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NEW IRRATIONALITY MEASURES FOR ¢-LOGARITHMS

TAPANI MATALA-AHO, KEIJO VAANANEN, AND WADIM ZUDILIN

ABSTRACT. The three main methods used in diophantine analysis of g-series
are combined to obtain new upper bounds for irrationality measures of the
values of the g-logarithm function

> Zuqu
Ing(1—2)=" =g As<L

v=1

when p=1/qg € Z\ {0,£1} and z € Q.

1. INTRODUCTION

The main purpose of this article is to improve the earlier irrationality measures
of the values of the g-logarithm function

e v, v
_ Zq
(1) 1nq(1—z)—;1iqu, 2| < 1.

In order to improve the earlier results we shall combine the following three major
methods used in diophantine analysis of g-series:

(1) a general hypergeometric construction of rational approximations to the
values of g-logarithms vs. the g-arithmetic approach ([Z1]);

(2) a continuous iteration procedure for additional optimization of analytic
estimates ([Bo], [MV]);

(3) introducing the cyclotomic polynomials for sharpening least common mul-
tiples of the constructed linear forms in the case when z is a root of unity
(BV], [As], [MP)).

Also, some standard analytic tools (i.e., from [Hal) for deducing irrationality mea-
sures will be required. We underline that in the corresponding arithmetic study
of the values of the ordinary logarithm (cf. [Ru] for log2 and [Hal for other log-
arithms) only feature (1) is mainly applied, but in particular feature (3) has no
ordinary analogues. Thus the present g-problems invoke new attractions in arith-
metic questions.

We present the bounds for irrationality measures by means of certain estimates
for irrationality exponents. Recall that the irrationality exponent of a real irrational
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number 7 is defined by the relation

= p(y) = inf{c € R : the inequality |y — a/b| < |b|”™¢ has

only finitely many solutions in a,b € Z}.

Our main results include the case of general rational z satisfying |z| < 1 as well as
the case z = —1 of Iny(2). Another special case, z = 1 in (), of the g-harmonic
series, is considered in [Z2]. Our present methods do not allow us to sharpen the
result in [Z2], where the arithmetic group structure approach (specific for z = 1) is
used.

Theorem 1. Let z € Q be such that 0 < |z| < 1. Then the irrationality exponent
of Ing(1 — 2) satisfies the estimate

p(lng (1 —2)) < 3.76338419 - - - ,
where ¢ =p~t and p € Z\ {0, £1}.
Theorem 2. The irrationality exponent of Ing(2) satisfies the estimate
1(lng(2)) < 2.93832530 - - -,
where ¢ =p~' and p € Z\ {0, £1}.

The estimate in Theorem 1 improves corresponding results of [BV], [MV]; the
estimate in Theorem 2 sharpens results in [As], [Z1].

One important part in the proof of Theorem 2 is the precise knowledge of the
least common multiple D,,(z,2) of the polynomials z — z,2% — z,...,2" — z at
z = —1. This is a special case of a general algebraic result on D, (z,w) with a
root of unity w. The proof of this result, the following Theorem 3, seems to be an

interesting application of cyclotomic polynomials.

Theorem 3. Let w denote a primitive r-th root of unity for some r > 2. Then in
the polynomial ring Z|w|[x] the following estimate is valid:

3n2 p2

w2l
plr

* 1
(2) deg, Dy (z,w) = 2 + O(nlog®n) asn — 0o,

l

where Z;‘ stands for summation over integers | in the interval 1 < I < r and
coprime with r.

To the end of Section 3, the integer p stands for 1/q. We recall some standard
g-notation:

n

(aiq)n == [J(1 = ag"™ "),

[n],! - @D m ;V_l [n]q! (¢ D)

G- k], Wl —F @Ok (@@ r

where k =0,1,...,nand n=0,1,2,....
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2. HYPERGEOMETRIC CONSTRUCTION

Let ng, n1, ng, and m be positive integers satisfying n; > ng, no > ng. The
additional condition ny — ng < m < ng will be required to further simplify the
explanation (the choices m < ng — ng and m > ny do not correspond to nice
approximations to the ¢-logarithm). First, consider the rational function

Rory = LoD TEalo )
pe1(1— ") heo(1 — g mHIT)
_ (qT;Q)no . (C];Q)nQ .20

(@ @Dy (@ T5q)ny11
which is of order O(T~!) as T — oo. This may be decomposed into the sum of
partial fractions:

Eq(T) _ i Ax(q)

1 _ qk}Jrnl JrlT’
k=0
where the standard procedure of determining coefficients gives us

Ai(q) = (—1)rogrotmotl)/2mnolktmtl) {k :;0”1]
q

n —(nz2—n ni
< (_1)qu(k+l)/2 [;] q (n2—no)(k+ni+1)
q

— (—1)kHnopno(not)/2 [k? +n1}  pmakk(k=1)/2 [Tﬂ 20 (k+mat1)
p

= o )
for k=0,1,...,no. Setting Ry(T) = EQ(T) -T™o+l where mg = m — ny + ng, we
introduce the quantity

L(z) = 23 2 R(T)
t=0

Since R,(T) has zeros at the points 7' = ¢~',¢72,...,¢~ ™, after reordering of the

summation we may write

no B . . B [ee] Zt+k‘+’n1+1q(t+k:+n1+1)(m0+1)
I(2) = ZAk(Q)q (k+ni+1)(mo+1) ,—k Z
k=0

tzfno

1— qt+k+n1 +1

no o Zlql(mo+1)
_ Z Ak(q)p(k+n1+1)(77m+1)z—k Z
k=0

—
l=k+n,—no+1 1 q
The last inner sum may be computed as follows:
i A ghmot1) _ i gt - i (g} — gltmotD)
1—¢ 1—¢ 1—¢ ’
l=k+n1—no+1 l=k+n1—no+1 l=k+n1—no+1

writing the first sum on the right-hand side as
k4+ni1—ng 11 k+ni1—ng )

S

z'q z'q Z4q
_ —In (1 —2) —

;1,(11 IZ; 1—¢ ng(1—2) Z 1— ¢
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and the second sum as

o0 mo
7 k+n1 no+1
l gl _ q 2)
q ¢ Z
o 1-—g¢iz ¢z
l=k+n1—no+1 7j=1 j=1ll=k+n1—no+1 j=1

we finally obtain

I,(z) = A(p, 2) Ing(1 — 2) + A'(p, 2) + A" (p, 2),

where
na
ZA/C (k+n1+1)(m0+1)z—k
k=0
_ ( 1)nopno (no+1)/24(m+1)(n1+1)
- k+n n
k, —nok+(m+1)k+k(k—1)/2 1 2 —k
<3 (-1 s e
k=0 P P
\ ( Jmort) k2!
A/ p,z) = Ak qQ)p k+ni1+1)(mo+1 ka
(p:2) kzzo (q) ; 1
_ (_1)n0pno(n0+1)/2+(m+1)(n1+1)
2 k+n n rasre g
1k, —nok+(m+1)k+k(k—1)/2 1 20—k
S YEI s D SR
k=0 p p =1
n2 Mo i(kdng—
A”(p, Z) _ Ak(q)p(k+"1+1)(m0+1)z”1_”0+1 Z D J( -+n1 ng)
k=0 j=1 =z
mo 1
_ (_1\no ,n1—no+1,no(no+1)/2+(no+1)(m+1)
= (—1)"0ozmmot+1pno(no 0 ij_z
j=1
o k+n n ;
XZ(_l)kp—n2k+k(k—l)/2|: N 1:| |:k2:| (pm+1—]>n1—n0+k
k=0 0 Jp p
mo
_ zn1*n0+1pn0(n0+1)/2+(n0+1)(m+1)+(n2+1)(”1*no) Z ‘1
— p) —z
j=1
ni
k+n n i
XZ(_ k (”0 #no= k+1)/2|: no 2:| |:k1:| (pm ]§p l)nzfnoJrk
p p
(the last step uses Lemma 3 from [Z1]).
Since m < ng, we have
+1 . k(k—1
Mlzm—k(m—l—l)(nl—l—l)#— min —Tlgk-‘-(’ﬂl*'-l)k-'-g
2 0<k<ny 2
no(ng + 1 no —m)(ng —m —1
= 0D | g 1y 1) - 2o m ),
2 2
set also
ng(ng + 1
My = mo(no +1) + (no+1)(m+1)+ (n2 + 1)(n1 — no),

