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THE MULTI-SYMPLECTICITY
OF PARTITIONED RUNGE-KUTTA METHODS
FOR HAMILTONIAN PDES

JIALIN HONG, HONGYU LIU, AND GENG SUN

ABSTRACT. In this article we consider partitioned Runge-Kutta (PRK) meth-
ods for Hamiltonian partial differential equations (PDEs) and present some
sufficient conditions for multi-symplecticity of PRK methods of Hamiltonian
PDEs.

1. INTRODUCTION

It has been widely recognized that the symplectic integrator has the numeri-
cal superiority when applied to solving Hamiltonian ODEs. A systemic theory of
symplectic integrators for Hamiltonian ODEs has been established by some authors.
The Runge-Kutta methods play an important role in numerically solving differential
equations (see [1],[3],[4],[6]-[16] and the references therein). The symplectic con-
dition of Runge-Kutta methods was found independently by Lasagni, Sanz-Serna
and Suris in 1988 (see [10],[12],[I5] and the references therein). The numerical
analysis has been investigated and developed by some authors (see [4],[6],[7],[10]—
[16] and the references therein). Some characterizations of symplectic partitioned
Runge-Kutta methods, which are very useful for the construction of symplectic
schemes for solving numerical Hamiltonian problems, were obtained by Sanz-Serna
n [10], Sun in [I3],[I4] and Suris in [16] and recently discussed by Marsden and
West in [§]. Reich in [9] considered Hamiltonian wave equations and showed that the
Gauss-Legendre discretization applied to the scalar wave equation (and Schrodinger
equation) in both the time and space directions leads to a multi-symplectic integra-
tor. Motivated by [6],[7],[9],[11],[13],[14],[16], we considered the following questions.
Are there any multi-symplectic partitioned Runge-Kutta methods for Hamilton-
ian PDEs? What is the characterization of multi-symplectic partitioned Runge-
Kutta methods for the general case of Hamiltonian PDEs? The answer to the first
question is obviously affirmative. The last question is closely related to the con-
struction of higher-order multi-symplectic schemes for Hamiltonian PDEs. In this
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article we consider the general case of Hamiltonian PDEs, investigate the multi-
symplecticity of partitioned Runge-Kutta methods, and then present some condi-
tions for multi-symplectic partitioned Runge-Kutta methods. In the rest of this
section we introduce some basic concepts on multi-symplectic discretization and
multi-symplecticity of Hamiltonian PDEs and give an extension version of Reich’s
result on the multi-symplecticity of Gauss-Legendre methods for the general case
of Hamiltonian PDEs. In section 2] we present conditions for multi-symplecticity
of partitioned Runge-Kutta methods when applied to a Hamiltonian PDE. In sec-
tion Bl the multi-symplecticity of partitioned Runge-Kutta methods for the wave
equation is discussed. In section ] we investigate conservative properties of energy
and momentum for Runge-Kutta methods of linear Hamiltonian PDEs. In what
follows we assume that all numerical methods proposed are numerically solvable
and only focus on the multi-sympleciticity of methods.
Consider the Hamiltonian partial differential equation

(1.1) Mz + Kz, = V.,S(2), (x,t)€QC R

where M and K are skew-symmetric matrices and S is a real smooth function of
the variable z. As is well known, some very important partial differential equations
can be rewritten in this form (see [2],[9] and the references therein). The following
is its multi-symplectic conservation law

ow(U, V) N Ok(U, V)
ot or

(1.2) —0,

where
w(U, V) =U"M"V, w(U,V)=UTK"V,
and U(x,t) and V(z,t) are solutions of the variational equation

(1.3) Mdz + Kdz, = D,,S(2)dz.

In order to study the multi-symplecticity-preserving Runge-Kutta method, we
introduce a uniform grid (x;,#;) € R? with mesh length At¢ in the ¢ direction
and mesh length Az in the x direction. The value of the function ¥ (z,t) at the
mesh point (z;,1x) is denoted by ¢; 5. The equations (1)), (L2), and ([L3)) can be,
respectively, schemed numerically as

(1.4) M&{’kzj,k =+ K(Q)‘,{’kzj’k = (VZSj’k)j’k,
(1.5) O w4+ 0F ks, =0,
(1.6) MOJ*(dz)jx + KO2*(dz) ;6 = (DS 1) (d2) 1,

where S; i = S(2j k. T, tk),
wik = (MUjk, Vjr)s #jk = (KUjk, Vi),

U x and Vj, are solutions of (L), and &} 90k are discretizations of the deriva-
tives 9; and 0y, respectively. The following definition is from [2].

