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PARAMETER-UNIFORM FINITE DIFFERENCE SCHEMES
FOR SINGULARLY PERTURBED PARABOLIC
DIFFUSION-CONVECTION-REACTION PROBLEMS

E. O'RIORDAN, M. L. PICKETT, AND G. I. SHISHKIN

ABSTRACT. In this paper, parameter-uniform numerical methods for a class of
singularly perturbed parabolic partial differential equations with two small pa-
rameters on a rectangular domain are studied. Parameter-explicit theoretical
bounds on the derivatives of the solutions are derived. The solution is decom-
posed into a sum of regular and singular components. A numerical algorithm
based on an upwind finite difference operator and an appropriate piecewise
uniform mesh is constructed. Parameter-uniform error bounds for the numer-
ical approximations are established. Numerical results are given to illustrate
the parameter-uniform convergence of the numerical approximations.

1. INTRODUCTION

Consider the following class of singularly perturbed parabolic problems posed on
the domain G = Q x (0,7], 2 =(0,1), I =G\G:

(1.1a) L. u = eugg + pauy —bu — duy = f(z,1t) in G,
(1.1b) u = s(x) on Iy,
(1.1c) u=q(t) on I UL,
(1.1d) a(z,t) >a>0, blx,t)>0>0, d(z,t)>J>0,

where Ty, = {(2,0) | 0 < 2 <1}, Iy = {(0,¢) | 0 <t < T}, and T, = {(1,¢) |
0 <t<T}. Wenote that 0 < e <1 and 0 < pu <1 are perturbation parameters.
We assume sufficient regularity and compatibility at the corners so that the solution
and its regular component are sufficiently smooth for our analysis. Our interest lies
in constructing parameter-uniform numerical methods [I] for this class of singularly
perturbed problems. By this we mean numerical methods whose solutions converge
uniformly with respect to the singular perturbation parameters.

When the parameter i = 1, the problem is the well-studied parabolic convection-
diffusion problem [2, 10} [15] and in this case a boundary layer of width O(e) ap-
pears in the neighbourhood of the edge z = 0. When u = 0 we have a parabolic
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reaction-diffusion problem [6] and boundary layers of width O(y/¢) appear in the
neighbourhood of both x =0 and x = 1.

Fitted operator methods based on exponentially fitted finite difference operators
have been developed for the steady-state version of (II]) when p = 0 and p = 1.
Earlier results of Shishkin [I3] [I6] dealt with fitted operator methods for (IT]). In
the time dependent problem, when p = 1, fitted operator methods were derived
in [15]. However, Shishkin [I4] established that in order to obtain a parameter-
uniform numerical method, it is necessary to fit the mesh when parabolic layers
are present. This implies that we cannot use fitted operators on a uniform mesh to
obtain parameter-uniform convergence in the case of (I]).

The asymptotic structure of the solutions to the steady-state version of (LI]) was
examined by O’Malley [7, [8], where the ratio of i to /¢ was identified as significant.
Vulanovié [I7] considers finite difference methods in the case of y = e+, A > 0.
More recently, parameter-uniform numerical methods for the steady-state version
of (LI} were examined by Linf8 and Roos [4], Roos and Uzelac [11] and O’Riordan
et al. [9]. Both [4] and [J] are concerned with finite difference methods and apply
standard finite difference operators on special piecewise uniform meshes. In [I1]
the problem is solved using the streamline-diffusion finite element method on a
piecewise uniform mesh.

Parameter-uniform numerical methods composed of standard finite difference
operators and piecewise uniform meshes have been established [2], [10] for both the
steady-state and the time dependent versions of (II]) in the two special cases of
u=0and u=1. We will apply an upwind finite difference operator on a piecewise
uniform mesh in the construction of our numerical algorithm to solve (II]) for all
values of the parameters in the range p € [0,1] and ¢ € (0,1]. The analysis in
this paper naturally splits into the two cases of u? < Ce and p? > Ce. In the
first case the analysis follows closely when p = 0; however, in the second case the
analysis is more intricate. In the case of u? < Ce an O(,/€) layer appears in the
neighbourhood of z = 0 and = 1. In the other case of u? < Ce a layer of width
O(ﬁ) appears in the neighbourhood of z = 0 and a layer of width O(u) appears
near x = 1.

The analysis in this paper is based on the principles laid down in [12] and in the
books [1] and [5] for a single parameter singularly perturbed problem. We apply
similar analytical techniques to those used in [9] for a singularly perturbed ordinary
differential equation with two small parameters. The argument consists of estab-
lishing a maximum principle, a decomposition of the solution into regular and layer
components and deriving sharp parameter-explicit bounds on these components
and their derivatives. The discrete solution is decomposed into analogous compo-
nents and the numerical error between the discrete and continuous components are
analysed separately using discrete maximum principle, truncation error analysis,
and appropriate barrier functions. In [9], the piecewise uniform mesh constructed
consisted of the two transition points

1 2InN 1 2InN
1.2 = min{>, " d op=min{ ,
(1.2) o1 m1n{4, " } and o9 m1n{4, n 1

where 7; is the positive root of the quadratic equation en — pan; — 8 = 0 and
similarly 7 is the positive root of the quadratic equation en3 + plla|lns — 8 = 0.
However, in this paper the choice of transition points in (A1) is simpler then those

given in (L2]).
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Notation. We define the zero order, first order, and second order differential op-
erators Lg, L,, and L, , as

(1.3a) Loz = —bz—dz,
(1.3b) L,z = apz, + Loz,
(1.3c) Lo,z = €zpp+ Lyz.

