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LOCALLY SUPPORTED RATIONAL SPLINE WAVELETS
ON A SPHERE

DANIELA ROSCA

ABSTRACT. In this paper we construct certain continuous piecewise rational
wavelets on arbitrary spherical triangulations, giving explicit expressions of
these wavelets. Our wavelets have small support, a fact which is very impor-
tant in working with large amounts of data, since the algorithms for decompo-
sition, compression and reconstruction deal with sparse matrices. We also give
a quasi-interpolant associated to a given triangulation and study the approx-
imation error. Some numerical examples are given to illustrate the efficiency
of our wavelets.

1. INTRODUCTION

For many fields of numerical analysis, wavelet-based methods have become pop-
ular since they provide efficient and fast algorithms.

For applications in geodesy or meteorology, where the sphere is taken as a model
of the Earth, wavelets on the two-dimensional sphere are needed. In these ap-
plications one represents functions which estimate temperature, pressure, rainfall,
ozone, etc., over the sphere S?, based on a discrete sample of measurements.

Another application is the modelling of closed surfaces as the graph of a function
defined on the sphere.

Although the sphere appears to be a simple manifold, techniques from R? do not
easily extend to the sphere.

It is possible to reduce the approximation of a function defined on S? to the
approximation of a function defined on [0, 1] x [0, 1], but when using this approach,
some periodicity conditions should be satisfied. If, for example, we consider the
mapping

cos (2my) sin (70)
p:U=1[0,1] x[0,1] = S?, (¢,0) > [ sin(2rg)sin(x6) |,
cos (6)

then a function defined on U can be identified with a function on S2. But not every
continuous function on U gives rise to a C° function on S2, since for example the
lines {(¢,0) | ¢ € [0,1] } and {(¢,1)| ¢ € [0,1] } collapse into a point. To make sure
that a continuous function f defined on the rectangle U remains continuous after
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mapping it onto S?, it is necessary that f satisfy the following conditions:
f(0,0)=f(1,0), 0<0<1,

: f ((pa O) = SNa
there exist constants Sy, Sg such that { Flp.1) = Ss, <

Unfortunately, such conditions are not easily satisfied.

We will consider in this paper another approach, where we make use of a radial
projection onto the sphere. Before summarizing the content of the present work,
we review some approaches which treat the sphere S2.

The first construction of wavelets on the sphere has been presented by Dahlke
et al. in [3] using a tensor product basis, where one factor is an exponential spline.
The multiresolution is nonstationary and the wavelets are C!, have global support
and are semi-orthogonal. They also give a characterization of C'! functions on S?
and S? with a wavelet representation. Their construction is based on an approach
which used splines, proposed by Schumaker and Traas in [23].

Another approach to creating wavelets on the 2D sphere is the one realized by
Potts and Tasche in [I5]. They first map the rectangle [0, 7] x [0, 27] to the sphere
via standard spherical coordinates and then construct nonorthogonal wavelets by
taking the tensor product of interpolatory trigonometric wavelets and algebraic
polynomial wavelets, obtaining continuous wavelets on S?. Doing this, singulari-
ties and distortions near the poles occur. A similar idea with spherical harmonics
is presented in [16], where the authors construct a frame in L2 (SQ) consisting of
smooth functions arising from kernels of spherical harmonics. The idea of con-
structing spherical wavelets using spherical harmonics was realized in a different
manner in [§] for equidistant nodes and [12] for scattered data. A drawback is that
the spherical harmonic functions are globally supported and suffer from the same
difficulties as Fourier representations on the line, such as “ringing”.

In [I1], Narcowich and Ward construct a nonstationary multiresolution analysis
with functions generated by translations of a spherical basis function. The wavelets
here are orthogonal and localized, but not locally supported. In [24], Weinreich
describes a nonstationary multiresolution and biorthogonal C! wavelets on the 2D
sphere via tensor product. In [2I], Schroder and Sweldens present a method to
obtain biorthogonal wavelets on spherical triangulations using the lifting scheme.
This approach is useful in practical areas (e.g. for compression of tomographic
data) as well as in computer graphics, but no result regarding the stability was
given. For the wavelets obtained by lifting, the stability was established later by
Cohen et al. in [2]. Here, finite element wavelets on planar triangulations with
compactly supported duals are obtained by the lifting scheme.

In [10] Lounsbery et al. construct wavelets defined on subdivision surfaces. These
surfaces are constructed by iteratively refining a control polyhedron MY, so that
the sequence of refined polyhedra M?!, M2, ... converges to the sphere. Taking
the limit of this sequence of wavelets, they construct globally supported wavelets
defined on the sphere which are then truncated to a small region. Thus, they
produce functions that are no longer elements of the orthogonal complementary
wavelet spaces and they call them quasi-wavelets.

Piecewise constant wavelets on arbitrary spherical triangulations were construct-
ed by Nielson et al. in [13] and Bonneau in [I]. Their wavelets are “nearly orthog-
onal” and no Riesz stability was proved. The techniques presented in this paper
also work for piecewise constant wavelets. Thus, in [I7] we enlarged the classes of



LOCALLY SUPPORTED RATIONAL SPLINE WAVELETS ON A SPHERE 1805

wavelets constructed by Bonneau and by Nielson et al., establishing at the same
time the Riesz stability. In [I8] we realized a comparison of the wavelets obtained
in [I77], with respect to the lo-norm of the reconstruction error.

Our construction is based on the results of Floater and Quak for planar trian-
gulations, presented in [4], [5] and [6]. In a first step we transfer their results to a
no longer planar triangulation having its vertices in 3-space. Then, using a radial
projection, we obtain locally supported wavelets defined on the sphere. Explicit
and simple expressions are available.

The present work is structured as follows.

In Section 2 we prove some statements that are necessary to use the results
obtained in [4], [5] and [6] and we introduce a norm on S? which is equivalent to
the usual Lo-norm of S2.

In Section B] the construction of a stationary multiresolution analysis on the
sphere S? will be described and explicit formulas for the scaling functions will be
given.