Definition 1.1. The numerical scheme () is called multi-symplectic if (L5 is
a discrete conservation law of (L4).
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To simplify notation, let the starting point (z, tg)=(0,0) in the numerical meth-
ods proposed throughout this paper. The Runge-Kutta method for equation (L))
is

T

(1.7) Zi = 20, + At ijl k0t Zmj,

1_.,0 "
(18) Zo, = Zm T At Zk:l brOt Znie,
(1.9) i = 26 + Az anl rmn Oz Lk,

kK s ~
(1.10) z1 =25 + Az Zm:l b0z Zmik,
(111) MOy Zyy + KOy Z = VZS(ka),
where the notation used is as follows: Z,,; ~ z(cpAx, dkAt) 20 ~ z(cmA:v 0)
Oy = Btz(cmAa: drAt), 0z Zmj = Ozz(cmAx, diAt), 2, = z(cmAx, At). 2§

2(0,diAt), 2§ ~ 2(Az, dpAt), and

T
Cm = E Qmn, dy, = E Q-
n=1 j=1

Corresponding variational equations to (IL)—(L11]), respectively, are

(1.12) AZ i = d2° + At ZT_ k(D) Zm;j),
(1.13) 1— a0 +Atz b d(O: Zomi),
(1.14) dZ i = dzE + Az anl Armnd(Dp Zn),
(1.15) dz¥ = dzk + A ZS b d(0y Zomic )
(116) Matdzmk + Ka dka - DzzS( mk)dZ7rLk7

where D, S(Znk) is a symmetric matrix.
Theorem 1.2. If in the method (L0)—(L1I)
(117) bkbj - bkakj - bjajk =0

(1.18) and  byby — bylmn — bplm = 0

hold for k,j = 1,2,...,r and m,n = 1,2,...,s, then the method (L7)-(CII) is
multi-symplectic with the conservation law

AmZb 24" M7 (dz,) - (d=20,)7 M (d29,)
(1.19) - -
A (@)K (45) — (42)T KT () = o
k=1
where

{dzh,, 20, A2k, Az, dZu, d(Ds Zuni) s A0y Zoni )}
and {dz}, zm,dzl,dzo,dka,d(@mek),d(athk)}
are solutions of the variational equation (L12)-(TI6]).
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Proof. Let
{dzd,, 28, d=k, A28, AZpk, d(Ds Zunk), A(Ds Zumr )},
{dzma dZm, le ) dzl& dZmlm d(a;chk)a d(athk)}

be solutions of the variational equation (LI2)—(LI0). It follows from (LI2)—(LI6])
and (LI7)-(LIY) that

(d=d) T M7 (dz2,) — (d=8,)T M7 (d=2,)

T —_ T
fAthk (0 Zomi) MT(dZuie) + (dZumge) ML (D Zonr))

(1.20) " — T
+ (A1) > (bibj — brak; — bjajr)d(0:Zmk) M" (0 Zy)
g, k=1

T —_ T
fAthk (0 Zomi) MT(dZute) + (dZumpe) ML (O, Zynr))
and
(dzWT KT (d2h) — (d8)T KT (dz8)

(1.21) T —T
= Az Z Do (A(D Zon) KT (dZai) + (AZomgs) KT (D Zont)).-

Using (LI6) and the symmetry of the matrix D,,S(Zx) produces

T
d(athk) MT(dka) + (dka) MTd(athk)

—~~— T —~— T
+ d(0uZmk) K" (dZmi) + (dZmi) KT d(0yZmi) = 0.
Combining ([20), (TZI)), and ([T22)), the proof of the theorem is completed. O

(1.22)

Remark 1.3. This theorem can be extended to the Hamiltonian partial differential
equation with varying coefficients

(1.23) M(x)z + K(t)zy = V,S(z, 2, 1),
where M (z) and K (t) are skew-symmetric matrices and smooth in = and ¢, respec-
tively, and S(z,z,t) is a smooth real function.