We let v = ming {2} and we also adopt the notation
lullg = max [u(z, ?)].
G
If the norm is not subscripted, then ||.|| = ||.||¢. Throughout this paper C' (some-

times subscripted) denotes a constant that is independent of the parameters €, p, N,
and M (number of mesh elements used in the space (N) and time (M) direction).

2. BOUNDS ON THE SOLUTION % AND ITS DERIVATIVES

We will establish a priori bounds on the solution of (II)) and its derivatives.
These bounds will be needed in the error analysis in later sections. We start by
stating a continuous minimum principle for the differential operator in (([I]), whose
proof is standard.

Minimum principle. If w € C?(G) N C°(G) such that L. ,w [¢< 0 and w [p> 0,
then w |=> 0.

The lemma below follows immediately from the minimum principle above.

Lemma 2.1. The solution u of problem (LII), satisfies the bound
1
[ull < llsliv, + llglir,or, + BHfH'

Lemma 2.2. The derivatives of the solution u of (ILl) satisfy the bounds for all
nonnegative integers k,m, such that 1 < k +2m < 3. If u?2 < Ce, then

2

ok+my, C ) 3i+jf
< ’ ——
H oxkarm | = (Ve max{”“"i;_o Vo |
i d's N Hd iq }
—|ldap, dt|por, )

and if p? > Ce, then

gk+m k 2\ m
Haxkati <c(2) (%)
2 i 1| gt f
xmax{nm,i;:o S &) 5
L \ld s dq
; d ' F5+Hdti 1“lurr}7

where C' depends only on the coefficients a,b,d and their derivatives.
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Proof. The argument splits into two cases: p? < Ce and p? > Ce. If p* < Cé,

consider the transformation & = % Our transformed domain is given by G =

(0, Jz) x (0,T). Also we have @(¢, t) = u(x,t) with @, b, d, and f defined similarly.

Applying this transformation to (LI we obtain
. Mo . . = S
Uge + Taug —bu —du; = f, on G.
€

Then for every ¢ € (0, ﬁ) and 0 > 0, we denote the rectangle ((¢ — d,¢ + J) x

(0,7])NG by R¢ 5. The closure of R 5 is denoted R¢ 5. For each (¢,t) € G, we use
[3] to obtain the following bounds for 1 < k 4 2m < 3:

akerﬂ
6§k8tm _
2 i 4 P P~
~ 82+]f i3 dzq
< C’max{||u|, > — Z - H - }
oo llogiow | | de dt ||y,

where I'} = Rg 25 NIy, I} = RQ NIy, T = RC 25 N FT, and C is independent of
the rectangle R¢ 5. These bounds hold for any point (¢,t) € G. Transforming back
to the original (z,t) variables gives us the required result. If u? > CE then we
are required to stretch in time also. Introduce the transformation ¢ = 22,7 = “Tt
Applying this transformation to (LT we obtain for 4u(g, 7) = u(x,t)

£ = ~ ~ ~
Upp + Gy, — b0 — di, = — f, on G.
00 e R T2
Our transformed domain is given by G = (O, g) X (0, “QTT] Repeat the argument
for the previous case to obtain the result. O

Corollary 2.2.1. Assuming sufficient smoothness of the data, the second order
time deriwative of the solution of (1)) satisfies the bound

C if p? < Ce
< 3 —_ 3
ol <{ Gracs 512500
Proof. This follows using the same argument as in Lemma [l

3. DECOMPOSITION OF THE SOLUTION

In order to obtain parameter-uniform error estimates we decompose the solution
of (L)) into regular and singular components. The regular component will be
constructed so that the first two space derivatives of this component will be bounded
independently of the small parameters. Consider the differential equation

(3.1) L.,v=fonG.

In the case of p? < 1=, we decompose v as

(3.2a) v(z,tie, 1) = vo(w,t) + Vevi(z, t e, 1) + eva(, ts e, ),
where

(3.2b) Lovg = f, vo(x,0) = u(x, 0),
(3.2¢) VeLovi = (Lo — Le ) vo, vi(x,0;e, 1) =0,

(32(1) €L5“u’l)2 = \/E(LQ - Ls“u)vla ’U2|F =0.
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We see that v(0,t;e, 1) = v9(0,t) + ev1(0,t;¢, 1) and v(1,t;e, 1) = vo(l,t) +
VEvy(1,t; e, ). Assuming sufficient smoothness of the data, and noting that au? <
~ve, we see that vy and its derivatives with respect to x and ¢ up to sixth order
and v; and its derivatives with respect to z and ¢ up to fourth order are bounded
independently of € and pu.

Since vo satisfies a similar equation to u we can apply Lemmas 2.1 and to
problem (3.2dl). We obtain for 0 < k + 2m < 3,

k
1
<C|l—=]) .
=(3)
We conclude that when p? < 22, there exists a function v satisfying (BI) where

the boundary conditions of v can be chosen so that it satisfies the following bounds
for 0 < k+2m < 3,

ak+mv2
Ozkotm

< C’(1+5%).

oFtmy
H axkatm

From Corollary 221l we deduce that

. g
loull < €. i p? < 2.

Now consider the case of p? > L=, Again we consider the differential equation
B1); however, we decompose v as

(3.3a) v(x, tye, 1) = vo(, t; u) + evi(z,t; ) + 2vo (2, t €, 1),

where

(3.3b)  Lyvy = f, vo(z, 0; ) = u(z,0), vo(1,t; 1) chosen in (B8],
(3.3c) eLyvi = (Ly— Ley)vo, vi(x,0;p) = v (1, t; ) =0,

(3.3d)e?Le ,vo

E(LH - LE,H)UI’ ’U2($, t7 g, /“‘L)‘F =0.
We can establish the following for the differential operator L, by considering the

transformation w = e 7z (ﬁl < g) and using a proof-by-contradiction argument:

(3.4) If L,z <0 and z| >0, then z >0,

G Ty Gy

where L,z = apzy, —bz—dz = f, 'y =T, UL, and G; = [0,1) x (0,T]. We should
note that the proof only requires that a and d are strictly positive.

