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ALGORITHMS WITHOUT ACCURACY SATURATION
FOR EVOLUTION EQUATIONS
IN HILBERT AND BANACH SPACES

IVAN P. GAVRILYUK AND VOLODYMYR L. MAKAROV

ABSTRACT. We consider the Cauchy problem for the first and the second order
differential equations in Banach and Hilbert spaces with an operator coeffi-
cient A(t) depending on the parameter t. We develop discretization methods
with high parallelism level and without accuracy saturation; i.e., the accuracy
adapts automatically to the smoothness of the solution. For analytical solu-
tions the rate of convergence is exponential. These results can be viewed as
a development of parallel approximations of the operator exponential e~t4
and of the operator cosine family cos V/At with a constant operator A possess-
ing exponential accuracy and based on the Sinc-quadrature approximations of
the corresponding Dunford-Cauchy integral representations of solutions or the
solution operators.

1. INTRODUCTION

We consider the evolution problems

(1.1) du 4 A(tyu = f(t), te€(0,T]; u(0)= uo,
and
(1.2) ((1127“2‘ +A)u=f(t), te€(0,T]; u(0)=mwuo, u'(0)=un

where A(t) is a densely defined closed (unbounded) operator with the domain D(A)
independent of ¢ in a Banach space X, ug, ug1 are given vectors and f(t) is a given
vector-valued function. We suppose the operator A(t) to be strongly positive; i.e.,
there exists a positive constant Mp independent of ¢ such that on the rays and
outside a sector ¥p = {z € C:0< arg(z) < 0,0 € (0,7/2)} the following resolvent
estimate holds:

(13) (eI — A < T

' 1+

This assumption implies that there exists a positive constant ¢, such that (see [7],
p. 103)

(1.4) |AS(t)e *AD || < s, s>0, K>0.
Our further assumption is that there exists a real positive w such that
(1.5) e=sAW| < e™w* Vs, t € [0,T]
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(see [23], Corollary 3.8, p. 12, for corresponding assumptions on A(t)). Let us also
assume that the conditions

(1.6) I[A(t) — A()]AY(#)|| < Lot —s| W, s, 0<y <1,
(1.7) |AP(#)AP(s) = I|| < Lplt —s| Vi, s €[0,T)]

hold. Note that efficient approximations without accuracy saturation or with the
exponential accuracy for the solution operators of equations (IL1I), (I2) with an
unbounded operator A independent of ¢ were proposed in [8] @, [13] [T4]. Using the
Cayley transform, one can represent the exact solution (or the solution operator)
by a series. The truncated sum of IV series terms represents a numerical algorithm
without accuracy saturation, i.e., with the convergence rate automatically adapting
to the smoothness of the input data [8] [I4]. Other approximations [9, [I3] use
representations of the exact solution or the solution operators through the resolvent
of the spatial operator by the Dunford-Cauchy integral along a path in the complex
plane enveloping the spectrum of the spatial operator. After parametrization this
integral can be translated into an improper integral over the real axis and the
last one is then approximated by a suitable Sinc-quadrature [26] possessing an
exponential convergence rate. In this way we get an approximation to the solution
operator as a short sum of resolvents of the spatial operator.

Sinc approximations can also be used to get exponentially convergent approxima-
tions to the solutions of various partial differential equations (PDE) with a known
Green function or a fundamental solution which allow one to represent the solution
by an integral [27]. Note that, in general, it is not the case for arbitrary equations
of the type (), (I2) considered in the present paper.

The aim of this paper is to get algorithms without accuracy saturation and
exponentially convergent algorithms for the solution of equations (1), (C2). We
use a piecewise constant approximation of the operator A(t) and an exact integral
corollary of these equations on the Chebyshev grid which is then approximated
by the collocation method. The operator exponential (for equation (II))) and the
operator cosine function (for equation (I2)) with stationary operators involved in
the algorithms can be computed by the Sinc approximations from [9, [13].

We begin with an example which shows the practical relevance for the assump-
tions above.

Example 1.1. Let ¢(t) > qo > 0, ¢t € [0,T], be a given function from the Holder
class with the exponent o € (0,1]. We consider the operator A(t) defined by

D(A(t)) = {u(x) € H*(0,1) : u(0) = u”(0) = u(1) = «”(1) = 0},

(1.8) 2 2 4., 24
A(t)u = { d ( )] u = % - 2q(t)% +¢*(Hu Vu € D(A(t))

dx?
with the domain independent of ¢. It is easy to show that
D(AV2(t)) = {u(z) € H*(0,1): u(0) = u(1) = 0},

(1.9) A1/2( )——£+Q( )u VuéD(A1/2( ))

—1/2(¢ /Gxgt €) de,
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where the Green function is given by
(1.10)

Clo.tt) = {smh( a(t)a) sinh (va()(1 - €), iz <&,
Y \/—smh V() |sinh (v/g(#)¢) sinh (\/g(#)(1 — z)), if £ < a.
Then we have the relation
(1.11)

A4G) = A 200 = o0~ ) { 2205 + a0 + o)} [ G0t

= [q(t) — q(s)] {211(3?) —[q(t) - q(S)]/O G(z,&t)v(€) d§}7
which leads to the estimate
ITA®) — A(SIA2 ()0l co.1—cro.1)

(1.12) . .
< Lt — s|%9 2|lvl|¢jo,1 + L[t — s]

2\/1(](7) tanh (v/q(t)/2)[[v]lcpo,y }

where L is the Holder constant. This inequality yields
[[A() — A(S)]Ailm(t)||C[0,1]ec[o 1]
< L{2+LT“tanh(\/q(t)/2 2v/q(t } It — 8|

i.e., condition (L6) is fulfilled with v = 1/2 provided that « = 1. Let us prove
condition (7). We have

2 1
[A1/2(t)A—1/2(s) — I}v = [—% + q(t)} /0 G(z,&; s)v(€) dE — v(x)

(1.13)

(1.14) )
= lat) —a(s)] | Glass)ole) e
from which it follows that

tanh tanh (1/q(t)/2) o
I||co1]ﬂc*[o1] /— It —s|*;

i.e., condition (7)) is fulfilled with 8 =1/2,§ = a = 1.

(L15) AR A )

Remark 1.2. Tt is clear that, in general, for elliptic operators inequalities (I.6)) and
(L) hold true with v =1,3=1.

