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NUMERICAL APPROXIMATIONS
OF THE 10-MOMENT GAUSSIAN CLOSURE

CHRISTOPHE BERTHON

ABSTRACT. We propose a numerical scheme to approximate the weak solu-
tions of the 10-moment Gaussian closure. The moment Gaussian closure for
gas dynamics is governed by a conservative hyperbolic system supplemented
by entropy inequalities whose solutions satisfy positiveness of density and ten-
sorial pressure. We consider a Suliciu-type relaxation numerical scheme to
approximate the solutions. These methods are proved to satisfy all the ex-
pected positiveness properties and all the discrete entropy inequalities. The
scheme is illustrated by several numerical experiments.

1. INTRODUCTION

Currently, many of the numerical simulations for compressible flows are proposed
within the framework of Euler equations. This system, related to velocity moments
of the Boltzmann equation, is based on the assumption that the gas is in local
thermodynamic equilibrium. Several recent applications consider a gas which moves
away from equilibrium. Since the main assumption is not satisfied, the classical
Euler equations cannot be used.

The computations of extremely low pressure rarefied gas flows from the reentry
of space vehicles enter the present framework where the local thermodynamic equi-
librium cannot necessarily be assumed. Also, we note several applications related
to the inertial confinement fusion where under-dense plasma is considered and the
effects of an anisotropic laser heating are studied [12].

When nonlocal thermodynamic equilibrium is assumed, several alternative ap-
proaches have been proposed. The first one, developed by Grad [15], considered a
13 moment closure but led to a system of equations which were not always hyper-
bolic. More recently, a new procedure was developed by Levermore [19] to generate
a hierarchy of moment closure systems. The simplest model is the Euler equations
with five equations. The second derived model, investigated by Levermore and
Morokoff [20], admits 10 equations: the 10-moment Gaussian closure model.

The recent work of Dubroca et al. [12] uses this model to study the effect of the
anisotropic phenomenon. Actually, the HLLE scheme [16] is used to approximate
the weak solutions of the model. Since the numerical simulation of flows governed
by this model are known to be difficult, the authors recommend a very robust
scheme. The accuracy of the approximate solutions is lost with a large numerical
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diffusion. In order to associate robustness and accuracy, we propose to develop a
relaxation procedure.

Motivated by the work of Liu [22] and Chen, Levermore and Liu [9], the weak
solutions of the 10-moment Gaussian closure are approximated by the weak solu-
tions of a system which aims at restoring not only the initial model but also all
its entropy inequalities. The main difference from the first relaxation scheme pro-
posed by Jin and Xin [I7] and studied by Natalini [23] and Aregba and Natalini
[1] is that only the nonlinearities related to the pressure law are relaxed. These
partial relaxation procedures have been introduced in distinct settings by Coquel
and Perthame [II] and Coquel et al. [I0]. More recently, several extensions of the
procedures have been developed by Baudin et al. [2] and Berthon et al. [4, [5] in
distinct framework but for very difficult numerical simulations.

In the present work, we pay particular attention to the stability properties. In
the framework of the usual 3 x 3 Euler equations, Bouchut [7] and Chalons and
Coquel [§] study the discrete entropy inequalities using two distinct approaches.
Related to the work of Chalons and Coquel [8], Berthon [3] proposes a third proof
which finds a direct extension in the present framework of the 10-moment Gaussian
closure model.

The derivation of the model and its main properties are presented in the next
section. The third section is devoted to the numerical procedure. In the first step,
we derive the relaxation model and establish its main properties. Next, we detail the
numerical method. In the following section, we prove all the stability properties.
Namely, we establish the positiveness of density and pressure, a set of discrete
entropy inequalities, and also a maximum principle for the specific entropies. In
the last section, the work is concluded by a numerical illustration of the scheme.

2. THE MATHEMATICAL MODEL

The flow under consideration is assumed to be governed by the 10-moment
Gaussian closure for gas dynamics. This gas is characterized by its density p > 0,
its velocity u € R3, and its anisotropic total energy tensor E € R® x R3. The
system of PDE which governs such a flow is given by [20]:

Op+ V- (pu) =0,
(2.1) O(pu) + V- (puVu+p) =0,
HE+V - ((E+p)Vu)=E(pp),

where V denotes the symmetric tensor outer product. The anisotropic pressure
p € R? x R? satisfies the following tensorial state law:

1 1
(2.2) E= 2pu\/u—f—2p.
The pressure tensor is assumed to be a symmetric positive definite tensor.

