an elliptic operator £ is the inverse £~!. A fast implemen-
tation of £ + £~ is of interest in finite-element methods for elliptic and parabolic
problems. On the other hand, the data-sparse approximation of £~! plays a cen-
tral role in our further constructions. However, this topic is already addressed in
[12, 13| [14] [10], where the modern H-matrix approximation technique has been
presented.

2.1.1. Functions of the first level. Let I's C C denote a path enveloping the spec-
trum of £ and let I'; be a path which envelopes but does not intersect I'g, for a given
function which is analytic inside of I'; (the subscript I abbreviates “integration”).
Below, we write I' instead of I';. We can define a bounded operator

F(L) L/FF(z)(zI—E)’ldz

- 21
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provided that this Dunford-Cauchy integral converges. The above integral defines
a function-to-operator mapping F(-) — F(L) generated by a fixed elliptic operator
L.

As a first example of such a mapping we consider the solution operator
T(t) =e <t = / e (2l — L) dz
r

to the initial-value problem
(2.1) u'(t) + Lu(t) =0, u(0) = uo,

where L is a strongly P-positive operator in a Banach space X and u(t) is a vector-
valued function v : Ry — X (see [5] for more details). Given the solution operator
and the initial vector wug, the solution of the initial-value problem can be represented
by u(t) = T(t)up. As a simple example of a partial differential equation which can
be described by (Z1J), one can consider the classical heat equation

ou  Pu

ot 0x2
with corresponding boundary and initial conditions, where the operator L is defined
by

D(L) = {v e H?(0,1): v(0)=0,v(1) =0},

d*v
Ly = o for all v € D(L).
Our second example deals with the boundary-value problem
d*u
(2.2) prcie Lu =0, w(0) =0, wu(l)=uy,

in a Banach space X (see [6]). The solution operator is the normalised hyperbolic
operator sine family

-1
E(x)=E(x; L) = (sinh(\/Z)) sinh(zVL),
so that u(z) = E(x)u;. This function E(z) is the result of the function-to-operator
mapping
(sinh(\/f))i1 sinh(zv/") — E(z; L)

generated by the operator £. The simplest PDE from the class (Z2) is the Laplace
equation in a cylindric domain:

P
dz? = dy?

In the third example we consider the following initial-value problem for the second
order differential equation with an operator coefficient:

u”’(t) + Lu(t) =0, u(0) = ug, u'(0) =0,

=0, z €10,1], y € [¢,d],

with the solution operator (the operator cosine family)

C(t; L) = cos(tVL) = / cos(tv/z) (21 — L) dz,

r
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which represents the function-to-operator mapping cos (t\/) — C(t; L) (see [1] for
more details). The simplest example of PDEs from this class is the classical wave
equation

Pu_ P _

o2 ox2
subject to the corresponding boundary and initial conditions.

2.1.2. Functions of the second level. The next hierarchy level is formed by the
operators-to-operator mappings. Let {Go(t) : t € [to,t1]} be an operator family in

X and let the integral
t1

F = Go(t)dt

to
exist. Then this integral represents an operators-to-operator mapping Gy — F. As
an example we consider the Sylvester equation

AX + XB =G, (A, B, G given)
with the solution X given by the integral over Go(t) := e tAGe™*B,

F(G;AB) = / G B,
0

where we suppose that A, B are such that this integral exists. A particular case is
the Lyapunov equation

LX+XL =G
with the solution

F(G L) = / e Ge
0
generated by an (elliptic) operator L.

2.1.3. Functions of the third level. On the next hierarchy level, one can consider a
sequence of operators-to-operator mappings which arises for example in the case of
the (nonlinear) Riccati equation

(2.3) AX +XAT +XFX =G,

where A, F,G € R™ "™ are given and X € R™*™ is the unknown matrix. This equa-
tion is of fundamental importance in many applications in control theory. There
are numerous methods to solve (23) (see, e.g., [11] and the literature therein) and
one of the best is based on the matrix function sign(H). An alternative method is
based on Newton’s iteration. At each iteration step the Lyapunov equation

(A= FX,)Xpi1 + Xpi1(A-FX,)" = X, FX,,+G:=G,

has to be solved. Assuming the convergence X,, — X, we have the sequence of
operators-to-operator mapping

X, —>Xpy1— = X :=F(F,G,A
of the kind

X = lim X,, Xpi1:= /OO eft(AfFXn)Gneft(Afpxn)Tdt.
0

n—oo

Under usual assumptions on the data, the Newton method converges quadratically.
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We discuss in more details an algorithm based on the application of the matriz
sign-function, which can be defined by

(2.4) sign(H) = — / (21— H)'dz — T
mi Jr,

with I'; being any simply closed curve in the complex plane whose interior contains
all eigenvalues of H with positive real part. We require that H have no eigenval-
ues on the imaginary axis. Rather general integral representations to the matrix
sign(H) were introduced in [16].

An equivalent definition uses the canonical Jordan decomposition H = Y JY !
of H. Let the diagonal part of J be given by the matrix D = diag(dy,...,dy). Set
S = diag(s1,...,s,) with

_f +1 if Re(d;) >0
ST =1 if Re(dy) <0 [

Then we define sign(H) = Y SY L.
The following algorithm gives the solution to the Riccati equation by means of

the sign function:

(A M . Wi Wig) .
1. For H = (R —AT) determine <W21 Was ) :=sign(H).

2. Find X as the solution of the minimisation problem (say, by the least squares

method)
Wiz '\ (I+Wn
Woo + 1 Wap '
In §4] we propose some exponentially convergent quadrature formulae for the
Dunford-Cauchy integral in (2.4)) which is built by a sum of resolvents (2,1 — H)~!.

In this way, the data-sparse solution to the Riccati equation can be based on the
‘H-matrix approximation of the inversion operator.

min

2.2. Toward approximations of optimal complexity. For the numerical treat-
ment, the operator F of interest has to be approximated by n x n matrices. In our
approach, we are looking for a family of data-sparse matrices (more specifically,
‘H-matrices) M; € R™*" such that (with a proper projection P, : X — R") the
error satisfies the estimate

N
O(N) = |PnF Py =Y M| <e
i=1
in the corresponding operator norm. The parameter n € N can be viewed as
n = dim(V},), where V}, is used for the Galerkin approximation of the related elliptic
PDE with a given tolerance.

