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OPTIMAL C? TWO-DIMENSIONAL
INTERPOLATORY TERNARY SUBDIVISION SCHEMES
WITH TWO-RING STENCILS

BIN HAN AND RONG-QING JIA

ABSTRACT. For any interpolatory ternary subdivision scheme with two-ring
stencils for a regular triangular or quadrilateral mesh, we show that the criti-
cal Holder smoothness exponent of its basis function cannot exceed logs 11(~
2.18266), where the critical Holder smoothness exponent of a function f :
R? — R is defined to be
Voo (f) :=sup{v : f € Lipv}.

On the other hand, for both regular triangular and quadrilateral meshes, we
present several examples of interpolatory ternary subdivision schemes with
two-ring stencils such that the critical Hélder smoothness exponents of their
basis functions do achieve the optimal smoothness upper bound logs 11. Con-
sequently, we obtain optimal smoothest C? interpolatory ternary subdivision
schemes with two-ring stencils for the regular triangular and quadrilateral
meshes. Our computation and analysis of optimal multidimensional subdivi-
sion schemes are based on the projection method and the £,-norm joint spectral
radius.

1. INTRODUCTION AND MOTIVATION

Subdivision schemes have proved to be a useful way of generating surfaces in
CAGD ([I, 6]). In general, one first constructs a stationary subdivision scheme
with certain desired properties on a regular mesh. Then for a given initial mesh of
arbitrary topology, one applies such a subdivision rule for regular vertices and han-
dles extraordinary vertices of a mesh by modified special subdivision rules (see the
course note Subdivision for modeling and animation by P. Schroder et al., 1998).
Since the number of extraordinary vertices in all subdivision levels remains the
same, construction of stationary subdivision schemes on a regular mesh with cer-
tain desired properties, such as good smoothness and small subdivision stencils, is
important in CAGD.

In order to have good visual quality of the generated subdivision surfaces, one
is generally interested in subdivision schemes whose basis functions are at least
C? so that the curvature of the generated subdivision surfaces is continuous. On
the other hand, in order to reduce the number of special subdivision rules for
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extraordinary vertices, from the point of view of implementation and computation,
one prefers in CAGD that the associated subdivision stencils have no more than
two-ring neighboring vertices, which is almost equivalent to saying that its mask
should have a very short support. But it is well known that high smoothness
of a basis function in a subdivision scheme and the shortness of the support size
of its mask are two mutually conflicting requirements; that is, it is well known
that in order to have a smoother subdivision scheme, it is necessary to enlarge
the support of its mask. For example, it was proved in [9, Corollary 4.3] that
for any dimension s, there is no C? s-dimensional interpolatory dyadic subdivision
scheme whose mask can be supported on [—3, 3]® (that is, it has two-ring stencils);
therefore, the well-known butterfly scheme proposed by Dyn, Levin and Gregory [7]
and several other examples of interpolatory dyadic subdivision schemes in [I7, [26],
which are two-dimensional interpolatory dyadic subdivision schemes with two-ring
stencils, cannot be C? schemes. On the other hand, as we shall see in Section 3, for
any dimension s, there is no C? s-dimensional interpolatory m-adic (m € Z with
|m| > 1) subdivision scheme whose mask can be supported on [—|m|,|m|]®.

In order to obtain subdivision schemes with various desired properties beyond
the traditional dyadic schemes, subdivision schemes with other possible refinements
of a mesh have recently been studied in the literature. For example, interpolatory
quincunx subdivision schemes have been studied in [I7], and the construction in
[17] has been generalized to interpolatory v/3 subdivision schemes in Jiang, Oswald
and Riemenschneider [23]. See [17, 23 27] and many references therein for more
detail.

In order to achieve continuity of the curvature in a subdivision surface, very
recently there has been a growing interest in investigating interpolatory ternary
subdivision schemes, due to some of their interesting properties. One-dimensional
C? interpolatory ternary subdivision schemes with two-ring stencils have been ob-
tained in [19]. Some examples of two-dimensional interpolatory ternary subdivision
schemes have been proposed in [4] [I5]. For some desired properties of ternary sub-
division schemes, the reader is referred to the work [4] [I9] [24] for more detail. It is
the purpose of this paper to investigate the smoothest optimal interpolatory ternary
subdivision schemes with two-ring stencils in one and two dimensions.

The following is the structure of this paper. In Section 2, we shall recall the
notion of subdivision triplets in [I5] and subdivision stencils. Then we shall dis-
cuss and review some results on convergence and smoothness of multidimensional
subdivision schemes by using £,-norm joint spectral radius. We shall explicitly dis-
cuss the connection between the cascade algorithms in the function setting and the
subdivision schemes in the discrete sequence setting. Some results on estimating
the critical Holder smoothness exponent of a basis function in a subdivision scheme
will be given.

In Section 3, we shall discuss one-dimensional smoothest interpolatory ternary
subdivision schemes with two-ring stencils. Then we shall investigate optimal mul-
tidimensional interpolatory ternary subdivision schemes via the projection method.
We show that for any interpolatory ternary subdivision schemes with two-ring sten-
cils in any dimension, the critical Holder smoothness exponent of its basis function
cannot exceed log; 11. Moreover, we prove that there is a unique one-dimensional
interpolatory ternary subdivision scheme with two-ring stencils such that its ba-
sis function has the optimal critical Holder smoothness exponent logs 11. Since
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subdivision schemes with one-ring stencils are of particular interest in CAGD, one
may wonder whether there is a smooth interpolatory m-adic subdivision scheme
with one-ring stencils. In Section 3, we show that there is no C? s-dimensional
interpolatory m-adic subdivision scheme whose mask is supported on [—|m|, |m|]®.

In Section 4, we shall present some examples of optimal C? two-dimensional
interpolatory ternary subdivision schemes with two-ring stencils for the regular
triangular and quadrilateral meshes. Our computation and analysis of all the ex-
amples in Section 4 are based on the projection method in [II] and the £,-norm
joint spectral radius.

In order to apply the subdivision schemes constructed in this paper to free-form
subdivision surfaces in CAGD, we have to design the special subdivision rules for
extraordinary vertices, which we shall discuss elsewhere.

2. SOME PROPERTIES OF SUBDIVISION TRIPLETS

In this section, we shall recall some properties of a general subdivision scheme
in any dimension.

