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A NONLINEAR APPROACH
TO ABSORBING BOUNDARY CONDITIONS
FOR THE SEMILINEAR WAVE EQUATION

JEREMIE SZEFTEL

ABSTRACT. We construct a family of absorbing boundary conditions for the
semilinear wave equation. Our principal tool is the paradifferential calculus
which enables us to deal with nonlinear terms. We show that the corresponding
initial boundary value problems are well posed. We finally present numerical
experiments illustrating the efficiency of the method.

1. INTRODUCTION

The semilinear wave equation in R models various phenomena as the dislocation
in crystals, laser pulses in two state media, etc. (see for instance [22]). Numerical
computations of this equation are therefore often necessary. Though the problem
is defined in the whole space, it is often sufficient to know the solution only on a
bounded domain: the domain of interest. An artificial domain which includes this
region of interest is then defined. Inside the domain the equations are discretized
in the usual way, but there remains the question of the choice of reliable boundary
conditions on the artificial boundary. Thus the boundary conditions have to be
well posed and accurate in order to be able to approximate the restriction of the
solution to the domain of interest.

In the case of linear constant coefficients equations, the transparent boundary
condition (the boundary condition satisfied by the exact solution) can be explicitly
computed when choosing special geometries for the computational domain (half-
spaces, spheres or cylinders). This boundary condition is a nonlocal operator and
can be approximated by local boundary conditions [13], [7], [2I] or fast evaluated
[8], [2], [@]. One can also replace the boundary condition by a reflectionless sponge
layer damping propagating waves [3].

In the case of linear variable coefficients equations, the previous methods fail
since the transparent boundary condition cannot be explicitly computed. A strategy
has been developed to design boundary conditions which minimize the reflection of
the solution at the artificial boundary. These absorbing boundary conditions have
been constructed for hyperbolic problems [7] and parabolic problems [10], with
success, using pseudodifferential calculus. In the case of the wave equation, the
method relies on the factorization of the operator in a product of two first-order
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operators. Omne operator corresponds to the incident wave and the other to the
reflected wave with respect to the boundary of the computational domain. As the
boundary is artificial, the transparent boundary condition consists in annihilating
the operator corresponding to the reflected wave. Finally, the transparent condition
is not very manageable for numerical simulation and is approximated with absorbing
boundary conditions, which are easy to implement.

For nonlinear problems, very little is known. To extend the strategy designed for
linear variable coefficient equations to nonlinear equations, one of the first ideas is
to use the absorbing boundary conditions of the linearized problem. We obtained
good results in the case of reaction-diffusion equations [19] using this strategy. In
the case of nonlinear Schrédinger equations, we showed in [20] that the solution
computed with this method is very different from the solution of the nonlinear
problem set on R.

This motivates the introduction of a new method. It consists in following the
same steps as in the linear case, replacing the pseudodifferential calculus with
the paradifferential calculus. This enables us to deal with the nonlinear terms.
E. Dubach [6] used this method in a formal way for nonlinear parabolic equations.
Here, we develop this strategy in a rigorous way for the semilinear wave equation.
The present work consists of six parts:

e First, we state the main results which will be established in the next sec-
tions.

e In section 3, we recall how to obtain the absorbing boundary conditions
for the wave equation with variable coefficients following B. Engquist and
A. Majda [7]. We deduce a first way to construct absorbing boundary
conditions for the nonlinear problem.

e In section 4, we recall the properties of the paradifferential calculus that we
use in the sequel to find absorbing boundary conditions. We give various
properties of the paradifferential calculus of J. M. Bony [4], then we recall
various properties of the tangential paradifferential calculus of M. Sablé-
Tougeron [17].

e In section 5, we show that the solution of the semilinear wave equation also
satisfies a paradifferential equation modulo a regular remainder. We factor-
ize this paradifferential operator in a product of two first-order operators
as in the linear case [7]. Relying on a result of reflection of singularities,
we show that the solution of the semilinear wave equation annihilates the
first-order operator corresponding to the reflected wave modulo a regu-
lar remainder. This operator defines the transparent boundary condition.
However, this boundary condition contains paradifferential operators which
are nonlocal in time. Thus, giving local approximations of those operators,
we find absorbing boundary conditions.

e In section 6, we prove the well-posedness (local existence and uniqueness)
for the semilinear wave equation with our absorbing boundary conditions.
We study a linear nonhomogeneous problem which allows us to define an
iterative scheme and show its convergence.

e In section 7, we numerically compute the solution of the semilinear wave
equation with our absorbing boundary conditions. The schemes that we use
are easy to implement. We show the qualities of the method and compare
it with the one using pseudodifferential calculus.
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Remark. We study the one-dimensional case in order to emphasize the efficiency
of our method in a simple case. The multidimensional study contains additional
difficulties due to the geometry (see [I0] in the case of linear parabolic equations
on curved boundaries) and should be the heart of a forthcoming paper.

Remark. The reader more focused on applications may skip the rather technical
sections [ to [6l

2. STATEMENT OF THE MAIN RESULTS

Let s be an integer such that s > 2 and let f in C°°(R3 R) be such that
£(0,0,0) = 0 and f and all its derivatives are bounded. For all ug in H*(R)

and for all u; in H¥~1(R), there exists a time 7' > 0 and a unique solution ., in
L]0, T[, H*(R)) n Wt+e<(]0, T, H*~}(R)) of
(2.1) (02 — 0 tuer = f(Uer, Opller, Opticy) in |0, T[XR,

' Uey = UQ, Oplley = uy at t = 0.
Moreover, 0%u., belongs to L>(]0,T[,L?(R)) for |a| < s. Therefore, u., is in
H*(]0, T[xR). This result is proved for instance in [12].

We want to approximate the solution u.,, of ([2.1]) restricted to R™. Suppose that
ug and u; have support in R™. We look for a condition satisfied by u., at x = 0 of

the form (0, — B)ues|z—0 = 0, where B(uey,t, Dy) is an operator. Then, u., is the
solution of the problem

(02 — 0 tex = f(Uer, Oplier, Opticy) in |0, T[XR™,
(2.2) Ortier = B(teg,t, Di)ue, at =0,
Ueg = Ug, Opllez = up at t = 0.

Remark. In the case of linear equations, the operator B does not depend of .,
(see for instance [7] and [10]).

We use two methods relying respectively on the pseudodifferential calculus and
on the paradifferential calculus. These methods yield the absorbing boundary con-
dition (abs) of order 0:

(2.3) Ozu+ 0w =0 at z = 0.

We sum up the first-order and second-order absorbing boundary conditions given by
the pseudodifferential strategy and the paradifferential strategy for functions f of
the type f(u,ur,uz) = fi(u)+ fa(w)ur + f3(u)ug, where f; is in C*(R), 1 < j < 3,
and f1(0) =0.

Pseudodifferential strategy. The first-order absorbing boundary condition is
(2.4) (Opu + Opu — (fa(u) — f3(u))u/2)|a=0 = 0,
and the second-order absorbing boundary condition is
(0 0u + Ofu — 1/2f1 (u)
(2.5) + (f2(u)? = f3(u)®)u/8 + 1/2(f3(u) — 3 f2(u))Ou
+ (f3(u) — f3(u)(Opu + Ozu)u/4)|z=0 = 0.
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TABLE 1. First-order and second-order absorbing boundary con-
ditions for (02 — 92)u = f(u) at z = 0.

pseudodifferential strategy

paradifferential strategy

first-order abc

Opu~+ 0w =0

Ozt + Oru =0

second-order abc

0y 0pu + 02u — f(u)/2 =0

0;0pu + 02u — f(u)/2 =0

TABLE 2. First-order and second-order absorbing boundary con-
ditions for (07 — 82)u = —u?0,u at z = 0.

pseudodifferential strategy

paradifferential strategy

first-order abc

dpu+ Ou+ud/2=0

Opu + Opu +u3 /6 = 0

second-order abc

0s0pu + 0?u + Opuu? /2
+0uu? —uS/8 =0

0¢0pu + 02u + 30;uu? /4
+0;uu?/4 =0

TABLE 3. First-order and second-order absorbing boundary con-
ditions for (07 — 82)u = u?d,u at z = 0.

pseudodifferential strategy

paradifferential strategy

first-order abc

g+ Opu +u3/2 =0

Oy + Opu + u3 /6 = 0

second-order abc

O040pu + O2u + Oyuu? /2
+0puu® +ud/8 =0

0rOpu + OFu + Opuu? /4
—O,uu?/4 =0

Paradifferential strategy. The first-order absorbing boundary condition is

(2.6) (Ozu + Opu — F(u)/2)|p=0 = 0,

where F' is the primitive of fo — f3 vanishing at 0. The second-order absorbing
boundary condition is

(2.7)

(010,14 02u—1/2f1 (1) +1/4(f3(w) — 3fo(u))Ou— 1/4( f2(u) + f3(u))Optt) |z—0 = O.