The collisional term = will be systematically omitted in the sequel. Indeed, the
present work concerns the numerical approximations of the weak solutions of the
first order extracted system from (2.1)); i.e., with a vanishing collisional term. This
approach enters the usual strategy where an operator splitting is considered (for
instance, see Dubroca et al. [I2]). The present work is devoted to the first step of
the splitting.

For the sake of simplicity in the forthcoming statements, we consider a bi-
dimensional flow. As a consequence, we do not resolve the unknowns associated to
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the third direction and the system (2] reduces from 10 unknowns to 6 unknowns.
Of course, all the results stated in the present paper easily extend to the full 3D
model. In addition, arguing the rotational invariance of the system (2.1I), we focus
our attention on the single dimension problem which rewrites after a straightfor-
ward expansion of (21):

8tp+3z(pu1):0, t >0, xER,

Oy (puy) + &c(pU% +p11) =0,

O(puz) + Oz (puruz + p12) =0,

(2.3) O0rF11 + 0:((E11 + p11)ur) =0,

0t Eag + 0, (Euy + praug) = 0,

1
OrEra + 0y (Er2ur + é(pnuz + prauq)) =0,

where the state law (2.2)) reads:
1 1 .
(2.4) L = o Puit + P 1< <3 <2,

With clear notation, it will be convenient to write (2.3]) under the following abstract
form:

Ow + 0,f(w) =0,

w = "(p, pus, puz, E11, B2, E12).
We have w : R x Ry — Q, where the state space €2 denotes the following open set:
(2.5) Q={weR% p>0, (u,uz) € R? py1 >0, pripaz — pia > 0}.

First, we state the following easy result, the proof of which is left to the reader
(see also Gombosi et al. [13]):

Lemma 2.1. The system 23)—24) is hyperbolic over Q and admits the eigenval-

ues
3
Uy, U1:|: ﬂ, u1:|: ]E
Vo p V »

The eigenvalue uy has two orders of multiplicity, and it is associated with a linearly

degenerated field. The other eigenvalues have one order of multiplicity. The eigen-

3p11
P

values uy + are associated with a genuinely nonlinear field while the last two

are associated to a linearly degenerated field.

In addition to the above result, we establish several conservation equations sat-
isfied by the smooth solutions of (23)). These additional laws yield to entropy
inequalities needed to rule out unphysical solutions.

Lemma 2.2. The smooth solutions w € Q of [23) satisfy

(2.6) OpF(s) + OppF(shuy =0, s:=s(w) = %,
2
(2.7) 0,pG(0) + OupG(o)ur =0, o :=o(w) = %,

where F,G : R — R denote smooth functions.
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Assume
il
(2.8) F=Foln, Fl(y) <0, 4 () < 1, Yy € R,
Fly) 3
(2.9) G=Goln, G'(y)<0 ~”(y)<1 Vy e R
' ’ TGy & '

Then both functions w — pF(s(w)) and w — pG(o(w)) are conver. As a conse-
quence, the pairs (pF(s), pF(s)ur) and (pG(c), pG(o)ur) define Lax entropy pairs
for the system (Z3):

(2.10) OpF(s) + OppF(s)ur <0 and 0ypG (o) + 0:pG(0)ur < 0.

Proof. As soon as the solution of (Z3]) is smooth enough, both momentum equations
can be developed to obtain

1

Opur + u10u1 + ;azpll =0,
1

O + u10zus + ;azpm =0,

so that we deduce

’I.L2 u2

(2.11) 5‘tp?1 + ampglul + u10:p11 = 0,
’I.L2 u2

(2.12) 5‘tp?2 + ampgul + u20:p12 = 0,
U1U U1U2

(2.13) Dup

1
9 + 53:/’?“1 + 5 (u20zp11 + u105p12) = 0.