We require that the class of matrices approximating the operator-valued func-
tion allows an almost linear cost estimate by O(nlog? n) for the approximate matrix
arithmetic and the memory. Clearly, the inversion of a general n x n-matrix has
a complexity of at least O(n?). Here, however, we consider the class of matrices
arising from FEM and BEM applications. Then the new concept of data-sparse ap-
proximations can be applied based on so-called hierarchical matrices (H-matrices)
[12, 13] [14] [10]. The almost linear complexity of the H-matrix arithmetic yields a
cost of 3> M, ! bounded by O(Nnlog?n) arithmetic operations.
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Due to n-width arguments for analytic functions (see, e.g., [I] and references
therein), we need O(log 1/¢) parameters for their e-approximation (say, by polyno-
mials or Sinc functions). In order to get a polynomial operation count with respect
to log1/e, we would like to ensure that N = O(log?1/¢), i.e., ¢(IN) must be ex-
ponential in N (e.g., ¢(N) < cexp(—yN®), a,v > 0). In our applications we
approximate the analytic function F = F(L) for an elliptic operator £ by a sum
Zivzl ¢i(z;I — L)™' of N elliptic resolvents, such that the sum converges exponen-
tially, i.e., N = O(log?1/e). Furthermore, in conventional FEM, the operator £
itself can be approximated by a sparse n X n stiffness matrix £;, with O(n) nonzero
entries, which leads to the H-matrix inverse (2,1 — £;)~! with arithmetical costs
of O(nlog? n). Therefore, our final complexity bound for the approximation ansatz
ST M; ! leads to O(nlog? (1/€)log” n) arithmetical operations.

In the present paper, our goals are

e representation of the mentioned operator-valued functions by an exponen-
tially converging sum of elliptic resolvents,

e construction of well-parallelisable algorithms with almost linear complexity,

e discussion of some applications (PDEs, control problems).

2.3. Integral representation to operators of (fs, fr)-type. Let A: X — X
be a linear densely defined closed operator in X with the spectral set sp(A). In this
paper, we restrict ourselves to a class of operators of (fs, fr)-type to be defined
below. Let I'g be a curve in the complex plane z = £ +in defined by the equations
&= 0os(s), n=15(s), s € (—00,00) in the coordinates £,7. We denote by

(2.5) Qrg i={z=&+1in:{> fs(n)}

the domain inside of I's. In what follows, we suppose that this curve lies in the
right half-plane of the complex plane and that it contains sp(4), i.e., sp(4) C Qrg.

The form of the curve enveloping the spectrum of A and the behaviour of the
resolvent as a function of z contain important information about the operator A
and allow us to develop a calculus of functions of A (cf. [4,[5] 6] [7] @]).

Definition 2.1. Given an operator A : X — X, let fs(-) and fr(-) be functions
such that

(2.6) ||(ZI — A)71||X—>X < fR(Z) for all z € (C\Ql"s-

Note that I'g is defined by means of fs (cf. (Z3)). Then we say that the operator
A: X — X isof (fs, fr)-type.

Note that a strongly P-positive operator (defined in [4]) is also an operator of
(fs, fr)-type with the special choice

2.7 fs()=an®+70, fr(z)=M/Q1++|z]), a>0, ~ >0, M>0.

In particular, strongly elliptic partial differential operators are strongly P-positive.

Let £ be a linear, densely defined, closed operator of (fs, fr)-type in a Banach
space X. We choose an integration curve I'y :={z =E+1in: £ = ¢1(s), n =r(s)}
enveloping the so-called “spectral curve” £ = fs(n) (see Figure[l). Let F'(z) be a
complex-valued function that is analytic inside of the integration curve I'y. The next
simple theorem offers conditions under which one can define a bounded operator
F(L).
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2,2 2, 2_
13 /ae—n /be—l

FIGURE 1. The spectral curve I'g and the integration curve I';.

Theorem 2.2. Let £ = f1(n) be a function defined parametrically by & = ¢1(s), n =
Y1(s) and assume that the improper integral

/ﬂQ@MW$HW$M®1Mh%®FF@MHW$DM@+WWW

converges for any path & = ¢1(s), n = ;(s) that envelopes Qrg. Then the Dunford-
Cauchy integral

_ b P T T b : ot
F(L) = i /F, F(z)(zl — L) "dz= i /700 D1 (s)[(pr(s) +ir(s))L — L] "ds
defines a bounded operator F(L).

Proof. Estimate (Z0]) for the resolvent and the assumptions above imply the bound

[F(O)] < /oo |®1(5) fr(Pr(s) +itp1(s))|ds < oo. O

—0o0

We further consider examples of quadrature rules applied to the integrals in
Theorem[ZZ2] Our particular application is concerned with the operator exponential
F1(L) and with the solution operator F4(L) (see () to the Lyapunov equation
arising in control theory.

2.4. Representation of the operator exponential by resolvents.

2.4.1. Dunford-Cauchy integral. In this section, we briefly recall (and slightly mod-
ify) the results from [7]. In order to get exponentially convergent discretisations,
we are interested in operators of (fs, fr)-type with an exponentially decreasing
function |®1(s)fr(¢r(s) + i1(s))|. The rate of decay obviously depends on the
functions ¢r(s), ¥r(s),ds(s),¥s(s). Let L be a linear, densely defined, closed
operator of (fs, fr)-type in a Banach space X, where

€ = ¢s(s) = aps® + by,

n=1vs(s) =s.

The function fg (1) defines the so-called spectral curve
(2.9) Ts={z=¢&4in:€=am® +b,},

(2.8)
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containing the spectrum sp(L) of the operator £. We choose the integration curve
T'; as the hyperbola

& =¢r(s) = accoshs, ae < by,

(2.10) n = 11(s) = be sinh s.

The equation of this hyperbola in the coordinates &, 7 is

&
(211) a_g - E - 1
This hyperbola belongs to the family of hyperbolas given by
= s,v) = ap(v)coshs,
(2.12) £=o¢r(s,v)=ar(v) .
n=1vYr(s,v) = bp(v)sinhs,

where

ap(v) = v/ak + B cos (v + ), bp(v) = v/a + Bsin (v + ),

(2.13) Qe . be
COS (P = —F———, sinyp = ————.
YA >

Setting v = 0 here, we obtain the integration hyperbola ([2.10). We choose the
parameter v = —d so that the hyperbola I'ys defined by & = ¢r(s,—d), n =
Yr(s,—d) with some d > 0, envelopes the spectral parabola.

In order to estimate the distance d;s between the spectral and the integration
curves, we note that for a fixed s the line

(2.14) (f’) - (‘“’SQ: bp) +A (2;;) . Ae (—o0,00),

in the coordinate plane &, 7 is orthogonal to the spectral curve at the point defined
by this s. The system of equations

(2.15) <“e COShS) - <“”52 * b”) +A < -1 ) . Ae (—o0,00),

be sinh s s 2aps

defines s, A for which the normal line to the spectral curve intersects the integration
curve. These equations imply

(2.16) |)\|\/1 + 4aZs? = \/(ae coshs — a,s? — by)? + (be sinh s — )2

from where A =< |s|~'el*l for |s| large enough. Now, it follows from (2IH) that
the distance drg possesses the asymptotical behaviour d;g =< el®l; therefore the
resolvent can be estimated on the integration curve by

(2.17) (=1 = £)7| < Me™ !

with some positive constant M for |s| large enough.
In the following, we use the infinite strip

(2.18) Dy:={2€C: —oc0o<Rez < o0, |Smz| <d}
as well as the finite rectangles Dy(e) defined for 0 < e < 1 by
Dy(e) ={z € C: |Rez| <1/e, |[Smz| <d(l—c¢)}.
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For 1 < p < oo, introduce the space HP(Dy) of all operator-valued functions which
are analytic in Dy, such that for each F € HP(Dq) it holds that ||F|lgr(p,) < o0
with

time—o (fypio IFGI7Iazl) " 1< p<
ime_, z z if1 < 00,
(219) | Flleo, = * Vopute P

lime o sup.ep, o) [IF(2) if p=oo.
The next lemma justifies an integral representation for e~* generated by an
(fs, fr)-type operator L.