Using (24), 23), (Z0) and (27), we give the first-order and second-order
absorbing boundary conditions obtained with the pseudodifferential and the
paradifferential strategy for three examples of function f studied in section [T
flu, 0u, Opu) = f(u), f(u, O, dpu) = —u?dyu and f(u, du, Opu) = u?d,u.

We obtain the same absorbing boundary conditions for the pseudodifferential
and the paradifferential strategy, which is a coincidence, as we will see in the other
examples.

Considering ([22)), we approximate u., by the solution u of

(02 — 02)u = f(u,dpu, dyu) in ]0, T[xR™,
Ot + Opu + 0; M (f1(u, Opu, Opu)) = 0, at =0,

U= ug, Opu =uy at t =0,

(2.8)

where 9; 'v = fotv(s)ds, f1 is a C* function in R® such that f1(0,0,0) = 0, and
f1 corresponds to one of the boundary conditions (2.4), (2.3, (26) and 2.7).
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The following theorem shows that ([Z.8)) is well posed.

Theorem 1. For all ug in H>(R™) and uy in H'(R™) with support in R~, there
is a time T > 0 such that problem 23) has a unique solution u with 0%u in
L]0, T[, L*(R™)) for all |a| < 2.

3. ABSORBING BOUNDARY CONDITIONS
USING PSEUDODIFFERENTIAL CALCULUS

We first recall the strategy of B. Engquist and A. Majda [7] used to design
absorbing boundary conditions for the wave equation with variable coefficients.
Let up and u; have compact support in R™, and let u., be the solution of

(3 1) (atZ - 3§)Uem + a(tvx)ucz + ﬂ(tax)atuem + V(tax)amuem =0in Rt x Ra
) Uer = UQ, atuew =wu; at t= 07

where «, § and v are C'*° functions in time and space. We want to approximate
the restriction of u., to R™. Therefore, we look for a condition satisfied by ue, at
x = 0 of the form (9, — B)uey|s—0 = 0, where B is an operator. We factorize the
operator in (B using L. Nirenberg’s procedure [16]:

O — 02 + a(t,x) + B(t,2)0 + (t, 2) 0,
= —(0; — a(z,t, Dy)) (0 — b(x, t, Dy)) + r(x,t, Dy),

where D; = —i0;, r is C™ in x with values in S~°°(R?) defined by
S ={q € C®(R?)/|0Fd q(t,T)| < Cran (1 + 73"V, V(k,I,N) € N*},

and where a and b are C*° in x with values in the usual pseudodifferential algebra
S1(R?) defined by

St = {g e C®(R2)/|0FdLq(t,7)| < Cru(1 +72) "= ,V(k,1) € N2}.

The calculations of a and b in ([B:2) are done in the following way. The symbols of
a and b admit expansions
x t, T Zal j x t, ’7'

7>0

b(x,t,T) ZbljxtT

7>0

(3.2)

and

where a1_;(x,t,7) and bi_;(z,t, 7) are homogeneous of degree 1 —j in 7. The sym-
bol of the product of pseudodifferential operators a(t, z, D;)b(t, x, D;) is asymptotic
to

1
Z Znn'a,al 1(z,t, 7)00 by —k (2, t, 7).
k,l,n
The coefficients are then given by
ai1—j + bl—j = 5j17a .7 2 Oa
by = —iT and aq = iT,

ab o
Z O a1 0fb1_ — T = =810 — 80T, j >0,
I+ktn=j+1

(3.3)
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with d;; = 1 if j = k and 0 otherwise. We obtain in particular

by = —it and a; = i,
v—p Bty
(3.4) Po= g andao =T
b oo (B DA 0 -0 =B)2

20T

BI) restricted to RT becomes

(3.5) (0} — 2)tep+ aut, ) ues+ B(t, ) ytics+ Y(t, 2)Opticy = 0 in RT x R,
’ Ueg = 0, Optier, =0 at t =0,

which together with (8:2) and Theorems 1 and 2 of [14] implies
(3.6) (05 — b(0,t, Dy))ttey|z=0 € C°.

B. Engquist and A. Majda propose to take B = b(0, ¢, D;), although (3.0]) is weaker
than (9; — B)ueg|z=0 = 0. In fact, we do not know how to improve ([B.4]), and the
numerical results obtained with this choice are good.

B has an infinite expansion which is not manageable for numerical simulations.
The strategy of the absorbing boundary conditions consists in truncating this ex-
pansion after a finite number of terms. For an integer k, the absorbing boundary
condition of order k is

k
(3.7) (0s = Y _b1-5(0,t, Dy))uls—o = 0,

7=0
and we approximate the solution of (B31]) by the solution u of
(02 — 0%)u + alt,r)u+ B(t, v)0u + y(t,)0pu = 0 in RT x R™,

(3.8) (0 — Y25 g b1—; (0,1, Dy) )t p—g = 0,
u = ug, Ohu =uy at t =0.

This method gives good results, and we note an improvement as k increases (see
section [7]).

We now consider the nonlinear case. Let ue, be the solution of ([ZII). As
£(0,0,0) = 0, we may rewrite f as

flur,ug, uz) = —a(u, ug, ug)ur — Bur, uz, ug)uz — y(ur, uz, uz)us,

and u., satisfies (B.]), where o, § and v now depend on u.,. A first idea is to
follow the strategy of the linear case. For a function f of the type f(u,us,u;) =
fi(u) + fa(uw)us + f3(u)u, where f; is in C*(R), 1 < j < 3, and f1(0) = 0, we
set (o, B,7) = (—f1(uw)/u, —fa(u), — f3(u)). With this choice, we obtain the first-
order absorbing boundary condition (24]) and the second-order absorbing boundary

condition (2.3]).

Remark. The pseudodifferential strategy is valid if the multiplication by «, 8 and
~ are pseudodifferential operators, i.e., if a, 8 and v are C"°°. Thus, in the non-
linear case, this strategy is valid when u., is smooth, but not when w,, has finite
regularity. This justifies the use of the paradifferential calculus.



BOUNDARY CONDITIONS FOR THE SEMILINEAR WAVE EQUATION 571

A second idea is to linearize equation ([ZI)). Then, we set

(. ,7) = (= fi(u) = fa(w)Opu — f5(u)Ouu, —f2(u), — f3(u),
and we follow the strategy of the linear case. We do not write the boundary

conditions obtained in this case, as they provide poorer numerical results than
those given by boundary conditions ([24]) and (Z3]).

4. THE PARADIFFERENTIAL CALCULUS

4.1. The paradifferential calculus of J. M. Bony. In nonlinear problems,
we have to give a sense to the multiplication of functions having low regularity.
J. M. Bony [4] proposes to replace the multiplication by a function u(x), r € R9,
by the operator T, defined as follows:

(11) F(T0)(©) = 20 [ (€ = nm)Fu(e — n)Fo(n)do,

R
where F is the Fourier transform and x is a C*° function in R? x (R¢\ {0})
homogeneous of degree 0 in (£, 7n) and satisfying

x(&n) =1 if [ <eilnl,
(42) {nam:Oifa>@m,

with 0 < g1 <eg9 < 1.

Remark. If x = 1, and if u and v are sufficiently smooth, ([@J) is exactly the
multiplication of v by u.

The paramultiplication satisfies the following properties:

(a) Ifuisin L>=(R%) and v is in H*(R?), then T, v is in H*(R?) and || T, ]| g+ (re)
< Csllull oo (ray[[V]] 5 (ray for any real s (see for instance [3]).

(b) Let s > d/2 and let u be in H*(R%). A change of function y in T}, modifies
T, by the addition of a s — d/2-regularizing operator, i.e., an operator
mapping H*(RY) in H'*t5~4/2(R%) for any real t.