Lemma 3.1. Suppose z(x,t) satisfies the first order initial-boundary value problem
(35) L#Z:f (:E,t) € [Oa 1) X [OaT]a Z(.%,O) :gl(x)v Z(lat) :92(t)a

where a > 0,d >0, and b> 3 > 0. Then

1
Izl < Bllf\l +llgullr, + llgzllr, -
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Proof. Consider ¥*(z,t) = %HfH + llarllr, + llg2llr, £ z(x,t). We see that the
functions U* are nonnegative for (z,t) € I'; and

1
LW+ (x,t) = —b(GIFl + lgrllr, + llgar.) % £ < 0. O

We now state and prove the following technical lemma that is needed when
examining how vy and v; depend on u.

Lemma 3.2. Suppose z(z,t) € CK*™(G) satisfies the problem [B.5). Then its
derivatives satisfy the bounds

gh+m gk+m ¢ kJFm 1 ortef
[ | < e |5r |+ 22, |
r4s= O
k+m k+m
T3 || 22| o | emtesmar
d )
7=0

where A = min{0, () (%)t} and the constant C' depends only on the coefficients a,
b, d and their derivatives.

Proof. Differentiate (B3] with respect to time to obtain

s (3o (b= )
a aj, a a/, a/,
Zt(lat) :g;(t)a Zt(ZII,O) = ¢1(x)a

where ¢ (x) can be expressed in terms of gy, ¢}, f and the coefficients of (B3).
Consider the barrier functions

E(z,8) = CUFI+ 1701+ lgall + gt + gl + 1zl 24

with A as above. For C large enough the functions \Illi are nonnegative for (z,t) €
I'y. Also

b d d _
Ewt o) = =0 (24 (%) =AY U1+ NI+ ol + gt + gl + el
t

(), (2).2)

@/ a/y

and we see that for C' chosen correctly, we have I/B]\I/li < 0. Therefore using (3.4)
we obtain

—A
el < CAULLT+ Ifell + llgall + Ngall + lgall + llzlDe™"

and using (B3] we have that

[z2]| < (||f|| + el + lgall + lgill + llgall + [1zlDe™
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Proceed by induction. Assume the statement is true for 0 < k 4+ m < [. Differ-
entiate [B.A]) [ + 1 times with respect to ¢ to obtain

8l+1z 8l+1z b d 8l+1z d 8l+1z
f+11 <~ vy o= _(Z “ oy _“®(=v =
Ly ETIES) _M(atlﬂ)x (a+(l+1) <a>t> (3tl+1) p (3tl+1)t

= p(x,t),
8”12 dl+1 alJrl
g (L) = = W(%O):@H(x)

The expression p(z,t) involves z and its ¢ derivatives up to order I, f and its ¢
derivatives up to order [+ 1 and the coefficients and their derivatives. The function
¢1+1(z) involves g1 and all its derivatives up to order [ 4+ 1, the derivatives of f of

the form p" 2 BoE dtfs up to order [ and the coefficients and their derivatives. Consider
the barrier functions
l

al+1f arJrsf
+
\Ijl+1 (H o+l ,u Ox"Ots
41 j I+1 ;
d’gq d ng o~ (ktm) At oty
- mAt ¢ 7
+j2::0 d i +j2::0 7 || I Rl

We see that for C large enough \IlliH(;mt) is nonnegative for (z,t) € I'y. Also
for C chosen correctly we see that LUH]\IIjE < 0. Therefore, using ([34)), we obtain

al+12 5l+1f ar—&-sf
ottt || — o+t Ox" Ots
r+s 0
141 4
d’ 91 d’gs —(k+m)AT
+Z Hdtj + 2| | e GtmIAT,

Differentiate ([3.5]) appropriately to obtain the required result for k+m =1+1. O

We now continue with our analysis of vg and v;. The following two lemmas
establish that when the boundary condition vg(1,¢; ) is chosen correctly, the first
two derivatives of vg(z,t; 1) are bounded independent of p and the derivatives of
v1(x,t; 1) are bounded by inverse powers of p.

Lemma 3.3. If vy satisfies the first order problem (3.3L) then there exists a value
for vo(1,t; u) such that the following bounds hold for 0 < k+m < 6:

e R
Proof. We further decompose vy (z,t; 1) as
(3.6a) vo(, t; 1) = so(@,t) + ps1(x, 1) + p®so(, 6 ),
where
(3.6b) Losg = f, so(x,0) = u(x,0),
(3.6¢) puLos1 = (Lo — Ly)so, s1(x,0) =0,

(3.6d) p*Lyso = (Lo — Ly)s1,  salp, = 0.