The following corollary is a natural extension of the result in [9].

Corollary 1.4. If in ([Z)—(TII]), the method applied to both the time direction
and the space direction is Gauss-Legendre, then the method (7)1l is a multi-
symplectic integrator.

2. PARTITIONED RUNGE-KUTTA METHODS

We consider the blocked Hamiltonian partial differential equation

(2.1) My M, P Ky Ky Pz \ _ [ VpS(p,q)
) —Mg M, q -K{ K, o V,S(p,q) )’
where M., K, (1 = 1,2) are « X a skew-symmetric matrices, My, Ky are a X «

matrices, and S(p,q) is a smooth real function in p = (p1,p2,...,pa)’ and
q:(Ql7q2a"'aQO¢) .
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The corresponding multi-symplectic conservation law is

0w(U.V) | Ox(U.V)

2.2 =0
(22) ot oz ’
where
M, My \" K Ko \"
_ T 1 0 _ T 1 0
WU, V)=U (—MOT MQ) v, k(U V) =U (—KOT Kz) v,
U(z,t) and V(z,t) are solutions of the variational equation
M1 MO Kl KO _
(2.3) ( _MT M, ) dz + ( KT K, dzy = D, S(2)dz

and z = (p1, D2, -+ Pas @1, G2, - - -, 4a) * - Now we apply the partitioned Runge-Kutta
method to the equation (2.1I):

(2.4) P = p°, + At Zj ay}) 0, Poyj,
(2.5) Quk = @ + ALY 42 0Quj,
(2.6) prln = pg@ + At 22:1 bk )8thk,
(2.7) ah =%+ Ay BP0 Qi
(28) P = pg + Az ZS mna Pnk;
(29) Qi = a5+ 22> a2,0.Qu,
(2.10) o =ph+Az> " D0, P,
(211) q’f = qlg + Az Zm:l Bg)aa:kaa
( My My ) ( Ot Pk ) n ( K, K ) < Ox Pk )
—M&F M2 atka _Kg K2 83:ka
\Y S( mks ka) >
2.12
(2.12) <v (Pt Qur) )
where we make use of the notation
po, = p(emAx,0), P =~ plemAz, At),
pg ~ p(0, drAt), Py ~ p(Ax,dpAt),
a9, ~ q(cm Az, 0), @y ~ q(emAz, At),
Pmk ~ p(CmAiU, dkAt)7 ka ~ (](CmA% dkAt)7
dp dp
Pm%_ mA7 Av xp'm%_ mAa A,
Ot P En (c x, dpAt) 0, k oz (c x, dpAt)
dq dq
mk ~ 5, mAa Aa r&mk = S mA; A
0 Qi at(C z, dp At) 0 Quk &C(C x, dpAt)

under the assumption that

(2.13) Za(l) —Z 2 — ¢, Z 1) — Za = dj.

n=1 j=1
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The system of variational equations of the method (Z4)—(ZI2) corresponding to

(T3] is

(2.14) dPy; = dp%, + At af)dd, Prn;,
j=1
(2.15) AQumr, = dal, + At 0l d0;,Qumy,
j=1
(2.16) dpl, = dpS, + At bV dd, P,
k=1
(2.17) dab, = dgd, + ALY b A0 Qum,
k=1
(2.18) APy, = dply + Az > " al)) dd, Por,
n=1
(2.19) AQui = dgg + Az Y a2, dd, Qur,
n=1
(2.20) dp§ = dp§ + Az Y b d0, Py,
m=1
s ~
2.21 dg¥ = dgf + Az ) 02 do, Qi
1 0 m
m=1
(2.22) Md(8y Zy) + Kd(8y Zomi) = Amnd(Zmic),
where

azm) = (35 ).

doy Py,
(0 Zmr) = ( 400 )
dame

App = < DppS( mkank> pqs( mkamk) )
DQPS( mkank) qu mkank) ’

(M M,
= ) (g &)

Obviously, A,k is a symmetric matrix. Now we let

{dp':rlna dpgfu dp’1€7 dpga dP’mk‘v datpmkv da:cpmk;
dqg—na dqg“ dqlfa dq’éa deka datkaa da ka}7

