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POINTWISE ERROR ESTIMATES
FOR DISCONTINUOUS GALERKIN METHODS
WITH LIFTING OPERATORS FOR ELLIPTIC PROBLEMS

JOHNNY GUZMAN

ABSTRACT. In this article, we prove some weighted pointwise estimates for
three discontinuous Galerkin methods with lifting operators appearing in their
corresponding bilinear forms. We consider a Dirichlet problem with a general
second-order elliptic operator.

1. INTRODUCTION

Discontinuous Galerkin (DG) methods for elliptic problems have received con-
siderable attention in the last few years. A unified analysis of Lo-based global
estimates was given by Arnold et. al. [2] for nine DG methods. In that article, in
order to do the unified analysis, they cast all the methods in their primal forms (al-
though some methods are more natural in their mixed forms). Four of the methods
were shown to be consistent, to be adjoint consistent and to have coercive bilinear
forms for the Laplacian. With these properties, they were able to show optimal
convergence rates for the gradient and function values. For these four methods,
a natural question arises: How do these methods behave pointwise? Kanschat
and Rannacher [8] gave a quasi-optimal convergence result in L, for the interior
penalty (IP) method, and Chen and Chen [6] gave weighted pointwise estimates for
the same method, which implies the result in [§]. In this paper, we show weighted
pointwise error estimates for the three remaining methods.

One main difference between the IP method and the three methods considered
here is that the latter have terms with lifting operators appearing in their bilinear
forms. As pointed out in [2], the IP method can be problematic since the penalty
parameters must be chosen sufficiently large to make the method stable. The three
remaining methods do not have this problem.

Once one has local H' estimates, weighted pointwise estimates are easily ob-
tained following the pointwise estimates proof of Schatz [12] for the standard con-
tinuous Galerkin method or a similar proof in [6] for the IP method. Therefore, our
main contribution is to prove local H' estimates for these methods. The local H!
analysis becomes more difficult because of the presence of lifting operators. Here
we define one of the lifting operators. Let e be the edge shared by triangles 77 and
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Ty, and let q € [La(e)]?. We define 7y : [L%(e)]? — [Vi]? by the following identity:

/ rM,e(q)TMTd:c = f/qT (Mt)yds, V1€V
Ty UT>

€

Here M is a symmetric, uniformly positive definite matrix, () is the average oper-
ator across e and V}, denotes our subspace of discontinuous functions. One of the
difficulties that we overcame is determining proper bounds for terms of the form
lw?raz,e([un]) = r(w?[un])|| Ly (ryuTy ), Where w is a cut-off function and [us] denotes
the jump of our approximation across the edge e. In order to do this, we use Lo-
type projection operators and a modification of super-approximation (see Lemmas
and 23).

Chen [5] proved some local H! error estimates for the local discontinuous Galer-
kin (LDG) method in its mixed formulation. In this paper, we do the analysis
for the LDG method in its primal form, and we repeat the analysis for two other
methods. Lifting operators do not appear in the mixed formulation for the LDG
method. Therefore, using the mixed formulation avoids the difficulties of analyzing
lifting operators. However, one cannot avoid these difficulties in the remaining two
methods, because lifting operators also appear in their mixed formulations.

The pointwise estimates obtained here and in [6] are modeled on the pointwise
estimates obtained for the standard continuous Galerkin method in [12]. Let V}
be the space of discontinuous functions such that the restriction of a function to
an element is a polynomial of degree r — 1. The pointwise estimates take on the
following forms (compare to Theorems 2.1, 3.1 in [12] and Theorems 5.1, 5.2 in [6]):

(1) = un)@)] < O inf [l Al oy 0S5 <=2
and
(1.2) [Vi(u—up)(z)| < C’Xiéléh [||u— X|‘|W,}°°(Q),z,s7 0<s<r—1

Here, V¢ denotes the piecewise defined function such that V¢ = V¢ on each
element of the triangulation. The weighted norm appearing on the right-hand sides
of (L), (L2) are precisely defined in Section 2.3, and it will be clear that we can
bound that norm by the weighted norm defined in [12] if x is continuous. More
precisely, [[[u—llly =0y .0 < Ol —) 2oy + 13V (1= X)) |1. (@) where
ox(y) = h/(Jxr — y| + h). Therefore, if s = 0 (no weight) we get estimates in the
L-norm. However, if s > 0 our error will be localized around z. Consequently, we
can also show expansion inequalities ([12]) for these DG methods. The inequalities
(1), (C2) will hold if s = r — 2 and s = r — 1, respectively, as long as we add a
logarithmic factor to the right-hand side of the inequalities (see Theorems [T, [L.2]).

The rest of this paper is organized as follows: In the next section, we present
some preliminaries. We define the problem in a precise way, and we introduce our
bilinear forms. Then, in Section 2.4 we develop some important approximation
results. We end the preliminaries by proving some estimates for lifting operators
and by bounding the bilinear forms. In Section 3, we prove local H' estimates.
Finally, in Section 4, we state our pointwise estimates.
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2. PRELIMINARIES

2.1. Dirichlet problem. Let 2 C R? be bounded with smooth boundary. We
consider the following Dirichlet problem:

Lu= -V (A(x)Vu) +b(z) - Vu+c(x)u=f in§,

(2.1) u=0 ondN.