2
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and by D, (p,z) denote the least common multiple of the polynomials p — z,
p?> —z,...,p" — z. Then the above formulae yield the inclusions

p Mz Ap2) € Zlp, 2], p M2 Dy ng—no (9, 1) - A'(p, 2) € Zp, 2],
P M Dy (p, 2) - A" (p, 2) € Zlp, 2]
(by noticing that (p"™7;p~1),, —ne+r = 0 if m — j — na +ng — k < 0); hence
(3) P Dy s —nomo (P, 2) - Ig(2) € Zlp, 2] Ing (1 — 2) + Z[p, 2],

where M = min{M;, Ms} = M; and ZA)n,m(p7 z) denotes a common multiple of the
polynomials D,,(p) = D, (p,1) and D,,(p, z). It is known [Ge] that the polynomial
D,,(p) is the product of the first n cyclotomic polynomials

l
(4) op)= [[ - ezp, 1=123,. ..,

so that the usual choice of ﬁmm(p, z) is as follows:

m
(5) Dn,m(pv z) = Dn(p) - H(p] - 2).
j=1
However, if z is a root of unity, there is a better choice instead; we discuss this type
of question in Sections 3 and 4 below.
Finally, we would like to mention that the quantity I,(z) is in fact the value of
the Heine series,

(¢ Dn, (059) gt  gmtt
Iq(Z) — ymtl, # o1 ’ 12
(Q> Q)n1+nz+1 q

q, qm“Z)

(see |[GRI), and that the construction in [MV] corresponds to the following choice
of the parameters: ng =ns =n,ny =n+1,and m = K — 1.

3. ANALYTIC AND ARITHMETIC VALUATION
Writing

A(p, ) = (=1)mop=mo(ro+1)/2+(no+m+1)(ma+1)

na
ko (notmADk—k(k+1)/2 |kt 01| [ne| g
<t RSIRE

1o
and using
max 1 (n +m+1)]€_k(k7+1) =(ng+m+1)n _na(ne £ 1)
o<k<ng |\ 0 D) = ("o 2 5

(since ng +m + 1 > ngy), we conclude that

(6) \A(p,z)| — |p‘—no(no+1)/2—n2(n2+1)/2+(n0+m+1)(n1+n2+1)+O(no+n1+n2+m)7

where the constant in O depends on z only. Similarly,

(7) [ 4(2)] = [p|Ootratnatm),
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The general asymmetry of our construction yields the existence of a common
divisor II(p) = Iy 5y .n, (P) € Z[p] of the polynomials

|:k+n1:| |:n2:| 9 k:0717...7n27 |:k.+n2:| |:n1:| 9 k:0717"'7n17
no |, k » o]y k P

and hence of the coefficients A(p,z), A'(p,z), A”(p,z) after multiplication by

pM ~ﬁn1+n2,no)m0 (p, z) in ([B)). Namely, using representations

k+ni| [n2| [n1]p! [n2]p! k+ni| |n1+mn2—ng

{”0 ] {kL[”O]p![m*-W—HO]p![ k ] { ng —k L’
k=0,1,...,n2,

E+ng| [ni| _ [n1]p! [n2]p! k+mns| |[n1+ne—ng

{ 1o ]p{k}p_[nO]P![nlJrn?nO]P!.{ k :|p{ ny —k :|p7
k=0,1,...,nq,

and the knowledge that p-binomial coefficients are polynomials from Z[p] having
only cyclotomic polynomials as irreducible factors, we may take

ni1+ngz—ng

op)= [ @&w=®,
=1

w-meo 2]« ][] [

and | - | denotes the integer part of a number (see [Z1], the proof of Lemma 5).
These arguments allow us to sharpen the inclusions (@) as follows:

piMDnl‘i’nQ*nO,mo (p, 2) * gy s (p)fl 14(2) € Zlp, 2] Ing(1 - 2) + Z[p, 2].
Finally, set

where

ng = agn, N1 =ain, Ny =an, m= |an],
where the parameter n tends to co. Then

1 1og |4, 2)
w n log [

log| 1,
PG 111 s
2, 2 log p

by @), (@), and

(8) lim log |pMDn1+n2—no,mo (p’ Z)il lng nyno (p)|
Jo, " log [p

with the choice ({l), where

(9)