Remark 1.3. Assumption ([@J)) is not restrictive due to stability results from [I5].
The two initial value problems

(1.16) Z—? + At u = f(t), u(0)=wuo
and

dv
(1.17) I + B(t)v=g(t), v(0) =1

with densely defined, closed operators A(t), B(t) having a common domain D (A(t))
= D(B(t)) independent of ¢ were considered. The following assumptions were
made.
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(1) There exist bounded inverse operators A=!(¢t), B~!(t) and for the resol-
vents Ru)(z) = (z — A(t)) "', Rew(2) = (z — B(t)) ™! we have

1 1

1.1 < R <
(L.18)  [[Rany()Il < T IR (2)|l < T4 7]

(0+e<|argz| <)

for all 8 € (0,7/2),€ > 0 uniformly in ¢ € [0,T].
(2) The operators A(t), B(t) are strongly differentiable on D(A(t)) = D(B(t)).
(3) There exists a constant M such that

(1.19) |A%(s)B~P(s)|| < M.

(4) For the evolution operators Ua(t, s),Ugp(t, s) we have

(1.20) [A@UAG ) < 7o, 1BOUs(E )] < 7

(5) There exist positive constants C, Cjs such that

(1.21) ||Ap(t)A*p(s)—I|| <CJt—s|*
and
C C
B < B B < B
(12) IOV < i B OUs () < =i

for0< B <a+g.
The following stability result for Banach spaces was proved in [15] under these
assumptions:
AP (@#)2(0)]| = 1IA° (&) (u(t) — v(D)]
< M||A%(0)2(0)|| + csM max [[[B(s) — A(s)] A7 (s)]
(1.23) N
1-p

t

+M A 1B”(s)g(s)|| ds.

It is possible to avoid the restriction 3 < 1 if we consider equations (.10,
(CI7) in a Hilbert space. In this case we assume that there exists an operator
C = C* > ¢gl such that

(1)
(124 l1A(s) - B <4,
(2)
(1.25) (As)y,Cy) = ollCyl?,
(B(s)y, Cy) = col|Cyl|> Vs €[0,T],co > 0.
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Then the following stability estimate is fulfilled [I5]:
1 t
5(Cz(2),2(1)) + (co — e ~ 61)/ IC2(s)]ds
0

C1palco —e)!
< max [[[A(s) = Be)IC P —
(1.26)

xi/t|<>|2d+1<c )
" 9(s)1*ds + 5 (Cvo, vo

/ 1£(s) = g(s)||°ds + 1(0(’“0—?}0),“0—’00)7

with arbitrary positive numbers €, €1, €2 such that € + €; < ¢y, €a < ¢g which stand
for the stability with respect to the right-hand side, the initial condition and the
coefficient stability. Note that an analogous estimate in the case of a finite dimen-
sional Hilbert spaces and of a constant operator A was proved in |25 p. 62].

Example 1.4. Let Q C R? be a polygon and let

2
0 0]
(1.27) L(z,t,D) Z 8 (@, t) 5 — o +ij(x,t)a—xj + ez, t)
4,j=1 Jj=1
be a second order elliptic operator with time-dependent real smooth coefficients
satisfying the uniform ellipticity condition
2
(1.28) > ag(@ e > alE (€= (6,6%) €R)
i,j=1
with a positive constant ;. Taking X = L*(Q) and V = H}(Q2) or V = H(Q)
accordingly to the boundary condition

(1.29) u=0 on 902 x(0,T)

or
ou

(1.30) L L ou=0 on 90 x 0,7),
Ove

we set

(u,v) Z/ama:tg—ug;d
g

1,7=1

—l—Z/b (x,t) vda:—l—/c(x,t)uvdx—i—/ oz, t)uv dS
Q lo)

for u,v € V. An m-sectorial operator A(t) in X can be defined through the relation

(1.31)

(1.32) Ay (u,v) = (A(t)u,v),
where u € D(A(t)) C V and v € V. The relation
(1.33) D(A(t)) = H*(Q) N H(Q)

follows for V = H{(2) and
ov
_ 2
(1.34) D(A(t)) = {v € H(Q) | s on 89}

for V.= H'(Q), if 9 is smooth for instance.
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It was proven in [7, pp. 95-101] that all the assumptions above hold for such an
operator A(t).

As we will see below, the parameter v from (L8] plays an essential role for
the construction and the analysis of discrete approximations and algorithms for

problems (1)), (IC2).

2. DISCRETE FIRST ORDER PROBLEM IN THE CASE v < 1

For the sake of simplicity we consider problem ([T on the interval [—1,1] (if
it is not the case, one can reduce problem (1) to this interval by the variable
transform ¢ = 2¢'/T — 1,t € [-1,1],¢ € [0,T]). We choose a mesh w,, of n various

points wy, = {t; = cos (Qk;rll)”,k =1,...,n}on [-1,1] and set 7, =ty — tx—1,
(2.1) A(t) = Ap = Aty), t € (th1,trl,

where tj, are zeros of Chebyshev orthogonal polynomial of the first kind T, (t) =
cos (narccost). Let t, = cosf,,0 <6, <mv=1,2,...,n, be zeros of the Cheby-
shev orthogonal polynomial T;,(t) taken in decreasing order. Then it is well known
that (see [28], Ch.6, Th.6.11.12, [29], p. 123)

™

b1 — by < —, v=1,...,n,
(2.2) n -
Tmax — Max 7 < —.

1<k<n n
Let us rewrite problem () in the form
du — —
S0 L A = [A() — A)]ult ¢
23) W Aty = [A(D) — AWut) + 70),
u(0) = uo

from which we deduce

u(t) = e M=ty ()

[ eI A Al + F)dn, ¢ i)

tr—1

(2.4)

Since Aj_; and e~4*-1" commute, assumption (7) yields

(2.5) IAZAL P < 1+ |AZA P = T|| < 1+ Loty — 6] < 1+ LyT.
Let
n
(2.6) Pooa(tiu) = Pooqu= > u(ty)Lyn1(t)
p=1

be the interpolation polynomial for the function u(¢) on the mesh w,, let y =
(Y1,---,Yn), ¥yi € X be a given vector, and let

n
(2.7) Py 1(t;y) = Py = Zprp,nfl(t)
p=1

T (t)

be the polynomial that interpolates y, where L, ,—1 = T =)
n\"pP P

7p = 17 AR 7n)
are the Lagrange fundamental polynomials.
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Substituting P, (n;y) for u(n) and yi, for u(ty) in (24), we arrive at the following
system of linear equations with respect to the unknowns yy:

n
(2.8) Y =€ MRy +Zakpyp+¢k, k=1,...,n,
p=0

where

tr
Qpp = / eiAk(tkin) [Ak — A(n)]Lp,n—l(U)dﬂa
(2.9) e

tr
by = / =A@t £ ().