1142 E. O’'RIORDAN, M. L. PICKETT, AND G. I. SHISHKIN

We see that vo(1,t; 1) = so(1,t) + us1(1,t), and if a, b, d, f € C7(GQ) and u(z,0) €
C"(T), we have

8k+m
H x’“@tm < C for 0<k+m<7,
8k+m 8751
(3.8) C for 0<k <6 d —
H oo | < or Uskams0 an H 9201 || =
Next we apply Lemmas [B.1] and to obtain for 0 < k+m <6
8’“+m32 C
3.9 — 7(k+m)AT,
(3:9) H dxkotm || — u’“e
where A = min {0, 4 (g)lt }. Using the decomposition (B.6) and the bounds (B.7),
B3) and (B39), we obtain the required result. O

Lemma 3.4. If vy satisfies the first order problem [B3d) then the following bounds
hold for 0 < k+m < 4:
8’”’”1}1 C
_— | < —.
Arkatm || — pk

Proof. We simply apply Lemmas [3.]] and to (33d). O

Lemma 3.5. If va(z,t;€, 1) satisfies the parabolic problem [B.2d), then the follow-
ing bounds hold for 0 <k+2m < 3:
8kr+m,02
Oxkotm

k+m
< Cumﬂ(g) . if u?>Ce.

Proof. Since vo satisfies an equation similar to u, we can use Lemma [2.1] and
1
[vz2(, s, )| < [lvallr + Bllvm\l-

Applying the bounds in Lemma 4] we have |[vz| < Cu~2. Noting that vo has
zero boundary conditions, we use Lemma 2.2 the bounds for vq, and the fact that

G

to obtain the required result. O

8k+mv1 T

ozkotm

< Cu”(%f <Cp?

Substituting all of these bounds for vo(x,t; 1), v1(z,t; 1), and vo(z,t;e, ) into
equation ([B.3)) and noting that u?> > Ce, we can conclude that in this case there
exists a function v satisfying (3.1I)) where the boundary conditions of v can be chosen
so that the following bounds hold for 0 < k 4 2m < 3:

|2 <o (i (2)).

Axk o™
Assuming sufficient smoothness of the data, from Corollary Z.2.T] and extending the
argument in the previous lemma to the case of k + 2m = 4, we deduce that

lowll < C(L+ 2 2pte ) < O, if p® > =
«Q
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In both cases we now have the following decomposition of the solution u. Let
(3.10a) u(z,t) = v(z,t) + wr(z, t) + wr(z,t),
where wy, and wg satisfy homogeneous differential equations and

(3.10b) L. ,v=f, v(0,t) and v(1,t) chosen in (Z2)) or (B3),
v(x,0) = u(z,0),
(3.10c) L. ,wy =0, wy(z,0) =wr(1,t) =0,
w(0,8) = u(0,£) — v(0,£) — wr(0,1),
(3.10d) L., ,wr =0, wr(z,0) =0, wr(l,t) =u(l,t) —v(1,t),
if % < %g,wR(O,t) =0 else wr(0,t) is chosen in ([B12)).

The boundary conditions of v are chosen in [3.2) or (B3] so that the regular com-
ponent satisfies the bounds

oktmy

(3.11) Dok o

<C’(1—|—z€2_k)7 for 0<k+2m<3, || <C.

When p? < L=, the singular components wy, and wg satisfy the derivative bounds
given in Lemma and Corollary 2221l When p? > T, the value for wg(0,1) is
taken from the decomposition

(3.12a) wr(z, e, 1) = wo(x, t; 1) + cw (z,t; 1) + 2w (x, 856, 1),
where v(1,t) = vg(1,¢) is given in B8 and

(3.12b) L,awy = 0, wo(z,0; 1) =0, wo(l,t;u) =u(l,t) —v(l,t),
(3.12¢) eLy,wn = (Ly— Ley)wo, wi(z,0; p) = wi(l,t;u) =0,
(3.12d) €’L. ywy = e(L, — L., )wy, wo(z, t;e, p)|r = 0.

Lemma 3.6. When wgr(z,t) is decomposed as in (BI2)), the following bound holds:
lwr(0,t)] < e 2Ple
where B < A =min {0, %(4),}.

Proof. We only need to consider the case of u? > 22. Using the decomposition

BI2), we see that wr(0,t) = we(0,t) + ew,(0,t start by analysing wo(z, t).

e
Consider the barrier functions ¢* (z,t) = C’e*%(1 ) + wo(z,t). We can show that
for C large enough, wi‘rlum >0 and
L,V (z,t) = Clay — b)e” w177 <0,
We can therefore apply ([B4) in order to obtain
(3.13) lwo (z, )] < Cew 172,

In order to analyse w;(x,t), we first obtain sharp bounds on wo.,(z,t). Differ-
entiate (B.12h) with respect to t to obtain

LE](“’Ot) = p(woy)x ( ( )t)th — —(wot)¢ = (g)two,
wo(x,0) =0, wo.(1,t) = (wR(l )t
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Consider the barrier functions ¢ (z,t) = Ce~Ble~ #=2) Lo, (2, 1), where B < 0 s
as defined. We can show that for C' large enough wf |F1UF > 0 and LB]\I/f(x, t) <0.
Apply (34) in order to obtain

lwoy ()] < Ce™Bleul=2),
Using (3.120) this implies that

C
lwog(x,t)| < ;e_Btefg(lfz).

If we differentiate (3.12h) twice with respect to t and apply the same argument, we
obtain

lwoge (z,t)] < Ce—2Bt,—2(-a)

Using (3.121), this implies that

C v C L
wogr (2, 8)] < —e 2Pe w7 and  |wog,(z,t)] < —5e 2Blem w170,
H m
We now examine wy (z,t). Consider the barrier functions

C
Vi (z,t) = F672Bt67%(17$) + wy (x, t).

Note that in(x,t > 0, also for C' large enough

)‘F,urr
Ly (z,t) = Cya — b+ Bd] %e‘meﬁ(l*” + Wy < 0.

Therefore, using ([3.4]) we obtain

(3.14) lwi (z,8)] < %e—QBte—%(l—x).