(c¢) The following result of J. M. Bony with the improvement of Y. Meyer
[15] shows the relationship between the paramultiplication and nonlinear
functions. Let F' be a real function in C*°(R¥) such that F(0) = 0 and let
u1,...,uy be real functions in H*(R?) with s > 4. Then, F(uy,...,uy)
is in H*(R?) and there is r in H2*~2 (R?) such that

N
(4.3) F(ui,...,un) = ZTal(ul,--~,uN)uj + .

duj

j=1

4.2. The tangential paradifferential calculus of M. Sablé-Tougeron. For
boundary problems, L. Hérmander [II] introduces for s and s’ real numbers and
d > 2 an integer the spaces H** (R?) defined by

Hs,s’(Rd)
= {UGSI(Rd)/ l[ulls,s = (2m) ¢ /(1+|€2)5(1+|5'2)5/|fu(€)2d€<+00},

where S’'(R?) is the space of tempered distributions and where ¢ (resp. &') is the
dual variable of = (resp. ') with z = (2/,24) and 2’ € R4, L. Hérmander also
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introduces the space H**' (Ki) as the set of functions u in D'(R%) such that there
is U in H*' (R?) satisfying U = u in R4. M. Sablé-Tougeron [17] proves
(d) Let s and s’ be real numbers such that
1 d 1
(4.4) s>§,s+s’>§ ands+2s'>§,
then H** is a multiplicative algebra.

M. Sablé-Tougeron defines a tangential paramultiplication which acts only on
the variable z':
(4.5)

For(Tyv) (€', 24) = (2m) =41 /RH X' =00 ) Foru(€ —n'swa) Faro(n', za)diy',

where F, is the Fourier transform with respect to 2’ and x’ is a C* function in
RI-1 x (R4=1\ {0}) homogeneous of degree 0 in (¢/,7') and satisfying

W) V(E) =1 (€] <],
' X'(&n') =0 i €] > el
where 0 < €1 < g2 < 1. She proves the analog of ([d.3]):

—d
(e) Let F be a real function in C* (R, x RY) with compact support in = and

. . 1 =d .
let uy,...,uny be real functions in H** (R, ) where s and s’ satisfy (@.4).
1 =d ’ —d
Then F(z,uq,...,uy) is in H>* (R), and there is r in H** *2(R_ ) such
that

uj + 1,

N
F(I7’U,1,...,UN) = ZTIBF
j=1

du; (z,u1,...,un)

where p > 0 is defined by
p=min(s— 3, s+ —2) if ' #(d—1)/2,

4.7
(4.7) 0<p<s—3 if s = (d—1)/2.
Let m’ be in R, and let s and s’ be such that
d—1 d—1 d
(4.8) —T§5'< ands+s’>§.

To include the tangential paramultiplication and the tangential pseudodifferential

/T —d
operators in an algebra, she introduces the classes X", (R, ) of symbols p(z,¢’)

satisfying
p= Z Pm/—j,

3 d
j<sts— g

where p,,,/_; is homogeneous in &’ of degree m’ —j, C*> in ¢’ # 0 and in HS*j’S/(Ri)

with respect to z. The tangential paradifferential operator T} is defined by
For (Tyo)(€' xa)

4.9
) = (2m)™ /RH X' =n' 0 ) Farp(& =, wa, ) o(n) Faro(n', wa)di,

where x’ is chosen as before, ¢ is in C*° equal to 1 outside a compact and equal
to 0 in the neighborhood of 0, and F,/p is the Fourier transform of p(z,£’) with
respect to 2. We have the following properties:
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(f) A change of function x’ in T modifies 7, by the addition of a continuous
operator from H®! (Ri) to Hbt'—m'+sts'—g (Ri) for —(s—[s+s —2]) <
t<s—[s+s — %] and for all #' ([y] is the integral part of y).

(g) T; is continuous from Hb (Ki) to Htt'—m' (ﬁi) for —(s—[s+s —4]) <
t<s—[s+s — 2] and for all '.

(h) A linear continuous operator A from C§°(R%) to C*(R%) is said to be

properly supported if for all compact K of Ri, there exists a compact K’
of R‘_f_ such that

suppu C K = suppAu C K’ and u=0on K' = Au=0 on K.

u € Hlto’i/ (R} ) is said to be microlocally of class H™" at a point (z0,&}) of

Ei x (R4=1\ {0}) if there is a properly supported tangential pseudodifferen-

tial operator @ of order 0 elliptic at (o, &)) such that Qu is in Hte' (Ei).

Let ¢ be such that —(s — [s+ s — 4]) <t < s—[s+s — %] and let u
be in HH (@i). If w is microlocally of class H*®" at (x¢,£}), then Tyu is

microlocally of class Ftmin(t' —m'+p,0’'—m’) 44 (20, &}), where p is defined as
in (@1).
(i) T pis in =, (RY) and ¢ is in 577, (RY), then there is r bounded in a4 > 0

with values in the s + s’ — % —m/ — m/-regularizing operators such that

(4.10) LT, =Ty, +7(x, Dy),

where p#q is in sy bm” (Ri) and defined by

s,s’

1 / /
(6% (6%
pHq = E Waﬁ/ Pm/—j 0% Qe — k-
Jtk+|a|[<s+s'— &

In R4=1 x [0, 23], we consider the operator of evolution L(x, D,) = 0., —T, where
p is in Z;,s/(ﬁi), (s,s') satisfies ([4) with p > 1 (p is defined by (A7) and the
principal symbol p1(x,¢’) of p(x,¢’) is purely imaginary and C? in (z,¢’). A point
(w0, &}) being fixed in R~! x {0} x (R4~1\ {0}), we define 7 as the projection on
&4 = 0 of the bicharacteristic of [(x, &) = g+ip1(x, &) through (zo, &), —ip1(x0, &)))-
Suppose that 2} is small enough such that 5, parametrized by x4, is defined for x4
in [0,2}]. A. Alabidi [1] proves in particular the following result:

(j) Let t and o be two real numbers such that t <o < t+ p—1 and let u
be in H5*~1(R%). Suppose that Lu is microlocally of class H*® on 7 and
that u is microlocally of class H1~! at ¥(x2) with 0 < 22 < 2. Then, for
0 < g <}, u(.,24) is microlocally of class H? at the point (2/,£’) such
that (2/, 24, ") belongs to 7.

5. ABSORBING BOUNDARY CONDITIONS USING PARADIFFERENTIAL CALCULUS

5.1. The transparent boundary condition. Let s, f, ug and u; satisfy the
hypothesis of section 2l Let u., in H*(]0,T[xR) be the solution of [2I]). In order
to approximate u.;, we look for a condition satisfied by u., at x = 0 of the form
(0 — B)ueg|s=0 = 0, where B(ues,t, D;) is an operator. In view of the linear
case and in particular of (B.6l), we will limit ourselves to look for B satisfying
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(0 — B)tey|ao € H}t7(]0,T[), where o is as large as possible. In this study, we
obtain ¢ = s — 3. Without conditions on B, (9, — B)uteg|s= 0 belongs at most to
Hs= 3 2(]0, 7). A judicious choice of B therefore implies a s — 3 gain in regularity.
If two operators B and B’ are well-suited, R = B — B’ satlsﬁes Rueglz=0 €
HZ273(]0,T) for all ug, u; with compact support in R~ and u., a solution of (2.1)).

loc

Then, for all h in H*2(]0,T[), Rh belongs to H>73(]0,T[) (assuming that the

loc
map (g, U1) — Uez|z—0 is onto Hs 2 (J0,T7)). Therefore, the difference of two such
operators is s — %-regularizing. As B is a paradifferential operator in our study,
this has a link with points (b) and (f).

Remarks 1. Our method is valid for weak singularities (s > 2), and the larger s is,
the better are the results. On the other hand, it does not work for strong singu-
larities (like shock waves, expansion waves,...) where the paradifferential calculus
is not valid (for instance, [@3) requires s > 4).

2. In the case of linear equations, we obtain ¢ = +oco (see for instance [7] and
[10]).

We extend u., by 0 tot < 0. As ug and u; have compact support in R™ and .,
satisfies (2], ey is in H?(] — oo, T[xR ). Moreover, as f(0,0,0) = 0, u., satisfies

(5.1) (02 — 0P ey = f(JUes) in ] — 00, T[xR,
where for a function v depending on (¢, z), we define
(5.2) Ju(t,z) = (v(t, ), Opv(t, @), 0x0(t, @)).