{dpma dp?ym dplv dpo; dek7 dat mks da Pmka
dab,, dqS,, dqb, dab, dAQumr, O Quuks 40, Qrui}
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be solutions of the variational equations (Z14)-(222), and

—~T —T 1 —T —T 0
(2.23) S = (dp}, ,dg, )MT( ZZ;’? ) — (dp9, ,dgd, )MT( 3{;? )

— T —T k —~T —T K
(224) o= (dpy L dgk VKT (DL )~ (aph dgh KT P2 ).
dqq dqg
By a straightforward calculation, we have

(2.25)

" [ ——T T (1)
S = Atz<dpmk dQumr )MT< b&)dathk >

k=1 bk; dat ka

— T —~~— T P
+ (b d0y Pk b7 d0y Qi )MT( ng’Z ))

r T

+ (A2 3 (b ey +6al) — 06 )d (0, Pry) Mid(0:Pr)
G k=1

T

+ (0 al) + 600D — bP b0, Prnj) Mod(0:Qur)

—_ T
+ (070 + 0P alY — 0PN d(0: Q) Mad(D Q)
( (

—~— T
+ 026 — 0Pl — bV a2V d(0,Quny) Mod(:Pnt))
and

(2.26)
T

: T Mo, P,
Skt = A APy dQui VKT | -k, Tl mk
" xZ(( b ) (bﬁf)damek

- —~~— T . —~— T
+ (B0 Py 5D dB, O )KT( AP ))

m=1

dek
S - —_ T
+(Az)? > (05 al) 40 al), —b b)) d(0y Pak) K1d(Oy Prni)

m,n=1
(B2, + P02, — BN, Q) Kad(0, Q)
+ (0 an), +b0all), - B(Q)E(l))d(ﬁk)TKOd(aszk)
+ (PR — BDa?), — 5@ all) (D, Qi) Kod(aerk).
Iffork=1,2,...,rand m=1,2,...,s,
(2.27) b =0 = by, BN =2 = by,
then the multi-symplectic conservation law of the method (2.4)—(212) correspond-

ing to (LA) is

(2.28) Az by + ALY brdgrt = 0.
m=1 k=1
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Consequently, in this case, it is sufficient for ([2:28]), which holds, that

(229) Il =0 and IQ 0,
where
(2.30)
r —_ T
L= (At Y ((b(” W oMal) — o) d(0,Pry) Mid(0:Pr)
j.k=1

—_— T
+ (070 + 0P al? — 0PN A0, Qumy) Mad(9 Q)

—~— T
+ (07al) + 00l — o)A Pay) Mod(9: Q)

—~— T
2), (1 2) (1 1) (2
+ (b§ )bl(c - b§ )a§k) - b§<} )al(cj))d(atQmj) MOd(athk)>

and
(2.31)
S - N s — T
L= (Az)* Y ((bﬁ?a&mwa%—b£;>b;1>>d<azpnk> K1d(8, Py
m,n=1
~ - - - —~~— T
+ (bSﬁ)aﬁhbS)d%—b(”b”))d(amcznk) K2d(92 Qi)
+ (0Pa) 1 pMg2) _ p2pyg (a Pnk) Kod(0Qumr)
~ ~ ~ ~ —_— T
b Y — 0D, — KDa)d(@,Gme) Kod@pmk)).
We let

()i = 0 + Bl — pVpD,
(12)iy = b2 (2) +a (2) P2
(

pa)ks = bPa (1) + 1 (2)_b(2)b(.1>

(V1) mn = b(l 1) + b(l) (1) bgyll)bgll)a
(V) = 0P a®) 45252 _ p2)p(2)
(vs)mn = b3 ), + bV ay, — DD

Then this leads to the following result.

Theorem 2.1. In the method [Z4)-([Z12), suppose that [ZI3) and Z27) hold.
The method (Z4)—-2I2) is multi-symplectic, with discrete multi-symplectic law
@29), if one of following conditions holds.