Since p? > 2=, we can use ([B.I3) and (3.14) to complete the proof. O

Lemma 3.7. When the solution of ([l is decomposed as in [B10al), the singular
components wy, and wg satisfy the bounds

lwr(x,t)] < Ce™®®  and  |wg(x,t)| < Ce %207

where
Ve 2 e Ve 2 e
0, = Ve’ MSE’ 0y = 2\/e" Mzga’
e
O‘EM7 /’['2 2 %7 %’ M Z 'YE

Proof. Use the barrier functions
YE(x,t) = Ce™ " £ wp ()
to obtain the required bound on |wg (z,t)]. When p? < 2=, the proof in the case of

ce . . . + —@(l—x)
wp is similar. Consider the barrier functions ¢=(x,t) = Ce™ 2v5 + wr(z,t).
Note that

« a (0% _Aa
Lotat) = €24 BT ) e FE0)

c(L+3-v) )

IN



SINGULARLY PERTURBED TWO PARAMETER PARABOLIC PROBLEMS 1145

Since wg(0,t) # 0 in the case of p? > 2=, we have to be more careful. Consider
the barrier functions

Y (z,t) = Ce2Aem (172) L yp (2, 1),

where A is defined as before. Using the previous lemma, we have that wl x,t) |F

for C' large enough and Ls#ﬂ% (x,t) < 0. Use the minimum principle and the fact
that ¢ € (0, 7] to obtain the required bound. O

Lemma 3.8. When p? > 22, wg the solution of (BI0Qd), satisfies the bounds
|5

<C.m=1,2.

oxk

—k —1_2-k 0" wg
<C’(u +pu e ),1§kz§3 and o

Proof. Consider the decomposition [BI2]). We start by analysing wg(z,t). Using
the same method as used for v; in Lemma [3.4] we obtain for 0 < k+ m < 6 that
k+m

‘8 wWo < C

(3.15) DF oM

= o
I
where A is defined as before. Using this method again for w;(x,t), we obtain for

0 < k-+m <4 that

ok+m C
(3.16) e
oxkotm k2
We can apply Lemma [2.T] to obtain
C
wallg < llwallr + Zllwizslla < —-

B
Finally from Lemma we obtain for 1 < k + 2m < 3 that

3k+mw2 i k+m
<C 74<_> m’
H ozkorm ||, = ) H
and by Corollary 2211
& wy —4, 4_-2
H a2 || = Cp~"pre™.
Using (3.12) and p? > 2= gives us the required result. O

Lemma 3.9. When p? > 22, wy, the solution of BI0d), satisfies the bounds
8kwL 82wL
Oxk ot?

Proof. The bounds on the derivatives of the space derivatives follow from Lemma
and the fact that

wr,(0,t) = (u—vg — wp)(0,t) — (v + w1)(0,¢).

ﬁ)k, 1<k<3 and H
5

<O+ pPe™h).

To obtain the bound on the time derivative we introduce the decomposition
wr(x,t) = wr(0,t)p(x,t) + ep 2 R(x, 1),
where the function ¢ is the solution of the boundary value problem

5¢zm + Na(oat)¢z = Oa S (Oa 1)7 ¢(Oat) = ]-7 ¢(1,t) =0.
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Note that, by using z"e~* < Ce™%/2, n.> 1, z > 0, we have

8k+m¢ HUNk —__paz
<(C(= (m+1)e |
’8xk8tm <C(0)e

Note that R =0 on I' and
p%eLe y R = wr(0,1)(u(a(0,) — a(x, 1)) ¢y + bg) + d(wr(0,1)¢)e.
Thus, using
Cu? 2 2 2

aw az  C oz
L R(z,t)| < —(1+ g)e‘“s ot < hAalWl =
€ € 5 €

one can deduce that

|R(z,t)| < Ce™ 5.
Finally, note that for 1 < k + 2m < 3,
k+m 2
0"t (L. 4 R) SC/L(H);C.
dxkotm € ‘e
Using Lemma [2.2] (extended to the case of k + 2m = 4) and noting the exponent of
(m + 1), implies that

—24
2o :

4. DISCRETE PROBLEM

We discretize (LI) using a numerical method that is composed of a fully im-
plicit upwinded finite difference operator LY on a tensor product mesh GN-M =
{(xi,t; )}fv (])VIJ _o» Which is piecewise uniform in space and uniform in time. We have
the discrete problem

LNMU(2;,t5) = 8°U + paDfU —bU — dD; U = f, (zi,t;) € GNM
(4.1a) U=u, (zi,t;) eTVM = GNM AT
where the finite difference operators D, D; , and 62 are
U(Tit,t;) — Uy, t))

DjU(xiatj): 33'-7-1_1" ’
i i

'L'yt' - i77t'

Dy U(wi, t5) U ;)_;J(xl - j),
i i—

_ U.’Ei,t' -U Titi_1

Dy Uz, ty) = ( ;?_tl(l ’ )7
J J—

and

DU (z;,tj) — Dy U(xi, t5)
(Tiy1 — Ti—1)/2 .
The piecewise uniform mesh in space QY consists of two transition points:

52 U(w, J) =

o — min{%,z/‘{%lnN}, p? <
min{i,u—ZlnN}, p? > =,
(4.1b)
oy — mln{4,§/£lnN} /ﬂﬁ%,
mln{4,7 N}, u22%.
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More specifically,

(4.1c) QN:{%‘WZ o1+ (i — )H, T<i<®™ },
l—og+(i— 332, W i<N

where NH = 2(1 — 01 — 02) and the mesh in time is taken to be uniform with
tj = 37, 7 =0,... M. We now state a discrete comparison principle for the finite
difference operator in ([£Ial), whose proof is standard.