By definition, a multiresolution analysis of the space L? (82) is a sequence of
subspaces {Vj g > O} of L? (SZ) which satisfy the following requirements:

(1) VI CVitlforall j € Ny.
(2)  clospa(s2) ‘Uo Vi=12(s?).
j=
(3) There are index sets ; C K11 such that for every level j there exists

a Riesz basis {¢J, v € K;} of the space VI. This means that there exist
constants 0 < ¢ < C < oo, independent of the level j, such that

> el

veEKI

< c2||{e}
L2(S?)

27’ H{C%}veio veki

< .
12(KC5) l2(K)

We do not require the scaling functions ¢? to be translations and dilations of the
same function . In some papers the authors replace the translation requirement
with a rotational one, but in most of the research on spherical wavelets this require-
ment is not demanded since it is difficult to be satisfied.

Once the multiresolution analysis is determined, we construct the wavelet spaces
Wi, They are orthogonal complements with respect to a weighted L2-inner product.
The basis functions of each space WY are commonly called wavelets. In Section @ we
describe the construction of a locally supported wavelet basis of W7. Our wavelets
will be semi-orthogonal, meaning that we have orthogonality between levels but not
within one level. Some authors use the term prewavelets instead of semi-orthogonal
wavelets. Then, in Section Bl we present a quasi-interpolant and prove some error
estimates for the approximation. Finally, in Section [f] we give some numerical
examples.

The construction presented in this paper may also be adapted for arbitrary
sphere-like surfaces. A sphere-like surface is defined as {o (v) = p(v)v, v € $?},
with a continuous positive function p defined on S?. We restrict our attention to the
case of the 2D sphere S?, since this case has more practical applications and since
we can obtain an explicit expression for our wavelets defined on S2. The conditions
that have to be satisfied by the function p in order to assure the Riesz stability of
the wavelets are given in [19].
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2. BaAsics

2.1. Spatial triangulations with planar triangles. Consider the unit sphere
S? of R? with the center in O, and let II be a convex polyhedron having all the
vertices situated on S? and triangular faces such that no face contains O and O is
situated inside the polyhedron. We denote by 7 = {77, ..., Tas} the set of the faces
of I, by E the set of edges and by V the set of vertices. For a vertex v € V, the
set of neighbors of v is V,, = {w € V' : [v,w] € E}. The surface of the polyhedron
IT will be denoted by 2. Given the data values f, € R, for v € V, there is a unique
function f : Q@ — R, which is continuous on €2, linear on each triangle in 7, and
which interpolates the data: f(v) = f,,v € V. For a given II, the set of all such
continuous and piecewise linear functions forms a linear space S with dimension
[V|. A basis for S is {¢,,v € V}, where ¢, : 2 — R is the unique continuous and
piecewise linear “hat” function in S such that for all w € V,

(1) ¢v(w)={ 1 for w=v,

0 otherwise.
Specifically, the “hat” function ¢py, : 2 — R, associated to the vertex Mi (z1,y1, 21)
€  is given by

(2)

x Yy =z
bt (2,9, 7) = % on each triangle [M;M; My] of T,
Ti Yi i
Tk Yk Rk
0 on the triangles that do not contain Mj.

We intend to use some of the results from [4], [5] and [6]. For this, we need to
prove the following lemmas.

The first lemma gives a formula for the integral of the product of two linear
functions defined on a triangle 1" of 2. The proof of this lemma is given in the
Appendix.

Lemma 1. Let T = [MyMyMs] C Q with M;(x;,y:, i), ¢1(2,y,2) = ax + by + ¢z,
$2(x,y,2) = mx + ny + pz and denote fi = ¢1(x4,vi,2), g5 = O2(4,vi, 2:),1 =
1,2,3. Then

[ 016062000 = U2 (g1 + faga + fogs + U+ Jo 4 )or +2-+ 09,
T

Let (-, ) be the following inner product, based on the given polyhedron
1
(ho)e = 3 s [ 1), g € Cle)
a(T)
TeT b

where a(T) is the area of the triangle 7. We also consider the induced norm

Ifllo = (f, >

Regarding this norm, we prove the following equivalence.

IThe polyhedron could also have faces which are not triangles. In this case we triangulate each
of these faces and consider it as having triangular faces, with some of the faces coplanar triangles.
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Lemma 2. In the space L* (), the norm ||| is equivalent to the usual norm

L2 0 -

Proof. For f € L*(Q),

11226 = / 2 (x)d0x)

Now, using the definition of the norm || - ||q, we obtain

e O [ P

TeT TeT p
1
< L 2
< Y o [ )
TeTO T
1
L 2(x)dQ
< 3 [ Ploda),
TeT TeT p
whence
e F 2y < 111 € ——— |l - O
maxa(T) "’ "L7E) = = min o(T) " "L
TeT TeT

2.2. Spherical triangulations. Now for the given polyhedron II, we define the
radial projection onto S, p: Q — S?,

x Y z
Va2 + 12+ 22 a2+ 2+ 22 \fa? 2 + 22

p(xaya Z) = ( ) ) (x,y,z) €qQ,

and its inverse p~! : S§? — Q,

_ d d d
(3) p 1(77177727773) = < n 2 s )7

Cam byt ens’ am b +cens’ an + bs + ons

where ax + by + cz + d = 0 is the equation of that face of II onto which the point
(m1,m2,m3) € S? projects. In the case when the point (11,72,73) projects onto an
edge, then we may choose one of its adjacent faces to express the function p—!.

If we consider the images U; = p(T;) of the triangles T; under the projection
p, then we say that & = {Uy,...,Uy} is a triangulation of the sphere S?. The
functions ¢, : S? - R, ¢, = ¢, 0p~ !, v € V are continuous on S? and their
supports are M,—the set of all spherical triangles of I/ that contain the vertex v,
so the ¢, are local around the vertex v.
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Remark 3. Let [M;M;My] be a triangle of 7 and [M]M]M;] its radial projection
onto S?. Then, the restriction to [M]M]M]] of ppr, is

o, (1,12, M3)

_ md _ n2d _ nsd
an1+bn2+cns an1+bnz+cns an1+bn2+cns 1 oA
Tk Yk Zk Tk Yk 2k
-1
d momn2o N 1 Y1 21
=T | T Yi Z || Ti Y Z
amn + bns + ¢en3
" L g T Yr 2k Tk Yk 2k
-1
m n2 n3 O
mon2 N3 1
_ rr Y1 2
=| T Yi Zi |- 1 )
i Yi Z
T Yk 2k 1
T Yk 2k

where a, b, ¢, d are the coefficients of =, y, z, 1 of the polynomial function

r y =z 1
X1 Y1 Z1 1

4
) T yioozo 1
Tk Yr 2k 1

Thus the “hat” functions ¢, are piecewise rational functions, with the numerator
and denominator linear polynomials of degree one.