(1) fort=1,2,3,
(232) (s =0 (ko =1,2,..,7) and (v)pn =0 (myn=1,2,...,5)
when My #0, Kx #0 (A=1,2), My # 0 and Ky # 0;
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(2) forT=1,2,3,
(1) = (p2)rj =0 (k,j =1,2,...,7)

(2.33) (resp. (pr)k; =0 (k,j =1,2,...,7)),
Vr)mn =0(m,n=1,2,...,9)
(2.34) (resp. (V1) mn = (V2)mn =0 (my,n=1,2,...,5)),

when My =0 (resp. Ko =0);

(3) for 7 = 1,2, (ur)i; = 0(k,j = 1,2,...,r) and (V7)mn = 0(m,n =
1,2,...,s), when My =0 and Ko = 0;

(4) (p3)kj = (V3)mn =0, fork,j=1,2,...,r, myn=1,2,...,s, when M, =
K, =0 fort = 1,2 (this is a typical multi-symplectic partitioned condition);

(5) for 7 =1,2, (u3)kj = (Vr)mn =0, fork,j=1,2,...,r, myn=1,2,...,s,
when My, = Ko =0 foro=1,2;

(6) form=1,2, (r)kj = W3)mn =0, fork,j=1,2,...,r, myn=1,2,...,s,
when My = K, =0 foro=1,2;

(7) (p)kj = (V3)mn =0, fork,j=1,2,...,7r, myn=1,2,...,s, when My =
My =K, =0 foroc=1,2;

(8) (u3)kj = (W1)mn =0, fork,j=1,2,...,r, myn=1,2,...,s, when M, =
Ko=Ky=0 foro=1,2.

Now we give some remarks.

Remark 2.2. In Theorem 2.1l we list only eight conditions for multi-symplecticity
of the partitioned Runge-Kutta method of (Z4)—(2I12). By using I; = 0 and
Iy = 0, we can conclude more conditions for multi-symplectic partitioned Runge-
Kutta methods. This theorem can be extended naturally to the case of Hamiltonian
partial differential equations with varying coefficients.

Remark 2.3. It is trivial and apparent to extend Theorem and Theorem 2] to
the Hamiltonian partial differential equation with higher spatial dimension

L
(2.35) Mz + Y Krzp = V.S(2),
T7=1
where ¢« > 2, M and K, (7 = 1,2,...,.) are skew-symmetric matrices, and S is a
smooth function.

Remark 2.4. In Theorem [ZTlthe condition (1) implies a,(clj) = a,(fj) fork,7=1,2,...r

and &%L = &5,2% for m,n = 1,2,...,s. In fact, in this case only one symplectic

Runge-Kutta method is applied in each direction.

Remark 2.5. Consider the nonlinear Schrédinger equation

O 0% 2, _

Let ¢(x,t) = u(z,t) + iv(x,t). Then the equation ([2.30]) is read as

{ —%8+ 244 (w2 + v)u =0,

2.37 ; .
(2:37) %—F%—F(ﬁ-ﬁ-zﬁ)v:o.

We take z = (u, v, uz,v,)T. Then the equation (Z37) can be rewritten as

0z 0z
(2.38) Ma +K% =V.S(z,1),
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where
0 -1 0 0 0 0 1 0
1 0 0 0 0 0 0 1
M 0O 0 0 0 |’ K= -1 0 0 0 |’
0O 0 0 O 0O -1 0 O
and

1 1
S(z,t) = =7 (u? +0%)% = S(ug +03),

The equation (2:3]) is in accordance with the case of condition (7) in Theorem 211
Thus the partitioned Runge-Kutta (24])—(2I2]) method can be applied to the equa-

tion (2.38).

Remark 2.6. We consider the nonlinear Dirac equation

(2:39) Ve = Ay +if ([Y1]* = |¢2*) By,

where ¢ = (¢1,%2)T, i = /=1, f(s) is a real function of a real variable s, matrices
A and B are ( —01 _01 ) and ( _01 ? ), respectively, and ¢ = (¢1,p2)7 is

sufficiently smooth. Let 1; = u; +iv; (j = 1,2) and z = (u1, v, uz2,v2)”. Then the
equation ([2:39) can be written as

(2.40) Mz + Kz, =V, 5(2),
where
0 1 0 0 0O 0 0 1
-1 0 0 0 0O 0 -1 0
M = 0O 0 0 1 , K= 0O 1 0 ©0 ’
0 0 -1 0 -1 0 0 O
and