Lemma 2.3. Let L be an (fs, fr)-type operator with the spectral curve I's defined
by 239). Choose the (integration) curve I'y = {z = £+ in : & = accosh(s),n =
be sinh s} with ae, be such that T'; envelops T's . Then the operator exponential

I(t; L) = e~ £ can be represented by the Dunford-Cauchy integral
(2.20) It; L) = % /FI e (2l — £) Mz = —% /O:O Fi(s,t)ds,
where the integrand
Fi(s,t) = e *2/(s) (2] — L)1,
(2.21) 2 = a, cosh (s) + ib. sinh (s), 2’(s) = aesinh (s) + ib. cosh (s), s € R,

can be estimated on the real azxis by
(2.22) | Fy(n,t)|| < Mye~tVaeetbelsinbsl g5 s ¢ R

with some positive constant My. Moreover, Fy(-,t) can be analytically extended into
the strip D4 of the width d > 0 and belongs to the class HP(Dy) for all p € [1, 00].

Proof. The estimate (Z22) follows immediately from (ZIT). In order to show that
the integrand can be extended analytically into a strip, we substitute s = u + iv
into (22I). The analyticity can obviously be violated only if the set {z = & +n :
& = aeccosh(p+iv), n = besinh (p+iv),p € (—o0,00), |v| < d} intersects the
spectral curve in the plane &, 7 (in this case the resolvent becomes unbounded). For
each v we consider this set as a curve in the variable ;. We have

z = ae cosh (u + iv) + ibe sinh (u + iv)

= a, cosh p cosv + iae sinh psin v + b, (sinh p cos v + i cosh psin v)
(2.23) = cosh p(ae cosv — be sinv) + i sinh p(ae sinv + b cosv)

= /a2 4+ b2[cos (v + ¢) cosh p + i sin (v + ) sinh p]

= V& TR cosh [+ (v + 9],
where ¢ is such that

Qe . be

e sinp = ———.
Va2 + b2 Va2 + b2
For each v, the set (2:23)) is the following hyperbola (parametrised by pu):
& =+/a? + b2 cos (v + ¢) cosh p,
n=+/a2 + bZsin (v + ¢)sinh 4.

Since the function cos (v + ¢) decreases and the function sin (v 4 ¢) increases mono-
tonically for v € (—p,m/2 — ), we see that for |v| < d with d = min{p, 7/2 — ¢}

(2.24) cos p =

(2.25)
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1

°°r sin(v+g)
0.6
0.4

0.2

ok

—02k

—04lb

—0.61

Y

-1
-4 -3

F1GURE 2. Calculation of the width of the analyticity strip.

and for all u € (—oo,00) the set of hyperbolas still lies in the right half-plane and
envelopes the hyperbola I';¢ and spectral parabola without intersecting them; i.e.,
we can analytically extend the integrand into the strip of the width 2d (see also
Figure[2). The proof is complete O

We denote the parametric set of hyperbolas (Z25]) with |v| < d by H;. The class
of the (fs, fr)-type operators with the spectral parabola which can be enveloped
by Hy is called Eg.

2.4.2. Sinc quadrature applied to the exponential. Following [29}[9, [7], we construct

a quadrature rule for the integral in (2:20) by using the Sinc approximation. Let

sin [w(x — kh)/h|
w(x —kh)/h

be the k-th Sinc function with step size h, evaluated at . Given f € HP(Dy), h > 0,
and N € N, we use the notation

S(k,h)(z) = (keZ, h>0, 2z eR)

(2.26) 1(f) = /R F(€)de,
(e’ N
(2:27) T(f,h)=h Y f(kh), Tn(f,h)=h Y f(kh),
k=—o00 k=—N
(2.28) C(f.h)= Y_ f(kh)S(k,h),  E(f,h)=f—C(fh),
k=—o0

(I: integral; T: trapezoidal rule, n,ny: quadrature errors). Further, we need the
notation of one-sided limits:

f€+id™) = (E+i0)  for &, deR.

lim
d—d;6<d f

The following approximation results for functions from H'(D,) describe the
accuracy of T (f,h) (cf. [], also for the proof of Lemma Z74] below).
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Lemma 2.4. For any operator-valued function f € HY(Dy) satisfying on R the
condition

(2.29) IF(©I < cexp(=b]sinh¢]), b, ¢ >0,

it holds that

e—27rd/h 1 )
230 I < C | Tl + § exp(-bsinh ()]

with the constant d from H(Dy).

Proof. Let E(f,h) be the error from (228). Analogously to [29, Thm. 3.1.2],
E(f,h)(2) equals

sin (2 /h) /R {(5 f(€ — id) F(E+id) }df,

2mi — 2z —id)sin[n(¢ —id)/h] (€ — z + id) sin[r (€ + id)/h]

and after replacing z by x, we have

n(f.h) = /}R E(f, 1) (x)dz

because of [, S(k,h)(z)dz = h. After interchanging the order of integration and
using

1 sin(rx/h) do — Lpmm(d£i€)/h

omi Jo £(€ —z) —id 2 ’
we obtain

_ i [ [fE—idT)em T O/ f(g +id)e T/
(2.31)  n(f,h) = E/R{ sin[r(¢ —id)/h]  sin[w(+d)/h] }

Using the estimate sinh (wd/h) < |sin[r (£ £id)/h]| < cosh(wd/h) (see [29] p. 133]),
the assumption f € H!(Dy) and identity (Z31)), we obtain the bound

e—ﬂ'd/h
(2.32) In(f,h)|| < mﬂfﬂm(my

The assumption (Z229) now implies
lnn (B < nCE N+ Y (L f(kR)]

|[k|>N
exp(—d/h) .
2. — 1 - h .
(23 < T oo +ch 3 exp(—bsil (1)
k:|k|>N
For the last sum we use the simple estimate
Z exp(—b| sinh (kh)|) = 2 Z exp(—b| sinh (kh)|)
k: [k|>N k=N+1

(2.34) < 2/ exp(—b|sinh (zh)|)dx

N
(2.35) < 2/ cosh (zh) exp(—b| sinh (xh)|)dx = % exp(—bsinh (hN)),

N

which together with (Z33) and (Z35)) implies (Z30). O
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The operator exponential I(t;£) = e ¢ is represented as integral according

to Lemma 23 - Applying the quadrature rule Ty to the operator-valued function

f(n) :== =55 Fi(n,t), where Fi(n,t) is given by (ZZI)), we obtain for the operator
family {I(t) = I(t; L) : t > 0} (cf. ([2:26)) that
XN
2. I(t) =T, T =——
(2.36) (1)~ Tn(t) = Tw(f h) = =5~ k_Z_ 1 (kh, ).