Now, we subtract each kinetic energy p"i'; i for 1 <1 < j < 2 from the associated

total energy E;; to obtain after computations:

O¢p11 + u10zp11 + 3p110,u1 = 0,
Otp22 + u10:p22 + p220zur + 2p120;uz = 0,
Otp12 + u10:p12 + p110zuz + 2p120;ur = 0.
Since
O¢p 4 u10zp + pOyuy =0,
we have

1 3
3 (Owp11 + w10zp11 + 3p1105u1) — % (Orp + u10xp + pOyur) = 0,

which reads

8158 + ulams =0 with s==—7.

Now, for all F € C1(R) we write

WF(s) + u10,F(s) = 0.
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Since we have
P (0:F(8) + w10, F(5)) + 8 (0ep + Oppur) = OrpF(8) + OxpF(s)uq,

the relation (Z0]) is established. Concerning the identity ([27), a straightforward
computation gives

O(p11p22 — pla) + w105 (Pr1p22 — Piy) + 4(P11p22 — P1)dpus = 0.

Then we easily deduce

2 2
8tp11p224 P12 T ulaxp11p224 P12 _ 0,
P P
and the proof of ([Z7)) is concluded similarly to the proof of (2.6l).
Concerning the convexity result, as usual the proof is obtained when studying

the Hessian matrix of the functions w — pF(s(w)) and w — pG(o(w)) (see also
Godlewski and Raviart [14]).

To summarize our problem, we consider a conservative hyperbolic system (23]
completed by the entropy inequalities (2.I0)). Moreover, the solutions of this prob-
lem belong to the admissible state space ). Our goal is to propose a numerical
procedure to approximate the solutions defined in Q of (Z3)-(24) supplemented
by (ZI0)). To access such an issue, we will develop a relaxation scheme.

3. A RELAXATION METHOD

We propose to approximate the weak solutions of the system (Z3)—(@I0) by
the weak solutions of a relevant first order system with singular perturbations:
the relazation model. Several works are devoted to such approaches (for instance,
see Liu [22] or Chen, Levermore and Liu [9]), where the relaxation model aims to
restore the initial model completed by the entropy inequalities within the limit of
an infinite relaxation parameter.

Motivated by the work of Coquel and Perthame [I1], Chalons and Coquel [§],
and Baudin et al. [2], we propose a relaxation model which preserves most of
the nonlinearities of the initial system. These nonlinearities are kept in order to
enforce the contact waves associated to the eigenvalue uy of (Z3) to be solutions of
our relaxation model. In this sense, the present paper differs from the pioneering
work of Jin and Xin [I7], where all the nonlinearities are relaxed.

3.1. The relaxation model. Following the work of Suliciu [25] (see also [2,[8][TT]),
we propose a relevant modification of the pressure law. We suggest substituting
the pressures pi; and pi2 by the approximation 717 and 712, where these two new
variables are governed by

2
a
Oym11 + u10pm11 + ?33:“1 = Ap11 — 1),

2
a
Oym12 + w102 + ?39:“2 = Ap12 — m12).

The relaxation parameter a must satisfy an additional stability condition, the well-
known sub-characteristic Whitham condition [26], detailed later on.



1814 CHRISTOPHE BERTHON

Thus, we approximate the entropy weak solutions of (Z.3)-(24)-(2I0) by those
of the following first order system with singular perturbations:

Op+ 0z(pur) =0, t>0, z€R,
O (pur) + O (pui 4+ m11) =0,

0y (puz) + Oz (purug + m12) = 0,
0tE11 + 0 ((E11 + mi1)ur) = 0,
(3.1) 0t Ega + 0y (E2u1 + miauz) = 0,

1
O0tE12 + Oy (Erour + 5(7T11U2 + mou1)) =0,

Owpmin + Oz (pmiius + a2u1) = Ap(p11 — 1),

Opmia + Oz (pmigur + a’us) = Ap(p12 — m12).

As soon as the relaxation parameter A goes to infinity, from BI) we formally
recover the initial system (23]). Indeed, in this limit referred to as the equilibrium
limit, we have w11 = p11 and w12 = p12, and thus the conservation of the momentum
(puy and pus) and the total energy (E11, Fa and Fio) in (B]) gives those of ([23)).