The following proposition establishes the relations between the area elements of
S? and Q.

Proposition 4. The relations between d)(x) (the area element of Q) and dw(n)
(the area element of S?) are

|d| 1
( ) (n) </a2+62+62 ($2+y2+22)3/2
d*v/a? + b2 + 2

(6) dQ(x) = 5 dw(n),
lany + bna + cns|

10(x),

where x = (1,9,2) € Q, n = (m1,7m2,m3) € S?, and a, b, ¢, d are determined for
each face of I1 as described above.

The proof of this proposition can be found in the Appendix.
For L2-integrable functions defined on S?, let (-,-), be defined by

(7) (F,G) = (Fop,Gop)q.
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Then (-,-). is an inner product which induces the norm ||F||, = (F, F)i/2 and
we have

<F’ G>*

1
7%;Fm/TF(p(X))G(p(x))dQ(x)

Ei—l—/@UF@nG<>‘”VGT+bT+CT dus(n)

n 3
larm 4 brna + crns|

ter oT)

2 d?
= / F(mG(n L 5
Ter /p(T) larm + brna + crns|

dw(n),

where ar, by, cr, dr are the coefficients of x, y, z and 1 in the polynomial function
given by (), and the notation is as in Remark Bl

The inner product (-, )« can be interpreted as a “multi-weighted” inner product,
with the weights

wr (i, m2,m3) = 2d% |apm + brns + epns| >

The following lemma establishes a norm equivalence in L2 (82) .

Lemma 5. In the space L*(S?), the norm || - ||« is equivalent to the usual norm
I NIz of L*(S?).
Proof. For F € L*(S?),
2 2 2d3
IFIZ=>" [ F*n) zdw(n).
TeT i) larm + brnz + crns|

Denoting by min(7") and max(7") the minimum and maximum values of the func-
tions

hr(n) = larm + brnz + crns|
respectively, a simple calculation shows that min (7)) = W and max (T) =

L Thus, we write

ldr[®
. 1
min(7T) < 7 < max(T'),
larm + brne + crns
and then
23" dpmin(T) [ F2n)do) < [FI2 <2 Y dmax(t) [ Fm)dotn).
TeT p(T) TeT p(T)

Denoting M = 2maxyc7 {d3 max(T)} and m = 2minger {d% min(T)}, we finally
obtain
ml|F|[Z2s2) < IFIZ < MIFIZ: g2 O

3. MULTIRESOLUTION ANALYSIS

Given Q, we can say that 7 = 7° is a triangulation of €, and next we wish
to consider its uniform refinement 7!. For a given triangle [M; My M3] in 70, let
Ay, Ay, A3 denote the midpoints of the edges MsMs, M3M;, and M;Ms, respec-
tively. Then we consider the set

T'= |J  {[MiAA43), [A1 My A, [A1 Ao Ms), [A1 As A}
[M1M2M3]€T0
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which is also a triangulation of €2, and continuing the refinement process in the
same way, we obtain a triangulation 77 of ) for j € N. We denote by V7 the set
of all vertices of the triangles in 77 and by E7 the set of all edges of triangles in
T7. Then S/, VJ, ¢I, 0l U7, and MJ are defined accordingly. The space S7 is a
subspace of S7t1 since we have

H=dit L Y e veVd jeN

weviT!

For the nodal functions {¢J} the following statement holds.

Lemma 6. There exist constants 0 < ¢ < C < o0, independent of the level j, such
that for all functions g; =3 .y el ¢d we have

hcj}
{ v vevi 1

Here E{, denotes the diameter of the support of ¢J.

Cc

<oyl < €| et}

veVI

2 l2

Proof. Due to the uniform refinement, it is clear that Ef} ~ 277, s0 it is enough to
prove the equivalence

~
~

[{27el} v S A

l2

VeV L2(Q)
or equivalently
H{C%}yew L Z 2 ¢
2 veVI L2(Q)

In order to prove this, we refer to Lemma 5.2 in [7]. As in that lemma, we can show
that for all f in S’ we have

—2j
2 ST ) £ w) < WA < e S tw) £ (w),

12 v ‘
weVI weVi

2-%

where t (w) is the number of the triangles in 77 that contain the vertex w.
If we take f =3y chd, then f(w) = ¢, since ¢y (w) = dyu- So,

v
> el

weVI

2 52
<5 Y tw) ()

Q weVi

272

N2
5 Z t(w) (cl,)” <

weVI

But ¢ (w) is either 6 or t° (w) from the initial triangulation, so if we denote n =
min, cyo (6, 10 (v)) and N = max,¢cyo (6, 10 (v)) , then we may write
2

n N2 S N 2
— a) < cl 2 ¢) < = cl
12 (w) — Z w ¢w — 3 Z(w) )
weVi weVi Q weVI
which together with Lemma Pl completes the proof. O

The sequence of triangulations {77};cn is regular in the following sense: the
ratios of the radii of the inscribed and circumscribed circles remain bounded from
below by a constant 79 > 0 independent of the level j and of the triangles. For
each triangle K; of 77 the diameter h (K;) = diamK; characterizes its typical size.
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0.9

0.8

10.3

0.2

0.1

FIGURE 1. A pyramidal function ¢/ represented on SZ.