The error analysis is given by the following theorem.

Theorem 2.5. Given the spectral curve T's from (23) associated with fs(n) =
apn® +by, choose the integration curve {z = £+in: € = a. coshs, n = b, sinhs, s €

R} and set h = %. Then

1 2 2
2.37 I(t) = Tn ()| S — == (e mN/18N | o= i/actbily,
( ) H() N()Hwtm( )
Proof. Substituting in (230) Fy for f, t1/aZ + b2 for b and specifying h = &% we
conclude (2Z37) from the bound || f|lg:(p,) < Cb~'. O

The exponential convergence of our quadrature rule allows us to introduce the
following algorithm for the approximation of the operator exponential with a given
tolerance £ > 0. Note that the time-variable ¢ € (0, 00) enters only the coefficients
of our quadrature rule, while all resolvents appear to be independent on t.

Proposition 2.6. (a) Let € > 0 be given. In order to obtain ||I1(t) — Ty (t)| < §
uniformly with respect to t > 0, choose

log N
N = 1 =
O(llogel), h=-22

2k = z(kh) = a. cosh (kh) + ib sinh (kh), 2'(kh) = a. sinh (kh) + ib. cosh (kh),

h
t) =e *"MI_—2/(kh), (k=—N,...,N).
() L2 (), (b=—N,...,N)
Then Tn(t) is a linear combination of 2N + 1 resolvents with scalar weights de-
pending on t :

N

(2.38) Tn(t)= Y w(t) (I - L)~

k=—N

so that the computation of Tn(t) requires 2N + 1 = O(|logel) evaluations of the
resolvents (zj,1 — L)™', k=—N,...,N.

(b) The evaluations (or approzimations) of the resolvents can be performed in
parallel. Note that the shifts z, are independent of t.

(¢) Having evaluated the resolvents, T (t) can be determined in parallel for dif-
ferent t-values t1,to, ... .

Proof. Use ([Z31) for the error estimate. O

2.4.3. Exponentially convergent algorithm for the operator exponential with t > 0.
The algorithm (Z306) does not provide the exponential accuracy for ¢ — 0. In
this section we show that a slightly modified algorithm for the weighted operator
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exponential T, (t) = L™%e~t, ¢ > 0,0 > 1, guarantees the exponential convergence
rate for all ¢ > 0. Applied to the initial-value parabolic problem

(2.39) % +Au=0,  u(0) = uo,

we can get u(t) = Ty (t)uo,» with wg,e = L7ug provided that ug € D(L?); i.e., in
this case we need sufficient regularity of initial data. Choose a curve (integration
curve) I'y = {z = £+ in : £ = accosh s, n = sinh s} as before. Then the weighted
operator exponential T, (t) = L~%e~** can be represented by the Dunford-Cauchy
integral

1 1 [
(2.40) Ts(t) = 2 /FI 2% (2] - L) Nz = ~om [m Fi.5(n,t)ds,
where the integrand
(2.41) Fio(s,t) =27 % 2 (s) (2] — £)7!
with z(s) = a cosh s + ib. sinh s, s € R. Contrary to the result of Lemma 2.3, the
function F (s,t) can be estimated on the real axis by

HFLU(777 t)” 5 e—t\/ag cosh? s+4b2 sinh? S(ai cosh2 s+ bi sinh2 S)_g/z

2.42
( ) < G,U\S|7t,/ag+bg\sinhs\ < e*U\SI for s € R,

for all ¢ > 0. Moreover, Fi (-, t) can be analytically extended into the strip Dy of the
width d > 0 constructed above and belongs to the class HP(Dy) for all p € [1, o0].
Applying the quadrature rule (227

N
(2.43) T,(t) = Ton(t)=h Y Fio(kh,t)
k=—N
to the function f(t) = F1,,(s,t), we can bound the error nn(f, h) (see [29,[5]) by
e*ﬂ‘d/h

(2.44) nnll = 1T6(t) — Ton ()] < c {m + (o) te VM | By ol la (py)-

Equalising the exponents by setting h = /wd/(cN), we get the error estimate
(2.45) vl < ce™V N By lleaspy) Ve 2 0.
Thus, we can prove the following

Proposition 2.7. (a) Let € > 0 be given. In order to obtain | T,(t) — To.n(t)|| S €
uniformly with respect to t > 0, choose

N =0(|loge|), h=+/md/[oN],
2 = z(kh) = £(kh) + iy(kh) (k= —N,...,N),
&(s) = accoshs, ¥(s) = besinhs,

—0 _—Zk h
Yor(t) = 2 %€ t%zl(kh)-

Then Ty, N(t) is a linear combination of 2N + 1 resolvents with scalar weights de-
pending on t :

(2.46) Ton(t) = Y Yor(t)(zl — L)
k=—N
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so that the computation of T, n(t) requires 2N +1 = O(|loge|?) evaluations of the
resolvents (zj,I — L)™', k=—N,...,N.

(b) The evaluations (or approzimations) of the resolvents can be performed in
parallel. Note that the shifts z, are independent of t.

(¢) Having evaluated the resolvents, Ty n(t) can be determined in parallel for
different t-values tq,ta, ... .

In practice one prefers integers o, so that o = 2 is the first choice. To conclude
this section, we note that the condition wy € D(L?) is no longer an essential
restriction if £ is a finite-dimensional operator (say, the discrete elliptic operator).
We refer to Remark for further results concerning the matrix exponential.

2.5. Operator-valued functions in control theory. In this section we recall
the results in [7]. Let us consider the linear dynamical system of equations

%%Q:AX@+X@B+Q X(0) = Xo,

where X (t), A, B,G € R"*™ (A, B, G given constant matrices). The solution X (¢)

is given by
¢

X(t) — etA)(OetB + /e(t_s)AGG(t_S)BdS.
0
If all eigenvalues of A, B have negative real parts, then the limit

(2.47) X(£) = Xoo = / CAGE B it (t— o)
0
exists and the X, satisfies the matriz Lyapunov-Sylvester equation

(2.48) AXoo + XooB + G = 0.

We refer to [3] concerning the proof of (Z47) in the case of a matrix equation. The
operator case considered below can be treated similarly.