We will look for B as a tangential paradifferential operator with the symbol b in
¥io(] =00, T[xRy) ((s,0) satisfies (£8) because d = 2 in this study). Thus, we
look for b such that

(53) (81 - Tl;)uew|w:0 € HQS_g(] — 00, TD

AS Uy is in H30(] — 00, T[xR,), (s — 1,0) satisfies (), and as f is in C>=(R?,R),
(e) implies

(5.4)  f(Jtiez) — Ty tex — T'oy Opticy — T'op Opticy € H™1572(] — 00, T[XR,).
duy

Jug dug
Then, (&) and (&4) yield
(5.5) 02uey — O} uem+T6f uez—l—Taf Optter +T'os Opticy € H*?*73(] =00, T[xR,).

dug

We define L = 02 — 02 + 1"y, + Ty O —i—Taf Oy, where 3 9 — au (Juem) for

duq 6u2
1 < j < 3. The following factorization is parallel to L. Nlrenberg s factorization

[16] for classical pseudodifferential operators:

Proposition 1. There exist a and b in X} (] — 0o, T[xRy) such that Im (a1) and
T have the same sign, and

(5.6) L= (0, —T)(0, —T}) +r(t,z,Dy), (t,x) €] — o0, T[xRy4,
where r(t,x, Dy) is bounded in x4 > 0 with values in the s —3-regularizing operators.
Proof. Tt is done by identification and induction. We first have

(00 = T3)(0: = Ty) = 07 — (L5 + T3) 00 + T, Ty —
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Thus, L = (0, — T,)(0 — T})) + r(t,x, Dy) is equivalent to

T, +T) =T s

5.7
(5.7) TIT) — T, +r(t, 2, Dy) = ~02 + Ty + T, 0.
k) Duq dugy

As (s,0) satisfies (48], (i) implies that (5.1 is equivalent to
(5.8)

al_j+b1_j:7(sjla 0<]<871

albl = 7_27

Zl+k+n:j+1 ﬁaf@lflaglblfk - B}gf = Jlaf + 5J0 Bug i, 0= J <5 —2.

The two first equalities in (5.8)) and the fact that Im (a1) and 7 have the same sign
yield a; = i7 and by = —i7. Suppose we have found a;_j and b;_; homogeneous of
degree 1 — k in 7 and in H*~%0(] — oo, T[xR ) with respect to (¢,z) for 0 < k < j
and j < s — 2 satisfying (B8). Then j 4+ 1 < s — 1 and the first and the third
equality of (B8) yield

1
2iTh_j = — > a1 107 by
(5.9) I+k+n= j+1,k,lSjZ v
+ 8 + 5]18 + 5]08 » 5]()8”317'.

The induction hypothesis implies that 1wj is homogeneous of degree 1 — j in
7 and in H*77710(] — oo, T[xR,) with respect to (t,z). Moreover, as u, is in
H*Y(] — 00, T[xR4) and (s — 1,0) satisfies [@4), (e) yields

of
5J16u1 + 5j0 5ug iT — (5108 17 is homogeneous of degree 1 — j in 7

and in H*~7~1 0(] oo,T[xR+) with respect to (¢, x).

If j < s—2, H*7719(] — 0o, T[xR,) is an algebra by (d), thus the induction
hypothesis implies

>

(5~10) l+k+n=j+1,k1<j o
in 7 and in H¥79710(] — 0o, T[xR;) with respect to (t,x).

Ifj=s—2, H 7 50(] — 00, T[xR;) = HYO(] — 0o, T[xR) is not an algebra, but
the multiplication is continuous from H*°(]—oo, T[xR; ) x H"?(]—o00, T[xR} ) into
HY(] — 00, T[xR) for all t > 1. In fact, by the definition of H"* (] — o0, T[xR} ),
it suffices to show that the multiplication is continuous from H*(R?) x H 1(]RZ) into
H'(R?) for all t+ > 1, which follows from the results in [5]. Thus, the induction
hypothesis implies (G.10)).

Therefore, b_; is homogeneous of degree —j in 7 and in H*~7~19(] — 0o, T[xRy)
with respect to (¢, ) by (G.3). The first equality of (5.8]) implies that a_; satisfies
the same properties as b_;, which concludes the proposition by induction. (Il

The following theorem allows us to compute the transparent boundary condition

BE3):
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Theorem 2. Let s > 2, let ug be in H*(R) and uy in H*~1(R) with compact
support in R™ and let uc, be the solution of ). Let b in X! (] — oo, T[xR4) be
given by by = —it and (B.8)). Then

(5.11) (02 — T Uez|o—o € H*73(] — 00, T).
Proof. We define w = (9, —T})tes, and we prove that w|,—o is in H2 (] — oo, T).

loc
It suffices to show that w|,—o is microlocally of class H?*~2 with respect to (¢,7)
for any ¢ in | — o0, T[ and for all 7 # 0. B
Uey 18 in H®(] — 00, T[xRy) and thus in HY Y] — 00, T[xRy). As b is in
Sio(l =00, T[xRy) and —(s —[s —1]) <1 < s —[s — 1], Tjues is in
H152(] - 00, TR,
by (g). Moreover, d,uc, belongs to HY*2(] — oo, T[xRy) because u., is in
H*(] — 00, T[xRy) and thus in H>*"?(] — 00, T[xRy) as s —2 > 0. Therefore,
w belongs to H*72(] — 0o, T[xR, ). The factorization of Proposition [ yields
(5.12) (0 — T)w = Ltey — 7(t, , Dy)Uey.
Uep 15 in HY*(] — 0o, T[xR,) and 7(t,z, D;) is bounded in z4 > 0 with values in
the s — 3-regularizing operators. Therefore, r(t,z, Di)u., belongs to
H%%573(] — 00, T[xR}).

(E3) and (BI2) yield
(5.13) (0p — THw € H**73(] — 00, T[xR ).
Let (tg,70) be such that tg €] — 0o, T[ and 79 # 0. The bicharacteristic of
& +iay = & — 7 through (tp,x = (LT()) satisfies ¢ +t = tg and 7 = 75. Therefore,
there exists (¢1,21) in | — oo, T[R4 on this bicharacteristic such that ¢; < 0. As
t; < 0 and ue, = 0 for t < 0, U, is microlocally of class H» T in (t1,21,7). As
—(s—[s—1]) <1< s—[s—1], Tjuey is microlocally of class H>73 in (1,21, 70)
y (h). Ass>2, p=s—1>1, and (5I3) and (j) imply that w|,—¢ is microlocally
of class H?*~3 in (tg, 7o) (we can use (j) with t = s —1 and o = 2s — 2 for instance).

Therefore, w|,—o is microlocally of class H2?*~3 with respect to (t,7) for all ¢ in
| — 00, T[ and for all 7 # 0. This implies

(5.14) (0 — T})Uea|omo € HyS (] — 00, TT)). O
Thanks to (.8]), we can compute the symbol of b. In particular, we obtain
b1 = —iT,
(5.15) b = 30— gu)
b = R 0(55) + 0(FE) — K(FE) = 0x(5E)
i (52 = (55)) + 2t -

5.2. The absorbing boundary conditions. Theorem ] implies the following
corollary.

Corollary 1. Let s > 2, let ug be in H*(R) and uy be in H*~Y(R) with compact
support in R™, and let ue, be the solution of ZI)). Let b in ¥} (] — oo, T[xR,.) be

given by by = —it and [B8). For 0 <k < s — 2, we define b* = Z;ﬂ:o bi_;. Then
(5.16) (0 — T )tteg|omo € HMINEHR=1/22528) () _ o0 7)),
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Proof. b—bF = Zk<j§sfl bi_;, thus b — b is in Z;kk’o(] — oo,T[xEJr). As U, 18
in H*(] — 00, T[XR), t¢y is in H*71(] — 00, T[xR.), and (g) implies that T} . ues
belongs to H*~1+%(] — 0o, T[xR, ). Taking the trace at = = 0, we obtain

(5.17) Ty _yettes|omo € HTF7H2(] — 00, T7).

As (89: - Ték)uex|x=0 = (ax - Tlg)uex|x=0 - Ték_buex|:c=07 m and (m imply
EI0). 0

Remark. T}, tez|e=0 = TyrUez|z=0, Where T'is the one-dimensional paramultiplica-
tion of J. M. Bony.

Corollary [l motivates the following definition:

Definition 1. Let k be a positive integer. The absorbing boundary condition of
order k is

(5.18) (0p — Tyr )ut|z=0 = 0.
The absorbing boundary condition of order 0 is
(5.19) Ozu + dyu = 0.

For k > 1, Tyru|z—o is a paradifferential operator. In order to simplify the
numerical computations, we prefer to replace this operator in (B.I8) with other
nonlinear operators, using (c). Thus, we look for a boundary condition of the
following type:

(5.20) (01 Oate+ 07 u + fi(Jiu)) om0 = 0,
where Iy, > k — 1, fi is a C°° function such that fi(0) = 0, Jj,u = (Ou,0 <1 <
Iy, &1 0,u,0 < j <l — 1), and satisfying
(5.21)
(azlgkamugx +a§k+luer + fk(Jlkugx)”x:O c Hmlrl(s+k—lk—1/2,23—3—lk)(] o OO,TD

loc
When such a function fj exists, we call (5.20) an absorbing boundary condition of
order k, and we prefer it to (5.18]). We give the first absorbing boundary condition in
the general case, and the second absorbing boundary condition for a nonlinearity
[ of the type f(u,u,uz) = fi(u) + fo(u)ur + f3(w)uy, where f; is in C°(R),
1<j<3,and f1(0) =0.