—1
S(2) = P bt - g 0d),

where the real smooth function F'(¢) satisfies d%F(C) = f(Q).
The equation (Z40) is in the case of condition (6) in Theorem 211
Now denoting z = (u1, us, v1, v2), the equation (Z39) can be rewritten as

(2.41) Mz + K2, = V:S(2),
where
0 0 10 0 0 0 1
. 0 0 0 1 5 0 0 10
M=1 "1 09 00| =1 0 -1 0 0
0 -1 0 0 -1 0 0 0

The equation (Z:41)) is in the case of condition (4) in Theorem 211

3. HAMILTONIAN WAVE EQUATIONS

In this section we consider the scalar wave equation
(3.1) Uy = Ugw — G'(u), (z,t) €Q C R?,
where G : R — R is a smooth function. The investigation on symplectic integration

for the equation ([BI)) can be found in [4] and the references therein.
Let 2 = (u,p,v,w)T, uy = v, u; = w. Then the equation [B.I]) can be written as

(3.2) Mz 4+ Kz, = V:5(%),
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where

o O

M = 1

0

cooo
co o~
cooo
I
—ocoo
cooo
cooo
coo

The case (4) in Theorem 2] is suitable for the equation (B2)).
In [9], the following result is given by Reich.

Proposition 3.1. Let (B1]) be discretized in space and in time by a pair of Gauss-
Legendre collocation methods with stages s,r, respectively. Then the resulting
discretization is a multi-symplectic integrator.

This result has fundamental importance for the multi-symplectic methods of
Hamiltonian PDEs. It implies the possibility of constructing higher-order multi-
symplectic schemes.

Now we investigate the multi-symplecticity of partitioned Runge-Kutta methods
for the equation ([BI)) by using the multi-symplectic conservation law (see [9])

(3.3) O(du A duy) = Oy (du A duy).

The partitioned Runge-Kutta method applied to the equation (B1]) is

(3.4) Ui = ub + Az Z;l i 9, Uni,
(3.5) Wi = u+ Az Y a2 0, Wi,
(3.6) Upiy = 09, + At ZZ_:I {0, U s,
(3.7) Vi =0 + ALY 0l 0Vony,
(3.8) uf = uf + Az Z;Zl b0, Upae,
(3.9) wh = wk + Az Z;zl 520, Wi,
(3.10) uh =l + ALY b OU,
(3.11) vl =10 1 At Z;Zl 528, Vi,
(3.12) OuUnmie = Vinks OaUnmisc = Winie,
(3.13) OVt = 0 Wonk — G (Up),

under the assumption that

T T
(3.14) Z a,(clj) = Z a,(fj) = dy,
j=1 j=1

(3.15) doab) =>al) = cm.

n=1 n=1



178 JIALIN HONG, HONGYU LIU, AND GENG SUN

Here the notation in the following sense is
Uni = u(cm Az, dipAt),
OtUnmi = Opu(cm Az, dpAt), 0x Ui = Opu(cm Az, dpAt),
ub ~ u(0, dpAt), uf ~ u(Ax, dpAt),
u®, = u(cAw,0), ut, = u(cmAr, At).

Theorem 3.2. In the method B4)-BI3), assume that BI4), BI5) and
(3.16) b = b = by, B =52 =,

(3.17) bMp@ —pDg2) _ p@50) —

@.19) K e _ 4P a® g

hold form,n=1,2,...,s, k,j=1,2,...,s. Then the method B4)-@BI3) is multi-
symplectic with a discrete multi-symplectic conservation law

(3.19) At Z by (duf A dwh — dulb A dwl) = Ax Z b (dul, A dv}, — du®, A dw?).
k=1 m=1

Proof. 1t follows from ([B4)-(3I3) and the conditions B.I4)-(3I]) that

du¥ A dwh — duly A dwl

(3.20) s
= A2 Y b (dUpie A d(0:Wini))
m=1
and
dul, A dvl, — dul, A dvb,
(3.21) "
= At Z br(dUpni A d(0tVinr)).-
k=1
On the other hand, (313) implies that
(3.22) AUpie N d(0:Wini) = dUpnie A d(@thk).
From (B320), B21)), and [B322]), the discrete conservation law ([B.19) is proved. This
completes the proof. O

Remark 3.3. (312) and BI3) imply that (3I4) and BIH), in essence, are not nec-

essary for the characterization (BI6)-(BI]]) of multi-symplectic partitioned Runge-

Kutta methods (34)-B13).