Let us note from now on that according to the work of Liu [22] and Chen, and
Levermore and Liu [9], both systems ([23) and (BI) must satisfy compatibility
conditions to prevent instabilities in the regime of infinite A. These so-called sub-

characteristic Whitham conditions read as follows:
2

a
(3.2) e 3p11-

We will see that this condition enters in the analysis of the discrete entropy in-
equalities.
With clear notation, let us introduce the following abstract form of the relaxation

system (B1):

. { W + 0,F (W) = AR(W),

W = “(p, pus, pug, Ery, Eag, Erg, pmi1, pmi2),
associated with the phase space
V={WEeR?® p>0}.
In the flux function notation, we have introduced the subscript a to emphasize the
dependence on the relaxation parameter a.
In fact, the derivation of the relaxation model [B)) is dictated by a linear de-

generacy of all the fields, which makes it an easily solvable Riemann problem. The
first statement we give is devoted to the linear degeneracy property of the fields.

Lemma 3.1. Let be given a > 0 and assume X\ = 0. The first order system (3.1))
is hyperbolic for all W € V. It admits 1 = uy —a/p and pz = uy + a/p as
double eigenvalues and po = uy with a multiplicity four. All the fields are linearly
degenerated.

We do not give the proof of this result which turns out to be easy and usual
(see Godlewski and Raviart [I4]). In the next statement, we give the solution of
the Riemann problem for the relaxation system (B with A = 0. Since all the
fields are linearly degenerate, the Riemann solution is made of four constant states
separated by three contact discontinuities.
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Lemma 3.2. Let W, and Wg be constant states in V and define

(3.4) Wo(z) = { W Zi N

the initial data for the system BI) with A = 0. Assume that the relazation constant
a satisfies
a a
p(We) = (u)r — — <uj < p3(Wg) = (u)r + —,
(3.5) PL PR

ul = (u1)r + (u1)r n (m1)r — (7T11)R.

2 2a
Then the weak solution of the system B with A = 0 and for the initial data ([B.4)
is given by

W, if ¥ <m(Wy),
W(z,t) = Wi dif m(We) < § < pa(Whi),
’ Wo o if pe(Wa) < § <p3(Wh),
Wr if w(Wgr)< 7,
where po(W1) = ua(Wa) = uy. Let us set for all 1 <i<j <2
(wi)r + (wi)r | ()L — (m13)R
*
= 2 * % ’
* ™)L + (T1i)r | @
gy = ML R ), — ),
1 uf — (u1)r 11 (u1)p — uy
N 9 o + 9
p L a P PR a
(Bij)r  (ui)r(uy)r 1 -
. =) - 502 () (my) e — mmy5) s

((m10)r(m15) R — T1i715) S

202

Zu Z
Ejy=p' =5 +pley Ey=p 2j+p6”

Then the constant states W1 and Wo inV are defined as follows:

75

Wi = (pzvpzufaqunghaE£2aEi27Pz7Tf1apZ7T{2)v 1 S 1 S 2.

Proof. Since all the fields are linearly degenerate, the Riemann solution is made
of contact discontinuities. The ith discontinuity propagates the velocity p;. These
discontinuities separate constant states: Wo = Wy, W1, Wy, W3 = Wg. Two
consecutive states satisfy the Rankine-Hugoniot jump conditions associated with
the system (B3] with A = 0:

(3.6) —ui(W3) (W; = W,_1) + (Fo(W;) —F(W,_1)) =0,

with 1 < ¢ < 3. Since the coefficient a satisfies ([B.), which coincides with the
ordering of the three waves, the relations (3.0) easily yield the definition of the
intermediate states W7 and Ws.

To conclude the proof, we establish the positiveness of p' and p? which is a
direct consequence of ([BA]). Indeed, the linear degeneracy of each field implies
1 (Wr) = u1(Wh) and ps(Wg) = p3(Wa). Then, the condition ([BH) rewrites
pt >0 and p? > 0. O
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To conclude the presentation of the relaxation model, we propose to perform a
small perturbation analysis to give the first-order asymptotic system. This deriva-
tion is obtained by the Chapman-Enskog procedure (for instance, see Chen, Lever-
more and Liu [9], Coquel and Perthame [I1], or Liu [22]). To access such an issue,
let us consider the formal expansion of 717 and 75 in the form

1 1
T = P11+ Xﬂh + O(ﬁ)’

1 1
T2 = P12 + XW%Q + O(p)

From the evolution laws of pm1; and pmi9 in (B1]), we obtain the following first-order

correction:
2
a
1
Ty = — (; - 31011) Oz U1,

1 a?
g = —2p120,u1 — (? —Pu) Oz Us.