2.5.1. Integral operator-to-operator mapping. We set A = L*, B = £ in ([2.43),
where £ : V. — V' is an elliptic second order differential operator, and we con-

sider the solution of the operator Lyapunov equation: Find a selfadjoint continuous
operator Z : L*(Q) — V such that

(2.49) LZ4+ZL+G=0.
The solution Z of the operator Lyapunov equation is given by
(o]
(2.50) Z(L) = / Go(t, L, G)dt,
0
where Go(z,L,G) = e*£"Ge*L is a continuous operator-valued function of z €

[0,00), of an elliptic second order operator £ and of a selfadjoint operator G :
L2(2) — L?(Q) (see [3] for the matrix case).

In this section we consider a class of operator-valued functions defined by an
integral representation (Z50) on I' := [0,00). The operator-valued function Z(L)
defines the solution operator to the Lyapunov equation (Z49) arising in control
theory. As usual in control theory, we further assume Re sp(—L) C (Ao, 00), with
Ao > 0.
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FiGURE 3. The region Dy

To simplify the discussion, we assume that —L is the elliptic operator of the
(fs, fr)-type with fs, fr given by (1) such that
(2.51) sp(=L) C Sy :={2€C:|Smz|<u, RNez>A}, Ao, p>0.

In particular, the latter condition implies that the elliptic operator £ generates a
strongly continuous semi-group e** such that
(2.52)
tr L+ 12 oo
[le”]| < C——F=e" for all t € [0,00) (]| - || : spectral operator norm),
AoVt
where C, ¢ > 0 do not depend on \g and t.

In the following we discuss exponentially convergent quadrature rules for the
integral (2.50). The construction consists of two steps: First, we approximate the
integral by a sum of operators Gy (tx, £, G) computed in a few quadrature points t), €
[0, 00), and then we approximate each operator exponential involved in Gy (tx, £, G)
as in §2.4. The resultant quadrature rule is similar to that in [11, Thm. 5] for the
case of a matrix Lyapunov equation. Contrary to [11], here we consider the integral
of an operator-valued function; moreover, we apply the more efficient approximation
scheme of §2.4.

Applying the substitution ¢ = «® in the integral of (Z:50) for some a > 0, we
obtain the equivalent representation

Z(L) z/ Go(t, L,G)dt with G, (t, L,G) := go(t, L") Gy (t, L)dt,
0
where

(2.53) Ga(2, ) =1+ 2azaezl+2a)‘, a >0,

so that (ZBU) corresponds to the case a = 0.
First, we recall some auxiliary approximation results for holomorphic functions

based on the Sinc approximation. Let the regionﬂ Dy (see Figure @) for a given

IThis is the domain called D3 in [29]. Note that it is different from the strip Dy in EIS).
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d € (0,7/2] be defined by

(2.54) Dy :={z € C: |arg(sinh z)| < d}.
We denote by H'(Dy) the family of functions that are analytic in D, and satisfy
(2.55) N1(f,Dq) := / [f(2)||dz] < oo.

0Dy

Now, for a, 5 € (0,1], introduce the space

La,g(Dq) = {f e HY(Dy) : |f(z)| < C (AY e PRz forall z € Dd}
(cf. [29]). We set
@(z) :=log{sinh(z)},

hence

N 1
¥(2) = tanh(z)’

where ¢(z) is the conformal map of Dy onto the infinite strip Dy defined by (ZI8).
It is easy to check that

(2.56) Ja(sA) € Lq g, 8 > min{l,ao} for A eTg,

z=¢ '(w) =log (e“’ +V1+ e2w) ,

where, with given a,by > 0, Iz :={z =&+ in: & = —by — an?, n € (—o0,00)} is
the integration parabola to be used for technical needs.

2.5.2. Quadrature Rule I applied to Z(L). In the sequel, the value of d involved
in Dy (cf. (Z5HA)) will be chosen from the interval 0 < d < (T33ay; Where we

further fix the parameter @ = 1/2. Without loss of generality we can assume
8 = min{l,\/2} < a = 1/2 and then choose the parameter by defining the
integrating parabola 'z, by by = A\g/2. For ease of notation we further omit the
subscript a in g, and set g = gy /2.

Lemma 2.8. Let the spectrum of L lie in the strip S, defined by (ZE). Given
N € N and § = min{1, \o/2}, with the proper choice of h > 0, t), € [0,00), and M
given by

(2.57) h= ﬂ%, ty = log (ekh +/1 +e2kh) , M =[26N],
0

the integral Z(L) = fooo Go(t, L, G)dt allows an exponentially convergent quadrature
rule

N
(2.58) Zn(L):==h Y tanh(tx)Gij2(te, £, G),
k=—M
providing the error estimate
(2.59) |2(€) = Zn (L) < CA + p2)em ot
with constants C' independent of N and with (v being half the width of the strip S,
Proof. See [1]. O
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Lemma [2.8] already provides a low rank approximation to the solution of the
Lyapunov equation in the case when a right-hand side G has this property. In fact,
let us assume that G has a separable representation consisting of kg terms, i.e.,

ka
G:= Zaj * fj,
i=1

where f; : L?(Q) — R are linear continuous functionals, while a; € L*(Q2) are
functions on . Substitution of the above representation into Gy /5(tx, £, G) shows
that Gy 2(tr, £, G) is also separable with kg terms. Due to ([2.58), Zn (L) is sep-
arable with k = kg(N + M + 1) terms (in the matrix case, this is equivalent to
rank Zy (L) < k).

We proceed with the approximation of the individual terms G /o(t, £,G) in
(2E]). For this purpose, we apply the basic construction from §2.4 modified by a
proper translation transform explained below. We use the symbol A for both £ and
LT. We recall that with a given elliptic operator A and for the described choice of
the parameters z,, h, ¢, the quadrature

L
(2.60) expy (A) = Z cpe” P (zpl — AT (see (Z37))
p=—L

provides exponential convergence (cf. (Z37)). To adapt the above approximation
to our particular situation, we include the parameter t; into the operator by setting
Ay == t2 L, which then leads to the bound Amin(Ax) = O(3). Due to the factor % in
(231), the error estimate deteriorates when ¢, — 0. To obtain uniform convergence
with respect to t — 0, we use a simple shift of the spectrum,

e = ¢ . ePr for By := Ay — 1,

ensuring that Amin(—Bx) = O(1) > 0. Now, we apply the quadrature (ZZ60) to the
operator By, which leads to the uniform error estimate

| exp(By) — expy, (By)|| < CesE/lee L foral k=—-M,..., N,

where the constants C,s > 0 do not depend on L and k. With this procedure, we
arrive at the following product quadrature.