tr—1

Remark 2.1. In order to compute ay, and ¢, efficiently, we replace A(t), f(t) by
their interpolation polynomials (it is possible due to stability results (L23), (L26);
see also [15]) and then calculate the integrals analytically. We have

—t—t T ()
(2.10) PR
1 Th(t
t) = = f(t
f() lz:;t_tlTylL(tl)v fl f(l)a
so that
1 1 /t’“ Aw(t T3 (n)
Qkp = e Anltemm) 5 dn[Ay — Al
oy T 27w o =) — 1)
. " .
¢k —_ fk /k e_Ak(tk_n)Tn(n)dn.
=1 TY/L(tl) th—1 n—- tl
Using the relation 2772(n) = 1 + 2T%,(n), the polynomial pélT’LP_)Z = #&71%) can

be represented as (see [2])

p0n) _2Ton(m) +1
22 —t)(n—tp)

1 S (=DM @Rn—m =) o o,
(2.12) T2 —t)(n—t,) [mmzo l2n — 22 1
= z_: a(l,p)n*"
1=0

where the coefficients g; (I, p) can be calculated, for example, by the Horner scheme.
Given ¢;(l,p), we furthermore find that

n 2n—2

(2.13) Uhp = 77 }tp) Z T’l(tl) Z qi (1, p) 11 ,i[Ar — Al

=1 i

1=
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tr ‘
Iy i :/ e*Ak(tk*n)n%%ﬂdn

562
where
te—1
2n—2—i
s=0
(2.14) ’

2n—2—1

> (-1)*2n—2—1i)(2n—3—i)

e (2n—=2—i—s+1 A—s—thn—Q—i—s
k k

- Y (-1)f@n-2-i)(2n-3-1)

s=0

(20 =2 =i — s+ ) A T 2T e AR

Analogously one can also calculate ¢y.

For the error z = (2o, 21, - - -

(2.15)

where

(2.16)

tr—1

We introduce the matrix

(2.17) S ={sin}ipe1 =

n
—AgT
zp=e TRy 1+ E Qppzp + Ui,

e—A1T1

p=0

0 0
I 0
—e—A2m2 T
0 0

k=1,...

—€

yZn), 2k = u(tx) — yx we have the relations

7n7

br = / " A A — A(n)][u() — Pa(n;u)dn.

0
0
0

—Ap_1Tn-1

the matrix C' = {dyp}} =y With ag, = AJay A, and the vectors

y,—A
Ale™ Mg

AYyl AY¢1 0
(2.18) y= f= f=
v v ’
Anyn ay on 0
It is easy to see that for
5= {Si_,l Zk:l
I 0
—A1T1
e I
(219) — e—AQTQe—AlTl e_A2T2
e*AnflTnfl .. ,e*AlTl 67A7L71T7L71 .. e*Asz
we have
I 0 0
(2.20) sis=|" 1 0
0 0 I

Al

Ajibn

o O

—Ap—1Tn-1

o

1

o O
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Remark 2.2. Using results of [9] [I3], one can get a parallel and sparse approximation
with an exponential convergence rate of operator exponentials in S~! and as a
consequence a parallel and sparse approximation of S~1.

We get from [2.8), (2.15])

n
AZyk = e_AkaAzyk_l =+ Z &kpA;yp + A’]Z¢k;
p=0
(2.21) n
AZZ]C = efA’“T’“Asz,l + Z &kpAZZp + Azwkv k=1,...,n,
p=0
or in matrix form

Sy=Cy+f—f,

(2.22)
Sz=Cz+1
with
A’IYZl
(2.23) z=
Az,
Next, for a vector v = (vy,vs,...,v,)7 and a block operator matrix A =

{aij}?jzl we introduce the vector norm
;

(2.24) 10l = Mvlllee = max v

and the consistent matrix norm

n

(225) AN = Al = e 3 ol

Due to we get
(2.26) S~ < n.
For further analysis we need the following auxiliary result.
Lemma 2.3. The estimates
(2.27) IC|l] < (1 + L, T)n"~?1Inn,
(2.28) SOl < ¢(1 4+ L, T)n” 1nn
with a positive constant ¢ independent of n hold true.
Proof. Assumption (LC6) together with (2H) implies

lenpll = 1147 A5 7|

tr
= Afe MR AL — A()] A, Ly (n)dn|

tr—1

~ tk
<(1+LT) il [ Lyl T =2
tr—1

(2.29)
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Using the well-known estimate for the Lebesgue constant A, related to the Cheby-
shev interpolation nodes (see, e.g., |28 [29])

2.30 = Ly <cl
(2:30) ngalxle, ()] < elnn

and ([229), we have
n
IO < max > [l
1

N

1<k<n

IN

(231) (1+L T max maX Z|LP" 1

< (1+L,T) iazA < c(l + L, T)r2 2 Inn
< (14 L,T)n"?Inn
with some positive constant ¢ independent of n. This estimate together with (226)
implies
(2.32) IS~ < e(1 4+ L,T)n"tinn — 0
as n — oo provided that v < 1. O

Remark 2.4. We have reduced the interval length to T' = 2 but we write T" explicitly
in order to underline the dependence of constants involved on T in the general case.

Let II,,_1 be the set of all polynomials in ¢ with vector coefficients of degree less
than or equal to n — 1. Then the Lebesgue inequality

[u(n) = Poa(msw)lle-1.1

(2.33) = nn[:[alxl] lu(n) — Poca(myu)|] < (14 Ap)En(w)

can be proved for vector-valued functions in complete analogy with [T, 28, 29] and
with the error of the best approximation of u by polynomials of degree not greater
than n —1

2.34 E.(u)= inf .
(2.34) (w) = dnf =~ max [u() = p@)]

Now, we can go over to the main result of this section.
Theorem 2.5. Let assumptions ([L3)-7) with v < 1 hold. Then there ezists a
positive constant ¢ such that the following hold.
(1) For n large enough it holds that
(2.35) Nzl = [y = ull| < en” ™' InnEy (AGw),

where w is the solution of (L.IJ).
(2) The system of linear algebraic equations

(2.36) Sy=Cy+f

with respect to the approximate solution y can be solved by the fized-point
iteration

(2.37) y*tD = 5=1oy®) L §=1(f — f), k=0,1,...; y© arbitrary
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with the convergence rate of a geometrical progression with the denominator
g<en" 'lnn <1 for n large enough.