Usually, h (77) = max h (K;) is called (maximal) mesh-size of 77. Let hyin (77) =

min h (K;) . The sequence of triangulations {77 };¢cy is quasi-uniform, in the sense
that the ratio hh(iT(JT)J) is bounded from above by a constant v, < oo, independent

of j.
If we set W/ = span{yJ, v € V7}, j € N, then V7 is a subspace of /1 due to
the refinement equation

, . 1 . o
wL=e + 5 Z el veVs, jeN.
weVitt

The set {¢J, v € V7} is a local basis for V7 in the sense that diam (supp ) ~ 277,

Let [M;M;My] be a triangle of a triangulation 77 and [M]M/M]] its radial
projection onto S?. Then, using the same arguments as in Remark Bl we can
deduce that the restriction to [M7M;M;] of 7, is

-1

0
' mome 3 mon2
j - r1T N 21 1
O (Msme,ms) = | @ Yz e w21
,fl:'k 'yk Zk K2 y’L (2
T Yk Rk 1

Thus the spaces V7 are spaces of rational splines, with the numerator and de-
nominator linear polynomials of degree one. An example of function ¢/, € V7 is
represented in Figure [T}

4. WAVELETS

With respect to the inner product (-, -}, , the spaces V7 and V*! become Hilbert
spaces, with the corresponding multi-weighted norm ||F||. = (F, F )i/ ®. Let W/
denote the orthogonal complement with respect to (-, ), of the coarse space V7 in
the fine space V1, so that

YIitl — pi g ij
and therefore
VIt PO g WO g W - @ WY
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The spaces WY are called the wavelet spaces and its nonzero elements are called
wavelets. The dimension of W/ is |[VIt1| — |VI| = |Ei|.

In this section we construct a basis for W/, consisting of wavelets of small sup-
port. Here we follow [5] and [6].

To a vertex u € VI \ VI which is a midpoint of some edge [ajas] € E7, we
associate a wavelet ¢ in the following way. We take

Yh(n) =0l . (n)+0l,.(n), forneS?

where the functions o, , and of, ,, are called semi-wavelets. They are taken as

ol = sa @)+ D swel'(n), with sa,, s, € R, we VIT
wEVajf—l

0l = Su@it )+ Y tuglt(0), with s, t, € R, w e VA
w€V<sz+1

and satisfy the conditions
—27%~ if w=a,

(8) (P2 0, e = 272y if w = ay,
0 otherwise

for a given v # 0. This means that agh is orthogonal to all nodal functions from

u

the level j, except for ¢J , and gpfé and its support is included in M .- From (§)
we find that

(9) <§ngwi>* - <902ua0—a1,u>* + <<Pfﬂ,0a2,u>* =0 forallwe Vjv
and therefore 1)) belongs to the wavelet space WY, being orthogonal to a basis of
V7. The support of ¥ is included in ./\/l{;1 U /\/IZLQ.

Suppose the degree (the number of neighbors) of a; is s; := ‘Vajl’ = |Vaj1+1’ and
its fine neighbors are bg, b1, ... bs, —1, with by = u, the degree of as is s2 and its fine
neighbors are cg, ¢, . ..cs,—1, wWith ¢g = u. A choice for the coefficients s,,, sp,;, Sa,
and ¢, is

3 3 . .

e = g =g G, =01 s,
3

a = -, tC': 9 ’, 5 .:0,1,...7 _].,

Saz 35y’ o T ags, TOls2) i *2

where 0(i,5) = \/)%(%_:\:), with A = (=54 v/21) /2.

This choice was made for planar triangulations in Lemma 3.3 of [6]. Similarly
we can prove the result for our triangulations, due to Lemma [0l Note that the
coefficients do not depend on the level j.

Now we have obtained the set {1, u € VI*1\VJ} of locally supported functions
satisfying the orthogonality conditions ([@). In order to be a basis for W7, the
wavelets ¥J, u € VIT1\ VI must be linearly independent for every j € N. The
linear independence can be proved in the same way as in [6].

To be useful in practice the basis of wavelets should be dense in C(S?) (and
therefore in L2(S?)) and should satisfy the Riesz stability property. The set

(10) Uv=r'epw
j=0

§>0
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is indeed dense in C(S?), which follows immediately from the density of
U {q,’)i cueVi }
Jj=0

in C(2) and from Lemma [fl and Lemma
Now we must establish that the set

(o)
{5 ue VO u {2l uevith\vi}
j=0

forms a Riesz basis of the space given in (I0)). This is equivalent to the existence of
positive constants R;, Ro, independent of the level j, such that for all sets of real
coefficients {dJ,,j > —1, u € VIT1\ VI} with

Yoy (@) <o,
j>—1ueVi+i\Vi

the inequalities

Ry Y (@)<Y Y d2y

jZ—1ueViti\Vi jZ2—1lueViti\Vi L2(s?)
i\ 2
]
<Ry E g (&)
j>—1lueViti\Vi

hold with the notation ;! = 2% and V=1 = .
Using Theorem 5.1 from [6], we establish that

aYy Y @<y Y dv <C2Z > (@)

jZ2—1lueViti\Vi jZ2—1lueViti\Vi jZ—1lueViti\Vi

2

FIGURE 2. A wavelet ) represented in spherical coordinates.
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0.4

0.3

0.2

0.1

-1 9

FIGURE 3. A wavelet J represented on the sphere.

with €7 = L%/4 and Cy = 25/21tg, where Ly = 0.0468962... and t; =
max (6, max,,cyo t(w)), t(w) denoting, as before, the number of neighbors of the
vertex w.

If we want Riesz bounds for || - ||z2(s2), we can use Lemma [5] and obtain
2
o L S
a2 > @)=y > a2y
i>—lueViti\Vs i>—1ueViti\Vi L2(s?)

<YLY @

j>—1lueViti\Vi

Figures 2 and Bl show a wavelet 1)/ represented in spherical coordinates and on the
sphere, respectively.

5. QUASI-INTERPOLANTS

Following the idea of Oswald (see [14], Chapter 2) we will build a piecewise
linear quasi-interpolant @ : L? (2) — S, where S is one of the spaces S’ defined
in Section Bl For each space S7, a quasi-interpolant @’ is defined accordingly. For
simplicity we present the construction only for the space S° = S and we study the
error [|f — Qfl|p2(q) for f € L2 (Q).