The components of A = (a;5)1<i,j<2, b = (bi)1<i<2 and c are assumed to be smooth
and bounded. Furthermore, we assume that A is symmetric and uniformly positive
definite in 2. That is, there exists a constant Cg;; > 0 such that

WA > Canld?, ¥ 2 € Qand ¢ € R,

We assume that (Z1]) has a unique solution in Hg(Q) for all f € La(9).
In this paper we are not going to trace the dependence of constants on the
ellipticity factor Cej; and upper bounds for A(x), b(x) or ¢(x).

2.2. Discontinuous approximating spaces and bilinear forms. Suppose we
have a family of triangulations 7}, (possibly with hanging nodes) that fit Q2 exactly,
where Q = (Jpc. T. Let h = supper, hr, where hy = diam(7"). Let Vi, denote
the finite-dimensional space of functions that are polynomials of degree at most p on
each element, and define ¥, , =V, , X V3, . From now on, we set V), =V}, .1 and
Yp = Ypr—1. Wenaturally define the collection of interior edges as 5}? ={0TNoT" :
T, 7" € Tp,, T # T',meas; (0T N IT") # 0} and the collection of boundary edges, in
general curved, as £ = {0T NN : T € Tp,, meas; (0T NON) # 0}. The collection of
all edges will be denoted by &, = S;? UEY. S, will denote the union of elements that
have e as an edge. We assume that our elements are non-degenerate; that is, there
exists a constant Cp,q > 0, independent of T, such that hr < C,,q diam(Br), where
Br is the largest ball contained in 7. Furthermore, we assume the existence of a
constant Cg > 0, independent of h and e, with h < Cgh,, where h. = length(e).
This is the quasi-uniform condition that was used in [6].

We say that T and 7" are neighbors if 7' N JT" € &;. From the quasi-uniform
condition, it follows that there exists a positive integer K independent of h such
that each T € 75, has at most K neighbors (if our meshes do not have hanging
nodes, then K can be 3).

On each edge, as in [2], we define the average and jump operators as follows for
ee€ &

1
<Q>=§(Q1+Q2)7 la] = q1 - 11+ q2 - na,
1
(¢) = §(¢1 + ¢2), (6] = p1n1 + pang,
for q vector valued and ¢ scalar valued. Here S, = 11 UTs,q; = q|r,, ¢i = ¢|1,,

and n; is the exterior normal to T;, i = 1,2. For e € 5}?,

(@) =4q, [¢]=¢n,

where n is the outward unit normal. Note that [g] is a scalar and [¢] a vector.
The quantities [¢] and (¢) on boundary edges are not required, so they are left
undefined.
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Now we present some local lifting operators as in [2]. Let M be a symmetric,
smooth, bounded and uniformly positive definite matrix in . Let 7y : [L%(e)]? —
Zp and lpre L?(e) — ¥, be given by

/S aela) Mrds = / o7 (M) ds,

/ ()T Mrde = / S(Mrlds,  Vre S
Se

We set the global lifting operators to be rar(q) = > g, Tame(q) and la(¢) =

Zeeg,? lM,e(Qs).

Now, we are ready to define the bilinear forms. They are the modified BRMPS
[3], modified BMMPR [4] and local discontinuous Galerkin bilinear forms. (See
[2] for the bilinear forms for the Laplacian.) The following term is common to all
three:

0(u,v) Z / (VuT AVv + (b Vu)v + cuv)da
TeT),
- Z ((AVu) [v] + (AV ) [u] + b [u] (v))ds.
eely
Modified BRMPS
B(u,v) = 0(u,v) + Zne/ Tae(] ArAe([]dx—F / ds.
ecép 6658
Modified BMMPR

Blu,v) = 0(u, u)+/ ra([u])T Ara([v])dz

+Z7’e/ rre((u) Trre(lu)de + Y /

e€ép 658

Local Discontinuous Galerkin

B(u,v) = 0(u, v)+/( a([u]) + 1a (BT [u])) T A(ra([v]) + La(5 [v]))da

fz/ ([AVhu] " [v] + BT [ul[AVo])ds + > "6/

ecéy

Here 7 is constant for each e, and is bounded for all e. If we let n = inf.c¢, e, then
we require that K < n (See Section 2.2 for the definition of K') for the Modified
Bassi form and 0 < 7 for the two remaining forms. Also, § is a constant vector on
each interior edge and is bounded component-wise for all e. Our modification of
the first two methods is solely motivated by our analysis. It consists of adding the
last terms over the boundary edges. Without this modification we were not able to
prove Theorem B.Isince we were unable to show ([2I9) for curved edges. Whether
this modification is necessary in practice we do not know. We intend to investigate
this question in the future.
The discontinuous approximation wuj solves

(2.2) B(up,v) = (f,v), YveV,.