Equipped with these expansions, we deduce that the first-order asymptotic equilib-
rium system reads:

(3.7)

Oep + Ox(pur) = 0,

1
O(pur) + Ox(pui + p11) = 102 (1001),

1
O¢(pu2) + Oz (purus + pi2) = Xaw(2p12awul + 1205 uz),
1
0¢Evi + 0 (B +pi)w) = X&;(”Wlax?tl%
1
0¢Eas + 01 (Euy + praus) = Xax(2p12ulawul + vous0yuz),

1
O1E12 + 0y (Erour + 5(1’11&2 + p1aw1))

= ﬁa;c(yl'l/@axul + vou1 Opus + 2p12ur Opuy),

where we have set
2 2
a a
vy =— —3p11 and vy =— —pq.
P p

To complete the first-order asymptotic behaviors, we have to consider the full
system with the collisional terms E. In [20], Levermore and Morokoff prescribe the
following closure:

E=ApI—-p), p=apn+ (1 —a)pay,

where a € (0,1). In fact, the collisional term is nothing but a relaxation source
term which relaxes p1; to p and pi12 to zero. For the sake of clarity in this brief pre-
sentation, we consider the 1D problem: the velocity us in the orthogonal direction
is set to zero. We introduce the following total energy:

11—«

E=FE + Eoo.
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Using the Chapman-Enskog expansion, the relaxation model B3Il with the colli-
sional term gives the following formal first-order asymptotic equilibrium system:

Op + Ox(pur) =0,
1
(3.8) Or(pu1) + az(fm% +p) = Xax(ﬂlazul);

1
atE + 81((E +p)u1) = Xaz (plulﬁxul).

The state law satisfied by the pressure reads

2

p=(-1 <E—p%), 7€ (1,3),

where we have set v =1+ 2.
In the system (B.8]), we recognize the Navier-Stokes equations where the viscosity
function is given by

a2

H1 = — =P,
p

which defines a positive function as soon as the Whitham condition ([B.2]) is assumed.

3.2. The relaxation scheme. On the basis of the above relaxation model (B),
we propose to describe the numerical procedure which turns out to be usual in the
frame work of the relaxation scheme (see Jin and Xin [I7], Coquel and Perthame
[11], Baudin et al. [2]).

We consider a structured mesh in space and time defined by the cells I; =
[;_1,2;,1) and the time intervals [t","*1):

1
t" =nAt and =z, :(i—l—§>Am with 1€ 7Z, neN,

1
2
where At is the time increment and Az the spatial cell width.

As usual, we assume that a piecewise constant approximate equilibrium solution
wh(z,t") € Q is known at time t", defined by

wh(z, t") = wi' =" (o}, (pu1)7, (pu2)t, (B11)?, (Ba)?, (Er2)), x €1,

At the initial time, we set

1 [
wl = E/ e w(x,0)dz.

xiil

2

The approximate equilibrium solution is then evolved to the next time level t" 1! =

t"™ 4+ At by taking into account two steps.

First step: Evolution in time. We introduce W" € V such that for all 0 < ¢t < At,
the function W"(z,t" + t) is the weak solution of the Cauchy problem for the
relaxation system ([B.]) with A = 0:

(3.9) HW + 0, F,(W) =0,
for the following initial equilibrium data:
Wh(z,t") = WP
=" (o}, (pur), (pu2)i, (B11)}, (B22)7, (Ew), (prn)7, (pmi2)?), @ € L
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where (711)? = (p11)? and (m12)" = (p12)?. With some abuse in the notation, we

have set

Under the CFL-like condition
At 1
. J— n p n < Z
(3.10) A 0ax (lu (W)l lus (W) < 5,

the solution W’ at the time t" + At is made of the juxtaposition of the non-
interacting Riemann problem solution set at the cell interfaces x;, 1 for i € Z.
Next, the projection of this solution on the piecewise constant functions gives

., 1
woth- _ 1 i+3
7

-5/ Wh(z, " + At)dz.