4. THE CONSERVATION OF ENERGY AND MOMENTUM

It has been shown, by S. Reich in [9] (also see [2]), that multi-symplectic Gauss-
Legendre schemes preserve both the discrete energy and momentum conservation
laws exactly for linear Hamiltonian PDEs. In this section we show that the scheme
(I0)— (T preserves the discrete energy and momentum conservation laws exactly
for linear Hamiltonian PDEs

(4.1) Mz + Kzy =V, 5(2),
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where M and K are skew-symmetric matrices, S(z) = 227 Az, and A is a symmetric
matrix. The equation (@J]) has the energy conservation law
(4.2) OE(2)+ 0. F(2) =0,
(4.3) Ol (z) + 0,G(z) =0,
where
1
E(2) = =2TAz — 20,2 K" 2,
2 2
1
F(z)= ié‘tzTKTz,
L r Lo ror
G(z) = 57 Az — 55}2 M* z,

I(z) = %(%EZTMTZ.

Theorem 4.1. Under the assumptions of Theorem [L.2, if the matrices of RK
methods in the method (L7)—-({II)) are invertible, then the method (L10)—(LI1) has
a discrete energy conservation law

(4.4) Az Y bn(B(z,) = E(z0)) + At Y be(F(2F) = F(25)) = 0
m=1 k=1
and a discrete momentum conservation law
(4.5) Az > by (I(zh) = 1(20)) + At Y br(G(2F) — G(2§)) = 0.
m=1 k=1
Proof. First of all, we introduce the system
(4.6) 00 Zomke = (022) 0 + ALY 104 (00 Zimj),
j=1
(4.7) (028, = (022)9 + ALY 00400 Zmi),
k=1
(4.8) O Lot = (012)b + AT Y GO (01 Zic),
n=1
(4.9) (022)y = (0:2)6 + A2 Y b0 (01 Zimi),
m=1

where (9,2)9, and (9;2)k satisfy

(4.10) 20 =20+ Az Z mn(022)2,
n=1

(4.11) 2 =2+ ALY a;(92)g,
j=1

respectively, and
Ot (0 Zmi) = Oppz(cmAx, dpAt),
01 (01 Zmi) = Opr2(cm Az, dip At).
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Because matrices A = (ag;)rxr and A = (Gmn)sxs are invertible, we have

(4.12) 0t(02 Zmi) = 0x (0t Zmk)-

In fact, (C3), (£6), and (@I0) imply that

(4.13) Dl = zlg + 20 — 20 + AzAt 27: zs: e Umn Ot (02 Znj).-
j=1n=1

Similarly, (L), (£S), and (£II) imply that

(4.14) ke = 20 + 28 — 20 + AzAt Z Z im0z (0t Znj)-
j=1n=1

From (£I3) and ([@I4), we conclude that ([@I2) holds for m = 1,2,...,s and
k=1,2,...,r.
From the assumptions, we have

S TET(02)% = 5 (8)T KT (0h)
SR % Z:ll}m(zmk)TKTaﬁ(athk) - % S_lf)ma (Zuk) " K" (8o
Therefore,
F(zl)A—xF(ZIS) _ % mz_:l b (Zoie) T KT 0, (91 Zon)
(4.16) L
+ 5 > bm0e(Zonk) " KT (0t Zumi)

A similar (but a little bit tedious) calculation leads to

B(zL) — E(29) 1 ¢ T T

(4.17) B
1
-3 > " 0k00(Zink) T K (04 Zimi).
k=1

This means that ([£4) holds. Analogously, we show that (@3] holds. The proof is
finished. O

Remark 4.2. The discrete conservation of energy and momentum for (2.4)—(2.12)
can be discussed in a similar way, but with tedious calculations.

5. CONCLUSION

Theorem tells us that concatenating two symplectic Runge-Kutta methods
probably produces a multi-symplectic integrator with the order that we need. The-
orem [2.T] provides theoretically many more ways of constructing multi-symplectic
integrators by using partitioned Runge-Kutta methods. For example, a multi-
symplectic integrator of the wave equation can be produced by using the Lobatto
IITA-IIIB pair to discretize the equation both in time and in space directions.
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