Theorem 2.9. Under the conditions of Lemma[2.8, the expression
N L
ZN,L(AC) = 2h Z tr tanh(tk)SEkGSL,k with Sp . = Z Cpel_Zp (ZpI—Bk)_l
k=—M p=—0L
converges exponentially as N, L — oo,

12(2) = Zn.0(L)] < C [(1+ p2)em ErudN? g st /tost]

Proof. The combination of the result of Lemma 8 with the modified quadrature
(Z60) leads to the desired bound. O
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3. NEW QUADRATURE FOR THE LYAPUNOV SOLUTION OPERATOR

Quadrature Rule I presented in the previous section contains a triple sum of
elliptic resolvents (one sum from Zy 1, and two sums due to Sz, j and Szk) In this
section we propose a new scheme which contains only a double sum of resolvents.

3.1. Equations with elementary operators. Let A be a complex Banach alge-
bra with identity e and let B be a Banach algebra of operators on A considered as
a Banach space. Given {U;}, {V;} C A, let S € B be defined by

M
(3.1) SX =Y U;XVj,

j=1
where {U;} and {V;} are commutative subsets of A but {U;} need not commute
with {V;}. The operator S (such operators are usually called elementary operators)

was studied in [27] where it was shown that if (X, A) denotes the spectrum of
X € A, then

M
S(8,B) > {Ap: Ae XU, A), peX(V;, A} = Xyy.
j=1
Furthermore, if f(A) is holomorphic in a domain that contains Xy, then there
exist Cauchy domains DY D %(V;, A), DY > %(U;, A), 1 <i < M, such that for
any X € A

M M
(32)  f(9X = W/@DV"'/MVJC SONU | XTI = V) td),

j=1 j=1
(-1 M

= E Ajttj
(2m) 2M /8DV /8DV /dDU /dDU =

M
H il —U;) " rdu; X H (AT —Vy)~td)
where 0DY, DY denote the boundaries of D} and DV, respectively, and I the
unit operator. There are a number of papers deahng with invertibility and spectral
properties of elementary operators (see, for example, [20, 21]).
Let us consider the operator equation

(3.3) SX =G

and suppose that S~—1 exists. Then using formula (8:2) applied to the function
-1

M M
(34) FUXMms | = (Do nm |
j=1 j=1
we get
(3.5)
M Ty M
= Y (i I = U;) " tdp, G | [T = V)~ ta,.
QM/BDV /8DM allosr vy
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The following special case of equation (B:3) with bounded operators was considered
in [2]:

(3.6) > epAIXBF =Y,

4,k=0
where ¢;5 € R, B € L(B1), A € L(B2), Y € L(B1,Bs) are given bounded
operators, X € L(Bj, Bs) is the operator we are looking for, By, By are Banach
spaces, and L(B;) and L(B1, Ba) denote the sets of linear bounded operators acting
in B; and from B; into Bs, respectively. It was shown that the unique solution is
given by

_ (A= AD)~'Y(B = u1)!

provided that P(\,u) = szzo cigNpk £ 0 for (A, pu) € X(A) x B(B), where
¥(A), X(B) are the spectral sets of A and B, respectively, and I'4 and I'p denote
paths in the resolvent sets p(A), p(B) of A, B surrounding ¥(A) and X(B). The
representations (B.H), (B) are useful in many applications (see, for example, [2] [18])
and can be justified also for unbounded operators provided the resolvents possess
appropriate properties (see Lemma 3.1 below).

Particular cases of the equations (B3), (B.6]) are the Sylvester equation

(3.8) AX +XB=G

and the Lyapunov equation
(3.9) AX +XAT =G.

The Lyapunov (Sylvester) equation is involved, for example, while using Newton’s
method for solving Riccati matrix equations arising in optimal control problems
[21], 25]. One has to solve the Riccati equation

AX+XA" +XBB'X =-C'C
for constructing a near-optimal reduced-order model for a dynamical system
(3.10) & = Az + Bu, x(0) =z,
y=Cxr

with state x € R™, input v € RP and output y € R? and with A € R"*" B € R"*P,
C € R™¥4, Here the optimal control u can be realised as u(t) = —B' Xx(t), t €
(0, 00).

Consider a control problem where the state is governed by partial differential
equations. The spatial discretisation of the partial differential operator by a finite-
element or finite-difference method (yielding a system matrix A) leads to a system
of ordinary differential equations of the type (BI0) with large and sparse matrices
and finally to a Riccati equation which can be reduced to a sequence of Lyapunov
equations. There are direct and iterative methods to solve the Lyapunov equation
(cf. [2, 211 22, 24] 26, B2]). The direct ones are preferred when solving equations
with matrices of moderate size. Direct methods are often based on various de-
compositions of the matrix (e.g., the Schur decomposition) with complexity O(n?),
which restricts their use to problems with relatively small n. Iterative methods
(SOR, ADI, multigrid and others) are applied to the Lyapunov equation when the
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matrix A is large. In order to ensure computational stability and to decrease the
number of iteration steps, various preconditioning techniques are used (cf. [23]).

The aim of this section is to find exponentially convergent approximations to
the solutions of (3.3)), (3.6). One can use these approximations to solve quadratic
equations like the Riccati equation efficiently.

3.2. Exponentially convergent Quadrature Rule II. Below we consider a
method for solving the Sylvester equation based on a Sinc quadrature.

We consider a strongly P-positive operators C with spectral parabolae Ps c
defined by
£ = ¢s,c(5) = apcs® +byc,
n=1tsc(s)=s
lying in the right half-plane of the complex plane and enveloped by the hyperbolic
set Hy, defined by

z = ajc cosh (u + iv) + ibyo sinh (p + iv)

(3.11)

= ayc cosh pcosv + ia, sinh psin v + by (sinh g cos v + 4 cosh p sin v)

(3.12) = cosh p(ayc cosv — bre sinv) + i sinh p(aye sinv + bro cosv)

=/a?q + b?o[cos (v + @) cosh p + isin (v + ) sinh y]

= \/afc + bjc cosh [u +i(v + )],

lying also in the right half-plane. We suppose that the set Hj, envelopes the
spectral parabola Pg ¢ for all |v| < d¢. The class of such operators C' will be called
by EHc~

Lemma 3.1. Let A, B be operators of the classes Eg, and Eg,. Choose the
integration curves

Tia={A=&+in: £ =ajacoshsa, n =brasinhsa, sa € R}
and

Fip={pn=§+in:{ =arpcoshsp, n=0brpsinhsp, sp € R}

from the set BI2) with C = A or C = B and v = 0. Then the solution of the
operator equation (B.8) can be represented by the Dunford-Cauchy integral

(3.13) X__—/F /F A+ 1)~ M — A) G (ul — B)~Ldrdp

or, after parametrisation, by

14 =
(3 ) 471'2/ / SA,SB dSAdSB7

where the integrand

N (sa)p' (sB)
A(sa) + p(sB)
A=MA(sa) =aracoshsy +ibyasinhsy,

F(sa,sB) = (M — A)~'G(ul — B)™*

(3.15)
w=p(sp) =arpcoshsp +ib;psinh sp,

can be estimated on the real axis by
(3.16) |1F(n, Ol < ||GH67\/GIA‘SA‘/Qefx/aIB‘SBl/Q.
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Moreover, the integrand can be analytically extended into the strip Dy of the width
d=min{da,dp} > 0 from 2I]) with da,dp defined analogously as in Lemmal[Z3
and it belongs to the class HP(Dy) for all p € [1, 00] with respect to each variable.