=y

2 2
clzcl(a):_%‘;%+(a0+a)(a1+ag),
2 N2
COZCO(CY)Z%‘F%&—M
3 ! — s + ag)?
1 (R L R ) B
m 0
and

wo(w) = max{0, |arz] + [azz] — [aoz] — (a1 +as — ag)e]}.
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Then p(Ing(1—2)) < C1(a)/Coh(a) provided that ag —ap < o < ag and Cy(a) > 0.
It is important that the parameters «ag, a1, as should be positive integers to ensure
validity of the above formula for Cy(c) (namely, its integration part due to [Z1],
Lemma 1). Thus after making a suitable choice for these three parameters we can
minimize the quantity C;(a)/Cy(a) with respect to the remaining parameter «,
which may take any (even irrational) value in the interval ay — oy < a < as.
This idea comes from [MV], and, as in that work, there is no difficulty in mim-
imizing C4(a)/Co(cx) since C1(a) depends linearly and Cy(or) quadratically on the
parameter .

Proof of Theorem 1. Taking ag = 6, a1 = ag = 7, so that wo(x) = 1 for € [0,1)
lying in the following set:

[Fa)uFs)uE)UEDVED VG,
and then o = 5.63997199 - - -, we arrive at the estimate
p(Ing(1 —2)) < 3.76338419 - - -
of the theorem. 0

4. CYCLOTOMIC BACKGROUND

We will agree from the beginning to deal with the cyclotomic polynomials ®;(z)
and least common multiples D, (z, z) and lA)nm(:c, z) as polynomials in the vari-
able x, and to keep the substitution z = p € Z\ {0, £1} for final arithmetic results.
As follows from definition ), deg ®;(x) = (1), Euler’s totient function. Therefore,
the degree of the polynomial D,,(z) = D, (x,1) = [[,_, ®:(z) may be computed by
application of Mertens’ formula

(10) deg Dy, (z) = 1; o(l) = %Tﬁ + O(nlogn) as n — oo;

hence
log [ Dy (p)| _ i
n—oo n?log|p| w2’
This is the formula used in computing the right-hand side of (§). We will also
require the following summation formulae for Euler’s totient function:

1) > 2i) = %nz + O(nlogn), > oe2j+1) = %rﬂ + O(nlogn)

1<j<n 0<j<n

as n — oo (for n real and not necessarily integral); see also the general formula (I4)
below.

Lemma 1. In the polynomial ring Z[z] the following estimate is valid:
4

(12) deg Dy, (z,—1) = —2n2 + O(nlogn) as n — 00.
™

First proof. Since 2% — 1 = ;5 ®i(2), we have

F+1=

a2 —1 [y ®il@) &)

= = = P k=1,...,n.
ab =1 Tl ®u(=) 1[I el vt

112k Ik
Ik k/l is odd
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Therefore, z¥ + 1 divides [];_, o () for k = 1,...,n and, clearly, ®o(z) divides
'+ 1forl=1,...,n. Thus D,(z,—1) = [];_; ®2(z) and application of the first
formula in (1) leads to the desired result. O

Second proof. This proof follows the ideas of proving Lemma 2 in [MP]; we indicate
it to make clear the ideas of proving Theorem 3 below.

For each n > 0 (not necessarily integral!), denote by L, (z) the least common
multiple of the polynomials zF + 1, where k runs over positive odd integers in the
interval 1 < k < n. Since 2% +1 = —((—z)F - 1) = —ILy, @u(—=) for k odd, we
obtain

[n/2]
L) = [] ®(=2)= [] ®2s1(-2);
1<I<n j=0
l is odd
hence
2
(13) deg L, (z) = —2n2 + O(nlogn) as n — oo,
o

by the second formula in (). Clearly, L, - (2?) gives the least common multiple
of the polynomials z* + 1, where k runs over positive even integers in the interval
1 < k < n not divisible by 4; then L,, /4(934) gives the least common multiple of the
polynomials #* + 1, where k = 4 (mod 8) runs in the interval 1 < k < n, and so on.
If exponents of 2 in the prime decompositions of the numbers k& and j are different,
then polynomials 2* + 1 and 7 + 1 have no common complez roots; hence they are
coprime over C[z] and as a consequence over Z[x] as well. Therefore, we arrive at
the formula

Dn(fy _]-) = Ln(x)Ln/Q(x2)Ln/4($4)Ln/8(x8) T

where the product on the right contains only a finite number O(logn) of factors,
and the (almost desired) estimate for the degree of D, (z, —1),

4
deg Dy (z,—1) = =n* + O(n log® n) as n — oo,
™
follows from an accurate substitution of formula (I3). O

Corollary. If n/2 < m < n, then a common multiple ﬁnym(x, —1) (over Z[z]) of
the polynomials D,,(z) and Dy, (xz,—1) may be taken in such a way that

~ 1
deg Dy (z, —1) = §(2n2 + 4m?) + O(nlogn) as n — 0.