Proof. From the second equation in (2.22) we get
(2.38) z=S8"1Cz+ S 1y
from which due to Lemma[2.3] and [2:26) we get
(2.39) 21l < enlll ]

for n large enough. The last norm can be estimated in the following way:

t
ol = o [ e L~ ago)
th—1

1<k<n

x AT (ALA ) (Agu(n) — Pu(n; Agu)) | dil

IN

~ tk
(2.40) (1+ L,T) max / lte — 0| |te — 1)
te—1

x || AGu(n) = Po(n; AJw)]ldn
< (L+ L) 21 AJu() = Poa (5 AJu) | op—1,1)

max

< (14 Ly (14 Ap)En(AJu) < en 2 InnE, (AJu),

max

and taking into account (Z39), we get the statement of the theorem. (I

3. DISCRETE FIRST ORDER PROBLEM IN THE CASE 7 <1

In this section we construct a new discrete approximation of problem ([LI) which
is a little more complicated than approximation (2.8) of the previous section but
possesses a higher convergence order and allows the case v = 1.

Applying transform (Z4]) once more (i.e., substituting u(t) recursively), we get

(3.1)

t
u(t) = {eAk(ttk—l) _,_/ e~ Ar(t—n) [Ar — A(n)] eAk('r]tk—l)dn} w(tp—_1)

tr—1

[ e )] [T e 04— A u(s)dsdg

tr—1 tr—1

+ [ e—Ak“-"){[Ak—A(n)] | e‘Ak(”‘s’f(S)derf(n)}dn.

th—1
Setting t = tj,, we arrive at the relation
(3.2)
u(ty) = Sk p—1u(tr—1)

" / ) / " e A4y — A(s)]u(s)dsd + .

tr—1 tr—1
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where
t
Skko1 = e~ ARk +/ § e_Ak(tk—n)[Ak _A(n)]e_Ak('fl_tk—l)dn,
th—1
tr
(3.3) ¢k:/ efAk(tkfn)f(n)dn
th—1

tr n
T ot [ oo

tr—1 tr—1

Substituting the interpolation polynomial P,_1(n;y) from the previous section
for w(n) and yy for u(t) in (32), we arrive at the following system of linear equa-
tions with respect to the unknowns yy:

(3.4) Yk = Sk k—1Yk—1 +Zoékpyp+¢k, k=1,...,n,
p=1

where

ty
iy = / e AT Ay — A(y)]
tk—1
(3.5) n
></ e~ A=Ay — A(8)|Lpn—1(s)dsdn.

tr—1

Remark 3.1. Due to stability results (I23)), (IZ6) (see also [I5]) one can approxi-
mate the initial problems by problems with polynomials A(t), f (t), for example, as
interpolation polynomials for A(t), f(t).

With the aim of getting a computational algorithm for ay,, we write down
formula (335) in the form

o ' —Ax( )
A (te—n
/ /
(3.6) te—1 Jtr—1

x [Ay — A(p)]e™ 1= dn[ Ay, — A(s)] Lp,n—1(s)ds.
In order to calculate the inner integral, we represent
(3.7) A(n) = Ap + (tk — U)Bl,k +---+ (tk — ﬂ)nian,Lk.

Then we have to calculate integrals of the type

n
(3.8) Gpp = / e~ An(ts—n) (t — n)po,keiAk(nis)dn.

tr—1

Analogously to [T5], using the representation by the Dunford-Cauchy integrals and
the residue theorem under assumption of the strong P-positiveness [8] [13, 9] of the
operator A(t), one can get
|

(3.9) Gip = % e F O (A — 2 PTUIB, (2] — Ay) " dz,

i
where I'; is an integration parabola enveloping the spectral parabola of the strongly
P-positive operator A(t). Now, using (B71), (89), formula (B8] can be written down
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as

1

Ahp = i

n—1
/ > pl(Ag = 2I)PTIBy (2] — Ap) T
(3.10) e

tr
« / o2 (tk—s) [Ax — A(8)]Lpn—1(s)dsdz.

tr—1

The inner integral in this formula can be calculated analogously to (ZI3)), and the
integral along I'; can be calculated explicitly using the residue theorem.

For the error z = (z1,..., 2n), 2k = u(ty) — yr we have the relations
(311) 2 = S]“k,lzk,l +Zakpzp+1/)k, k=1,...,n,
p=0
where
tr ul
(3.12) oy = / e Arlte=m) / e A=A — A(s)|[u(s) — Po_1(s;u)]dsdn.
te—1 th_1
We introduce the matrix
{ 0 o - - - 0 0
3 —S91 I 0 0 0
(3.13) S=Gihoa =] 0 =8 I 0 0/,
0 0 0 - -« —Sppa I

with S’k,kfl = Azsk,kflA;;jl; the matrix C' = {&kyp}’g,p:l with dk’p = AZak,pAIjV
and the vectors

A7 S.
Ay Al Al e
Alyn a3 én Al tbn 0
It is easy to check that for
St = {5;; k=1
~I 0 0 e 0 0
(3.15) Sy I 0 .0 0
= S32.521 S32 1 R 0 0
Spm1-So1 Spp-1---Ss2 Spp-1---Siz - Sy I
we have that
I 0 0
~ 0 I 0

(3.16) S71S =
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Remark 3.2. Using results of [9], one can get a parallel and sparse approxima-

tion of operator exponentials in S —1 and as a consequence a parallel and sparse
approximation of S~

We get from (B4), BI1)

n
Ay = Sk AL k-1 + Y GrpAgyp + A,
p=0

(3.17)

n
Az = Sk 1A} 1261 + E anpAYzp + ALY,
p=0

or in matrix form

Sy=Cy+f+f,

(3.18) Sz=Cz+1p
with

Az
(3.19) z =

A;’l'zn

In the next lemma we estimate the norms of C' and S—1C.

Lemma 3.3. The estimates

(3.20) ICNl < e(y, T)n**Inn,
(3.21) |||§_1C||| <c(y, T)n*3Inn

with a positive constant ¢ = ¢(T, ) depending on v and the interval length T but
independent of n and such that ¢ = ¢(T,7) — oo as v — 1 hold true.