Discrete minimum principle. If Z is any mesh function and LVMZ |anv < 0
and Z |FN,MZ 0, then Z |GN,M2 0.

A standard corollary to this is that for any mesh function Z,

(4.2) 1Z|| < CILNM Z|| + (| Z]| pv.aa

The discrete solution can be decomposed into the sum

(4.3a) U=V +W,+ Wg,

where the components are the solutions to the following:

(4.3b) LMy = f Vipna = vlpwm,

(4.3¢c) LMy, = o, Wrlpwwr = wi |,

(4.3d) LMy, = o, Wg|r~a = wg|pva.

Theorem 4.1. We have the following bounds on Wi, and Wg:
J

(4.4a) (Wi (25, t)] H 14+0ph) =V, Upo=C,
- N

(4.4b) [Wr(z),t)| < C H (1+0rh)) ' =Vg;, Upny=C,
i=j+1

where Wi, and Wg are solutions of ([&3d) and ({3d)), respectively, h; = x; — x;_1
and the parameters 01, and 0r are defined as

NaL] 2 o e VAL 2 < e
(44C) HL: 3&/5, IL’LZS%, QR: %y\/g) M2S,;,l€’
S At o M=o

Proof. We start with Wy. Consider ®F (z;,t;) = ¥r; + Wi (2;,t,). We have
INMEE(z; ty) = 62Uy, j + paDF Wy ; — bWy, ;. Using the properties

2 h;
Up; >0, DiWp;=—-0%p ;11 <0, and &2y ; =0,V ;4 ;;:1 >0,

we obtain

hijt
INMOE (25, t4) = €012V 544 ;L — pabp W i1 — by,
J

where h; = L;h] Rewriting the right hand side of this equation, we have

B

LYMeT < Wy, (2€9L2 (;TH - 1) + (2601,% — paby, —b) — 59th+1> :
J

Using this expression, we can show that for both values of 6, LN7M<I>%J- < 0. Now

using the discrete minimum principle we obtain the required bound (4.4al).
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The same idea is applied to Wg. Consider ®%(z;,t;) = \I/Ej + Wgr(zj, tg). If
pu? < T, it is easy to see that ®x(0,t;) > 0, ®r(1,t;) > 0, and ®r(x;,0) > 0.
However, in the other case we need to look at ®(0,%;) in more detail. We know
that

N
(4.5) ®5(0,tx) = CT[(1+ -hi) ™" £ Wr(0, ta).
i=1 2
However, given that e nhi < (1+ %hi)’l and e” % — e H Zitahi — Hf\il e_%hi,
we see using Lemma [3.6] that @ﬁ(o,tk) > 0.
Considering both cases together again,

LNMOT (x5, ty) = 02U g j + paDf Vg j — b¥p

and using
. ) 0> h;
\I/RJ < \IIR,j—Fla \I/RJ‘ > O, Dz \IJR,j = QR\I/RJ‘, and § \I/R)j = W\I}R’jﬁ’
J J

we obtain
LNMEE (25, ty,)

< Yri (o092 1) 4 (202 + pabp — b)(1 + Onhy) — 265D, ).

~ (14 6rhy) 2h; ’ !

Again, we can see that for both values of O, that LNM &% (x;, t;) < 0. Therefore,
we apply the discrete minimum principle to obtain the required bound (@4h). O

5. ERROR ANALYSIS

In this section, we analyse the error between the continuous solution of (I.I]) and
the discrete solution of ([&.1])

Lemma 5.1. At each mesh point (z;,t;) € GNM the regular component of the
error satisfies the estimate

(V=) (@i, ;)] < C(NTH+ MY,
where v is the solution of B.I0D) and V is the solution of (A3H).
Proof. Using the usual truncation error argument and (B.I1), we have
ILYM(V = 0) (i, t5)] < CLN T (ellvaaall + pllves ) + CoaM ™ lvge|
<SC(NP+ MY,
and we apply (£2) to obtain the required result. ([

Lemma 5.2. At each mesh point (z;,t;) € GNM | the left singular component of
the error satisfies the estimate

Ll N MY, i sce,
(Wi = wi)(@s )] < { C(N“'(InN)?+ M~1InN), if p? > Ce,

where wy, is the solution of BI0d) and W7, is the solution of (E3d).
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Proof. We use a classical argument in order to obtain the truncation error bounds
(5.1) [LNM (W, — wr) (@i, )]
< Cilhigr + hi) (el wrgaell + pllwres|) + CoM ™ wry .

The proof splits into the two cases of (a) o1 < § and (b) o1 = 1.

(a) We consider the case of 01 < 1. In this case the mesh is piecewise uniform.
First we analyse the error in the region [oq,1) X (0,7] and then we proceed to
analyse the fine mesh on (0,01) x (0,7]. To obtain the required error bounds in
[01,1) x (0,T], we will use Lemma [377 and (£4a)) instead of the usual truncation
error argument. From (£Zal) we have

N
4

40’1 -
Wiyt <C(1+0.1)
where 61 and o1 depend on the ratio of y? to € and are given in ([{.4d) and (£LIH),
respectively. For both these choices of 7, and o; we can show that
Wi(zx,t;)| < C(L+4AN " InN)~ 5.
Using the inequalizgy In(1+41t) > t(1 — %) and letting t = 4N~'In N, it follows that
(1+4N-1In N)~% < 4N~!. Therefore,
|WL(xi7tj)| < CN_I, (l‘i,tj) S [0’1,1) X (O,T]
Looking at the continuous solution in this region, we have from Lemma [3.7] that
lwr(z,t)] < Ce™® < Ce”17t < ON72,

for both choices of o; and ;. Combining these two results we obtain the following
error bounds in the region [oq,1) x (0,7] when oy <
(Wr —wr)(@i,t5)] <CN'
We now consider the fine mesh region (0,01) x (0,T]. We start with the case
u? < L=, In this case the truncation error bound is
C
(5.2) |LMMUVwag@@|g;%mﬂd+hg+cyw4.