Consider an arbitrary vertex P; of a triangle of 79 = T of  and fix a triangle
A; of T which is at a distance < ch; from P;, with the constant ¢ independent of
i. Here h; is the diameter of the support of the nodal function ¢p,. Due to the
regularity of the triangulation 70, the diameter of A; satisfies h (A;) ~ h;. Let Mj,,,
n=0,1,2, and \;, (P), n =0,1,2,3, denote the vertices of A, and the barycentric
coordinates of a point P € R3 with respect to OM;oM; M;s, respectively. The
functions \;, span the space of linear polynomials in three variables defined on ).
Another property of the functions A, is Ais = 1 — Ajp — A\i1 — A2 and for (x,y, 2)
belonging to the plane of the triangle A; we have ;3 (z,y,2) = 0. To get a better
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idea of what the functions \;,, look like, we write \;q as

—1

r Yy =z Zo Yo <o
Xio(zy,z)=| 21 y1 21 |-| 1 Y1 21 ;
T2 Y2 22 T2 Y2 z2

where (z;,y1,21), 1 =0,1,2, are the coordinates of M;;, respectively.
Then a straightforward calculation shows that the functions

3 X _ X : .
v (P) = {5 (3%n (P) = Spn hit (P)) i PEA;, 012
if P A,

are L2-biorthogonal to the basis {\i,, n = 0,1,2} of the polynomial space men-
tioned above. Finally we define the functions

2

(11) vi (P) =Y Ain (Py) vin (P),

n=0

with the support A;. The quasi-interpolant is now defined as

(12) Qr =3 ( IRE dx) b, (P).

This quasi-interpolant satisfies the following properties:

Proposition 7. For every triangle K of 2 we have
||Qf||L2(K) <C ”fHLz(?) ,

where K denotes the union of K and all its neighboring triangles which have a
distance from K less than or equal to c - h(K).

Proof. The proof follows the same ideas as in [14], Chapter 2. (]

Proposition 8. The quasi-interpolant Q) preserves linear polynomials.

Proof. Let us take a nonconstant linear polynomial ¢ defined on €. Using the
barycentric coordinates with respect to any of the simplices OM;oM;1 M;2, we can
write

2
n=0

with some coefficients «;,, and evaluate Q¢ at an arbitrary vertex P;, as

2
Qq (Pz) = /qu' dx = /Zam/\ml/i dx
n=0

A A

2 2
> Olm/)\mw dz =Y cindin (P) = q(P),
n=0 n=0

A

by using the biorthogonality of the sets {\;,,n =0,1,2} and {v;,,n =0,1,2}.
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Thus for any triangle K of {2 we have local preservation of linear polynomials in
the following sense: if f coincides with a linear polynomial on K, then Qf = f on
K. This property is equivalent to Qp = p for every linear polynomial p defined on
€. Since the constant function f = 1 belongs to the space S°, we have that Qp = p
for every polynomial of degree at most 1, so we can say that @ is a quasi-interpolant
of order 1. O

Note that the previous two propositions remain valid for the whole sequence of
subspaces {57 }j>0, with the interpolants @7 defined accordingly. Furthermore in
Proposition [7 the constant C' is independent of the level j (see [14]).

In the following we want to evaluate the error ||f — Qf|| r2(q) Dy writing the
integral of the function defined on € as a sum of double integrals. We need to
replace each Qf : A; — R with a two-variable quasi-interpolant @ fi i PrpA; C
R? — R, where P is one of the coordinate planes. Moreover we establish conditions
under which the quasi-interpolant @ fi coincides with the quasi-interpolant built by
Oswald in [I4], Chapter 2, for the two-dimensional case.

5.1. The quasi-interpolant C}f for a function ]? € Lz(ﬁ)7 A C R2. This
construction was carried out by Oswald in [I4] for arbitrary dimension.

Let us take a triangulation D in R?, an arbitrary nodal point N;(a;, Bl) as a
vertex of a triangle of D and D; a triangle situated at a distance < c%i from NV;.
Denote the vertices of D; by M, (Zn,¥n), n =0,1,2.

Let us define the functions

_ X Yy 1 %0 ?70 1
Xo(zy)=|z1 o 1| |21 o 1
T2 Y2 1 T2 Y2 1

and analogously Xil and XQ. Then we consider the functions

s (py = | ath (3R (P) = S hac(P) i PEDL oy
0 if P¢ D,,
2 ~
(13) Ti (P) =" Xin (Ni) Uin (P).
n=0
The nodal function aN,v (x,y) restricted to the triangle N;N; Ny of D is equal to

-~ -1
z oy 1 a; B 1

a B 1|la 41|,
ar P 1 ap O 1

where (&j, Bj) and (&k, ﬁk) are the coordinates of the points N; and Ny, respec-

tively. The quasi-interpolant @]? has a similar expression to ([I2]), namely

(14) arm =y ( [ 7 dm) ox. (P), PEA.
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The first term of the sum (3] is

a B 1
1 y1 1
3(3Xi0(P)—=Xi1 (P)— iz (P To Yo 1 .
Xio (N;) Tio (P) = el “(DE)) o To Yo 1 P e Dy
Ty oy 1
To Yo 1
0 if P ¢ D;.

5.2. Projecting the polyhedral surface 2 onto the coordinate planes. Let
us divide the polyhedral surface ) into six parts: = Q1 U Qs U Q3 U Q4 U Q5 U Qg
according to the following rule: first we split the sphere S? into six equal disjoint
parts S, m = 1,...,6, building the inscribed cube with faces parallel to the
coordinate axes and arches of big circles between the neighbor vertices of the cube.
The parts §; and Sy will be symmetric with respect to the plane xOy, S3 and Sy
will be symmetric with respect to the plane yOz , resp. Ss and Sg will be symmetric
with respect to the plane zOz. The intersection of two neighbors S,,, will be the
big arch between the corresponding two vertices of the cube.

Thus, €2, will contain those triangles of {2 that have all the vertices situated in
Sin- There will also be triangles that have the vertices situated in different parts
Spn- In order to decide to which €, such triangles belong, we measure for each
of them the angles oy, [ = 1,2, 3, between its plane and the planes Oy, yOz and
zOx, respectively, and then take the minimum of ;. If for example the minimum
is attained for [ = 1, then the triangle will belong to either ; or {2, depending
on which €, contains one vertex of the triangle. In the beginning we choose the
triangulation (the polyhedron) such that no triangle has vertices situated on the
“opposite” Q.