1

-2

In fact, a local definition of the parameter a at each interface x;, 1 can be consid-
ered (for instance, see Coquel and Perthame [II] or Baudin et al. [2]). At each
interface z;, 1, we choose Wy = Wi and Wgr = Wi, to define the parameter
a;4 1 according to the Whitham condition (.2) and the ordering condition (3.5).
Assuming the CFL restriction (3.I0), the relaxation parameter a may vary from
one interface to another. For convenience in the sequel and to emphasize the ad-
missible local choice of the parameter a, we rewrite W?H’* arguing the formalism
introduced by Harten, Lax, and van Leer [16]:

1

(3.11) Wi = O (Wr(WE, W)+ WL (W] W)
where
2At [©
WL(WL,WR) = A Wa(é.a WvaR) df
Az | as
(3.12) £
2At
= Wi — == (Fu(Wa(0; Wi, Wa)) — Fu(W2))
and
2At TAT
Wr(Wp, Wg) = — W, (& Wi, Wg) dé
(3.13) Az Jy

= Wg— 7 (Fo(Whr) = Fo(Wa(0; Wi, Whg))).

The function W, (.; W, Wg) denotes the solution of the Riemann problem for
B3) where the initial data is prescribed by ([B4]). The index a has been introduced
to emphasize the dependence on the relaxation coefficient a.

As soon as W, and Wg are defined from the equilibrium states wy and wg, it
is crucial to note from now on the following identities:

Fa(WL)|[P;PU1>PU27E11,E22,E12] = f(WL)’
FG(WR)‘[P,pulypuzyEn,En,En] = f(WR)7

where the notation Fo(.)|(p, puy . pus, By, Eas, Br) denotes the restriction of F, to the
component (p, pu, pug, E11, Ez2, E12).
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Second step: The relaxation. At time t = t" + At, we define the updated approxi-
mate equilibrium solution w"+(x) as follows:

w () = (I (pun) T (pun) T

(3.14) ) X )
(Bv)f 7 (Ba) 0 (Bro)i ™ ’_>, x €I,
and we set (m11)]T = (p11)? and (m2) 7Tt = (pro) T
In fact, this second step amounts to solving the system
AW = AR(W)

with the piecewise constant approximation W?H’* as initial data while A tends to
infinity.

A summary of the scheme. To summarize, the numerical procedure we just de-
scribed enters the classical framework of the usual finite volume methods exactly:

At
n+1l __ n n n
(3.15) Wi =W (fH% *fi,%) ,
where the numerical flux function is defined by

£,y = £(wh,wi,)
=Fa,, (W, (05 WD) WD) s s Brr s ol

with W7 = W (w?) defined according to the equilibrium, i.e., (711)? = (p11)? and
(m12)7" = (P12)7-

(3.16)

4. THE ENTROPY INEQUALITIES

The present section is devoted to establishing all the required stability properties
satisfied by the scheme ([BI0)—(3I0). Namely, we establish the discrete formulation
of all the entropy inequalities (2.10). In addition, we prove that the updated ap-
proximate solution wf“ belongs to the admissible state space (2 as soon as w}* € Q.
All these expected properties are obtained when assuming the CFL-like condition
BI0), the Whitham condition ([B.2]), and the ordering condition (31]). No addition
restrictions are assumed to establish the stability result. Now, we state our main

result:

Theorem 4.1. Consider the relazation scheme BI10)-BI6) and assume the CFL-
like restriction BI0), the Whitham sub-characteristic condition [B.2), and the or-
dering condition (D). Assume that wi* € Q for all i € Z. Then the updated
approximation W;H_l belongs to Q) for alli € Z:

2
(4.1) pitt >0, (p)iT >0, (p)! T (22T = ((pr2)itY)” > 0.

In addition, the following discrete entropy inequalities are satisfied for all i € Z:
(42)  pHEET) = FD) + 1 (pF(uly —{pF(shu)y ) 0,

(43)  AIGor )~ pEG(or) + e (16}l y — {pGlo)m)ly ) <0,
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where
o F L )i ) — (2))?

S = , 0, =
VDL (pi")*

The functions F and G satisfy the convexity assumptions Z8) and 23), respec-

tively. The discrete entropy numerical flux functions are defined as follows:

F(sp) i ()7 >0,
F(si 1) otherwise,

(4.4) {pF (g = )7y X {

(4.5) {pg(U)ul}H-% = (fp)i+% X G(ofy,) otherwise,

{ Glop) i (E)2, >0,

where (fp);ﬂr% is the first component of the numerical fluz function ([B.I0).