Proof. Assumption (L8] together with (L4), (23, (Z2), (230) imply

(3.22)
lGkpll = [ Agrp A, 7|

tr
I [ Ape A - Aw)
th—1

n
xA?/ AYe =9[4y — A(8)| A5 Ly ()]

tr—1

N - 2 [tk n
< (L7 (eio) [ a7 [ sl e sl Ly (s) s
tr—1 th—1
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Due to (B.22)) we have

1<k<n

n
IOl = max > lldnll
p=1

. ~ 2
< (1 + L,YT> (C,YLL,Y> A, max

1<k<n
tr ul
<[t [ s shdsd
tr—1 th—1
. N T
329 < (L BT (erdaa) Ao s 775

tr
X / Itk =" — te—1|"dn

th—1

IN

~ ~ 2 7'2_’}/ R 1
(1 + L”/T) (CA/LI,”/) A, 1I<nI?§n 1k_ ~ /t |tk - 77| ~Tdn
SRS k—1

< C(’Ya T)An7—4_2’y

max

c(y, T)n*~*1nn,

IN

(1+L,T)(ev L1 ,4)

2
where c(v,T) = ¢ Ty > ¢ Is a constant independent of n,y and (B20) is

proved.
Furthermore, the inequalities (L)), (I6), (I70) imply

1Sk k1]l < e ™ + ¢ Ly (1 + Ly7k)

tr
X / |tk — 0|7 [t — mle (=1 dp

(3.24) t—1
< emwm [1 + cyLa (1 + L'ka)Ts—W]
2—y
which yields
_ n—1 qn _1
(3.25) IS <> e =
p=0 ¢-1

with

2_7 max

g= {e—UJTmax [1 + CryLl,'y(l + L»YTmaX) 72_7] } 1

as Tmax — 0. This means that there exists a constant C' = C(y, ¢y, IZV, I:LA,) such
that

(3.26) IS~ < Cn
(it is easy to see that C' < 1 provided that —w + %WT&QQ < 0). This
estimate together with (3:23)) implies (B:2I)). The proof is complete. O

Now, we can go to the first main result of this section.

Theorem 3.4. Let assumptions (L3) (1) with v < 1 hold. Then there exists a
positive constant ¢ such that the following hold.
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(1) For n large enough it holds that
(3.27) 21 =y = ulll < en® P InnEy(AJu), v €[0,1),

where u is the solution of (LI) and E,(Aju) is the best approzimation of
Alu by polynomials of degree not greater then n — 1.
(2) The system of linear algebraic equations

(3.28) Sy=Cy+f

from (BI8) with respect to the approzimate solution y can be solved by the
fixed-point iteration

(3.29) y*+1) = §=1C0yk) 4 §=1(f — f), k=0,1,...; y© arbitrary

converging at least as a geometrical progression with the denominator q =
c(y,T)n*=31nn < 1,y € [0,1) for n large enough.

Proof. From the second equation in ([BI8) we get

(3.30) 2= 57102 + 514
from which due to Lemma[2.3] and (B:25) we get
(3.31) [zl < enlll¥]l]-

Let II,_1 be the set of all polynomials in ¢t with vector coefficients of degree less
than or equal to n — 1. Using the Lebesgue inequality (Z33), the last norm can be
estimated as

(3.32)
ti
_ v, —Ar(tk—n) _
il = max Il | - Ae [A, — A(n)]
n
8 / e A=) [A) — A(s)] Ay " (Agu(s) — Pay(s; Agu))dsdy)|
th_1
~ 2 tk
< (U Lol s [ =il =

n
x / 0 — st — sl Agu(n) — Py (s: Aju)|dsdn

tr—1

< (14 LyT)(ey Ly 4)2(1 4 An) En(Alw)

t n
—nl= — — gl —
X max {/t_ [t =0 |tx — /tk_l [ = [ [tk SIdsdn}

< ce(y, T)En(Aju)n® ~*Inn,

and taking into account (B31l), we get the first assertion of the theorem.
The second assertion is a simple consequence of ([B.28) and (B.21), which com-
pletes the proof of the theorem. O

Under somewhat stronger assumptions on the operator A(t) one can improve the
error estimate for our method in the case 0 < < 1. In order to do it we need the
following lemma.
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Lemma 3.5. Let L, ,—1(t) be the Lagrange fundamental polynomials related to the
Chebyshev interpolation nodes (zeros of the Chebyshev polynomial of the first kind
T,.(t)). Then

3.33 L, 1) < ———==+/2/3n%>.
( ) ;| v,n 1( )| — m /

Proof. Let x € [~1,1] be an arbitrary point and let €, = sign(L}, ,,_;(x)). We
consider the polynomial of ¢

n n—1
(3.34) plt;z) = € (x)Lyn-1(t) = Y er(2)T, (1)

v=1 v=1
Since p?(t; x) is the polynomial of degree 2n — 2, then using the Gauf-Chebyshev
quadrature rule and the property Ly n,—1(t,) = 0, of the fundamental Lagrange
polynomials (dy,, is the Kronecker symbol), we get

1 2 n—1 n
p°(t; ) 2/, \T 2
——dt = c,(z)z = Avp”(ty;
S IS S
(3.35) N -

_" 2_" — ' 1 —
—;Ayﬂ/_;Av—/_l /—1_t2dt_7r

with the quadrature coefficients A\, which yields

(3.36) 3 2 (z) = 2.
0

N
Il

The next estimate

n n—1
pla) = 1L 1@ <D lelIT) ()]
v=1 v=0

n—1 1 n—1 /2 4,4 1/2
v
3.37 = E cy < E 2 E v?
( ) y=0| |\/1—x2\/1—x2< V) ( )

v=0 v=1
1 n—1 1/2
< i (Ser) v
1—22 (uo
together with (3.36]) proves the lemma. O

Now we are in the position to prove the following important result of this section.

Lemma 3.6. Let the operator A(t) be strongly continuous differentiable on [0,T)
(see [18], Ch. 2, §1, p. 218, [19]), satisfy condition (1.G), and let A’(s)A=7(0) be
bounded for all s € [0,T] and vy € [0,1] by a constant ¢’. Then for n large enough
the following estimates hold true:

(3.38) Ol < en’ =572, v eo,1],
(3.39) IS~1Cl| < en?=*2, v e (0,1]

with some positive constant ¢ independent of n,~y.
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Proof. Opposite to the proof of Lemma (see (3.22)), we estimate dy, as

syl = | AL oy 457
123
-y / Afe A=A, — A(y)]
k—1

L[ de—Ar(n—9) _
x AL /t T[Ak — A(8)]A, Y Ly n—1(n)dn]|
k—1

tr
) [ Ao A A, — AG) Akl{[Ak — AM)A; Ly (1)

tr—1

_ efAk(nftk_l)[Ak _ Akq]A;VLp,nq(tkq)

n
+ / A=) A1 () ATV, oy (s)ds

tr—1

n
- [1 e —A(s)}A,ﬂL;,n_1<s>ds}dn||

3.40 tkk_l N B N
(3:40) < / ey Lya(tey —n) 7 (b — U){Ll,w(tk =)L+ LyT)[Lpn—1(n)]

tr—1

~ ~ - n
B+ B T)op s + (14 LVT)/ Ly (s)|ds

th—1

77 ~ ~
+ / Ly (tk —s)(1+ LA,T)|L;7n1(s)|ds}dn

tr—1

tr B N
< / Cle,l{le(tk —10)* 7| Lpn-1(n)|
te—1
+ L1 ymie (L4 LyT) (b — 0)' 7 6p k1