Now let us reorder the triangles of the triangulation 7 so that the part Q,,
contains the triangles T)", i = 1,...,ky,, m=1,...,6.

We have to make some remarks concerning the interpolant (. For the point
P; € Q,,, it is possible for the associated triangle A; not to belong to €2,,. This is
why we ask for all the associated triangles A; to be chosen so that they contain the
vertices P;, respectively. We will see in Proposition [9 that we need this condition
for our purposes anyway.

Without loss of generality, we restrict ourselves to the part {2; consisting of the
triangles T}, i = 1,..., ki.

Now the part Q; is split into three zones Q; = Q¥ U QY U Q% according to the
following rule. For each triangle T! of the part Qy, we calculate the angles between
its plane and the coordinate planes. Then we project T} onto that coordinate
plane that gives the minimum angle. If there is more than one angle that attains
the minimum, we perform only one of the projections.

To do this, we evaluate the quantities |Ayoy /Al , | Ayos/ Al and | Aoz /Al , defined
in Lemma [I] representing the absolute values of the cosines of the respective angles.
Then we choose the maximum of these quantities. The parts QF, Y and Q% contain
those triangles that project onto yOz, zOx and xOy, respectively. We reorder the
triangles of Q; such that the zone QF contains the triangles T'x}, i = 1,...,k¥, and
analogously for QY and Q%. Obviously k¥ + kY + k% = k.
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We need to consider “enlarged” regions QF, ) and Q7% for our quasi-interpolant.
The region Q¥ consists of the union of the triangles T'x} and all their neighboring
triangles from 2, where we consider two triangles as neighbors if they share a
common vertex. The regions €] and Q% are taken analogously. These enlarged
regions are not necessarily connected and they may contain triangles that have
degenerated projections onto the respective planes. In this case, we redefine the
enlarged zones eliminating the triangles that have degenerated projections.

Again, without loss of generality, we restrict to the part 7 and try, in the
expression of Qf, to replace z by z; (z,y) from the equation of the plane of each
triangle T'z;, i = 1,...,k%. In this case (z,y) € Pryo, Tz and the surface element

a Z1
dT'z} equals %dw dy.
zoy i

Moreover it is easy to show that A\, (z,y, z; (x,v)) = \in (2, y) for (z,y) belonging
to the triangle D;, which is the projection of Tz} onto xOy. Let us now compare the
nodal functions. Take the face (AzA]Ak) of Q_% with A,L' (O(z', ﬂi, ’YZ) s Aj (O(j, ﬁj, ’Y]) s
Ay, (g, Br, k) - The equation of this face is

z y =z 1
a Bi o1
a By 1
ar B v 1

or Ayor+Aozy+ Azoyz—& = 0. The nodal function ¢4,, restricted to the triangle
A;Aj Ay, is equal to

—1
x oy oz a; B v

a B || e B

ok Br Yk ok Br Yk
Furthermore, by replacing z using the equation Ay, 4+ A.0zy + Agoyz —§ = 0 and
making some column transformations, we obtain

x Yy Afoy Q; 52 Afoy -
b, (y,2(xy) = | o B 2o || a4 B a
ke Afoy % Br Afoy
z oy 1 a B 1]
= |a B 1o B 1|,
ag B 1 agp B 1

which is exactly the nodal function ¢; (z,y) restricted to the triangle AJAL A —the
projection of the triangle 4;A;A; onto xOy.

In order to compare the two quasi-interpolants, we need to state the first term
of the sum (II)) explicitly as

a; Bi v
rr Y1 2
3(3Xi0(P)=Xi1(P)—Xi2(P)) T2 Y2 22 . 1
Aio (Ai) vio (P) = (A Tzo yo 20 itPe A,
1y Y1 21
T2 Y2 22
0 if P¢ A}.
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Comparing the formulae (I2)) and (Id]), we can establish the following result.

Proposition 9. Let Qf be the quasi-interpolant given in (I2) and @fz the two-
dimensional quasi-interpolant given in ([I4dl) , associated to the triangulation obtained
by projecting Q% onto xOy. If

(1) each point P; is one of the vertices of the triangle A},
(2) the associated triangles A} are chosen such that they have non-degenerated
projection onto xOy,

then for all (z,y) € Pryoy % we have

D;)

(16) Qf (z.y.2(z.y) = Zm

(15) Qhley) = % G (faizry).

: GZ (fz;xvy)a

where the function z(x,y) is the function whose restrictions to each triangle
PrmyT—zZ1 (T—zl1 any triangle of Q%) are equal to the function z; (v,y) which ex-
presses z using the equation of the plane of T—zl1 Also f and f, are related by the
formula f (z,y, 2 (2,y)) = fa (z,y), where (z,y) € Pry,, Tzl

Proof. The proof follows immediately from the above calculations and from the fact
that, if P; is a vertex of the triangle Al, then we have

-1

a; B 1 o Yo 1
oy 1|z oy 1
T2 Y2 1 T2 Y2 1

-1
o B v Zo Yo <o

=|T1 Y1 <A 1 Y1z )
T2 Y2 z2 T2 Y2 22

together with the other two symmetric equalities for the second and third terms
of the sums ([dl) and (I3)). If P; is one of the vertices of the triangle Al, then the
conclusion follows. We will not write here the expressions for the functions G;. The
point is that the same functions G; appear on the right sides of the equalities (1))
and (@) and so we can relate the two quasi-interpolants. ([

Now let us turn back to the error |[f — Qf||2(q), which can be written as

6
I = QF 72y = D If = QfI72a,)

m=1

6  km
=Y [ s - Qf o) arr

m=1 ilei’"
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Projecting now onto the coordinate planes, we obtain

1 = QF 1720
2 k7,
=y > / |f(z,y, zim(2,y))
m=1 l_lPery Tazm
_ ) s a(Tz]")
Qf(z,y, zim(z,v))] oProe o) dz dy
4 k7,
1530 SN VIS
m=3i=lp, pxm