We say that G is a symmetry group on Z° if each element F € G is an integer
matrix with |det F| = 1 and G forms a group under matrix multiplication. A
subdivision scheme is completely determined by a triplet (a, M,G), where G is a
symmetry group on Z° distinguishing the type of a mesh, M is a dilation matrix
determining the refinement of the mesh and a is a mask yielding all the subdivision
stencils. The quadrilateral mesh and the triangular mesh are invariant under the
symmetry groups D4 and Dg, respectively, which are defined to be

e C I R TR W)

L R e o S O e P

A finitely supported sequence a : Z° — R is called a mask. A quincunx (also called
v/2) subdivision scheme is given by a triplet (a, M va: D1), a V/3 subdivision scheme
is given by (a, M, sz, Dg), and a ternary subdivision scheme is either (a, 312, D4) or
(a,312, Dg), where a is a mask and

1 1 1 -2 1 0
O O B . )

Unlike the lattice Z° which is a set of discrete points without connectivity, it is dif-
ficult to have a global coordinate system on a general mesh. In order to overcome
such a difficulty, symmetry is required in a subdivision scheme. That is, a sub-
division scheme should be given by a subdivision triplet (a, M,G) (see [15]) which
satisfies

(1) The mask a is G-symmetric: a(EB) = a(f) for all 8 € Z° and E € G.
(2) The symmetry group G is compatible with the dilation matrix M ([I3]):
MEM~! € G for all E € G.
In this paper, for simplicity of presentation, we only consider the dilation matrices
M = ml,, where m € Z with |m| > 1; that is, we only consider m-adic subdivi-
sion schemes. The basis function ¢ of a subdivision triplet (a,mls, G) is a unique
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solution to the refinement equation

(2.1) o= a(@B)p(m-—B) with  $(0)=1,

BEZs

where the Fourier transform is defined to be f(£) := Jgo flx)e ™ da, & € Re.
Since (a,mls,G) is a subdivision triplet, it is easy to see that ¢(E-) = ¢ for all
E € G. In fact, ¢ is given by ¢(¢) = H;’;l[&(m_jg)ﬂmﬁ, where @ is the Fourier
series of the sequence a and is defined to be

(2:2) a(€):== > a(Be Pt ceR.

BEZs

By ¢o(Z*%) we denote the space of all finitely supported sequences on Z*. For a
subdivision triplet (a, mIs, G), the subdivision operator Sg mr, : Lo(Z°%) — £o(Z®) is
defined to be

(2.3) [Samrul(@) =Y ala —mBu(B),  a€Z, uel(Z).
BEZs

Since (a,mls, G) is a subdivision triplet, it is easy to check that if u € £y(Z®) is
G-symmetric, then S, .7, u is also G-symmetric. The subdivision operator Sg 1,
plays an important role in CAGD. Let Il denote the space of all polynomials of
total degree at most k. In general, one requires that a subdivision scheme can
reproduce some polynomial space Il for some integer k. In other words, the mask
a satisfies the sum rules of order k + 1 ([3, 21I]) with respect to the lattice mZ?,
that is,

(2.4) > ala+Ppla+B)= > a@pB) VaeclZpell

pemLs pemLs

We say that (a,mls,G) is an interpolatory subdivision triplet if (a,mls,G) is a
subdivision triplet and a is an interpolatory mask with respect to the lattice mZ?,
that is,

(2.5) a(0)=1 and a(mB)=0 v 5 € Z°\{0}.

If (a,mIs, G) is an interpolatory subdivision triplet, then [Sq 1, u](mB) = u(B) for
all B € Z° and u € ¢y(Z*). The subdivision stencils are derived from a subdivision
triplet (a,mIs, G). Let (f°(8))pezs be an initial given data. Attaching the number
[Sa.m1. f°](7) to the point m~1y, for the next level refined data f! on m~1Z*, we
have

FHm ™) = [Samn f217) = D aly =mB)f°(8) = D a(=m(B—m™'7)f*(B).

BELs BELs

In order to compute the value of f! at the point m~'~, the stencil is given by
(a(y—mf3))gezs; that is, (ax(B8—m~'v))gez:, where a.(3) := a(—mp3), 8 € m~Z*.

In the rest of this section, we shall discuss convergence and smoothness properties
of subdivision triplets, in particular, of interpolatory subdivision triplets. In order
to do so, let us first introduce some notation. We denote by £,(Z?) the linear space
of all sequences u on Z* such that H“”Z(Zs) =2 gezs W(B)|P < oo

For any o € Z°, let 0, denote the sequence on Z*® such that d,(a) = 1 and
0a(B) =0 for all 5 € Z*\{a}. In particular, we denote  := §p. The convolution of
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two sequences is defined to be

[wsv)(a) = Y uBovla—p),  uweLl(Z).
BELS
Clearly, w*v = 4d. For a finitely supported sequence a on Z*, we define the
following quantity:

(2.6)  pla,mIy,p,u) = tim [lux[SE,. 0]l 0, 1<p<oo,uclo(Z),

For a € Z° and t € R®, we define
(2.7) Vav:i=v—v(-—a), Vif:=f—f(—-1), v € (Z°), f € L,(R%).
Denote Ng := NU {0}. For pu = (p1,...,us) € N, |p| = p1 + -+ + ps and

VH# = VBL...VEs where e; is the jth coordinate unit vector in R°. Note that
Vhy = [VH§] x v and

VEf = [VHS)x f = Y [VRI(B)f (- — B).
BEL®
The partial derivative of a differentiable function f with respect to the jth coordi-
nate is denoted by 9; f. For p = (u1,. .., ps), we denote 9* := 9" - - 9=,
In the frequency domain, a mask a satisfies the sum rules of order k£ + 1 with
respect to the lattice mZ® if and only if

oMa2my/m) =0 ¥V |u| <k and ~€[0,|m|—1]*NZ*\{0}.

If a mask a satisfies the sum rules of order k but not k£ + 1, then we define (see
[13), [14])

(2.8) wvp(a,mls) := s/p —log,,, max{p(a, mls,p, V*d) : |u| =k}, 1<p< oo

For a positive integer k, the B-spline function hj of order k is defined to be
X[0,1] * *** * X[0,1] With k-copies of the characteristic function x|o 1; of the interval
[0,1]. For any p = (p1,...,1s) € N§, the multivariate spline function h,, of order
p1 is defined to be hy, (21, ..., x5) = [[jo) by (25), 21, .. 25 €R,

It is well known that for any v = (v1,...,vs) € N§ such that v; < p; for all
j=1,...,5, one has 0"h, = Vh,_,.

The following result is essentially known in the literature in various forms, and
we shall provide a self-contained proof here. For simplicity, from now on we assume
m > 1.

Theorem 2.1. Let (a,mls,G) be a subdivision triplet and let ¢ denote its basis
function. Then for any nonnegative integer k, the following statements are equiva-
lent:

(1) voo(a,mly) > k.
(2) For every compactly supported function f € C*(R®) such that
(2.9) fO)=1 and 9f2r8)=0  V|u <k B eZ°\{0},

the cascade sequence QIf .1 f is a Cauchy sequence in C*(R*) (as a mat-
ter of fact, one has limy, o |Qf 1. f — @llcrms) = 0), where the cascade
operator Qq.mr, : C(R*) — C(R?) is defined to be

(2.10) Qumrf = a@)f(m-—p), [eC®).