- n
(Ut LTt — )™ / | L (5)|ds

tr—1
- . n
+ Ly o7k (1L + LT (b — )t / |L;,n1(s)|ds}d77.
th—1
Using this inequality together with (3:33)), (B:25) and the relations arcsint = 7/2 —
arccost, ty = cos 2’;—;17r, k=1,...,n, we arrive at the estimates

n
IO = max > [ A, A, 7|
p=1

1<k<n

tr 1
< M{n'31 T3 4 gy —3/2 —d
S {n nn-+n +n lrgngécn - — S

<M {n7_3 Inn+n""3 +n7 32 max (arcsinty, — arcsintkl)}
<n

(3.41)

S ]\4’,,1’}/—5/27
IIS~*C| < Mn7=3/2

with a constant M independent of n. The proof is complete. (Il
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Remark 3.7. If an operator A(t) is strongly continuous differentiable, then condition
(CH) holds true with v = 1 and the operator A(t)A~1(0) is uniformly bounded (see
[18], Ch. 2, §1, p. 219, [19]).

Now, we can go to the second main result of this section.

Theorem 3.8. Let the assumptions of LemmalZA and conditions (L3)—(D) hold.
Then there exists a positive constant ¢ such that the following hold.

(1) For~ €[0,1) and n large enough it holds that
(3.42) 201 = llly = ulll < en® = Innk, (Agw),

where u is the solution of (LI) and E,(Aju) is the best approzimation of
AJu by polynomials of degree not greater then n — 1.

(2) The system of linear algebraic equations ([B.28) with respect to the approxi-
mate solution y can be solved by the fixed-point iteration

(3.43) y* D) = §=1Cy(k) 4 =1 ¢ k=0,1,...; yOarbitrary

converging at least as a geometrical progression with the denominator q =
c(y, T)n"=3/2 < 1 for n large enough.

Proof. Proceeding analogously as in the proof of Theorem [3:4] and using Lemma

BE and B20), we get

(3.44) [zl < enll[]]]-
For the norm |||1]|| we have (see (332)
(3.45) [0l < e(1 + Ly T) Ep(Agu)n®~*Inn, € [0,1)

which together with (3.44]) leads to the estimate (B.42) and to the first assertion of
the theorem.
The second assertion is a consequence of ([B41l). The proof is complete. O

Remark 3.9. A simple generalization of Bernstein’s theorem (see [20] 22, 21]) to
vector-valued functions gives the estimate

(3.46) En(Agu) < pg"

for the value of the best polynomial approximation provided that Aju can be an-
alytically extended from [—1, 1] into an ellipse with the focus at the points +1, —1
and with the sum of semi-axes py > 1.

If AJu is p times continuously differentiable, then a generalization of Jackson’s
theorem (see [20] [22] [21]) gives

dPAju

(3.47) E,(AJu) < epn™Pw( s in~h)

with the continuity modulus w.

Further generalizations for Sobolev spaces of vector-valued functions can be
proven analogously [3], Ch. 9. Let us define the weighted Banach space of vector-
valued functions L? (—1,1), 1 < p < +o0, with the norm

(3.48) lell e, =11y = (/11 IIU(t)II”w(t)dt) "
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for 1 < p < oo and

(3.49) llull oo (—1,1) = sup [lu(t)||
te(—1,1)

for p = co. The weighted Sobolev space is defined by
H™(-1,1) = {v € Li(~1,1):for 0 <k <m,

dF
the derivative E: belongs to L2 (—1, 1)}

Lﬁ)(1»1)> .

Then one gets for the Chebyshev weight w(t) = \/% (see [3], pp. 295-298), for the

7t2
polynomial of the best approximation B, (t) and for the interpolation polynomial

P, (t) with the Gauss (roots of the Chebyshev polynomial T),1(¢)), Gauss-Radau
(roots of the polynomial T, 41 (t)— T”qfli((l_)l)Tn (t)) or the Gauss-Lobatto (roots of the
polynomial p(t) = Ty4+1(t)+aTy(t)+bT,—1(t) with a, b such that p(—1) = p(1) = 0)
nodes

with the norm

m
(3.50) lull g (—1,1) = (Z

k=0

o
dtk

En(u) = |lu = Boullpoe(-1,1) < en> ™ ]l e ~1.1),
|lu — Bpul

= Paailiz 1y < en” ™ ullmg 10,

L2 (-1,1) <en” ™

w

u|lgm(—1.1),
(3.51) fullzry (1.1

o/ = (Pow) |12 (=1,1) < en® ™ ull gy (<11

When the function v is analytic in [—1, 1] and has a regularity ellipse whose sum
of semi-axes equals €, then

(3.52) '~ (P |22 (1) < elmm®e™ ¥ € (0,m0).

For the Legendre weight w(t) = 1 one has (see [3], pp. 289-294)

lu — Brul|po(—1,1) < en™ ™ |Jull gm (1,1, 2 < p<oo,
(3.53) lu = Boullgi—11y < en® "2 ullgm 10y, 1<U<m,
3.53 ’
u = Poullge—11y) < en® ™2 ul gm(—11)y,  1<1<m,

v — (Pou) | p2(-1,1) < Cn5/2_m||u||H,gL(—1,1)7

where the interpolation polynomial P, (t) can be taken with the Gauss (roots of the

Legendre polynomial L,1(t)), Gauss-Radau (roots of the polynomial L,y;(t) —
L”Eli((l_)l)Ln(t)) or the Gauss-Lobatto (roots of the polynomial p(t) = L,11(t) +
aLy(t) + bL,_1(t) with a,b such that p(—1) = p(1) = 0) nodes.