Since 01 < i, we know that h;y1 = h; = f}%N*1 In N, and therefore we obtain
‘LN’M(WL — U)L)(.ﬁi,tj>| < (N_l InN + M_l).

We use [@.2) to obtain the required error bound. Next we consider the case of
uz > % Here we know that h;41 = h; = E—ZNfllnN. The bound on the

truncation error given in (B.1]) reduces to
2
MMWWFWM@MMgaNﬂmN+@N4%mN+@Mﬁu+Mfw
If we choose
wﬂm@ﬁdXNﬂmN+M4+«mfm%ﬁquN+M40
+ (WL —wi)(wi, 1))

as our barrier functions, we find that we can choose C' large enough, that both
functions are nonnegative at all points in GMM of the form (0,¢;), (x%,tj) and
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(74,0) and LV-Myp* < 0. Therefore, by applying the discrete minimum principle,
we obtain
(W —wi) (@i, t)] < C(N*l InN+ M+ ((01 - x)g) (N"'InN + M’l)).

Finally, using 01 = 5—3 In N, we have
(5.3) (W, —wg)(2i,t)] <C(N"HInN)?>+ M~ *InN).

(b) If o1 = § and p? < 2, then \/Z* < 8In N. Since (5.2) still holds, we obtain

‘LN’M(WL - wL)(xi, tj>| <y (N_l InN + M_l).
When p? > = and 0y = %, we have 2% < 8In N and then
|[LNM (W — wp)(w,t)] < C(N"HInN)2 + M~ In N).

In both cases we use [@2)) to finish. O

Lemma 5.3. At each mesh point (z;,t;) € GNM | the right singular component of
the error satisfies the estimate

(5.4) |(Wr —wr)(@i,t))] < C(N"'InN + M7,

where wg, is the solution of ([B.10d) and Wg is the solution of (43d).

Proof. (a) We consider the case of o9 < i. We will start by examining the region
(0,1 — 3] x (0,T). Using (£4L) we have

N

T

402 -
Wa(wsy )] < C(1+0a—2)
where 0z and o2 depend on the ratio of 42 to ¢ and are given in ({4d) and (@R,
respectively. We can show that for both choices of 0 and o3, we have

N
E3

Wz, t;)] < 0(1 FANTT lnN)_
and, using the same argument as with Wp,, we conclude that if
(25,t5) € (0,1 — 2] x (0,77,
then
\Wr(zi,t;)] <CN™L
Next, looking at the continuous solution in this region we have
lwr(z,t)] < Ce™ 2077 < Ce0292 < N
for both choices of o5 and #;. Therefore, we obtain the following bounds on the
error in the region (0,1 — 03] x (0,7] when o3 < 1:
(5.5) [(Wr — wr) (@i t)] <ON.

We now consider the fine mesh region (1 — g2,1) x (0,T], where Wg satisfies a
similar truncation error bound to that of Wy in (Bl). We start with the case of
p? < = As with Wi, (B1) simplifies to

C
(5.6) |ILNM(Wr — wr) (w4, t5)] < 7§(h¢+1 +hi) + CoM
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Since we are in the fine mesh region, we have h; 11 = h; = %N ~!1In N, and using
(E8) we now obtain

|[LNM(Wh — wg) (w4, t;)] < CtN"'In N 4 CoM L.

If p? > L=, using classical analysis we can obtain the following truncation error
bounds

[ILNVM(Wg —wr)(wi,t5)] < C1(higr+hi) (llwrgas || + pllwres ) + CoM ™ wryll-
Using the bounds on wg in Lemma [3.8 and Corollary Z2.1] we find that this
simplifies to
C

(5.7) |LNM(Wg — wg) (2, t5)| < Il(hﬂ1 + hy) + CoM ™1,
Since we are in the fine mesh region, we have h;11 = h; = BT“N ~!In N. Using (57
we now obtain

|[LNM(Wh — wg) (w4, t;)] < CtN"'In N 4 CoM L.

Use ([&2)) to finish in both cases.
(b) If 05 = § and p? < 25, then /2= < 8In N, and since (5.2) holds, we have

|[LNM(Wg — wr)(zi,t)| < CYN"'In N + CoM L.
If 4 > 22 and o3 = 1, then % < 8In N, and using (5.1), we obtain
|LN’M(WR — ’U)R)(.Z‘i,tj)‘ < ClN_l InN + CQM_l.
In both cases, we use ([@2]) to complete the proof. O

Theorem 5.4. At each mesh point (x;,t;) € GNM the mazimum pointwise error
satisfies the following parameter-uniform error bound

O I N) £ M), if <
(58) U —ullgrn < { C(N"YIaN)2+ M~'InN), if p2> Ce,

where u is the solution of (L)) and U is the solution of (@I).
Proof. The proof follows from Lemmas (.1l 5.2] and (.3 O

Remark 5.5. Tt is worth noting that the error bound (58] extends to the case of
—1 < pu <1, where the discrete problem is defined to be

(5.9a) LNMU(x;,t;) = €0?U + paD,U —bU —dD; U = f,  (w4,t;) € GVM,

p. - Do n<O,
! Df >0,
and the transition points in the piecewise uniform mesh in space are taken to be

min{%,%lnN}, w< —, /X

o
(5.9b) or = min{{, 2EWmN} |ul < F

min{%,i—iln]\f}, p>\/E,
min{i,‘ifa ImN}, p<—/E,
(5.9¢) oy = min {1, ;{%IHN}, lul < VE,

min{%,#ln[\f}, TRVE
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6. NUMERICAL RESULTS
The numerical method (@.1]), has been applied to the particular problem,
(EUze + p(1 + 2)up — u — ug) (2, t)
=162%(1 — z)?, (z,t) € (0,1) x (0,1];  wu|p =0.