BELs
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(3) The basis function ¢ € C*(R®) and
@11 dim ST 00 — 6l m s =0 ¥ [l = k.

(4) For every sequence u € loo(Z*), there exists a function g € C*(R*) such
that

(2.12) lim [Jm" VS al() = [0%9)(m ™" ey =0 Y Iul < k.

n—oo

Proof. The equivalence between (1) and (2) has been established in [2] [I4] and
many references therein. In the following, we show that (2) = (3) = (1) and
(3) & (4).

Take f = h(j42,... k+2) to be the spline function of order (k+2,...,k+2). Then
f € C*(R?), and (Z9) holds. By assumption in item (2), we must have ¢ € C*(R®).

Let o = (u1, ..., us) € N§ such that |u| = k. Since

3“f = 8uh(k+27...,k+2) = V“h(k+27u1,...,k+27u5)7

by induction on n, we have

frp = 0"[Q 11, ]

(213) = > VS BB 2z (1 —B)
BEZ*

Denote h := ha,.. 2)(- — (1,...,1)), which is the multivariate tensor product hat
function such that h(8) = 6(8) for all § € Z*. Define

Gnu =y, VIS 8](B)R(m™ - —B).
BEZ®
It follows directly from the above identity that
Gnpu(m™"a) = mk”[V“SZmlsé](a) Va€eZ’, neN,
since h(B) = §(p) for all g € Z°. Consequently, for every a € Z°, we have
M VA o 8)(@) = 9 p(m ™" @) = [gnu(m ™" @) = fru(m "))
+ [fru(m™"a) = 8" ¢(m™"a)].
Therefore, we have
I " [V S r, 81C) = [0} (m ™" ) lew (2
<lgn = frplloe @) + 1fap — 0"l @)  VneN

By assumption in item (2), we have lim,, oo || fn,. — 9*¢[|L_ (rs) = 0. In order to
show (2) = (3), it now suffices to show that lim, .o ||gn.u — frullL. ) = 0.

Let n:=h — hipyop,,... k+2—p,)- 1t is simple to verify that 7(273) = 0 for all
B € Z%; that is, Zﬁezs n(-+ 8) = 0. By [I4, Theorem 3.6], there exist compactly
supported functions 7; € Loo(R®),j =1,...,s, such that n = Z;Zl Ve, nj. By the
definition of f, ,, and gy, ., we have

Gngp = Frp =" Y Ve, VS g, ) (B (m" - =B).

j=1BeZs
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Since all n;,7 = 1,..., s, are compactly supported functions in L., (R?), there exists
a positive constant C, depending only on 7;,j = 1,..., s, such that

S

g = Frplle @y < CmF™ > Ve, VESE 0 dlle @z VneN
j=1

Note that V. V# = VF*¢ and VAT 5P ) 6 = [VFH€8]+S] 1 6. Since (1) & (2),
by Veo(a, mI ) >kand |[p+ej|=k+1, 1t follows from [14, Theorem 4.3] that

nh—{gomkn”vque] gm[ 6”5 =0.

Therefore, we must have lim, o0 ||gn,u — fn,u
proof of (2) = (3).
Now we demonstrate that (3) = (1). Let p = (p1,...,4s) € N§ such that
|| = k. Then (ZII) holds and ¢ € C*(R*). Note that
Y VS, 81(0) = {97, 8](0) — 96 (m ")}
— {mMVISE L) = eg) = 9 g(m T (e — ¢5)) }
+ {0"p(m™"a) — 0 p(m "o —m "e;) } .

|L..(rs) = 0, which completes the

Therefore, we have
mt |7 S (@) < 2[m*VRST L 6 = [04 1 (m ) e (ze)
+ 8" — O (- — m_nej)HLoc(RS)'

Since ¢ € C*(R?®) and |u| = k, 0*¢ € C(R?), and so,

Jim [0 ¢ — O (- —m™"e5)|| L (mes) = 0.
By (2I1), it follows from the above inequality that

lim m*" | VA Se bl @z =0  Yul=k j=1,...s

n—oo

That is, limy, o m**|[V*S2 1 8lle.zsy = 0 for all |u| = k + 1. Now by [14
Theorem 4.3], we conclude that Voo(a,mlg) > k. So, (3) = (1).

Obviously, (4) = (3) by taking uw = ¢ and g = ¢. Suppose that (3) holds. Then
(211) holds for all |u| < k since (1) implies that v(a, mls) > j for all j =0,...,k.
Let u € lo(Z°) and g = ux ¢ = 3 5.7, u(B)¢d(- — ). By a simple calculation, we
observe that

[VESE arul(a) = > u(B)[V SE,,.. 0 (a —m" ).
BEZs

Therefore, we deduce that
mtr RSy L ul(a) — 9 g(mT " a)
= D uB)m* VS b —m"B) — " $(m " (@ — m" 5))].

Bezs

Since both the mask a and the basis function ¢ are compactly supported, now
[212) follows easily from the above identity. O
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For 0 < v < 1 and a function f € L,(R®), we say that f belongs to the Lipschitz
space Lip(v, L,(R®)) if there exists a positive constant C such that

1f = FC =Dz, @) <Ol

for all t € R®. The L, smoothness of a function f € L,(R®) is measured by its L,
critical smoothness exponent vy(f) which is defined by

vp(f) :==sup{n+v : 0"f€Lip(v,Ly(R%)) V |u|=n}.

For the basis function ¢ of any subdivision triplet (a,mls,G), one always has
vp(@) = vp(a,mls). For more detail on L, smoothness of refinable functions, see
[2, 3, 9] 14, 22 25] and many references therein. A function f is an interpolatory
function if f is a continuous function such that f(8) = §(8) for all 8 € Z*.

The following result is known in the literature (e.g., see [13| [14] [16]).

Theorem 2.2. Let (a, mls, G) be an interpolatory subdivision triplet and ¢ denote
its basis function. Then ¢ is an interpolatory function if and only if Voo (a, mIs) > 0.
Moreover, if voo(a,mls) > 0, then vy(¢) = vp(a, mls) for all 1 < p < oco.

The quantity p(a,mls,p,u) in (28] can be rewritten using the ¢,-norm joint
spectral radius. Let 7 be a finite collection of linear operators acting on a finite-
dimensional normed vector space V. For a positive integer n, we define for 1 < p <
oo?