For each method we use the corresponding bilinear form.
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2.3. Discontinuous Sobolev norms. If D C ), we define our discontinuous
Sobolev space as in [6]:

WD) = {v:ve W(T N D),V T €T},
This space is equipped with the norm (1 < p < c0)

1 » 1
HUHW}lLvP Z |U|WJ ”(D) p |U|W}-ij(D) = ( Z |U|Wj,p(TmD))P7
TG'Z’h

with the appropriate modification for p = oco. When p = 2, we set H} (D) =
W}P(D).

Let D C Q and 1 < p < co. The norms that occur in most of our analysis take
on the following form:

L 1 ol | [ S

el
+ Z heH (th> Hip(emp) + Z hemvhUngp(emD)'
e€ly ecEp
For p = o0,
1
el = oy = gy + 599 ol o)

+ sup [ (Vi) [z enpy + 59D [[[Va0]l| erip)-
ecé&y,

ecEy
We consider the weight o2 (y) = (W)S as in [12]. If we let

ol

wir@ya,s = 170012, @ 102 VRvll, (o)

for 1 < p < oo, then for fixed z we define the norms

(AT I DL L0 A%
ecép

3 hellod (V) I oy + 3 hellodVadll? o,
ecéy, eeé'}ol
again with the appropriate modification for p = oco.
2.4. Approximation. We start by stating well-known trace inequalities. Let e be

an edge of T' € 7, and ¢ be either a scalar- or vector-valued function. Then, for
1 < p < oo, we have

(2.3) o], ) < Ch™ 7|9l ) + R |plwrn(r))-

If we restrict ¢ to Vj; or ¥, ;, for some fixed ¢ > 0, we can state some inverse
inequalities that are also well known:

2_ 2144
(2.4) ellwrery < CRIE a5 lya (),

_1
(2.5) [l e) < Ch™7|9]|L, (1),

where C' does not depend on ¢, h,e, or T
The following is a standard elementwise approximation result. Let

v e WiP(Q)(WiP(Q)?)
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with 0 <14 < j <r. Then, there exists a ¢ € V3 (2;,) with
(2.6) v = dllwinry < CW " olwinery, VT € Th,

where C' does not depend on v, h, or T'.

We present some function spaces, as in [I3], that will help us in stating further
approximation results. If S C R C Q, let 9-(S, R) = dist(0S \ 092, 0R \ 092). The
spaces are defined as follows:

ViS(A) = {v € Vi : d<(supp(v), A) > 0},
and
CZ(A) ={v e C>: I (supp(v), A) > 0}.
The following lemma follows from trace inequalities and elementwise approxima-
tion. (See section 4.3 in [2] for a similar result.)

Lemma 2.1. Let Dy C Dy with 0<(Dyg, Dq) = d > kh (for a fired k > 1 sufficiently
large). Let v € Hy (Dg). Then, there exists 1 € Vj, such that

(2.7) v =Yl (Dy) < Ohr_l‘U‘HfL(Dd)a

where C is independent of v, h, Dy and Dy. Furthermore, if supp(v) C Dy, then
P e Vh< (Dd)

Throughout this paper, we are going to be estimating functions of the form
v = wy or v = w?y, where y € V}, or ¥ and w is a cut-off function. Hence, we
develop some approximation results for these functions.

Lemma 2.2. Let x € Vi, and let w be a smooth function. Suppose there exist
constants C' > 0 and d > rh for some constant k > 1 such that |w|y1,q) < cd!
forl=0,1,...,7+ 1. Then,

1 _ _
(2.8) w?X|mr(r) < Chr,g (d™ x|y + 472Xl o))
2 1 —17—1 —2
(2.9) lw*X | (1) < Crims (d™"hlwxlzo ) +d X Lo (r))s
1 _ _
(2.10) lwV (wWx)|mr () < C'hr,l (@ IV (@) Loy + d72X] L))
1 _
(211)  Jwx|armr) < CF(‘WX|H1(T) +d M xllLory) for k=1,...,r—1,
and
1
(2.12) lwx| () < Cﬁd 1||X||L2(T)'

Here C is independent of w, x,T, and h.

Proof. By Leibniz’s rule, the fact that the rth derivatives of x vanish in 7' and
inverse estimates, we get that
(2.13)

r

WXl mrry < CORT WP e )Xoy + D, 1D D x| Ly(r)-
=2 la|=1,|8|=r—1

By the decay properties of w and the fact that hd=' < 1, we see that

r

O w wrsal lzacry < C472R [l lzaay.
=2



POINTWISE ESTIMATES FOR DG METHODS 1073

Now we handle the second sum in (ZI3)). Note that D%w? = 2wD%w since
|a] = 1. Therefore,

> D DIy £ €7 3T D Xl
jal=1,[8|=r—1 |Bl=r—1

Now we let w0 = ﬁ fT wdz. By the triangle inequality, we have that

lwD?X|| Loy < (1w = &) DXl L0y + 10D X | L, (1) -
Using approximation properties, we see that
[(w = &) DPX|| o1y < Chlw|wrce (1) 1D X|| 1o (1)

Using inverse estimates and decay properties of w, we have

1w =) DX||Ly(ry < Cd™ B> |Ix]| L)
To handle the next term we again use an inverse estimate to get

10DP X Lacr) < CR* " lox ().