Proof. Since the operators A, B are of the class Ey, and Eg,, due to (2I7) and
due to

A+ pl = \/(am coshsg +arpcoshsp)? + (brasinh sy + byp sinh sp)?

> aracoshsg + arpcoshsp

> \/aIAaIB cosh s coshsp

we get that the integrand F'(sa,sp) defined in (3.I5) can be estimated on the real
axis by

IF(s,55)]| S [IGlle™vTTleal/2g= Bz,

The above estimate shows that both the integrals (313) and (3I4]) converge.

The analyticity of the integrand can be violated only if one of the hyperbolic
sets Hy, or Hy, intersects the corresponding spectral parabola. The latter is, with
guarantee, not the case for v < d = min{da,dg} (see also the proof of Lemma
and Figure ). It follows from (BI6) that the integrand belongs to H?(Dg) for all
p € [0,00) with respect to each of the two variables. It is also easy to see that
A+ p # 0 in both strips Dy, and Dg,. The proof is complete. O

3.3. Error analysis for Quadrature Rule II. In this section we use the notation
from §2.4.1. We will need the following lemma which can be proven similarly to
Lemma 2.4 (see [7, 29]).

Lemma 3.2. For any operator-valued function f € HY(Dy), it holds that

i [ [ fle—idT)em O f(g + id)e TN
(3.17) n(f,h) = 9 /]R { sin [w (€ — id)/h] B sin [7(€ + d)/h) } d€

providing the estimate

e—ﬂ'd/h
(3.18) In(f, Wl < m”f”mwd).

If, in addition, [ satisfies on R the condition
[fEN < cexp(—al¢]),  a,e>0,

then taking h = /2wd/(aN), we obtain

Inn (f,h)|| < cre™V2maeN

with a constant ¢y > 0 independent of N.
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Given integers N4, Np, we set

ha =2\/mda/(\/azaNa/2) < 1/\/Na,

(3.19)
hs = 2\/7ds/(arsNe/2) = 1//Ng

and approximate the integral (3:I4) by the double quadrature sum

Na Np

(3.20) X~ XnyNy =hahs Y Y Fl(kha,jhp).
k=—Na j=—Np

Due to Lemma [3.1] and Lemma we have the following error estimate indicating
exponential convergence of Quadrature Rule II.

Theorem 3.3. It holds that

(3:21) 1 = Xy g | < CemVATAVARN /7T VAT

with a constant C' > 0 independent of N4 and Ng.

The exponential convergence of our quadrature rule allows us to introduce the
following parallel algorithm to approximate the solution of the Sylvester (Lyapunov)
equation with operators A, B from the classes Ey, and Ep,, respectively.

Algorithm 3.4. (a) Given e > 0, choose integers N = O(log2 ), Ng = O(log2 £),
set ha and hp as in (BI9) and determine

3.99 ZA(khA):a]ACOSh(khA)+ib1ASinh(/€hA) (/CI—NA,...,NA),
( ' ) ZB(khB) = a;p cosh (khB) + ibrg sinh (khB) (] = —Npg,... ,NB).

(b) Find the resolvents

(zx] —A)™', k=—Na,...,Ny,
(zj -B)™', j=-Npg,...,Ng.

(¢) Find the approzimations Xy, ny for the solution X of the Sylvester equation

in the form (3:20)).

Compared with Quadrature Rule I (see Theorem [Z), the new Algorithm B2
includes only the double sum of the elliptic resolvents (it seems that it cannot be
further improved).

To realise the constructive H-matrix approximation, we build the H-matrix rep-
resentation for each individual elliptic resolvent (or its discrete version) involved
into the representation (320). The latter sum contains (2N4 + 1)(2Np + 1) terms,
where we set Ny = O(log”¢), Ng = O(log®¢). The overall complexity of our
Quadrature Rule IT amounts to O(nlog?n log? ¢), where n is the problem size cor-
responding to the spacial discretisation to the elliptic operators A and B.
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4. RESOLVENT APPROXIMATION TO sign(H)

4.1. An exponential convergent quadrature rule. Let ¢; = jn/n,n=0,...,
2n — 1, be an equidistant grid. Then for a given continuous function f(x), the
trigonometric polynomial

n n—1
u(t) = Pof =) ajcos(jt) + > f;sin (jt)
=0 j=1

with the coefficients

1 2n—1 1 2n—1
— _ _ k
ao = 5o S e o= ftn), an = 5- > (=D
k=0 k=0
2n—1 2n—1

1 ‘ 1 o .
aj:Ekacos(jtk), ﬂj:Ekasm(jtk), j=1...,n—1,
k=0 k=0

is the trigonometric interpolant satisfying u(t;) = f;,7 = 0,...,2n — 1. Another
representation of this polynomial is

2n—1 2n—1
1 t—t
(Paf)(t) = Y f(te)Li(t) = 3, Sin(nt) > (= 1)k f(ti) cot ——
k=0 k=0
with the Lagrange basis
1 t—t; _
Lj(t):%smn(t—tj)cot 5 t#t;, j=0,....2n—1

If f is analytic and 2m-periodic, then there exists a strip D = R x (—s,s) C C
with s > 0 such that f can be extended to a holomorphic and 27-periodic bounded
function f : D — C and the remainder in trigonometric interpolation can be
estimated uniformly on [0, 27] by

coth (s/2)

_ < M7
IPaf = Flloe < M),

where M denotes a bound for the holomorphic function f on D. We can summarise
this result by the estimate ||P,f — fllco = O(e~ ™). Using the interpolant P, f
instead of f, one gets the quadrature rule

2 2n—1
(4.1) f(r)dr = Z Y fm
0 m=0
with the quadrature coefficients
2 2n—1 . .
— — k— —
Vi = /0 Ly (1)dr = kz:% (Hémk - (-1 mm> =m/n.