1715 = > T Tal”
Ty, Tn€T
and
170 :=max{||Ty - -Tn| : T1,...,Tn €T},

where || - || denotes some operator norm. For 1 < p < oo, the ¢,-norm joint spectral
radius of T is defined to be (see [8 [16, 20} 22] 28] and references therein)

N B n|l/n _ n||l/n
(2.14) pp(T) = T [T, = Inf | 77|,

Let T' := [0, |m| — 1]* N Z°. To relate the quantity p(a, mI,,p,u) to the £,-norm
joint spectral radius, we introduce the linear operators T, .,y € I on £y(Z°) by

(2.15) Torv(a) := Z a(ma — B+ v)v(B), v € ly(Z%),a € Z°.
pezs

It was proved in [16, Lemma 2.3] that if a is finitely supported, then for any finitely
supported sequence u on Z°, there exists a finite-dimensional subspace V'(u) of
£y(Z®) such that V(u) contains v and V(u) is the smallest subspace of £o(Z?)
which is invariant under the operators T, ~, v € I'. We call such V(u) the minimal
{T,, : v € TI'}-invariant subspace generated by w.

Let 7 := {Ton|lvw) : v € I'}, where V(u) is the minimal {7, : v € I'}-
invariant subspace generated by w. Then it is known ([16]) that

. n 1/n . n n
(216)  pla,mlpu) = N Jlus [S7,0, 11/ ) = pp(T) = inf [ T3/

For a sequence ¢ € ¢y(Z*) and a nonnegative integer m, we define a new sequence
c(m™1) on Z* by e(m=1)(€) := &(m&).

The following result is useful in calculating the quantity p(a, mls, p,u) in (28]
and appeared in [T}, 8] for the special case ¢ = V#§ and m = 2.
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Theorem 2.3. Let a be a finitely supported mask on Z°. If

(2.17) a(g) = ég&? b(€)  for finitely supported sequences b and ¢ on Z°,

such that ¢(m&)/é(€) is a 2m-periodic trigonometric polynomial, then for any 1 <
p < oo and u € £o(Z7),

p(a,m[s,p,u*c) = hm Hu *Cx [ a,mls ]”[ (ZS
(2.18)
= hm ||U* [Sb mlg 6]”[ (Zb) - p(b mIS,pa )

Proof. By induction and (ZI7)), we have ¢ * Sa m1,0(§) = é(m”ﬁ)S;mlsé(é). That

is, we have
(2.19) wxck (S 7 0] = c(m™") x (ux[Sy,,1.9])-
Consequently, by Young’s inequality and |lc(m™"-)|¢, zs) = lcll¢, (z+), We have
l[w s e[S mr, 0llle, ze) = llwx c(m™") % [S§1n1,6]lle, z0)
< lelley@oyllw * S5 mr, 0,2y V€N
Therefore, we have
pla,mlg,p,uxc) = hm | c* [Sg 1, 5]||€ (2

(2.20)
< lim s 871,011 oy = plb. I, p. ).

Since b and u are finitely supported sequences on Z°, there exists a positive integer
N such that the support of the sequence wu % [ng Mmlsé] is contained in the set
[—m" N mntN]s for all n € N.
Define
N
d(€) == e(m™ N1 fe(mme) = [ [le(m™HHe) fe(m™Hg)).

7=0

Since é(m&)/é(€) is a 2m-periodic trigonometric polynomial, so is d, and therefore,
d is a finitely supported sequence.

By (219), we have
(E)EE) St 11, 6(€)(E) = WE)e(m™E)SY.,,1, 6(E)d(E) = E(m™ N E)i(€)SY.,,16(€)-
That is,
e(m ™" N0 s uk Spp 8] = [k e x P 0] % d.
Since the sequence u * Sy, ; 6 vanishes outside the set [-m N mntN]s
clude from the above identity that

, We con-

7n7N71_)

lelle, @) llw* Spmr.dlle, zs) = llc(m * [ux Sy s 0llle, ze)

< Hd||gl(z~)||u * C % Sn’

The above inequality yields that

. n 1/n
p(b,mIs,pu) == lim s [P 31l ()
(2.21) . n
< lim |lu*ex [Sg)mlsé]ﬂzp(zs) =: pla,mls,p,uxc).

Now putting (220) and ([227I) together, we conclude that ([2ZI8) is true. O
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The following result provides a convenient way for estimating the quantity
p(b,mlIg, 00, 0).

Theorem 2.4 (see also [8]). Let b be a finitely supported sequence on Z°. Then

n

. n 1
plb,mIy,00,0) == lim 17,7011, "

(2.22) o (

neN \ a€Zs

1/n
max > [Sf,p, 8@+ m"A)) .
BEL®

Proof. Denote b,, := ngmlsé and p, := max,eczs ZBEZS

bp(a +m™pB)|. By induc-
tion, we have bj = b; * [bx.(m~"-)] and

bivk(a+m/T8) = " " bi(a—m! (mFn +7)bi(y + m* (8 +n)),
Y€l k n€Z®

m

where Ty, := [0, |m|F — 1]* N Z*. Hence,

D bir(a+mI TR <Y TS b —md (mFn ) D br(y +m* (8 +n))]
BEZs yET knEL? BEZLs
< PjPk-

So, we conclude that p;, < pjpi for all j,k € N, which implies lim,,_, p}/" =

inanN Pi/n

Since the sequence b is finitely supported, there must exist a positive constant
C depending only on the support of b such that the number of elements in the set
{B€Z° : by(a+m"B) # 0} is no more than C. Therefore, we see that

brllenc(ze) < pn = max D> lbn(a+m"B)| < Clballewzy VneN.
BEZLs

So, (2Z22) must hold. O

3. OPTIMAL ONE-DIMENSIONAL INTERPOLATORY TERNARY SUBDIVISION
SCHEMES AND THE PROJECTION METHOD

In this section, we shall investigate optimal one-dimensional interpolatory ternary
subdivision triplets with two-ring stencils. Then we shall discuss the projection
method and the optimal multidimensional interpolatory ternary subdivision
schemes with one-ring or two-ring stencils.

For one-dimensional interpolatory ternary subdivision schemes with two-ring
stencils, we have the following result.