Using the triangle inequality, we have

lox a7y < (@ — W)Xl () + lwx|a ()

By using the product rule, approximation properties, and inverse estimates, we
obtain

(@ = w)xlar ) < Cd x| La(r)-
Therefore,
x| a1y < O HIx Loy + lwxlm))-
Combining these estimates, we have that
> D DXLy < AR wx| a4 AR X Lo () -
lee|=1,|8|=r—1

This proves ([2.8). By again introducing & we can bound |wx|g1 (1) by the right-
hand side of (Z3)). This will prove (29). By using the triangle inequality we see
that [wV(wx)|mr(r) < W VOX)|ar 1) + lwxVw|gr 7). We can then use (Z9) to
bound |[w?V (x)|g~(r) by the right-hand side of (ZI0), and we can use Leibniz’s
rule and inverse estimates to bound |wxVw|gr(p). This would prove (2.I0). By
Leibniz’s rule, inverse estimates and using the decay properties of w, we can prove

@I1) and @2I2). We omit the proofs. O

Now we can state a super-approximation result similar to that in [12]. The
differences between this approximation result and the one contained in [12] is that
w appears on the right-hand side of our result. This will allow us to perform “kick
back” arguments. (See the proof of Theorem B11)

Lemma 2.3. Let 0<(Dy, Dg) =d > kh , where w € C(Dy). Suppose
|W|Wl=°°(D0) S Cd_l
for1=0,1,...,r+ 1. Then, for all x € V}, there exists ¢ € V,;~(Dg) with
1w x = ¥l ) < CRd™ M wx|mi g + 472X Lo (o),
where C' is independent of x and w.

Proof. This easily follows from Lemma 2] and (238]). O
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2.5. Boundedness and consistency of the forms. We start by defining and
stating some properties of certain projection operators that we use throughout this
paper. In this direction, let M be a symmetric, smooth, bounded matrix that
is uniformly positive definite in Q. If g € Lo(Q), we define Pp(g) € ¥p by the
following equation:

(2.14) /XTMg:/XTMPM(g), Vx € Bp.
Q Q

Note that Pp; can be defined elementwise since Y; is a space of discontinuous
functions. If M = I, then this will simply be the vector-valued Ls-projection
operator. Lo-projection operators have been analyzed extensively. The proof of the
following lemma, which we omit, follows the proof for the Lo-projection operator
([); however, it is much simpler since V}, consists of discontinuous functions.

Lemma 2.4. Let M be a symmetric, smooth and bounded matriz that is uniformly
positive definite. Let Py be defined by (Z14) and 1 < p < co. Then, for allT € Ty,

[1Pr ()2, ry < CillgllL, ()
and
lg = Prt(@| ey < Coh” F|glgr(ry for k=1,...,r,
where Cy and Cs are independent of g and T .

In order to show boundedness of our forms, we need some estimates for our
lifting operators. The following lemma is an extension of Lemma 2(ii) in [4].

Lemma 2.5. Let M be smooth, bounded, and uniformly positive definite in 2.

Let 1 < p,g < > ,1—17 + % = 1. Then, there exists a constant C such that for all

¢ € [Ly(er)]* and x € [Ly(ea)]?,

‘ T'M,e; (QS)TMTM,Ez (x)dz| + | In,e, (QS)TMTM,Ez (x)dz|
Se,NSey Seq;MNSeq

(2.15) + | Ingey ()T Mlng e, (X)|d|

SeyMSey

1
< CEH¢||L,,(e1)HXHLq(e2)

In the case that e; and es do not belong to the same triangle, the left-hand side of

ZI5) will be zero.

Proof. The last statement of the lemma follows by the definition of the lifting
operators. In the other case, by the boundedness of M and (2.1), we have

| / rates (0T Mrago, (O)dz| = | / 6T M (rag o () ds|
Se;MNSeqy ey

ClBl L, en 1 {razes ) [ Ly en)
1
< Chmal[ollL, enlImare; 00 Ly (5ey)-

IN

A

Now we use a duality argument to bound |[rar,e, (X)||L,(s.,)- I g = M~'z, then

/3 rates ()T 2z = — / T M (Pri(g)) ds.

eg €2
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By Hélder’s inequality, (2.3]), and Lemma 2] we easily get

_1
- / XM (Par(g)) ds < CB™H{[xl| 1y en) 16112, (5.

€2

: _1 :
Therefore, by duality ||[7ar,e, ) z,(5.,) < Ch™ 7 |IxlL,(en) since [lg]]L,(s.,)
Cl#|lL,(s.,)- Hence, we have established the following:

1
(2.16) \ o s TM,e1(¢)TM7“M,e2(x)dw|SCﬁ|\¢||Lp(el)|\x|\Lq(ez)-
ey NSe,

The last two terms can be bounded following similar steps. O

In the case that e; and e; belong to a common triangle, a simple exercise shows
maxyee, (05(y)) < 2° minge., (05(y)). Therefore,

1 LT s
(2.17) Az, enlXlzy(en) < CF 1oL, e llo*xllz, ez

If we take into account that ry; = ZeEE;L TMe, I = Zeegg I e, make use of
Hélder’s inequality (both for the integrals and summation), and apply Lemma
and (2I7), we can show the following boundedness of our forms. (See [6],[2] for
analogous results.)