Note that the restriction v # 1 in Theorem B8 is only due to the estimate (3:32]).
Below we show how this restriction can be removed.
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Using (2230), (B351), we estimate the norm |||¢|||2 for v =1 as
(3.54)
tr "
ol = e 1) [ A (4, = )
tep—1

1<k<n

n
[T e (A A(s)) AT (ALAG (A u(s) — Pacs (s A )
tr—1

tr
max H/ A== (AL A(n)) ALY
tr—1

1<k<n

ds

o de~Ar(n—s) . .
X ——— (Ar — A(5)) Ay (ArAq ) (Aou(s) — Pr1(s; Aou))dsdn||
tr—1

tr
— max H/ A=K (A4, A(n)) At
tep—1

1<k<n
| (= A AT (40T Aout) = Pocs 3 4000)

n
Jr/ e AR A () AT (A Ag M) (Aou(s) — Pa_i(s; Aou))ds
trp—1

-1 e - )
th—1

X Ap (ARAG ) (Aot (5) — (Pa—1(s; Aow))')ds| dn)|

- tk
<al te —n| "Mtk —
<a 1,1lr§lggn/tkil|k 0l e

x [uk i1+ L) max[[(Aou(n) = Pacs (r: Aow)|
nel—4,

+ (1 + L) /t" (Aou(s) — Pa_s (s: Aou))|ds

+ 1+ L) / "t = sl (Aot (5) — (Paca (s Aou»’)uds} dn

tr—1
- 9 -
< 61L1,1 IISIII?SXR |:Tk(1 + LlT)(l + An)En(Aou)
+ (14 LiT)m2(1 + An) En(Aou)

Bty [ 1A 6) — (Pacs o s

- 9 -
< 61L1,1 1I§l’1}?§xﬂ |:Tk(1 + LlT)(l + An)En(Aou)

+ (A4 LiT)mi (1 + An)En(Aou)

b 1 1/2
+ (14 LT / ds
. te_1 \/1 — 52

1/2
tk 1 ! . !
" (/ Tz (40w’ (8) = (Paa(s; Aow) >||ds> }

<c¢|n?InnE,(Aou) + n75/2||u/ — (Pnflu)/HLgﬂ(—l,l)}

< e(n™ ™ YD) | g 1 < en” YDl g
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provided that the solution u of problem (IIl) belongs to the Sobolev class
H(-1,1). If w is analytic in [—1,1] and has a regularity ellipse with the sum
of the semi-axes equal to €™ > 1, then using (3.52), we get

(3.55) 101l < e(no)n?e™"™.

Now, Lemma [3.0] together with the last estimates for |||¢||| yields the following
third main result of this section.

Theorem 3.10. Let the assumptions of Lemmal3.8 and conditions (L3)-[Z7) with
v =1 hold. Then there exists a positive constant ¢ such that the following hold.

(1) For~y =1 andn large enough we have
(3.56) =l = My = wlll < en™ Jull g (10

provided that the solution u of problem (ILT]) belongs to the class H'(—1,1)
- _ 1
(2) Fory =1 and n large enough it holds that

(3.57) 1zl =y = ulll < e(no)n® e~
provided that u is analytic in [—1,1] and has a reqularity ellipse with the
sum of the semi-azxes equal to e > 1 .

(3) The system of linear algebraic equations ([B28) with respect to the approxi-
mate solution y can be solved by the fixed-point iteration

(3.58) yktl) = §=1CyF) 4 g=1f, k=0,1,...; y© arbitrary

converging at least as a geometrical progression with the denominator q =
en~Y? <1 for n large enough.

Remark 3.11. Using estimates (BA3)), one can analogously construct a discrete
scheme on the Gauss, the Gauss-Radau or the Gauss-Lobatto grids relative to
w(t) =1 (i.e., connected with the Legendre orthogonal polynomials) and get the
corresponding estimates in the L?(—1,1)-norm.

4. DISCRETE SECOND ORDER PROBLEM

In this section we consider problem (2 in a Hilbert space H with the scalar
product (-,-) and the corresponding norm || - || = \/(-,-). Let assumption (L7)
related to A(t) holds. In addition we assume in this section that

(41) AN =S Al 0= pt
k=0 k=0
and
(2) A0 AW - ANATO)] < Laglt— s, pae 0,1]

Remark 4.1. Condition ([E2) coincides with (L8] for v =1/2, a = 1.

Let A(t) be a piecewise constant operator defined as in the previous sections.
We consider the auxiliary problem
T+ At = [A) ~ A)] + 1)
(4.3) dt? B ’
u(_l) = Uo, ul(l) = ué)a
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from which we get the following relations for the interval [ty_1, tx]:

u(t) = cos [/ A(t — th-)Julte,_,) + Ay ? sin [v/Ag(t — tre)]u (b, )

+ [ A sin [ VAR — ){[A) — Amu(n) + £(n)}dn,
4.4) K
( W (1) = — /Ay sin [V/AR(t = ty—)]ult, ) + cos [VAR(t — tx1)]u' (e, )

+ / " cos [y/Ax(t - m{A) — A(m)Juln) + Fn)ydn.

te—1

We chose a grid w,, of n Chebyshev points as above and substitute in (€4]) the
interpolation polynomial ([27)) instead of u. Then by collocation we arrive at the
following system of linear algebraic equations with respect to the unknowns ys, y;,
which approximate u(t) and u'(ty), respectively:

Yk = COS [\/ Aka]yk,1 =+ A;l/Q sin [\/ Aka]y;_l
n

+ Z ki + 6,

i=1

(4.5) Y = =V Arsin [\/ ArT|yk—1 + cos [\ ArTr|yr_ 1
+Zﬂk,iyi+¢§f)a k:172a"'7n7
i=1
Yo = Uo, y(l) = u6ﬂ
where

th = / " A sin (/A (t — 0)[Ax — AW Li o (m)dn,

Bri = / " cos [v/A(ts — m][Ax — A0 Linr (7)dn,
(4.6) e
o) = [ A7 sin (VA — o)),

th—1

,@:/’“ cos[V/Ax(te — ) f(dn,  k=1,2,...n.

tr—1

The errors zj, = u(ty) — yi, 2, = u'(tx) — y), satisfy the equations

2} = COS [\/ Aka]Z}c,l + A]:l/Q sin [\/ Aka]Z;_l

+) oz + o,
i=1
(4.7) 2, = —/ Agsin [/ ApTk]zk—1 + cos [\/ ArTr|2 1
+Zﬁk’izi+1/),(€2), k=1,2,...,n,
i=1

Z():O, 2:0:0,
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where

(48) o = / " A sin [/ A (b — 0))[Ax — AW))[u(n) — P ()] dn,

tr—1

o = / " cos [Vt — m))[Ax — A@)uln) — Paca ()]

tr—1

dn,k=1,2,...,n.