—Qf (s o aIx)
Qf(xlm(yv Z)a Y, Z)l a(Pryoz TX;m ) dy dz

6

m=>5 7;:11:)1‘2042 Tyi"

i

o a(Ty™)
— T, Yim(2, ), 2)| ——=——""—"— dz dx,

and furthermore, using the L2-norm on the projected surfaces and Proposition []

k
1= Qo = 3 Ej(“( =)
=1 =1

a (Prgoy T2 )

L2(Pryoy Tz}')

x

k
b a(Tx)
* ; a (Pryo. Tx™ )

Qfx

L2(Pryo. TxI™)

n

Tyz
+Z a (Proo; Ty™ ) ny ny‘

L2(Prao. Ty™)

It is well known that for an arbitrary plane we have the equality cos® « + cos? 3 +

cos?~y = 1, where o, 3 and 7 are the angles of this plane with 20y, yOz and 2Oz,
respectively. Since max (cos a, cos 3, cosy) > 1/4/3, we get

Tgm
1 Mg\/ﬁ, foralli=1,...,k%, m=1,...,6,
a (Pryoy Tzl™)
Txm
1 < ng/é, foralli=1,... kY, m=1,...,6,
a (Pry,. TXxI™)
a(Ty™) )
1 _aely ) foralli=1,... kY =1,...,6.
- a(PrzOITy:L(n)_\/g7 or all ¢ ok, m yoeer6

Hence, we obtain

6 6
A7) Y (ErHEr+E) <N~ QfllTay S VB Y (6 T E T,
m=1 m=1
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where
&' = ’ i -Qf ;(Przoy az)’
~ 2
&= ‘ K- QK L2(Pry,. Q%)
_ 2
&' = Hf;t_Qf;n’ L?(Pr. s O%)
and

z

fa(z,y) = f (z,y, zim (x,y)) on each triangle Pry,, Tz*, i=1,... k7%,
[ (y,2) = f(@im (y,2),y,2) on each triangle Pry,. Tx, i=1,... kX

» ' mo

Iyt (z,2) = f(2,Yim (2,2) ,2) on each triangle Pr.o, Ty, i=1,... k).
Thus, the problem of studying the error || f — Qf|| ;2o has been reduced to the

study of two-dimensional errors from [I4].

5.3. Jackson and Bernstein inequalities. Let us recall some of the results in
[14]. To simplify the notation, we restrict ourselves to the case m = 1 and to
the projections onto 2Oy, and we set © = Pr,,, 0%. Given a subset M of L? (0),
consider the best approximation

En (f)y = nf, If=glly, feL*(©).

We are interested in approximations from above for Es (f),, when M coincides

with a subspace S7 of piecewise linear continuous functions on the triangles of a
triangulation D7 of ©. The proofs can be found in [I4].

Theorem 10 (Jackson-type inequality). There exists a constant C' such that
B, (1), < ||fi = @i, < Cor (0(D9), 12),, for all f1 € L2 (0),

wi(t, f)2 being the modulus of smoothness of order 1 associated to the function f
and the L?>-norm on © at the point t > 0.

The following theorem gives inverse estimates for our approximation, i.e. we give
estimates for the moduli of smoothness of functions in L? ().

Theorem 11 (Bernstein-type inequality). There exists a constant C' such that for
all j >0 and f, € L? (©) we have

J
w1 (27j7f1)2 S C 27]' <|f1”L2(®) + ZQlEgl (fl)g) .

=0

5.4. The spherical quasi-interpolant. The step back to the sphere is straight-
forward. We define the quasi-interpolants Q7 : L? (S?) — V7 as

QF=0Q (Fop)op™'.
Then the error in the norm || - ||« is
|Q°F —F|l. = |(QF~F)oplla=](QF)op—Fopl|a
1Q7 (Fop)op™top—Foplla=Q (Fop)—Fopl|a.

So the evaluation of the error for the spherical quasi-interpolant reduces to the
evaluation of the error for the quasi-interpolant associated to the polyhedron.
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FIGURE 4. The data set pol5.

6. NUMERICAL EXAMPLES

In order to illustrate our wavelets, we take as the initial polyhedron II an oc-
tahedron with six vertices and we perform five levels of decomposition. At level
five the total number of vertices is 4098. We consider a particular data set pol5
from the texture analysis of crystals (cf. [20]); see Figure @ It consists of 36 x 72
measurements on the sphere and its main characteristic is that the values over the
whole sphere are constant, except for some peaks.

FIGURE 5. The function f° € V5, an approximation of pol5 at level 5.
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First we approximate this data with the function f> € V° (see Figure [). The
approximation error

1 36 72
_ o N
T 3672 ;; | £2(i, 5) — pol5(i, )|
is 1.0984. Since the set {¢]} _  is a basis for V/, for j =0,1,2,..., we can write
=Y foeh(m), nes?.
veV?S

The vector f° = ( ff)v cvs associated to the function f° was then decomposed into
0 and g°, g!, g2, g?, g* using the decomposition algorithm A1’ described in [7], p.
191. The detail coefficients g7, j = 0,...,4, were thresholded to obtain a specific
compression rate. More precisely, their components (gfL) were replaced
by the values (jq\ljt)uevﬂl\v:‘
This consists of choosing a threshold € > 0 and then setting

wEVItI\Vi
according to a strategy known as hard thresholding.