Lemma 2.6. Let 1 < p,q < o0, 1—1) + % = 1. For all three forms, there exists a
positive constant C' such that for all w € WP (Q) and v € W, 9(Q)

(218)  1B(v,w)| + [Bw,0)| < Clllulllyoy ool 0lllye

x,—s’
where C is independent of x,u and v.
The next important inequality is an extension of Lemma 2(i) in [4].

Lemma 2.7. Let M be given as in LemmaZH. Let e € £} , ¢ € [P,_1(e)]? and
suppose w € C*®(2) . Then,
(2.19)

hot / ()T M(wé)ds < O /3 W12t o (8)T Mraro($)de + bl s,

[B1Z, (e))-

Proof. Let v € [Py(e)]? for some fixed p. Then, v is defined naturally on the line
containing e, call it [. As in [4], we define v € [P,(R?)]? as the vector-valued
polynomial satisfying v = ¥ on [ and which is constant on the lines perpendicular
to l. As pointed out in [4],

(2.20) 19112,(5.) < ChellvllL, (o)-

Also, let @ = ming, w. It follows by the mean value theorem, possibly applying it
twice, that

(2.21) |0 —wllz(s.) < Chlw|wie(s,)-

We easily see by our definitions that

(2.22) / (wp)' M (wep)ds = Ey + Ea,

(&



1076 JOHNNY GUZMAN

where

By

hot / (w6)T M(wo) — (26)T M(@6))ds,

Es

S MO O

e

We rewrite F; as
E, =Ch]! /(w — @) (w +@)pT M¢ds.

By the Cauchy-Schwarz inequality and the arithmetic-geometric mean inequality
we have

Ey <Cht /(w —0)2pT M¢ds + eh ! /(w + @)%2p" M ¢ds.

€ €

Later we will choose € > 0 sufficiently small. Finally, using (Z2ZI) and (w + ©)? <
2(w? + @©?) < 2w?, we see that

Ey < Chelwlfyie (5,10l 0) + 2¢h~" /w2¢TM¢ds.
e

Again, using the Cauchy-Schwarz inequality and the arithmetic-geometric mean
inequality, we have

By < &2(ch™? / 3 Mdz + C / rare ()T Mrag.o(9)da).
Se Se
By using ([2.20) and the positive definiteness of M, we see that
Ey < C’le/w2¢TM¢ds + C/ WA rare(0)T My o (¢)da,
e Se

where (] is a constant independent of e.
Finally, taking € small enough, we arrive at our conclusion. O

The next lemma can easily be shown by applying integration by parts (see Section
3.3 in [2] for similar results).

Lemma 2.8. For all the forms we have consistency and adjoint consistency. That
is, if Lu = f or L*w = f, with u,w € HZ(Q), then

(2.23) B(u,v) = (f,v) or B(v,w)=(f,v), Yvé& V.

Until now, we have not addressed if (Z2]) is well defined. Coerciveness, of course,
will not hold for a general second-order elliptic operator. However, using techniques
similar to those in Section 4.2 of [2], and in addition taking care of the lower-order
terms, we can show the following lemma.

Lemma 2.9. For all three forms there exists a constant C > 0 such that Vx € V},
(2.24) X7 () < CBOGX) + XL, @)

If we use this fact, Lemma 28 and use the techniques in [I0], we could show that
our problem is well defined for sufficiently small h.
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3. LocAL H' ESTIMATES
We start with our main theorem.

Theorem 3.1. Let Dy C Dy C Q with O<(Dy,Dy) = d > kh (where kK > 1 is a
sufficiently large fized constant). Suppose u and up, € V}, satisfy

(3.1) B(u—up,v) =0, YveV,
for any of the forms above. Then,
u—unl|l1 (D) < Oxiél‘ﬁhﬂ||U—X|||H,§(Dd)+d71|\U—X|\Lz(Dd))+Cd*1|Iu—uh||L2(Dd)7
where C is independent of d.
Proof. Since v —up, = (u — x) — (up, — X), it suffices to show
1w = unlll 2 0oy < CUlulllap(pgy + 4™ HullLy(pyy) + Cd™Hlw — unllr, -
By the triangle inequality, it will be enough to establish
(3.2) [unlllzz (Do) < Clllulll (g + CdilHuhHLZ(Dd)'

To this end, let w € C2(Dyy4) with w = 1 on Dy/s and |wlyi.e(q) < Cd™ for
l=0,1,...,74+ 1. For a moment, let us assume that we can show the following
inequality for all the forms:

(3.3) llwunlllgy ) < CB(un,w?un) + Cd||unllL,(p,)-
By (Bl), we can write
(3.4) B(un,w?up) = B(up,w?un — x) — B(u,w?up, — x) + B(u,w?up)
for any x € V},. Since our forms are bounded, we have
B(u,w?un) < Clllulllgp g, llo*unlll i (y,,)
< Clllullla ooy Nwwnlll gy (0 + 4 HlunllLy0,))-
Now, applying the arithmetic-geometric mean inequality, we see that
(3.5) B(u,w?up) < Oll|ulllf p,y + elllwunlllipy i,y + Cd™2MunllZ, p,)-
Using the boundedness of our forms and Lemma 23] we obtain
B(u,®up, = x) < Clllulll g1 (py o) llo®un = Xl 113 (D4 )
< C|||U|\|H;(Dd)(hd_1|wuh|H;(Dd) + hd 2| [unl|Ly(Do))-

Taking into account that hd~! < 1, and applying the arithmetic-geometric mean
inequality, we have

(36)  Buwun—x) < Clljullidy p,) + lounlipy i, + Cd 2l 2, p,)-
Similarly,
B(up,w’up, — x) < Ch|\|Uh‘|‘H;(Ddﬂ)(d_l|wuh|H}l(Dd) +d7?|Junl| Ly (pg))-
Using (2.4) and (2.3), we can show the inverse inequality
hunlll a2 (Dy)) < Cllunllr,(pg)-
Therefore, applying the arithmetic-geometric mean inequality one more time gives

(3.7) B(up,w?up, —x) < f|w“h|§1;(Dd) + Cd_2\|uh||%2(Dd).
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Finally, using [33)), (84) and making € small enough in [B3), (3.0), and (1), we

arrive at
(3.8) |kuh|||%r;b(9) < C(|||U‘H§—I}L(Dd) +d | |unllZ, p,))-

This will imply (32), which in turn implies our theorem.
We are left to show ([B3)). We first prove this for the Modified BRMPS form.

First, by applying (23)) and (ZIT), we see that

Y hel (Y @un)) 17,00 + D hellIV (@un)ll? o)

e€ép ecEy)

<0 Y [ umn s CaHul, o
TeT), T

(3.9)

By using ([B3), the positive definiteness of A, [219) and (21), we have

(3.10) |kuh|||12r{,11(9) < CI+Cd|unll2,(p,)»
where
I = Z /V(wuh)TAV(wuh)dw+Z/ wW?rae([un))T Ar e ([up))dz
TeT, ' T cegy, /e
1
+ Z E/@wz[uh}zds.
ec&f

In the last two inequalities we used the fact that each element has at most K
neighbors.
Let

G = Z/TV(wuh)TAV(wuh)dx—FQZ

/Vh(wuh)TAer7e([uh])dx
T€T, eegy, 7 Se

3 n [ raclu) Ara (] i

ecéy,

Using the arithmetic-geometric mean inequality on the middle term and the fact
that each triangle has at most K neighbors, we get

K
1- =
(==

G >

)Z /Tv(wuh)TAV(wuh)dx

TeTy,

=) 3 [ wrac(iun)Ara(u)ds

e€&h

Choosing €; to satisfy K < e; <1, we see that

(3.11) I<CG+ ) hi /wz[uh]ws).

e€&?
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Using the definition of G and adding and subtracting the terms of B(uy,w?uy) (for
the Modified BRMPS form) to the right-hand side of (8.I1l), we arrive at

I < C(B(up,w?up)

+ Z / V(wup) T AV (wup,) — V(w?un)T AVuy,de
TeT, T

+1 Z (Q/S Vi (wup)T Awr a o ([un])de

ecép

- /(<Vh(wzuh)>T Alup] + (Vaun)" Alw’up])ds)}

e

+3 0. /S ) Arac((n]) = (@) Ara (]

ec&y
-y /(c(wuh)2+uhb-V(w2uh)dx+ > [ (un) b [wiuy]ds))
TeT, T e€&, ¢
= C(B(up,w?up) + Iy + I + I3 + Iy).

Note that I, consists of the lower-order terms of our bilinear form. By applying
the product rule to each term of I, we see that

(3.12) L=y /T VT AVwdz| < Ca2unl2, ),
TeT),

where we also used that |[Vw|;__ ) < Cd™! in the last inequality.
For Iz, we use the definitions of P4, [2I4) and of our lifting operator r4 ., to
rewrite it as

L=—(Y [ 2(PawVi(wun))" Aluslds

ec&y V€

B /(<Vh(w2uh)>T Alup] + (Viun)" Alw?uy])ds).

e

By the product rule, (Vj(w?up)) = (w*Vj(up) + 2wV (w)us). Adding a term to
this and applying the product one more time, we see that

(Vi (w?un)) + (w?Vi(up)) = 2w (Vi(wuy)).
Therefore, we can express I in the following form:

L=-2% / (Pa(wVn(wun)) — oV (wun))T Afup]ds

ec&p V€

By the Cauchy-Schwarz inequality, (23]) and (23],

IL<C Y WP [unl|ys,) (B2 Pa(wVn(wun))
ecéy,

— wVn(wun)l|Ly(s) + B2 Pa(@Vn(wun)) = wVn(wun)ll g (s,))-
Moreover, by Lemma [Z4] and 210),

Iy < C Y unll agso (@ IV (wuun)||y(s,) + 472 un]|Lacs,))-

ey
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Finally, using the positive definiteness of A and the arithmetic-geometric mean
inequality, we see that