Theorem 3.1. Let (a,3,{—1,1}) be a one-dimensional interpolatory ternary subdi-
vision triplet such that the real-valued mask a is supported on [—5,5] (that is, all its
subdivision stencils have two-ring neighboring vertices). Then v (a,3) < logg 11.
Moreover, vy (a,3) = logs 11 if and only if a is the unique mask a®*** given by

(3.1) abent(g) = %(e—ff +1 4 ¢)3[9 + 10 cos(€) — 8 cos(26)],

or equivalently, the mask a

I T LA &
99" 99’ 997 99" 1 99° 99 " 99’ 99

best s supported on [—5,5] and given by
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Proof. Suppose that v (a,3) > logg 11 ~ 2.18266. Then the mask a must satisfy
the sum rules of order 3 with respect to the lattice 3Z (see [14, Theorem 4.3]).
Solving the system of linear equations given by (24) with k& = 2 for a {—1,1}-
symmetric interpolatory mask a with support [—5, 5], we see that the interpolatory
mask a must take the following form:

(3:2) a(§) = (e + 14€9)%h(¢)

with

(3.3) b(&) :=te 2 — (4t 4+1/9)e 4+ (6t +1/3) — (4t +1/9)e’ +te*€,  teR.
Let Ty (v = —1,0,1) be the linear operators defined in (ZI5) with m = 3. It is easy
to see that the linear space £([—1, 1]) is T} ,-invariant for v = —1,0, 1. Their matrix
representations H., under the standard basis {0_1,d¢, 01} of £([—1,1]), are H, =

(b(3]{3 7‘7 +’7))—1<]‘,k<1 for Y= 71a0,]—- SO, p(b,S,OO,(S) = poo({H—lvHO,Hl})?
where

[0 6t+1/3 0 t —4t—1/9 0
H. 1= |0 —4t—1/9 t , Hy= |0 6t+1/3 0],
0 t —4t—1/9 0 —4t—1/9 ¢
(3.4) - :
—4t—1/9 t 0
H, = t —4t—1/9 0
0 6t+1/3 0]

It is easy to see that 6¢+ 1/3 and —5¢ — 1/9 are eigenvalues of Hy and Hy, respec-
tively. Consequently,

p(b,?), 0075) = poo({Hfl,Ho,Hl}) 2 max{p(Ho),p(Hl)}
> max{|6t + 1/3|, |5t + 1/9|} > 1/11,

where the equal sign in the last inequality holds if and only if ¢ = —4/99. By
Theorem 23] we have p(a, 3, 0o, Vglé) = p(b,3,00,0). Therefore, we conclude that

VOO(aa 3) - - 1Og3 p((l, 3, o0, Vgl 5) - - logd p(b’ 37 00, 5) < logd 11.
On the other hand, by Theorem 2.4l we have
p(b,3,00,0) < mg%z lb(a + 36)| < max{|6t + 1/3], |4t + 1/9] + [t|}.

BEL
Therefore, we have
(3.5) max{|6t+1/3|,|5t+1/9|} < p(b,3,00,d) < max{|6t+ 1/3|, |4t + 1/9| + |t|}.
When t = —4/99, the above inequalities yield that p(b, 3, 00,d) = 1/11. Therefore,
we conclude that v.,(a?®t,3) = —logs p(b, 3,00, ) = logs 11. O

More precisely, we have the following result.

Corollary 3.2. Let (a,3,{—1,1}) be an interpolatory subdivision triplet such that
the real-valued mask a is supported on [—5,5] and satisfies the sum rules of order
3. Then the mask a must be given by B.2) and B3). Moreover, we have

) —logg(—5t —1/9), ift < —4/99,
veol(0,3) = {—log3(6t +1/3), ift > —4/99.

In particular, the subdivision triplet is C? if and only if —2/45 <t < —1/27.
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Proof. By the proof of Theorem Bl we see that (.2 holds. By a simple calcula-
tion, we observe that

max{|6t + 1/3|, |5t + 1/9|} = max{|6¢ + 1/3|, |4t + 1/9] + |¢|}

st —1/9, ift < —4/99,
6t +1/3,  ift > —4/99.

So, the claim follows directly from [B3) and v (a,3) = —logs p(b, 3, 00, J). O

For a sequence a on Z°, we define a new sequence Pa via the projection operator
P :0y(Z°) — £o(Z) (see [11] [12]) as follows:

(3.6) [Pal(j) == > a(i,B), jE
BeZs—1
Now we have the following result on optimal multidimensional interpolatory
ternary subdivision triplets with two-ring stencils.

Theorem 3.3. Let (a,315,{Is,—1Is}) be an interpolatory subdivision triplet such
that the real-valued mask a is supported on [—5,5]°. Then vs(a,3) < logs11.
Moreover, if voo(a,31,) = logs 11, then the projected mask 3'~°Pa must be the
unique mask a®*st defined in ([B.1).

Proof. Suppose that v (a,3Is) > logg 11. Then a must satisfy the sum rules of
order at least 3. Let Pa be the one-dimensional sequence defined in ([B:6). Then
by [IIl Lemma 2.1] or [12, Theorem 3.2], Pa must satisfy the sum rules of order
at least 3. Moreover, since a(—0) = a(f) for all § € Z%, it is easy to see that
[Pa](—3j) = [Pa](j) for all j € Z. Therefore, (317°Pa, 3, {1, —1}) is a subdivision
triplet.

Since a is an interpolatory mask such that a is supported on [—5, 5]° and satisfies
the sum rules of order 3, by [I1, Theorem 3.2] we see that 3!7*Pa must be an
interpolatory mask; that is, (3'7°Pa,3,{1,—1}) is an interpolatory subdivision
triplet and Pa is supported on [—5,5]. Now by [11, Theorem 2.5] and Theorem [B.1]
we must have vy (a,31s) < v (317 Pa,3) < logy 11. When v (a,31s) = logy 11,
we must have v, (317 Pa, 3) = logg 11. Therefore, by the uniqueness of the mask
a®*st in ([31), we conclude that 3!7%Pa = a®*t. O

Since subdivision schemes with one-ring stencils are of particular interest in
CAGD, we have the following result on interpolatory subdivision schemes with
one-ring stencils.

Theorem 3.4. Let m be an integer satisfying |m| > 1 and let (a, mI,,{Is}) be an
interpolatory subdivision triplet.
(i) If a is supported on [1 — |m|,|m| — 1]°, then vy (a, mI;) < 1.
(ii) If a is supported on [—|m|,|m|]® (that is, the subdivision scheme has one-
ring stencils), then a can satisfy the sum rules of order at most 2 with
respect to the lattice mZ*, and therefore voo(a,mly) < 2.

Proof. Suppose that a is supported on [1—|m|, |m|—1]° and v (a, mI;) > 1. Then
a must satisfy the sum rules of order at least 2. Consequently, by [12, Theorem 3.2],
the projected mask |m|'~*Pa must satisfy the sum rules of order at least 2. Since
a is supported on [1 — |m|,|m| — 1]%, then |m|*~* Pa is a univariate mask supported
on [1—|m/|,|m|— 1] and satisfying the sum rules of order 2; therefore, we must have
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\m\l_sﬁz(f) = |14+e % 4. e ImI=DE&12 /|;m|. This gives us voo (|m|'~*Pa,m) =
1. Now by [I1}, Theorem 2.5], we conclude that ve (a, mIs) < veo(|m|* =5 Pa,m) = 1.
So, (i) holds.