0  otherwise.
The ratio of the number of nonzero coefficients to the total number,

o [{ue VITI\ VI gl £ 0}
Yo VIt \ V|

)

is referred to as the compression rate.
After compression we perform the reconstruction (see the reconstruction algo-
rithm A2’ in [7], p. 191), yielding an approximation with error e®, €> = f> — f?

where £5 = (ff}) v is the vector associated to the reconstructed function f5.
ve

27y

FI1GURE 6. The reconstructed function f“” for the compression rate 0.1.
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TABLE 1. Reconstruction errors for some compression rates.

comp. rate | nr. of zero coeff. He5||oo ||e5||2 mean (65)
0.05 3888 123.09 | 1764.80 | 21.70

0.1 3683 49.16 | 659.32 | 7.83

0.25 3070 11.47 169.78 | 1.92

0.5 2046 0.99 1294 | 0.12

0.75 1024 0.07 0.63 | 0.004

We have measured this error in several ways:

e the maximum error given by

7]l = max|e® (m)] = max[e” (v)]

e the 2-norm

~

fo=F3

L\ /2
el - (Z ) ;
veV?S

e the mean absolute error over the vertices

5y _ L 5
mean(e)—m Z le” (v)].

veVS

Figures [6] [ and 8 show the reconstructed functions ]?5 for different compression
rates, and the errors are tabulated in Table [l

27y

F1GURE 7. The reconstructed function f5 for the compression rate 0.25.
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FI1GURE 8. The reconstructed function f5 for the compression rate 0.75.

7. APPENDIX

Appendix 7.1. Proof of Lemma [Il To simplify the formulas, let us denote

1 oy 1 y1 21 1 21 x1 1
Axoy = o Y2 1|, -Ayoz: y2 2z 1], Asor =| 22 2 1 s
r3 yz 1 ys z3 1 z3 w3 1
rn o A
dr = T2 Y2 22 |, A= \/A?coy_FAgQ/oz—i_'Agox'
I3 Ys z3

Then the equation of the plane MMy M; is
Ayozx + Azozy + Amoyz —dr =20

and if we project this plane onto xOy in order to transform the integral on €2 to a
double integral, we obtain

dQ(x) = dQ(z,y, 2) = |¢4|1A |d:c dy.
Toy

Note that if the triangle T is parallel to Oz, then A, = 0, and in this case we
prove the formula by projecting the triangle [M; M3 Ms] onto the plane zOz. So,

) I.Ayoz + y-Azoa: - dT

¢1(x,y,z(w,y)) = ax—f—by—c A
ToYy
x y 0 1
1 oy oz 1
= by — - = Az + By +C.
ar -+ Y Azoy T2 Y2 22 1 4
z3 ys 23 1
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Then
1 Y1 0 1
c x1 oy oz 1
—_ r1,Y1, 2(x1, =ax1 +by; — ’
f ¢1 (21,91, 2(21,91)) 170 Avoy | T2 2 22 1
x3 ys 23 1

= ax; +by; — (_Zl)Axoy =axi + byy + cz1,

ToyY

and analogously for the values fs, f3, 91, 92, g3.
Coming back to the integral and using the formula for the integral of a Bernstein-
type polynomial (see [4], §5), we may write

/ 61 (%) 62(x)dYx)

/ iiii) o1 (z,y, 2(2,9)) d2 (2, y, 2(x,y)) de dy

Praoy
B 2a(T) a(PryoyT)
Aoy 12
a(T)

=13 (figr + fag2 + fags + (fr + fo + f3)(91 + 92 + 93))

(frg1 + fag2 + f3gs + (fi + f2 + f3)(91 + g2 + 93))

since |Agoy| = 2a (Pryoy T'), as Pryo, T denotes the projection of the triangle T'
onto the plane zOy.

Appendix 7.2. Proof of Proposition @ We focus on the face A of the poly-
hedron II, contained in a plane P of equation ax + by + cz + d = 0. At least one
of the numbers a, b, ¢ is nonzero. Without loss of generality, we suppose ¢ # 0 and
consider the parametric equations of the plane P

(18) z (u,v) =u, y(u,v) =v, z(u,v) = —% (au+bv +d), (u,v) € R%

We intend to express dw(n) and d€2(x) with respect to du and dv.

With 7(u,v) = (u,v,—2 (au+ bv + d)) representing the vectorial equation of
the plane P and 7, = (1,07 —%) , Ty = (0, 1, —%) its partial derivatives, we have
Ty X Ty = (%, %, 1) and therefore

Va2 + b + 2

(19) dQ(x) = ||y X || dudv = ﬁdu dv.
c

The projection onto the sphere of the point (z,y, z) € A has the coordinates
T

/x2—|—y2—|—z2’

Y

/22 +y2 + 22

z

v x? + y? +22

X (z,y,2) =
Y (2,y,2) =

Z(x,y,2) =
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If we want to express dw(n) with respect to du and dv, we have to consider z =
x (u,v), y =y (u,v), z=z(u,v) given by ([I8). Denoting
ﬁ(u,v) = (X (z(u,v), y(u,v), z(u,v)),
Y(:I;(u7 U)’ y(u’ ,U)7 Z(“’ U))?
Z(x(u,v),y(u,v), 2(u,v))),

we have

=]l
e

= (XU,YU, Zu)
= (Xoxu + Xyyu + Xozu, Yoo + Yyyu + Yazu, Zo®u + Zyyu + Z224)
= (VX 7, VY -7, VZ 7))

and similarly

—

R,=(VX -7, VY -7,,VZ-7,).
Therefore, using the formula
(’171 171) (’17:2 . 172) — (121 . 172) (172 171) = (121 X 172) (’171 X 172) s

we further obtain

Ruxﬁv:(M~ﬁ,N-ﬁ,ﬁ~ﬁ>,
with
M=VY xVZ  N=VZxVX, P=VXxVY, #=7f, X7,

and consequently

—

R, x R, 2:(1\2-5)2+(1\7-ﬁ)2+<13-ﬁ)2.

Evaluating M - i, we get

b x xd
Y, = ar +by +cz) = —
Z, Z, Z. 0($2+y2+22)2( ) c(a? + 92 + )

Noe
<o

M -n=

ol
<

and analogous expressions for N -iiand P - . Finally
|d|
le| (22 + g2 + 22)*/?

(20) dw(m) = Hﬁu X Ry|| dudv = du dv.

Comparing (I9) and (20), we obtain
|d| 1
Va2 +02 + & (22 42 4 22)%?

and thus formula () is proved.
Furthermore, using formula (3), we express z, y, and z with respect to n =
(7717 72, 773) and we get

3/2
3/2 d? (n? +n3 +n?) 3
(® + 92 +22) < L ) :(

duo(n) = dQ(x)

(any + bz + cns) any + b + eng)”
Replacing it in (@), we obtain formula (@).
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