(3.13) I, <e Z /V(wuh)TAV(wuh)dx+Cd_2||uh||L2(Dd).
TeT), T

Now we bound I3. Again, using the definition of P4 and 74 ., we get that

Io==D e / (Pa(?rac(fun)) = w?rac([un)))” Afunlds.

ecéh

After using (Z3), 23), Lemma [Z4] and (23], we have
I <C Y unllas.npn (@ lworae((uallzocs.) +d>hlrae(wa)l]Las.))-

el

By Lemma 25 and (Z3]),

hllrae(fun)llra(s.) < CllunllLys.)-

Therefore, after applying the arithmetic-geometric mean inequality, we get

Iy < Cd™2funl oy +€ 3 /S 1 e ([un)) T Ar a o (un])dz.
ec&y €

Now we handle 1. By applying the product rule and the Cauchy-Schwarz inequal-
ity, using the boundedness of ¢ and b, the positive definiteness of A and (Z.1]), we
have that

L < CdYulP,m,+e Y /V(wuh)TAV(wuh)dx
TeT, ' T

1
+e X o [lm) A lm)ds
ecéy,
If we apply Lemma 2.7 followed by (2.1), we see that

L < Cd||unlll,py +€ D /V(wuh)TAV(wuh)d:c
TeT, T

ey / 1 a o ([un]) " Ar ao ([un])de,
ecéy, Se

where C; does not depend on e. Finally, by taking e small enough to “kick back”

we arrive at

(3.14) I< CB(U}L,WQ’U,h)+Cd_2‘|uh||L2(Dd).

Therefore, [B.3]) holds for the Modified BRMPS form.
In order to work with the LDG form, we define R(v) = ra([v]) + 14 (8T [v]). Let
us assume, for a moment, the following inequality:

(3.15)
Z/ wQTA,e([uh])TArA7e([uh])dx—I— Z wQZA,e(ﬁT[uh])TAlA,e(ﬁT[uh])dx
ecEp, /e ecéEy) €

1 —
<C3 o [ Pulds + Cdunll o,
eEE;L e e
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Using this inequality together with the fact that
R(up) =Y rae(fun]) + Y Lae(5 un])
e ecgy

and that r4 . and l4 . are both supported in S, we have

(3.16) /sz(uh)TAR(uh)dx <C Z hi /w2[uh]2ds + Cd™?||un|| £y (Dy)-
Q e Je

ec&p

Using [B3), we get
llounl 373 @) < CT +Cd™JunllZ (b,

where
1
J= Z / V(wun) T AV (wup,)dx + Z —/[wuh}st.
T he e
TeT), ecéy
Recall that for the LDG form n > 0. Using this fact, the arithmetic-geometric
mean inequality and (3I0) we have (see (4.16) in [2] for a similar inequality)

J <O Z /TV(wuh)TAV(wuh)dx—i—Q Z /TwR(uh)TAV(wuh)dx
(3.17) TETh TET,

+ / wQR(uh)TAR(uh)der Z %/[wuh}st) +Cd72\|uh||L2(Dd).
Q ecg, ¢7€

Adding and subtracting the terms of B(uy,,w?uy,) from the right-hand side of (3.17)
we see that

J < CB(up,w’up) + C(J1 + Jo + J3 + Ja) + Cd ™ ||un||1,(p.),

where
Jy =] Z / V(wup)T AV (wup) — V(w?up) T AVuydz|,
TeT, T
Jy =12 Z /wR(uh)TAV(wuh)da:
71, T
+ Z ((AVh(w?up)) [un]) + (AVhup) [wiuy]ds
ecE V€
+ > [ ([AVR(@?un)]B [un]) + [AVup) 8" [w un]ds|,
ecgl "¢
J3 = |/w2R(uh)TAR(uh)dx—/R(w2uh)TAR(uh)dx\,
Q Q
and

Ti=1Y /T(c(wuh)2+uhb-V(w2uh)dx+ S (un) b [wruplds)|.

TeT, ec&, V€

We see that J; is |I1| with up, now being the LDG solution. Therefore,

Ji < Cd™?|Junl|2,(p,)-
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After following similar manipulations as was done to simplify Is, we get

Jy = |QZ/ (PA(wVh(wup) — wVi (wun)) Afup)ds
ecéy,
23 / (Pa(@Vh(wun)) — wVn(wun))|87 [un]ds].
ecEy

Using, (23)), (Z3), Lemma 274 and (210), we have

J2 < € Z / V wuh) AV(wuh)dﬂc + Cd ||uh\|L2(Dd)
TeTy,

Using the definitions of our lifting operators and the projection operator, as was
done for I3, we see that

Jy = |Z/ (W2R(un)) — W Rlun))" Alun)ds

e€y
£y / (Pa(@2R(un)) — w? R(un))] AT [un]ds|.
ecéEy
Using the Cauchy-Schwarz inequality, (2.3)), and (23], we have

T3 <C Y h | |un]|Lygs (B2 Pa(w® R(un))
ecéy,

— WP R(up)lLy(s.) + WP Pa(w?Run)) = w0 R(un)l 1y (s,))-
Using the fact that P4 is linear, the definition of R, and the fact that the supports

of 7Ae, la. liein S,, we have

T3 < C > B P unl| by sy (B2 Pa(w?rac([un]) — @rae([un)l| s,
el

+ W2 Pa(wrae(funl)) = w?rae(fun])llm s.))