It is easy to see that a univariate interpolatory mask a with support [—|m|,|m|]
must be supported on [1 — |m|,|m| — 1]. Therefore, a can satisfy the sum rules
of order at most 2 with respect to the lattice mZ. Now by a similar argument as
n [I7, Theorem 2.2] or [12, Theorem 3.2], we see that any interpolatory mask a
with support [—|m/|, |m|]® can satisfy the sum rules of order at most 2 with respect
to the lattice mZ*. Consequently, we have v, (a,ml;) < 2. So, there is no C?
interpolatory m-adic subdivision scheme with one-ring stencils. O

In fact, it has been proved in [10, Theorem 2.7] that there is no C'* interpolatory
dyadic subdivision scheme for any subdivision triplet (a, 212, D4) such that a is sup-
ported inside [~2,2]2. By a similar complicated argument as in [10, Theorem 2.7],
we conjecture that there is no C! interpolatory m-adic subdivision scheme such
that its interpolatory mask is supported inside the set [—|m|, |m|]®.

4. OPTIMAL C? TWO-DIMENSIONAL INTERPOLATORY TERNARY SUBDIVISION
SCHEMES WITH TWO-RING STENCILS

In this section, we shall present some examples of interpolatory subdivision
triplets (a,3I2,D4) and (a,3I2,Dg) such that their masks a are supported on
[—5,5]2 and vs(a,313) = logg 11. Therefore, they are the smoothest interpola-
tory ternary subdivision schemes with two-ring stencils, according to Theorem 3.3l

Let us first consider subdivision triplets (a, 313, Dg) for the regular triangular
mesh. In order to facilitate our analysis, we require that the mask a should take
the following form:

(4.1) a(&1, &) = (e 414" (e 41 4-e%2) (e EHE2) L1 i @HE2) (g &),

where the sequence b is supported on [—3,3]? and is Dg-symmetric. Consider a
system of linear equations, which are induced by the following requirements:

(i) The mask a is interpolatory with respect to the lattice 3Z2.
(ii) The mask a satisfies the sum rules of order 3 with respect to the lattice
R/
(iii) The projected mask 3~ Pa must be the unique mask a®*** in (B.1).
Solving the system of linear equations, we see that the sequence b, which is sup-

ported on [—3,3]? and is Dg-symmetric, must take the following form:
(4.2)

0 0 0 to —2 —tgy —2 —tg to

0 0 —2 — gy tq 5 — 2t1 + 2to tq —2 —ty

1 0 —2 —ty 5 —2t] + 2ty 242t] —ty 242t] —ty 5 — 2t + 2ty —2 — to
— to tq 2 42ty — to 15 — 6t 2 42t — to tq to
09 | —2—ty 5—2t; +2tyg 242t; —to 242ty —ty 5 — 2ty + 2tg —2 — tg 0
-2 —tg tq 5 — 2t1 + 2to t1 —2— g 0 0
to —2 — ty —2 — g to 0 0 0

Now we have the following result on subdivision triplets (a, 31, Dg) with two-
ring stencils.

Theorem 4.1. Let (a,313, Dg) be an interpolatory subdivision triplet, where the
mask a is given by (@) and the sequence b is given in [E2). Then

Voo(a,3I3) = —logs max{1/11, p(b, 313, 00,6)}.
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In particular, voo(a,312) = logs 11 if and only if p(b,3I3,00,6) < 1/11. For ex-
ample, if t1 =1 and t2 = 0, then p(b,313,00,0) < 1/11 and veo(a,3I3) = logs 11.
Therefore, the subdivision triplet is the smoothest two-dimensional interpolatory
ternary subdivision scheme with two-ring stencils for the regular triangular mesh.

Proof. Since a satisfies the sum rules of order 3, in order to calculate v (a, 312),
we have to calculate

pla, 313,00, VH§) := nh_{{.lo [VH6 x| 3,3125]”200(22)»
n= (33 0)7 (2a 1)7 (1’ 2)7 (0’ 3)

Since the mask a is Dg-symmetric, the sequence S; 5,0 is also Dg-symmetric, and
it is easy to see that

(4.3)

p(a,312,oo,V225) = p(a,BIg,oo,V215)
and
pla,313,00,V, V2. 0) = p(a,3I3,00,V2 V,,0).
So it suffices to calculate p(a, 312,00, V2 §) and p(a, 315,00, VZ V.,6). Note that
(44) Ver0 = 6—bey =[50y 60,1+ 16— 6] = [Ver 1228] -+ €2) — [V, 8] +€2).

For any ( € Z°, it is easy to see that u(- — () * [Sy /0] = (u * [S7 3,0])(- — B).
Therefore,

p(a7M7p7u('_ﬂ)):p(CL?M?pau) vﬂEZs
Consequently, by the definition of p(a, 31, 00, V#§) in ([@3]), it follows directly from

E4) that
(45) p(a, 315, oo,Vglé)
< max{p(a,3I2,00,V? Ve, 1¢,0), p(a, 31,00, V7 V,,6)}.
Let E:= [ 1] € Dg. It is easy to check that
(V2 Ve, d[(E) = Vi1, Vp-16,0 = V2, V_¢, _c,0.
Since [Sy 37,0](E") = S 31,6 by E € Dg, we must have
(V2,90,8) + (S7an O (E") = (V2,V e, 00) * (STa1,0):

Therefore, it follows that

pla,315,00,V2 V,0) = p(a,3l2,00,V2 V_e,_¢,0) = p(a,3l2,00,V2 Ve, 1e,0).

Since V1§ = V2 V,,4, in order to calculate p(a, 315, 00, V#§) in (@3), by (@F)
and the above identity, we see that it suffices to calculate the quantity

p(aa 3127 00, vil v€1+626)'
Note that
(Ve Ver4e,6)(361,36) 1 — 738 1 — e73ilEt8)
(Ve, Ve, 16,0)(£1,&2) 1T —emi€ 1 — e—ile1+e2)
=(1+ e~ 4 e—2i€1)(1 + e~ i(61+E2) + 6—21(514'&2))'
By Theorem 23] it follows from V2 Ve, 4,0 = [V, 8] % [Ve, Ve, 4e,0] that
(46) p(aa 313, 00, vilveﬁ-czé) = p(hlv 313,00, V615) = p(ha 313,00, VG15)a
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where a(fl,fz) = 6i§1€i(51+£2)ﬁ(fla§2) and

(4.7) h(€1,&) = (€7 + 14 €™2)b(&1, &).
It is easy to check that h satisfies the sum rules of order 1. Define I' := [—1, 1]>NZ2.