Proof. The polynomials z* + 1 for 1 < k < n/2 divide both D,,(x) and D,,(z,—1).
Therefore we may take
D, (x)Dyp,(z,—1)

D\_n/2j (1‘, _1) ’

and estimates (I0), (I2) give the desired result. O

Do (2, —1) =

Remark. The above choice of ZA)mm(a:, —1) sharpens the choice in [Z1], Lemma 8.
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Proof of Theorem 2. Using the above corollary of Lemma 1 we may replace the
constant Co in (@) by

2

N2
Ch = Chla) = 2 +aa - (a2 — o) . @)

_ % (2(a1 +az —ag)? +4(a —az +ag)? - 3/0 wo(x)d(—l//(l‘»)a

with the result p(Ing(2)) < C1/Cj < 2.93832530 - - - obtained by using the values
ag =4, a1 = az =5, a = 4.09112737--- . In this case, wo(x) = 1 for x € [0,1)
belonging to the following set:

51V VIEFUIER)-

This proves Theorem 2. O

5. COMMON MULTIPLES INVOLVING CYCLOTOMIC POLYNOMIALS

The number p will be used to denote a prime. We will require the asymptotic
formula

(14) > p(rj+b) = 2]_[ o o +O0(nlogn)  asn — oo,
Jj=0 p|7‘
where 1 < b < rand (b,r) =1 (see [Ba] and [MP]).

Proof of Theorem 3. For each n > 0 (not necessarily integral!) and any integer b
satisfying 1 < b < r and (b,r) = 1, denote by L, p(x) the least common multiple
of the polynomials z* — w, where k runs over integers in the interval 1 < k < n
satisfying k = b (modr). The polynomials z¥ — w and 27 — w, where k and j
are integers coprime with r and & # j (modr), have no common roots; hence
these polynomials are coprime over C[z]. This, in particular, yields that the o(r)
polynomials L, (z), 1 < b < r, (b,r) =1, are pairwise coprime over C[z] and over
Z]w][z] C Clz] as well; hence

(15) Lo(@)= ][] Lns(@)

1<b<r
(b,r)=1
is the least common multiple of the polynomials ¥ — w, where k runs over integers
satisfying 1 < k < n coprime with r. Having this common multiple and concluding
as in the second proof of Lemma 1, we obtain

(16) Du(a,w) = ]+ TT Bujipit g (@7 75),

s1=0 Sm =0

where pi,...,pmn are all distinct prime divisors of the number r. Note that, in
spite of infinite products in (I6]), only a finite number [O(logn)] of the factors differ
from 1.

In order to compute the polynomials L, ;(x), we start by noting the formula

It = w((wax)7'j+b -1)=w H by (w),
d|rj+b
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where ab = —1 (modr). Therefore, assigning the numbers b; in the interval 1 <
by <rtoeachl, 1 <I<r, (I,r) =1, by the rule Ib; = b (modr) (as in [MP]) we
obtain

[n/(rl)] -1 [n/(rl)]
IT II ®en(wa) ‘ Ly p(2) ‘ I @rse(wa)
I<I<r =0 I<I<r §=0

(1,r)=1 (I,r)=1

(where “|” means “divides”, as before); hence
_ ln/e)]
deg, Ly p = Z < Z o(rj+b) + O(nlogn))
! 7=0
2 2
*(3r(n P
= Z <P (ﬁ) Hp2 — O(nlogn))
l plr
3n? p? « 1
:Engﬁ l l—z—l—O(nlogn) as n — oo,
p|r
by ([[4). Using (I3 we obtain
3n2p(r) p? * 1
deg, L, = 5 Hle : Z—Q—I—O(nlogn) as n — oo.
p|r

Finally, computing the degree of the polynomial D, (z,w) in (I6) with the help of
the relation

o) o) 1 1 -1 1 -1
Z...ZM:<1_> ...(1_> o
b1 p1 Pm (r)

s1=0 Sm=

gives the desired result (2). This proves Theorem 3. O
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