5.2.1. The first-order absorbing boundary condition. When k =1 and s > 3, (B.10)
becomes

(5.22) (8 + O — Ty Ve | oo € H™PEH/22578) (] _ o T7)).

Differentiating in time and using the fact that Ts,p, tex|z—o is in H*~/2(] — oo, T))
by (a), we obtain
(5.23) (010 4 02)tiew — Toy Optien ) |lumo € HPRE=Y/2:25=D(] _ o0 T7),
Using that (9; + 0, )tex|emo € H™P=1/2:25=4)(] — 00, T'[) by (E10), we have
Tboatuez|m:0 = 1/2(Tﬂ at“em|a::0 - Tﬂatuea:‘z:O)
(5.24) o v min(s—1/2,25—4)
= 1/2(T887fatucz|x:0+T867fazuer|z:o)+HmlnS 25-4) (] — o0, TY).
u2 u3
As

(f (Jtieg) — Tos tiew — T o1 Oyticy — Ta%aﬁuw)\ﬁ:o e H*772(] — 00,TY)
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by (c) and as Taaifueﬂx:o € H*"Y%(] — 00, T[) by (a), we get
uy

(5.25) ThoOticalomo = 1/21 (tter, Optics; Byt lgmo + HPHE—1/225-0) (] _ o6 T
(B23) and (B28]) yield

(5.26) ((D10p+02)ther—1/2f (Uew, Dyties, Dptice))|omo € HMRE=Y/225=D (1 oo ),
which by (520) and (B2I)) implies

Proposition 2. We have the first-order absorbing boundary condition

(5.27) (0101 + O%u — f(u, Opu, Opt) /2)|p—0 = 0.

5.2.2. The case f(u,us,uz) = f1(u)+ fo(w)ug + f3(u)uy. For fu,us,ug) = f1(u)+
fa(Wue + f3(w)ug, B.I5) implies by = (f2(u) — f3(u))/2 and by = fi(u)/(2iT) +
(f3(u) + f5(w)(Opu + Opu) /(447) + (f3(u) — f3(w))/(8iT). When k =1 and s > 3,
(5.I6) becomes

(5.28) (0w + 0 — 1/2T 4w ) fs (wnn) Ve |omo € H™PETY/ 22573 (] o0 7))
Uez|o—o is in H*~V2(] — 00, T[), so that (T'ty (won)— fs (en) Uex — F(Uez))|o=0 is in
H?73/2(] — 00, T[) by (c), where F is a primitive of fo — f3 vanishing at 0. (5.28)
becomes

(5.29) (Optter + Optieq — F(tey)/2)|omo € H™PEH/22578)(] _ o0 T7),

which by (520) and (B2I)) implies

Proposition 3. When f(u,us,uz) = fi(u) + fa(u)us + f3(u)u,, we have the first-
order absorbing boundary condition

(5.30) (Ozu + Opu — F(u)/2)|p=0 = 0,

where F is the primitive of fo — f3 vanishing at 0.

When k =2 and s > 4, (BI6]) becomes

(5.31)

((az + 8t - 1/2Tf2(uem)_f3(uex))uem - Tb—luez)|x:0 € Hm]n(s+3/2’2873) (] - OO7TD'
Using the fact that (T, (u,. )~ fs(ues)ller — F(Ues))|o=o is in H2~3/2(] — 00, T[) by

(c) and Th,p_, Uex|z=o is in H*1/2(] — 0o, T[) by (a), and differentiating in time,
we obtain

(atamuew + 8tzuew + 1/2(f3(uew) - f2 (uea:))atuew - belatuew”w:o
€ [min(s+1/2,25—4) (] — 00, TD

(5.32)
By (c) we have
Tp_, Optiea =1/2Tp; (wytea + 1/ 4T g (wea) + £ (10e2)) (O trea+Drucs) Uew

F 1/8T fy (er))? ~ (f3(uer))? Uea

(5.33) — 1) /2 + (f3(tea) + fo(uea)) (Outice + Dries) /4
= 1/4AT, (weu) + f(wew) (OnUen + Optica) + 1/8F1 (uex)
+ H>*772(] = 00, TY),

where F} is a primitive of f7 — f7 vanishing at 0. (5.29) yields

Tty (uen)t f(ten) (Outier + Optica) = 1/2T 5y (e ) fs (uen) F (Uex)

(534) +Hmin(s+l/2,2573) (] — o0, TD7



BOUNDARY CONDITIONS FOR THE SEMILINEAR WAVE EQUATION 579

and using (c) implies

(5.35) Tty (uea)+f5(uen) F (tlea) = —Fi (tea) + HS+1/2(] — 00, T).
(.32), (B.33), B.34) and (G.35) yield
(5.36)

(8taxuex + 8t2uex - 1/2f1 (uex)
+ 1/4(f3(uem) - 3f2(uer))atuem - 1/4(f2(uem) + fB(uez))axuer)|z:O
c Hmin(s+1/2,23—4) (] — o0, TD,

and using (5:20) and (B21)) we get

Proposition 4. When f(u, ug, uy) = f1(u)+ fa(w)us+ f3(w)uy, we have the second-
order absorbing boundary condition

(5.37)

(010pu+ 02u—1/2f1 (u) +1/4( f3(u) — 3 fa(u))Opu — 1/4( f2(u) + f3(u))Opt)| =0 = 0.

Remarks 1. Proposition [ is similar to Nirenberg’s pseudodifferential factorization
[16] used in [7]. However, paralinearizing (5.1) in (B.5]) and replacing paradifferential
operators by local operators (section [5.2]) are specific to our strategy. In particular,
it is different from the strategy consisting in the linearization of f(uey, Osttes, Orlies)
(see the end of section 3] for an explanation of this strategy). In fact, the operators
Téuj 7+ 1 < j <3, appearing in the paralinearization of (EI) in (B3) are quite differ-
ent from the multiplication by 8y, f, 1 < j < 3, which comes from the linearization
of (B)).

2. In the linear case, our strategy gives the same absorbing boundary conditions
as those obtained with the pseudodifferential calculus.

6. EXISTENCE AND UNIQUENESS RESULTS
FOR THE NONLINEAR APPROXIMATE PROBLEMS

In this section, we prove Theorem [l The proof contains two steps:

e First step: We show the existence and uniqueness of a u solution of a linear
nonhomogeneous problem in sufficiently regular spaces so that f(Ju) and
f1(Ju) are well defined, where J is defined by (5.2).

e Second step: We define an iterative scheme where u;41 is the solution of
the linear problem of the previous step having f(Ju;) as the right-hand
side and where f; is estimated at u;. We use the first step to show that the
scheme is well defined. The convergence for sufficiently small T" is obtained
through energy estimates.

6.1. The linear nonhomogeneous problem. We study the following linear non-
homogeneous problem:

(0?2 — 02 )u+u=g in |0, T[xR™,
(O + O)u=h at z =0,

u=1ug, Oru=1u; at t=0 in R™.

We have a result of existence, uniqueness and regularity for the weak formulation:
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Proposition 5. Let ug be in H2(R™) and uy in H*(R™) with support in R™. Let
g be in H'(]0,T[xR™) and let h in H'(]0,T[) be such that h(0) = 0. Then, there
exists a unique solution u with d®u in L>(]0,T[,L*(R™)) for all |a| < 2 of the
following weak formulation:

Vo e HY(R™) :
(6.1) & (u,0) + (Bpu, 0y0) + (u,v) + Lu(.,0)v(0)
= hv(0) + (g,v) in D'(0,T).
Moreover
gl‘g Haau”%m(]O,T[,L?(]R—))
(6:2) < Cer(llgll7r go,rixr—y + 12l go.p)

+ ||U0H%(2(1R—) + ||U1||§11(R—) + ll9(0, -)||2L2(1R—)),
where C' is a universal constant.
Proof. Multiplying the equation by 0;u and integrating it in space yields
63 L (100t ) agey + 1t ) B ) + Bpu(t,0)2
= (g(t,.), Oru(t,.)) + h(t)Oru(t,0).