Then I' is a complete set of representatives of the distinct cosets of the quotient
group Z2/3Z2. Denote

(4.8) K= {(.k) € 2% ¢ || < 1,[k <2}

and define the linear space U by

49) U= {u €(Z?) : ulB)=0 VBEeZ\K and Y u(f)= 0}.
pez?

Then it is easy to check that [(supph — ' + K)/3] N Z? C K. Since h satisfies the
sum rules of order 1, we see that T}, U C U for all v € I'. Set

(4.10) A= {000 = 910,900 00},
' B:={0(jrs1) =0k * J=-1,0,1;k=-2,-1,0,1}.

Since h(£1,&) = (%2 4+ 1 4 €€)b(£1,&,), we see that W := spanB is invariant
under all the operators T}, € I'. Therefore, by [22], we have

pooc({Thylu = v €T}
= max{poo({Thﬁ\W SRS F})> pOO({Th,7|U/W HEOS F})}

Since all the elements in B take the form [V,,d](- — 3) for some 3 € Z?, by Theo-
rem [2.3] we have

(4.12) Poc({ThAlw = ¥ ETY}) = poo(h,312,00,Ve,8) = p(b, 312, 00,0).

For any u € U, we denote by [u] its equivalence class in U/W. The representation
matrices of T}, |y w, denoted by H.,, under the basis {[u] : u € A} = {[§(0,0) —
5(_170)], [(5(170) — (5(070)]}, are given by

1 {-4 5
Hi1y) =H10 = H1-1) = g4 { 0 9} ;
115 -4
9|—-4 5|’
1

9
b
99 |5 —4|°
By a simple calculation, we have
poo({Thyluyw = v €T} = poc({Hy : v €T}

(4.11)

(4.13) H,1) = Ho,0) = Hp,-1) =

Hapy = Hao) = Ha - =

4.14
@14 < max{| Hyln . ¢ v €T} = 1/11,
where || - [|¢, . is a matrix norm which is defined to be
J
It h<icragi<olle . = %%Zl [tis]-
iz

Since V., 6 € U, by (1) and (£IZ), we conclude that
max{p(a, SIQa 00, VH(S) : ‘:u| = 3} S p(hv SIZa 00, v616) g pOO({Th,’Y|U S € F})
< max{1/11, p(b, 313, 00,6)}.
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On the other hand, by (@), we have V¢, 1¢,0 = V¢, 0 + [V, 0](- — e2), and it is
not difficult to see that
p(b,3I3,00,0) = p(a,3I2,00,Ve, Ve, Ve, tesd)
< max{p(a, 3I2,00,V? V,,6), p(a,3,00, V¢, V2, )}
By Theorem Bl we conclude that
(4.15) max{p(a, 312,00, V*§) : |u| =3} = max{1/11, p(b, 313, 0,9)}.

In the following, we estimate p(b, 312, 00,0). By Theorem 2.4] we have

p(b31>,00,0) < max 5%;2 b+ 38)]

1
= @ max{|6t1 - 15| + 6|t2|, |t1‘ + Q‘tg + 2| + ‘2 + 2t1 - t2|,3|5 - 2t1 + 2t2|}.

When t; = 1 and ¢5 = 0, it follows from the above inequality that p(b, 315, 00,d) <
1/11. Therefore, the claim in this theorem follows directly from (EI5]). O

The stencils of the subdivision triplets in Theorem 1] are given in Figure[Il See
Figure 2l for the graph of the basis function in the subdivision triplet in Theorem [£1]
with the choice t; = 1 and t5 = 0. Note that the support of the basis function
is contained in [~5/2,5/2]%, while the basis function of the butterfly scheme is
supported on [—3,3]?. The parameters wy, ..., wy in Figure [l are given by

wy = 72—t2, Wy = 31—t1, ws ‘= 7+t1 +t2, Wy = —3—t1,

4.1
( 6) Wy 1= 74+t1, Weg = —4 — tQ, wy ‘= tz.

For quadrilateral meshes, we can use the tensor product of the one-dimensional
interpolatory subdivision triplet (a?***,3,{—1,1}) to get an optimal two-dimensional
interpolatory ternary subdivision scheme. In the following, let us present some other
examples of subdivision triplets (a, 312, Dy) with better time localization of their
basis functions for the quadrilateral meshes.

Q@

FI1GURE 1. The stencils of the subdivision triplets in Theorem E.1],
where the parameters wy, ..., w7 are given in (£I0). All the num-
bers in the above stencils should be divided by 99.
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N

-2 -15 -1 05 0 05 1 15 2

FIGURE 2. The graph of the basis function ¢ for the subdivision
triplet in Theorem 1] with ¢; = 1 and 2 = 0. We have vy (¢) =
log; 11 and therefore, ¢ € C?(R?). Moreover, the support of the
interpolatory function ¢ is contained in the set [~5/2,5/2]2.

In order to facilitate our analysis, we require that the mask a should take the
following form:

(4.17) a(61,6) = (€7 41+ )2 (e 4 1 4 €2)2h(€4, &),

where the sequence b is supported on [—3,3]? and is Ds-symmetric. By solving
a system of linear equations, which are induced by the same three conditions (i),
(ii), (iii) on a as for the symmetry group Dg, we see that the sequence b, which is
supported on [—3,3]? and is D4-symmetric, must take the following form:

s ta t3 tio t3 ta s
ty to t1 tg t1 12 ty
ts t1 tg tr tg t1 i3
tio to tr te tr to9 tiof,
t3 t1 tg tr tg t1 t3
t4 to t1 tg t1 t2 tq
ts ty t3 tio t3 tyg s

1

(4.18) 507

where t1,to,t3,14,t5 are free parameters and tg, t7, ts, tg, t19 are given by

tg := 5 — 8ty — 12ty — 16t3 — 40t4 — 32t5,

t7 := 10 + 6t1 + 8to + 10t3 + 24¢4 + 18¢5,
(4.19) tg := —4ty — 4ty — 6tz — 12t4 — 95,

tg :=1— 2ty — 2ty — 214,

to 1= —4 — 25 — 2ty — 2ts.
Now we have the following result on subdivision triplets (a, 3I2, D4) with two-ring
stencils.
Theorem 4.2. Let (a,313,Dy) be an interpolatory subdivision triplet, where the
mask a is given by [@IT) and the sequence b is given in ([LIR)). Then

Voo(a,3I3) = —logz max{1/11, p(b, 313, 00,6)}.

In particular, veo(a,3I2) = logs 11 if and only if p(b,3I3,00,0) < 1/11. More-
over, if =3/4 < t1 < 2 and to = t3 = t4 = t5 = 0, then p(b,313,00,0) < 1/11
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and Voo (a,312) = logs 11. Therefore, the subdivision triplet is the smoothest two-
dimensional interpolatory ternary subdivision scheme with two-ring stencils for the
regular quadrilateral mesh.