In the numerical experiments we have taken N = M. We define the maximum
pointwise two-mesh differences to be

—2N
Dé\,];t = ||U51Yp, - UE"U‘HGN,M,

(6.1)

where Ugu are the piecewise linear interpolants of the numerical solutions UEJ\”M.
From these values one can compute the e-uniform maximum pointwise two-mesh
differences D} and the (e, p)-uniform maximum pointwise two-mesh differences
DY, which are defined by

N _ N N _ N
Dy = X D2 D7 = ey sy Deys
where R. = [272,1] and R, = [27%2,1]. Approximations for the order of local

convergence pY ,.» the e-uniform order of local convergence pfy and the (e, p)-uniform
order of convergence p" are computed from

N évu N D;Jtv N DN
P =logy =5, Py =108 —+ and p~ =logy —+.
e D2 0 D2N D2N

The numerical results presented in Tables [Il 2 and [3] are in agreement with the
theoretical asymptotic error bound (G.8)).

TABLE 1. The orders of local convergence pé\f ., and the e-uniform
orders of local convergence pﬁ[ generated by the upwind finite dif-
ference operator ({Ia) and the mesh (£Id) applied to problem
60) for 4 =272 and for various values of € and N(= M).

Number of intervals N(= M)

€ 8 16 | 32 | 64 | 128 | 256
20 0.62 | 0.76 | 0.87 | 0.93 | 0.96 | 0.98
272 10.76 | 0.89 | 0.95 | 0.97 | 0.99 | 0.99
2=% 10.80 | 0.90 | 0.95 | 0.97 | 0.99 | 0.99
276 1078 1 0.85|0.92]0.95]| 098 | 0.99
278 10.68|0.76 | 0.90 | 0.97 | 1.00 | 1.02
2710 1065 |0.76 | 0.86 | 0.93 | 0.97 | 0.99
2712 1061 |0.75]0.86 | 0.93 | 0.97 | 0.98
2= 1060|075 0.86 | 093] 0.96 | 0.98
2716 1059 |0.75]0.86 | 0.93 | 0.96 | 0.98
2718 1059075 0.86 | 0.93 | 0.96 | 0.98
2720 1059 |0.75]0.86 | 0.93 | 0.96 | 0.98
2722 1059 |0.75 | 0.86 | 0.93 | 0.96 | 0.98
2724 1059 [0.75 | 0.86 | 0.93 | 0.96 | 0.98
2726 1059 |0.75 | 0.86 | 0.93 | 0.96 | 0.98

PN _,—2 | 0.59 | 0.75 [ 0.86 | 0.93 [ 0.96 | 0.98
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TABLE 2. The orders of local convergence pg ., and the e-uniform

orders of local convergence pﬁf generated by the upwind finite dif-
ference operator ([{Ia) and the mesh (dId) applied to problem
@) for ;= 2719 and for various values of £ and N(= M).

Number of intervals N(= M)
€ 8 16 | 32 | 64 | 128 | 256
20 0.61 | 0.75 | 0.87 | 0.93 | 0.96 | 0.98
272 0.75 | 0.88 [ 0.94 | 0.97 | 0.98 | 0.99
274 10.800.90| 0.95| 0.98 | 0.99 | 0.99
26 0.86 | 0.93 | 0.97 | 0.98 | 0.99 | 1.00
278 0.92 | 0.96 | 0.98 | 0.99 | 0.99 | 1.00
271 10.93]0.97]0.99|0.99 | 1.00 | 1.00
2712 10.94]0.97 [ 0.99 | 0.99 | 1.00 | 1.00
2714 10941097099 ]0.99 | 1.00 | 1.00
2716 10941097099 |0.99 | 1.00 | 1.00
2718 10941097099 |0.99 | 1.00 | 1.00
2720 1094097 099|099 | 1.00 | 1.00
2722 1094097 ]0.99|0.99 | 0.99 | 0.99
2724 1094097098099 |0.99 | 0.99
2726 1094097098 0.99 | 0.99 | 0.99
| PN ,-10 [ 0.94]0.97]0.99 | 0.99 | 1.00 | 1.00 |

TABLE 3. The orders of e-uniform local convergence pfy and the

(e, u)-uniform orders of local convergence p¥ generated by the up-
wind finite difference operator (£1a) and the mesh ([@Id) applied
to problem (6] for various values of ¢, y and N (= M).

Number of intervals N(= M)
U 8 16 | 32 | 64 | 128 | 256
2° | 0.41|0.46 | 0.58 | 0.66 | 0.71 | 0.80
272 10.59 | 0.75 | 0.86 | 0.93 | 0.96 | 0.98
27% 10.85 091|097 098|099 | 1.00
27% 10.89 | 0.98 | 0.97 | 0.98 | 1.01 | 1.00
271010941097 ]0.99 | 0.99 | 1.00 | 1.00
2711095097 (099|099 | 1.00 | 1.00
2711095097 ]0.99 | 099 | 1.00 | 1.00
27221 0.95|0.97 | 0.99 | 0.99 | 1.00 | 1.00
| p¥ ]0.95[0.97 [0.99 ] 0.99 | 1.00 | 1.00 |
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