Let us denote gx = Alyx, ), = Azflmy;, Zr=Alz, Z, = 14;71/22,’€ and rewrite
) in the form
(4.9)

Z, = cos [V AT (A) A7) 2k
n
+sin [V A (A7 24 0Tz Z anizi + O,

i=1

Z, = —sin [V ApTi| (A A7) Ze—1

+eos VAR (AP 5 o+ B+ 0, k=12,...n,
=1

20 = 0, 20 = 0,
where
dk,i = Azakﬂ'Ai_’y
tr
= [ AP sin [/ Aty — 0)][Ax — AOIA; Ly (n)dn,
tr—1
Bri = Az_l/Qﬁk,iA;v
ty
= [ A7V cos [V Aty — m)][Ar — AmA] Lip—1(n)dn,
(4.10) o

7(1 1
0 = Aol

- / " AT sin [/ An (e — ) AR AL (u(n) — Pa_a (s w)dn,

7(2 -1/2 ,(2
@ _ g3-1/24()

tr

= [ AP cos [V ARt — n) AL A} (u(n) — Paey (:w))]dy.

th—1

We introduce the 2 x 2-block matrices

(10 eos(VAD () sin (VA (b — 1)
b (0 I>’ Bk(tk‘")<—sin<\/fk><§k—n> coswA—i)(t’Z—n))’

AVATY 0 AV 4, — AATY 0
Dy, = < k Ok ! Az—l/ZA;(Z—1/2)> ) Fz(ﬂ) = ( k [ 0 (77)] ¢ 0> )
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and
FE 0 o --- 0 0 0
—BsDo FE o --- 0 0 0
s= 0 ARl D
0 0 0 -+ —B,_1D,_4 E 0
0 0 o --- 0 -B,D, FE
an 0 az 0 -+ G 0
Bin 0 Bz 0 -+ B 0O
(4.11) C={cj}tjmn=1| - - - - - .
Bri 0 Bpa 0 -+ Bpp O

with By = B (tx — tx—1) = Br(7x) and the 2 x 2-operator blocks

These blocks can also be represented as
ti

(.12 s = [ Lin)D:B (6~ E:(r)dn
ti—1

Using the integral representation of functions of self-adjoint operators by the cor-
responding spectral family, one can easily show that

B.B: = BiB, = E,
By (tx —n)Br(tk, —n)* = Bi(tx —n)"Br(tx —n) = E.

Analogously, as in the previous section we get

(4.13)

(4.14)
E 0 0
1 B>Ds E 0 0
S = (s = | BsDsBaDs BsDs E 0
BuDy--BaDy BuDy--BsDs BuDy-BiDy - E

(;1). We introduce the vectors

with 2 x 2-operator block-elements s;
2= (Wi, Wa, ..., Wy) = (Z1, 21, - Zny 20)s
w; = (2i,2)), 21, 2, € H,
-1 9 -
Y= (U1, s, W) = (0 9P, o, ),

(2 3

(4.15)

Then equations (£9)) can be written in block matrix form as
(4.16) z=8"1Cz+ S 1.

Note that the block vectors ¥; can be written as

(4.17) W= [ Bitti-nDuldn

ti—1
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with the block vectors

- 0
Dy (n) = ( AVTY2[A; — A(n)] A7V [AT (u(n) — Pa(n; u))]> '

(3

(4.18)

The blocks F, B; act in the space of two-dimensional block vectors v = (v1,v2),
v1,v2 € H. In this space we define the new scalar product by

(419) ((ua ’U)) = (ulvvl) + (u2a 1)2),

the corresponding block-vector norm by

1/2
(4.20) Hollle = v/ ((v, ) = ([o1ll? + [[o2]1?)
and the consistent norm for a block operator matrix G = (gu g12) by
921 g22
Gv, Gu
(1.21) G = sup YEL )
w20 vl

In the space of n-dimensional block vectors we define the block-vector norm by

(4.22) Myl = mmasx ol

and the consistent matrix norm

lICyll] -
4.23 Clll = lI{ei i} —1]l| = sup = max Crpll]b-
(4.23) NCN = [l{eis b=l S Tl 1§kSan:;H\ plll
It is easy to see that
* B;v Bﬂ),Bﬂ)
1501 = 1511 = sup Sl = sup DI
(4.24) ° ’
V((BiBjv,v))
=sup~——7——"">=1
w0 [llv]l]
and due to (1)
Dkv ((Dk’U,DkU
|||Dk|||b=sup|” i — sup )
vz0 || v#0 [loll]
(4-25) (DkDik*’U,’U))
= sup =~ Cp,
v£0 [lvll]
IDENs < cp
with

cp = \/(1 + L T)2+ (1+ L, 197)2.

Let us estimate |||S71|||. Due to (Z24), (@2Z5), (EZ3) and (@I4) we have
(4.26) IS~H| < epn.
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Using assumption ([@2)) and (@I3)), {26), we get

(4.27)

A

ti
|||Ci,j|||b—/ HDENB:(E: = ) s ()L ()

ti—a1

IA

t;
ep LTl / 1L () P,
ti—1

1<k<n

n
lICN < max > lllerplllo
p=1

tr n
< erhox / Z |Ljn()ldn | < cApthhe < en ™" “Inn,
th—1 j=1

S~ < n~*Inn,

with some positive constant ¢ independent of n.
Now we are in a position to prove the main result of this section.

Theorem 4.2. Let assumptions ([[3)-@1), (E2), (LD) hold. Then there exists a
positive constant ¢ such that the following hold.

(1)
(4.28)

(2)
(4.29)

(4.30)

For n large enough it holds that
Wzl = Mlly = ulll < en™ InnE, (Agu),
where u is the solution of (L2) and E,(Aju) is the best approximation of

Al by polynomials of degree not greater then n — 1.
The system of linear algebraic equations

Sy=Cy+f
with respect to the approximate solution y can be solved by the fized-point
iteration
y* D) = §=1oy(k) 4 g-1 ¢ k=0,1,...; y9 arbitrary,
which converges as a geometric progression with the denominator q =
cn~%Inn < 1 for n large enough.

Proof. Due to (&I0), (E20) for Tmax small enough (or for n large enough) there
exists a bounded norm |||(E — S~15)7!||| and we get

(4.31)

Mzl < enlll]l]-

It remains to estimate |||¢]||. Using (@20), (EI1), (@IIY) and @I3)), we have

(4.32)

LIEHH

max [ W[y

1<k<n
tr _
= max | / B (tk — 1) Dy (n)dn]|

tr
< e [ o =l ALAGT A3 (o) — P )]
SN St

< (14 L, T)7ie(1 + Ap) En (AJu)

max

<c(l4 L, T)n " InnE,(Alu).

This inequality together with ([Z3T)) completes the proof of the first assertion. The
second one can be proved analogously as in Theorem [3.4] O
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Remark 4.3. We arrive at an exponential accuracy for piecewise analytical solutions
if we apply the methods described above successively on each subinterval of the
analyticity.
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