Proof. By symmetry on the mask a, it suffices to compute the two quantities
p(a,312,oo,V§15) and p(a, 31, oo,V21VE25). Note that

V2 5(3¢1,3 _ e Bi€n)2 _ _
Vi\( 1,382) _ (1 e; )2 S (14 e 262,
V2,6(&1,&2) (1—e7)

By Theorem 23] we see that

p(a,312,oo,vgl(5) = p(h,313,00,V,,0)

and
p(a7 312) 0, vzlv(’aé) = p(ha 3I2a 0, V626)a
where
(4.20) h(€1,&) = (€7 + 14 €)%b(&1, &).
It is easy to verify that h satisfies the sum rules of order 1. Denote I := [—1,1]2NZ2.

Let K and U be defined in ([£8) and ([@3), respectively. Since h satisfies the sum
rules of order 1, we have T}, ,U C U for all v € I'. Set

A= {5(0,0) - 5(—1,0); 5(1,0) - 5(0,0)},
(4.21) B:={6-1,1) = 6(-1,0)90,1) — 9(0,0)>9(1,1) — O(1,0) }»
C:= {5(j,k+2) — 25(j,k+1) + 5(j,k) 1 j=-1,0,1;k= -2, —1,0}.

Define W := span(B U C) and V := spanC. Since h(&,&) = (e % + 1 +
€’2)2h(&y, &5), we see that T W CW and T),,V CV for all y € I.

For any u € U, we denote by [u] its equivalence class in U/W. The representation
matrices of Tj, |y w, denoted by H.,, under the basis {[u] : u € A}, are given in
(#13). Therefore, by what has been proved, (£I4) holds.

For any u € W, we denote by [u] its equivalence class in W/V. The represen-
tation matrices of T}, 4|yw/v, denoted by Ho ., under the basis {[u] : u € B}, are
given by

1 -4 19 —4
Hy 11y =Hy 10 =Hy1,-1) = 297 8 110 110 ;
1 (1 10 0]
Hj 0,1y = Ha,0,0) = H2,00,-1) = 297 —04 13 —41,
1 [10 1 0]
Hy 1,1 = Ha,0)=Hay,-1) = 297 14 18 04

Therefore, we have

poo{Thnlwyv = 7 €T} = poo({Hay : v €T})

4.22
“z) < max{|Ha e, + 7 €T} =1/11
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Note that every element in C takes the form V§26(~ — f3) for some 3 € Z?. By
Theorem 2.3] we have

(4.23) poc({Th

Now by Theorem 24 we have

<
plb312,00,8) < max 52 (e + 38)]

¢+ vY€ET}) = p(h,315,00, V2 8) = p(b,3],00,06).

€z?

1
< 297 max{|ts| + 4[tio] + 4[ts|, [t7] + [to| + 2[ta| + 2[tal, [ts| + 2[t1] + [t2[},

where t;,7 =6,...,10 are defined in [@I9). When t; = t3 = t4 = t5 = 0, the above
inequality becomes

1
p(b, 315, OO,(S) < ﬁ maX{16 + |5 - 8t1|, |1 — 2t1‘ + |10 + 6t1|,6|t1|}.

It follows easily from the above inequality that if —3/4 < t; < 2 and ty = ¢35 =
ty = t5 = 0, then p(b,315,00,8) < 1/11. Since the elements in A take the form
Ve, 6(- — ) and the elements in B take the form V.,é(- — 3), by (I4) and (£23),
we see that
max{p(a, 315,00, V2 6).p(a,3I2,00,V2 V.,8)}

= max{p(h, 313,00, V.,0), p(h,3I,00,V,0)}

= poo({Thylv = v €T})

= ma’X{l/llv p(b7 3127 00, 5)})

which completes the proof. (I

The stencils of the subdivision triplets in Theorem are given in Figure[Bl See
Figure[ for the graph of the basis function in the subdivision triplet in Theorem 2]
with t; = to = t3 = t4 = t5 = 0, and the corresponding stencils for the case t; =
to =t3 =t4 =t5 = 0 are given in Figure Bl The parameters wo, ..., wq, ug, - .., Uy
in Figure [3] are given by

wo = 172 + 4ty + 12t4 + 95, wq := 78 — 2ty — 34,
Wy = 714721527715476755, ws = 35+t2,
wy =ty + 4ty + dt5, w5 := =T+t + 2ty, wg =1ty + 25,

wy ‘= —8—2t4—3t5, wg ‘= —4—t4, U}g:t57
ug = 228 + 4t1 + 8ty + 6t3 + 24t4 + 18t5,
(4.24) uy = 102 — 2t — 4ty — 614,

Uy = —2ty — Aty — 3t — 12ty — Ots,

uz = —21 — 2ty — 4ty — 4t5 — 148, — 1215,

Uy =ty + 2ty + 25 + Tty + Gts,

Us 1= 11 + 2t9 + 3t4,

ug := —12 — 2t3 — 4ty — 6t5, w7 =tz + 2t4 + 3is.
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FIGURE 3. The stencils of the subdivision triplets in Theorem E.2]
where all the parameters are given in (€24). All the numbers in
the above stencils should be divided by 297.
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FIGURE 4. The graph of the basis function ¢ for the subdivision
triplet in Theorem with ¢ = t9 = t3 = t4 = t5 = 0. We have
Voo (®) = logg 11 and therefore, ¢ € C?(R?). The corresponding
stencils are given in Figure

When t; =ty = t3 = t4 = t5 = 0, the parameters in (4.24) become
Wy = 78, w1 = —78, Wy = —14, w3 = 35,

Wy = —7, wr = —87 wg = _4’
(4.25) wy = wg = wg =0,
Ug = 228, uy = 102’ Uz = _2]_7 Ug = _12’
Uy = ug = us = uy = 0.
Finally, we mention that by using the same technique as in Theorem H.2] we

have v (g2,2I3) = 2, where go is the Dy-symmetric interpolatory mask given in
[17] with support [—3, 3]2.



TWO-DIMENSIONAL INTERPOLATORY TERNARY SUBDIVISION SCHEMES 1307

[1]
[2]

[9]

(10]

[11]
[12]
13]

[14]

8 4,
o o
&) \2
@ 2 @ @
.
o 0D
) &
(1) 7

FIGURE 5. The stencils of the subdivision triplets in Theorem
with the choice t; =ty = t3 = t4 = t5 = 0. All the numbers in the
above stencils should be divided by 297. The stencil on the left-
hand side reduces to be the one-dimensional stencil for the mask

a’®st given in ([B)).
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