+ C Y R P unll oy (B2 Pa(@?lae (BT [un]) — @?lae (BT [un))l | La(s.)
ecEp

+ W2 Pa(wlae (87 [un]) — wLae (BT [un]) |l (s.))-

Here Sé denotes S, union with the triangles that share an edge with S.. Finally,
mimicking the argument for bounding I3, we see that

By < Cdunlld, +62/ (@21 a0 ([un))” Ar g o([un])de

ecéy,

Y / 1o (87 [un)) T Al (87 [un]))

ecEy

Furthermore, by (315,

_ 1
(3.18) Js < Cd 2||uh‘|i2(Dd) + Cle; h_e /e[th]ZdS,
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where C} is independent of €. Again, since Jy is |I4] with uj, now being the LDG
solution, we have

Jy=1, < Cd_QHUhH%Q(Dd)
+ o€ Z /TV(wuh)TAV(wuh)d:c+e Z hie/e[wuh]zd&
TET, e€&p

Finally, taking e sufficiently small to “kick back”, we conclude that
J < CB(up,w?up) + C’d*2||uh\|2Lz(Dd).

This, of course, implies [B.3]) for the LDG form, which in turn implies our theorem
for the LDG form. We are left to show (B.13]).
In bounding I3, we showed that

(3.19) |Z/S(wQTA,e([uh])TATA,e([Uh])—TA,e(MQ[uh])TATA,e([Uh]))dwl

ec&y
< CdJunl[T,pp +e D / W (rae([un])TA(rae(un)))dz,
ecéy, Se
where € > 0 is arbitrary. Following similar steps one can show

(3.20)
> /S (W?la,e (BT [un))T Ala e (BT [un]) — La,e(W? BT [un]) T Ala e (87 [un]))del

ecEy)

< CaunlZ,pp +e S /S (L e (7 [un]))T Ao (57 [un)) de

ec&y
By an inverse estimate, (Z3]), and the arithmetic-geometric mean inequality, we
have
(3.21)
3 [ P Ara )
Se

el

i a7 ) AL (5

ecgy

=) /w[Uh]TA (rae(fun])) ds| + 1 >~ [ W fun)[wAla o (5" [up])]ds|

e€lp e€&y €

<C) hie/[WUh]QdS ey /S W?rae([un])T Ara o ([un))dz

ecép e€éy

b e [ T A (5

ecEy

Using (319), 320), 321, the triangle inequality, and taking e sufficiently small
to “kick back”, we arrive at ([B13]).

Following similar techniques as those shown above, we can show (3.3 for the
Modified BMMPR form. We omit the proof. (]
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Using approximation properties and Theorem [B.I], we have the following corol-
lary.

Corollary 3.2. Let x, Dg, Dy, u, and uy, be as in Theorem Bl Then
(3.22) w = wnlll i1 (Do) < CR"Hulbr(pay + Cd™HJu = unl| Ly(py)-

4. POINTWISE ESTIMATES
Now we are ready to state our pointwise error estimates.

Theorem 4.1. Suppose u € Wh>(Q) satisfies 1) and uy € Vi, satisfies ([22)
for any of the bilinear forms. Let x € Q2 and s satisfy 0 < s <r —2,r > 2. Then,
there exists a constant C independent of x,u,un and h such that

(4.1) [(u = un)(@)| < Chlog(1/h)* inf [[fu—xlllyre g o.ev
XEVh h s Ly
where s =0if0<s<r—2, ands=1ifs=r—2.

Proof. Now that we have established Lemma and Corollary B2l we can follow
the techniques of the proof for Theorem 5.1 in [6]. The main difference is that
their result does not handle hanging nodes. However, their proof can easily be
modified to allow hanging nodes by using the fact that each element has at most
K neighbors. Also, the norm appearing on the right-hand side of our result has an
extra term, but that term can be handled easily throughout their proof. O

Similarly, by following the proof of Theorem 5.2 in [6], we obtain gradient point-
wise estimates.

Theorem 4.2. Suppose u € WH>(Q) satisfies 1) and uy € Vi, satisfies [22)
for any of the bilinear forms. Let x € Q0 and s satisfy 0 < s <r —1,r > 2. Then,
there exists a constant C independent of x,u,up and h such that

(4.2) [Va(u—up)(@)] < Clog(1/h)° inf |||l —x|lly1 (@) ..o
XEVh h ?
where s=0if0<s<r—1,ands=1ifs=r—1.

The results here carry over to higher dimensions, if we allow meshes that fit the
boundary exactly. Of course, this is not practical in higher dimensions, but it can
in principle be done. Let Q' satisfy Q C Q' and dist(9£2,9Q') < Ch?%. If we mesh
the larger domain Q' with simplices such that the simplicial domian contains 2 and
then restrict the mesh to €2, we will find our desired mesh.
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