Using Cauchy-Schwartz’s Lemma, the inequality ab < a?/2 + b?/2, and Gronwall’s
Lemma yields

10t )2 + et s e
< eT(”Ul”%z(R—) + ||UO||H1 "' ||9||iz(]o,T[><]R—) + ||h||%2(]O,T[))'
(€4) implies the uniqueness in HQ(]O,T[X]R*) when g is in L2(]0, T[xR~) and h
belongs to L?(]0, TY).
We differentiate the equation in time. w = dyu is the solution of

(0? — 0*)w + w = drg in 0, T[xR™,
(6.5) (0 +0)w="h" at =0,
w=uy, w = 0?u(0,.) at t=0 in R™,

(6.4)

thus (6.4) implies
6.6) Nl go ey + 10l oz m e
el (1107u(0, 72—y + lurllF -y + 10e9ll72 g0 rpxm—y T 1772 0.7p)-
We shall find a bound on ||02u(0, )||L2(]R )- Taking v = 92u(0,.) and t = 0 in weak
formulation (G yields
l|02u(0, .)||2L2(R,) + (Dzu0, 0:07u(0,.)) + (ug, Ou(0,.)) + u1(0)02u(0,0)
= h(0)97u(0,0) + (9(0, ), 07u(0, .)),
which implies after integration by parts that
180 e
= (||33U0||L2(R—) + lluollp2e-) + 19(0, )l 2-)) 107w (0, )| 2 (-
+(—02uo(0) — u1(0) + h(0))d2u(0,0).
By hypothesis, 9,uo(0) = u1(0) = h(0) = 0. Thus
10710, )| 2y < 93uollL2@-) + llwoll 2~y + 19(0, )l L2 (e-),



BOUNDARY CONDITIONS FOR THE SEMILINEAR WAVE EQUATION 581

which together with (G.0) yields

||8t2u||2L°°(]0,T[,L2(R*)) + Hat“H%W(]O,T[,Hl(R*))
(6.7) < e (3lluollFz -y + ||“1||%11(R7)
+3019(0, 72—y + 10e9017 200 1ixr—) T 1B 1720 7p)-

If up is in H?(R™) and u; in H'(R™) with support in R™, and if g belongs
to H'(]0,T[,L*(R7)) and h is in H'(]0,T[) such that h(0) = 0, then ([6.4) and
(610 give the existence of a solution u such that 9%u is in L>°((]0, T'[, L*(R™))) for
|a| < 2 using a Galerkin method.

As 0%u = 0fu+u — g, we get

65) 1070l o,y L2y < 20107 “||L°°<0T[ LZ(}R ) +2||9||L°°(0T[ L2(R-))
< 2||8t2“||ioo(]o,T[,L2(R »n T 419(0, )” y T 4T‘|8t9||L2( 0,T[,L2(R~))
Finally, [@4), (67) and (6.8)) imply (62) Wlth C’ = 10e. O

6.2. The iterative scheme.

e First, we define u;4q1 from wu; as the solution of the linear problem with
right-hand sides ¢ = f(Jw;) and h = 0~ f;(Ju;), where J is defined by
62).

e We prove that for sufficiently small T' > 0, the sequence (0%u;) is bounded
in L>(]0,T[, L*(R™)) for |a] < 2.

e Finally, we show that (9%u;) is a Cauchy sequence in L°°(]0,T[, L*>(R™))
for || <2, and that the limit u satisfies the nonlinear problem.

In order to define (u;), we need the following lemma:

Lemma 1. Let v! and v? be such that 0°v? is in L>=(]0,T[,L?*(R)) for |a| < 2
and j = 1,2. Let g; = f(Jv9), f1 = f1(Jv?) and let hj = O 1f1 for j =1,2.
Then, aagj is in L>=(]0,T[, L*(R™)) for |a| <1 and h; and R’ are in L>°(]0 T[)
Moreover, there exists an increasing function 6 such that

max|q|<1 [0(91 — 92) | qo. 7 L2 (®-))
(6.9) +llhr = b2l o, + 7 = hall L o,rp
< V14 T20(max| <2 070" | L o, 71,22 ®-)) + 0%V | Lo o, L2(R-)))
max|a|<1 [0%(v" = v?)| < 0.7 L2 R~ ))-

Proof. As f(0,0,0) = 0 and f1(0,0,0) = 0, (G9) implies that 9%¢; belongs to
L°°(]0 T[,L*(R7)) for |a| < 1 and that hy and R} are in L>(]0,7T]) by taking

= 0. Similarly (69) implies that 0%gs is 1n L“(}O T[,L*(R7)) for |a| <1 and
that hy and h) are in L*>°(]0,T]) by taking v! = 0.

Thus, it remains to prove (69). Finally, we estimate |[0%(g1—g2)I| Lo (o,7,22(®~));
la] <1, ||h1 — ha|lpeqo,rp) and [|h] — h|Lee o,z using the Mean Value Theorem
for f and its derivatives and for the Sobolev injection of H'(R™) in L>*(R™). O
Corollary 2. Let v be such that 8%v is in L>(]0,T[, L?(R™)) for |a| < 2, v(0,.) =
ug and 0yv(0,.) = uy, where ug € H*(R™) and u; € H*(R™) have compact support
in R™. Let u be the unique solution of Proposition Bl with g = f(Jv) + v and
h=0; ' f1, where f; = f1(Jv). Then, u satisfies the following estimate:

maX|q|<2 ”aauH%x(]O,T[,L%R*))
< Ce™(T(1+ T?)(r0)*(max|q|<a [0%v[| Lo qo, 71, 2(r)))
+0o([uoll 2 -y + llu ]|z r-))),
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where C is a universal constant and 6 and 0y are increasing functions depending

on f.
Proof. Taking v! = v and v? = 0 in Lemma [ yields

(6.10) maxX|q|<1 [|0%gl Lo, L2®-)) + 1Al Lo, 7p) + 1Rl e go,7p)
<1+ T2 (r@)(maxmgg ||8a1}||Loo(]07T[7L2(R7))>.

Moreover, g(0,.) = f(0, ., ug,u1, dzup) + up. As H*(R™) is embedded in L>(R™),
the properties of f and the mean value theorem give the existence of an increasing
function 6y such that

(6.11) [JuollFr2r-y + llua 3 -y + 190, ) F2m-y < Oo(lluollm2e—y + llwr |l @-y)-
E10), (EI1) and ([E2) imply the result. O

Let Oy = 2Celo(||luollpz@-) + uillmrr-))- Let Ti = (4CC10(C1)%e)~ ! and
Ty, = (12Cef(2C1)?)~L. Let T > 0 be such that T < min(7y,Ts,1). We define by
induction the sequence (u™) such that 9%u™ is in L>(]0, T'[, L?(R ™)) for || < 2. We
first take u®(t,2) = 0. Suppose that u™ is such that 9*u™ is in L>(]0,T[, L?(R™))
for |a| < 2. Let g, = f(.,.,Ju™) +u™ and h,, = 9; ' f!, where f} = fi(., Ju™).
Then g, is in H*(]0, T[xR™), h,, belongs to H*(]0, T'[) by Lemmalll and h,,(0) = 0.
Thus, using Proposition[5] we define " *! as the unique solution of (6.I)) with g = g,
and h = h,.

Lemma 2. (9“u™) is bounded and is a Cauchy sequence in L*°(]0, T[, L*(R™)) for
la| < 2.

Proof. We prove by induction that there exists a constant C; such that for all
n >0, u™ satisfies
(6.12) e 10%U™ 7 o, 71, L2 () < Ch-

It is obviously true for n = 0 since u’ = 0. Suppose it is true for n > 0. Then,
Corollary 2] implies

max|q<2 [0%u" 1w 0.1 22 R~
< Cel(T(1+ T?)CF02(Ch) + Oo([[uoll 2 ) + lluallzrr-)))-

As T <1 and by definition of (1,

O

max [0%u nHHLw 10,7} L2(R-)) < 20eTC16%(Ch) + 5

lee|<
which implies (612) for n+1 as T' < T3. Therefore, the sequence (0%u™) is bounded
in L>(]0,T[, L*(R")) for |a| < 2.