Thus, in the case of analytic and 27-periodic integrands, we arrive at a quadrature
error O(e™ ™).
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4.2. Quadratures in the case of uniformly bounded operators. Let H be
a bounded operator, I's = {z = 29 + rge’® € C: ¢ € [0,27)}, 20 = 70 € Ry,0 <
rs < xg, be the boundary of a disc g which contains the spectral set ¥ of H, and
I';={z=2+re® €C:¢cl0,2n)},0<r <0, be the integration path in
24). After parametrising the integral [2.4)), we get

27
(4.2) sign(H) = i /F (21 —H) 'dz— 1= 1 F(¢)de — I,

i 7 Jo
F(¢) =r1e"®((z0 +rre’®)I — H) ™, ¢ € [0,27].
For a complex argument ¢. = ¢ + i1, the analyticity of the integrand
F(¢e) = iree™® ((Zo + rre')I — H)_1 . rr=rre ¥,

can be violated only if 1) > 0, since in this case the resolvent circle z = zg 4 rre’®
lies inside of the spectral circle so that the resolvent can be unbounded. From
the inequalities 17 — p < g < xo (this inequality guarantees that the resolvent
circle lies outside the spectral one), where p is the distance between the integration
and the spectral circles, we get —In f—? <Y <lIn r,rip' Thus, the integrand F(¢)
in (&2) is a 27w-periodic function which can be holomorphically extended into the
strip S ={w=¢+ i : ¢ € (—00,00), |9| < s}, where s = min{ln . In mrip}.

Now, applying the quadrature rule (1) to the integral (), we get the following
approximation of the operator sign function:

_ _ LN
(4.3) sign(H) ~ signy(H) = — Z F(—)-1,

where the quadrature error is O(e=V#).

Remark 4.1. In applications, A may be a finite-element or finite-difference approxi-
mation of a second order elliptic differential operator for which r; = O(h=F), k > 0,
I

where h is the spatial discretisation parameter. In this case we have s = In =

In = = O(h*) — 0 as h — 0 so that the error of the algorithm (E3) is of
k

the order O(e=""N) with some positive constant ¢. This leads to a polynomial

complexity relying on the estimate N = O(h*k') with &' > k.

Due to Remark 4] for many applications we may need a special method that
is robust with respect to cond(H).

4.3. Sinc-based approximation in the general case. Let QT be the set of
eigenvalues of H with positive real part and let 2~ be the corresponding set with
negative real part. Consider the matrix-valued function J = J(H) given by the
integral representation

(4.4) J = % /(41 — H) 'd¢ = sign(H) + 1,
r

where I is the circle in the complex plane with the diameter |1, 22] € R, 21,22 > 0,

which encloses Q7. The parameter k := z2/x1 will be used in the following (it can

be regarded as the condition number of H). We are interested in an accurate

approximation of J(H) by the sum of a few resolvents (2] — H)~! with different

parameters 2.
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Under the substitution ¢ — t := ¢y (¢ — o) with (o = L2 ¢y = 22221 the
integral J takes the form

J = i/ (tI — B)"'dt, B = co(H — zI),
™ To

where I'g = OU is the unit circle, while ¢/ is the unit disc centred at t = 0. Next, we
transform the integral over 'y to an integral over the reference interval K := [—1, 1].
To that end we use the Zhukovski mapping

_ (gl
*73 t)

which maps z : Ty — [—1,1]. Denote by QF, Q; € C the respective images of QO
and Q~ under the mapping ¢ — z. We also set 2, :=Q}fuUQ; c C.

It is worth noting that the transforms ¢; := z2+v22 — 1, t3 := z2—v22 — 1 map K
onto the upper and lower halves of I'y, respectively. Therefore, since dt = 2trf—ildz,
the target integral over the two-sided slit curve K can be written as

J(H) = 71(B) - J2(B),

where
By =2 [ wer-p

_teE) —1,2.
i 2-1 F=b

One can easily check that both functions tx(z), k = 1,2, have a regular behaviour
as 22 — 1 with z € K, namely, t1(2) — 1 as 2 — 1 and t2(z) — —1 as 2 — —1. On
the other hand, it can be shown by a simple calculation that

12(2) 13(2) c >
— < 1, Smz = 0.
B -1 Bl -1~ vi = as 2" — 1, Imz

Following [29], introduce the eye-shaped region (cf. Figure M)

z4+1
— d
ag (257)] <

(4.5)

D:={zeC:

S

FIGURE 4. The eye-shaped region.
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where d € (0,7) is a given parameter. As in [29, Example 4.2.8], we define the
functions

w=®(z) = 1og'z:z,
(4.6) b—a

'(z) = G—a)b—2)

and the corresponding sequence of collocation points

a + bekd
(4.7) Rk = W’
where § > 0 is the grid parameter. In our particular example, we set a = —1,

b= 1. As a matter of fact, w is a conformal map of D onto the strip Dy defined by
218). If d € (0,7) the class Ly, g(D) is defined as the family of all matrix-valued
functions F' which are holomorphic in D and which for some constant C' > 0 satisfy
the inequality

|F(2)|| < Clz —al*b— z|° in D.

We rewrite our integral in the form

j(B):/KF(z)dz

with
F(z) = 2 |(ty() — B) !
2= = |(h(e)1 - B)
Theorem 4.2. Assume that DN Q, = 0 and let N € N be given. Choose the

parameter § = (4%‘1)1/2 in Q). Then there exists a constant Cy, independent of
N, such that

— )

(4.8) |

S F(z)
/I(F(z)dz—ék;]v B (2r)

where ® and zy, are given by (@0), (A1) witha=—-1,b=1.

| < C’O(ii(ﬂ-dN)l/2

Proof. The assumption that DN Q, = @ combined with (EH) implies that F €
L1 /2,1/2(D). Now the results of [29, Example 4.2.8] (see also Theorem 4.2.6 therein)
modified by the usual arguments (see [6] and [7] for more details) to the case of
matrix-valued functions lead to the desired exponential convergence. O

It can be shown that the constant Cj in ((.8) can be estimated by

@sc/|wwme
oD

where C' does not depend on F. If H represents the finite-element stiffness matrix
for the second order elliptic operator, then we can derive Cyp = O(k) = O(h™2),
where h > 0 is the corresponding mesh size. Therefore, a quadrature error of order
e > 0 can be achieved with N = O(|logh|? + |loge|?) (compare with the number
of Newton’s iteration in [II] to compute sign(H) alternatively).
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We conclude the paper with the following remark that describes the uniform
convergence of the quadrature rule for the matrix exponential e~** with respect to
t>0.

Remark 4.3. Our analysis of the quadratures in Theorem indicates that the
approximation to the integral (ZZ20)) is no longer uniform in ¢ € [a,00) if a = 0. It
is remarkable that in the limit case ¢ = 0 the target integral is nothing but 1/2.7(L)
with J given by ([@4)). Therefore, assuming that £ € R"*" we can apply a similar
quadrature to the integral (Z20) as in (@) just by substituting ((I — H)~! by the
corresponding ansatz e ~$*(¢I — H)~!. Clearly, all assumptions of Theorem B2 are
valid for the new integrand and we arrive at the same approximation result as in
({£8), now uniformly in ¢ > 0. Again the number of terms can be estimated by
N = O(]log(cond(L))|* + |loge|?), where one can expect cond(L) = O(h~2) for

quasi-uniform meshes.
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