Let us show that (0%u™) is a Cauchy sequence in L>°(]0, T7, L2( )) for \a| <2.
Letnz1,gn:f(.,.,Ju")—I—u"—f(.,.,Ju"_l)—u”_1 and h, = o7 L (fp — 0.
Then u™*! — ™ is the solution of (6.1 with g = g,,, h = h,, and vamshmg initial
data. Moreover, g,(0,.) = 0. ([62]) yields
(6.13)

llgllfg 0% (u e un)H%”(]O,T[,LQ(R*)) < CeT(HgnH%Il(]O,T[X]R*) + ||hn||%11(]07T[)>-
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Estimates (69) and (612]) imply

||gnH§{1(]O,T[><]R—) + ||hn||%11(]0,T[)
< 3T (max|q|<1 ||(9agn||2Loo(]0’T[7L2(R—)) + 1 7nllF oo go.rp + 110l go.7p)
< 6760(2C1)? maxjq) <o |07 (w" — w7 < g0 71 222 )

which together with (GI3) and T < T5 yields

(6.14)
1 _
gllg ||8O‘(Umr1 - un)H%W(]O,T[,LZ(R*)) < ) ‘Tél%)g [0%(u™ —u™ 1)‘|%W(]O,T[,L2(]R*))'

Therefore, there exists a constant C'5 such that

af, n n CS
(6.15) max [|0% (u = uM e o)) S G
Thus, (0%u™) is a Cauchy sequence in L*>°(]0, T[, L>(R™)) for |a| < 2. O

Proof of Theorem [l Let u be the limit of the Cauchy sequence (u™). 9%u is in
L>(]0,T[,L*(R™)) for |a| < 2. (63) and (EI2) yield
(6.16)

max|q|<1|0%(gn = 9)llL=qo,r,L2R-)) +1hn = hllLqo,rp +1h5 = Bl go.rp

< V20(2C1) maxq <2 |0 (u™ — u)|| o qo,7(, L2 (R )

where g, = f(.,.,Ju"), g = f(.,.,Ju), h, = ;' f and h = 9; ' f; where f, =
f1(., Ju). ([@I6) implies the convergence of the nonlinear terms, and we use the
weak convergence in L>(]0,7[, H'(R™)) for the linear terms.

Suppose there are two solutions u! and u? with the same initial boundary condi-
tions satisfying the hypothesis of Theorem [l Then, u = u! —u? satisfies ([G.1]) with
up =0,u1 =0, 9= f(.,., Ju') +u' — f(.,., Ju?) —u? and h = 9; *(f — 1), where
ff = f1(.,Ju’) for j = 1,2. Moreover, g(0,.) = 0. Energy estimate (6.2) yields

gllagé ||8au||%°°(]O,T[,L2(]R*)) < CeT(HgH%{l(]O,T[xR*) + ||h||%11(]0,T[))~

Using ([6.9) as we did to get (614)), we obtain a constant Cy such that

(6.17) max [0%ul[Z < 0,71 12y < CaT maxc 07 ullEe o, 71,12
which implies u = 0if T' < C% Therefore, we get the local uniqueness which yields
the global uniqueness. O

7. NUMERICAL RESULTS

7.1. The frame. We take the interval |0, 2] as computational domain. We choose
the stepsizes small in order to see the errors due to the various boundary conditions
and not to the discretization: 6¢ = 0.01 and h = 0.001. We choose v in H*(R)
and u; in H3(R) with compact support in ]0, 2[:

ug(r) = 23(2 — )% on 10, 2],

up(x) =0 on | — 00,0] U [2,+00],
up(z) = 32%(2 — 2)%(x — 1) on ]0, 2],
ui(z) =0 on ] — 00,0l U[2, +o0.

(7.1)

The solution of the nonlinear problem in R ([Z1]) propagates at speed 1 (see for
instance [I8]). In order to compute this solution with initial data (ZI) and for ¢
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between 0 and 10, we compute the equation in | — 10, 12[ with Dirichlet boundary
conditions.

Remark. In order to implement the semilinear wave equation equation with the
absorbing boundary conditions, the support of the initial data must be included in
the computational domain. In order to implement the method using the Dirichlet
boundary conditions, the support of the solution must be included in the com-
putational domain on the whole time interval. Therefore, the method using the
absorbing boundary conditions approaches problem (2.1) with a low numerical cost
compared to the method using Dirichlet boundary conditions.

We want to compute the solution of
(0? — 0*)u = f(u, Ou, dyu) in 10, T[x]0, 2],
oo u+ 0 u+ f1(Ju) =0, at ©=0and z =2,
U= up, hu =uy at t =0,
wherel =0orl=1,0, =0, at x =2 and 0, = —0, at x = 0. We restrict ourselves
to f1, corresponding to one of the boundary conditions of section[2l We use a finite
difference scheme with N = 1/h, z; = jh for 0 < j < N, and ¢, = ndt. Inside the

computational domain, u7 is an approximation of u(tn,z;), and we approximate
the equation by

u;“rl —2u} + u?_l uwh — 2un Tt 4 u;‘fll +u T = 2ut T T

_ g+l J j+1 J J—
(7.2) (6t)2 2h2
= f(u?,v;?, %)’

where 1 < j < N —1, and v]” is defined by

1 0
I B
(7 3) J 5t
' 3uj — 4u?_1 + u?_Z
vj” = for n > 2.

20t

In cases ([Z3), 24) and (28], the boundary condition has the form 9, u + d;u +
f1(u, Oru, Ozu) = 0 and is approximated by

un+1 + unfl _ unJrl _ unfl unJrl _ unfl ul —yn
(7.4) 2 o m = 2 550 ! +f1(u’f,v{l,227ho):0
and
i o R T
u — uR
+f1(u}i,71,v}{,71, w) =0.

2h

In cases ([Z5) and (7)), the boundary condition has the form 9;0,u + 07u +
f1(u, dyu, O,u) = 0 and is approximated by
(7.6)

up ™t — gt =t Tt 1/9 up ™t = 2uf Ful Tt Wt = 2up !

2hot +1/2( (51)2 + (51)2 )
ul +uf v +vg ul —ug
+f1( 2 ’ 2 ’ h ) =0
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and by
(7.7)
“?{H _u?f_l _“?rtll "‘“1;/_—11 E(U%H —2uy +U7X;71 U?vtll —2uj_, "‘“?/__11 )
2hot 2 (6t)2 (6t)2
uly_ +ul vy ok ul —ul_
Jrfl(N12 N’N12 N UN hN Ly —o.

Schemes (72) (C4) (CH), and (C2) (C6) (T1) are semi-implicit (i.e. the implicit

part is linear), and the error of consistency is second-order in space and time.

7.2. Comments on the results. We call relative error in the L2 norm at time ¢
the expression

llu(t,.) — tes (t, )| 12
lluoll > + [luill L2

where u, is the solution of (21J), u is the solution computed with one of the
various absorbing boundary conditions, and where we take the L? norm on the
interval ]0.02, 1.98[ which is included in the computational domain.

7.2.1. The linear case. We first give some results obtained in the linear case with
the strategy of sectionBl We give the relative error in the L? norm for times between
0 and 10 in two cases. We compute the solution of equation d?u — 92u = —du
(see Figure [I), and we show the results obtained for the condition of order 0, the
first-order condition and the second-order condition given by ([B4) and B1). We
compute the solution of equation 92u — ?u = —d,u (see Figure ), and we show
the results obtained for the condition of order 0, the first-order condition and the
second-order condition. We note an improvement for small times by increasing the
order, which is consistent with the fact that the boundary conditions are obtained
using high frequency expansions. In the case of Figure[I] the first-order condition is

0.4 ——.
— bl
= = bl+b0
0.35 <= bLb0+b-1 ||
03| )
0.25

0.05

FIGURE 1. Relative error in the L2 norm as a function of time.
O2u — 02u = —Oyu.
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0.5 T T T T T T T T
— bl
— = bl+b0
- = bl+b04b-1
04} ]
0.3} g
02}
P
-
,
7
X
0.1 - - / E
. - \\\ //
7’
/, \\ 4
e N LT = -
. S ~
0 PPN LS Sl A . . il

0 1 2 3 4 5 6 7 8 9 10

FIGURE 2. Relative error in the L2 norm as a function of time.
O?u — O2u = —0,u.

more efficient than the condition of order 0 for all computed times, but the second-
order condition is more efficient than the first-order condition only for ¢ < 5.2. In
the case of Figure 2 the first-order condition is more efficient than the condition
of order 0 except around ¢t = 2.5, and the second-order condition is more efficient
than the first-order condition except around ¢t = 5.75.

7.2.2. The nonlinear case with f(u,du,d,u) = —u?dsu. In the nonlinear case,
we obtain the same kind of behavior. In Figure Bl we give the relative error in
the L? norm for times between 0 and 10. We give the results obtained with the
paradifferential strategy for the condition of order 0, the first-order condition and
the second-order condition. We note an improvement by increasing the order, and

0.03 -
— bl
= = bl+b0
- = bl+b0+b-1

0.02 }

0.01}

0
0

FIGURE 3. Relative error in the L? norm as a function of time. f = —u20,u.
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0.07 }

0.06

0.05 ¢

0.04 }

0.03 ¢

0.02 }

0.01 }

0

T
— bl+b0
— = bl+b0pseu

0

FIGURE 4. Relative error in the L? norm as a function of time. f = —u20;u.

587

the results given by the second-order condition are very satisfactory: the error
remains under 0.8% on the whole time interval [0, 10].

In Figured], we give the relative error in L? norm for times between 0 and 10. We
give the results obtained for the first-order conditions of Table 2l The first-order
condition obtained with the paradifferential calculus is much more efficient than
the first-order condition obtained with the pseudodifferential calculus.

In Figure[5] we give the relative error in the L? norm for times between 0 and 10.
We give the results obtained for the second-order conditions of Table2l The second-
order condition obtained with the paradifferential calculus is much more efficient

than the second-order condition obtained with the pseudodifferential calculus.

0.12

0.1}

0.08

0.06

0.04 +

0.02 +

T T T T T T T
— bl+b0+b-1
— = bl4+b0+b—1pseu

FIGURE 5. Relative error in the L? norm as a function of time. f = —u20,u.
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0.18 . . . T T . .

— bl
— = bl4b-1

0.16 |
0.14
0.12 }

0.1}
0.08 t
0.06
0.04 }

0.02 }

FIGURE 6. Relative error in the L? norm as a function of time. f = —u3.

7.2.3. The nonlinear case with f(u,du,d,u) = —u3. In Figure B, we give the rela-
tive error in the L? norm for times between 0 and 10. We give the results obtained
for the zero-order condition and the second-order condition of Table[Il We note an
improvement by increasing the order for small times (¢ < 8.5) as in the linear case.

7.2.4. The nonlinear case with f(u,dyu,dyu) = u?d,u. In Figure [l we give the
relative error in the L? norm for times between 0 and 10. We give the results ob-
tained with the paradifferential strategy for the condition of order 0, the first-order
condition and the second-order condition. We note an improvement by increasing
the order, and the results given by the second-order condition are very satisfactory:
the error remains under 0.85% on the whole time interval [0, 10].

0.04 - - - T T T T

T T
— bl

— bl+b0
-— bl4+b0+b-1

0.035}
0.03 t ]
0.025 F ]
0.02 F ]
0.015F ]
0.01 _ - ]

0.005 } -7 T ' ]

0 b e ; . . . . .

0 1 2 3 4 5 6 7 8 9 10

FIGURE 7. Relative error in the L? norm as a function of time. f = u20,u.
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0.045 T T ——— T T T
, TS — bl+b0para
~ . — = bl4+bOpseudo)

0.04 | y -

0.035 | /
0.03 } ;
0.025 | /
0.02 | ,
0.015 | :
0.01f !
0.005}

‘
! ! ! !

0 Z 1 1 1
3 4 5 6 7 8 9 10

FIGURE 8. Relative error in the L? norm as a function of time. f = u20,u.

In Figure[8, we give the relative error in L? norm for times between 0 and 10. We
give the results obtained for the first-order conditions of Table Bl The first-order
condition obtained with the paradifferential calculus is much more efficient than
the first-order condition obtained with the pseudodifferential calculus.

In Figure @ we give the relative error in the L? norm for times between 0
and 10. We give the results obtained for the second-order conditions of Table [3l
The second-order condition obtained with the paradifferential calculus is a little
less efficient than the second-order condition obtained with the pseudodifferential

calculus. However, both conditions are very satisfactory.

0 1 2

FIGURE 9. Relative error in the L? norm as a function of time. f = u20,u.
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0.16

E—r L
— = —b1+ho
0.14 } - == bl4+b0+b—1|

0.12} l

0.1} ]
0.08 | ]
0.06 | ]
0.04 | ]

0.02

0 10 20 30 40 50 60 70 80 90 100

FIGURE 10. Long-time behavior. f = —u20,u.

7.2.5. Long-time behavior. Now that we have proved the efficiency of the method on
short-time intervals, we would like to investigate its long-time behavior. In Figure
[I0, we give the relative error in the L? norm for times between 0 and 100. We choose
f(u, Opu, Opu) = —u2dpu, and we give the results obtained with the paradifferential
strategy for the condition of order 0, the first-order condition and the second-order
condition. While the second-order condition gives 15% error at time ¢ = 100, the
zero and first-order conditions remain around 2% on the whole time interval. In
Figure [[Il we give the relative error in the L? norm for times between 0 and 100.

0.5 . . . . . . . . ,

045 | |

0 10 20 30 40 50 60 70 80 90 100

FIGURE 11. Long-time behavior. f = —u3.
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0.12 : T T - -
—bl
— = —Dbl4b0
== bl+h0+b—1
0.1} o ]
0.08 | ]
0.06 | ]
0.04 | ]
0.02 | T ]
.
o Lzz -7 ) . , .
0 10 20 30 40 50 60
FIGURE 12. Long-time behavior. f = u?0,u.
We choose f(u, dyu, d,u) = —u?, and we give the results obtained for the zero-order

condition and the second-order condition of Table[Il While the zero-order condition
gives 45% error at time ¢t = 24, the second-order condition remains under 19% on
the whole time interval. In Figure I2, we choose f(u,d;u,0,u) = u?0,u and we
give the results obtained with the paradifferential strategy for the condition of order
0, the first-order condition and the second-order condition. We give the relative
error in the L? norm for times between 0 and 60, as our computations indicate that
the solution of (2.I) blows up at ¢ = 67. While the second-order condition gives
12% error at time ¢ = 100, the zero- and first-order conditions remain respectively
under 6% and 3% on the whole time interval. Although it seems hard to draw any
general conclusion for the long-time behavior of our method, we note that in each
case under study at least one of our absorbing boundary conditions performs well
on long-time intervals.

Remark. When
fu, Oyu, Opu) = —u?dyu
or
f(u, dpu, Opu) = —u?,

the standard energy estimate for (ZII) implies a bound independant of time on
u(t,.) in H'(R) and dyu(t,.) in L?(R), which in turn yields global existence. When

f(u, dpu, Opu) = u?dyu,
the standard energy estimate for (2.I) does not imply such a bound due to the

nonlinear contribution which has no sign, and it is therefore not surprising that a
blow-up takes place in this case.
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TABLE 4. Maximum of the relative error in L? norm for times
between 0 and 10.

€ 0.125 0.25 0.5 1 2 4
abc of order 0 0.74% | 2.9% | 10.3% | 15.4% | 49% | 47%
second order abc of Table[Il| 0.02% | 0.06% | 0.67% | 6.6% | 5% | 37%

7.2.6. Dependence on the size of the initial data. Since the problem and the bound-
ary conditions are nonlinear, we examine the dependence of the relative errors on the
amplitude of the initial data. We consider a solution u such that (0, x) = eug(x)
and d;u(0,2) = 0, where ¢ > 0 and ug is given by section [[Jl In Table [l we give
the maximum of the relative error in the L? norm for times between 0 and 10 in
function of . We choose f(u, dyu, d,u) = —u?, and we give the results obtained for
the zero-order condition and the second-order condition of Table [l We notice an
improvement by decreasing €, and the second-order condition is much more efficient
than the condition of order 0.

7.2.7. Dependence on the size of the computational domain. Finally, we consider
the influence of the size of the computational domain. For § > 0, we take [—4, 2+ ]
as computational domain, and we define the distance as 100.6/2 = 50.6. We give
the relative error in the L? norm for times between 0 and 10. In Figures [3
4 05 and 6, we take, respectively, a distance of 5%, 25%, 50%, and 100%.
The results we obtained are similar to the three examples of nonlinearity. We
choose f(u,0u,d,u) = —u?d;u, and we give the results we obtained with the
paradifferential strategy for the condition of order 0, the first-order condition and
the second-order condition. We note that increasing the distance gives the same
result as taking a distance equal to zero and decreasing the computed time interval.
This emphasizes the relevance of our strategy which is valid at least for small times.

0.03 — 0.03

— T T T T T T —
— — bl+b0 — = bl+h0
- —- bl+b0+b—1

-—- bl4b04b—1

0.02} { 0.02}

0.01t { 0.01}

FIGURE 13. Distance to the FIGURE 14. Distance to the
boundary of 5%. boundary of 25%.
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0.03 : : : : : : 0.03
— bl — bl
— = bl+b0 — = bl+4b0
- —- bl4+b0+b—1 -—- bl+b0+b—1
0.02 10.02}
0.01 10.01¢
0 0
0o 1 2 10 0O 1 2 3 4
FIGURE 15. Distance to the FIGURE 16. Distance to the
boundary of 50%. boundary of 100%.
CONCLUSION

We have constructed a hierarchy of absorbing boundary conditions for the semi-
linear wave equation. As in the linear case, we obtain an improvement of the
precision of these boundary conditions by increasing the order except possibly for
large times. Our strategy uses the paradifferential calculus and gives better re-
sults than the strategy using the pseudodifferential calculus. Thus, this method is
efficient to approximate the semilinear wave equation on R with a low numerical
cost.
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