Moreover, the following mazimum principles are satisfied:

(4.6) s7T > min (siy, s, 500) o™ > min (o8 1, 00,004),

and
F(sph) <max (F(siy), F(s7), F(sP1))
G(op ™) < max (G(a11),G(07"),G(0741)) -

To prove the above theorem, we need the following three results where we es-
tablish, as soon as the Whitham condition (32) is satisfied, that the relaxation
entropies decrease in L!-norm in the relaxation procedure. Its minimum will be
seen to coincide with the equilibrium entropies. The relaxation entropies are thus
compatible with the relaxation procedure in the sense of Chen, Levermore, and Liu
91

(4.7)

The first result is devoted to the characteristic variables for the system ([B.3]). For
the sake of clarity in the notation, we introduce the internal energy per direction:

peij:Eij—Puizujy 1<i<j<2,

to rewrite the pressure laws as follows:

pij = pij(T,€ij) = 2&7 1<i<j<2,
T

with 7= 1/p.
Lemma 4.2. Let us set

I =m + ar,
(48) 7T2 7T2 ™

11 12 11712

X=€11—T¢2, Y=€22—T¢2, Z =en — 942
The weak solutions of [BA) satisfy with no restrictive condition:
(49) 8tp(p(I>X,Y7 Z)+amp90(ja XaKZ)ul :07

where ¢ : R* = R denotes an arbitrary smooth function.

In the next statement, we propose entropies for the system (B3] compatible
with the equilibrium entropies (2.6]) and (27). These relaxation entropies will be
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a function of the characteristic variables (I, X,Y, Z) and defined over the following
open subset of R*:

w= {(I,X,Y,Z) € RY:

V(7 e11,e22,€12) € Ry, a1 —3pyi(7,e11) >0,

(4.10)

1
I=pu(ren) —l—a27, X =e1— ﬁpn(ﬂ 611)2,

1 1
Y = e — ﬁpw(ﬂ 612)2, Z =e12 — ﬁpn(ﬂ 611)1712(77 612)}-

In fact, all points in w coincide with an equilibrium state and satisfy the Whitham
condition ([B2]). Specifically, let us assume that the Riemann initial data (3.4) for
the system ([B9) coincide with an equilibrium, i.e., (711) g = (p11)r and (712)Lr=
(p12)Lr- Then for all points of the Riemann solution, the point (I, X,Y, Z) defined
by (@) belongs to w. Indeed, since the left and right states of the initial data
are defined by equilibrium states, then (I, X,Y,Z) g belongs to w. Now, since
(I, X,Y, Z) satisfies (£9), it takes solely the values (I, X,Y,Z); or (I,X,Y,Z)r
and thus belongs to w. It is crucial to recall that, for the Riemann problem of
B3), the relaxation procedure considers initial data which are at the equilibrium
systematically. As a consequence, the above remark can be applied systematically.
Across the relaxation procedure, always we consider points (I, X, Y, Z) in w.

Lemma 4.3. Let I, X, Y, and Z, functions of (7, e11, eaa, €12, 11, T12), be defined
by @8). There exist unique functions 7(I,X,Y,Z) : w — R and €;;(I,X,Y,Z) :
w—R, with1 <1i<j<2, such that

(411) 77_([7 XY, Z)|{71'11:;011(7'7611),7712:1312(7',612)} =T

(412) éij(jv X.Y, Z)|{7T11:P11(7'7611)771'12:1712(7,612)} = €ij-

Let us set

(4.13) s=pu(r.e11)™, &= (p11(7,e11)p2a(7, &) — p12(7, €12)°) 7.

Then the weak solutions of BA) satisfy

(4.14) OpF(8) + OppF(5)ur =0,
(4.15) OpG(6) + 0z pG(a)ur = 0.

Let us note from now on that the linear degeneracy of the system (B3] and the
transport equations satisfied by F(5) and G(7) imply that the Riemann solution of
B3), detailed in Lemma [32] satisfies

51), if § <uj,
), otherwise,
if $ <y,
otherwise.
In addition, if we assume that the left and right states are equilibrium states, then

we have (EL, ER) = (SL,SR) and (5’L,5'R) = (O’L,O'R).
The last result concerns the minimum principle on the relaxation entropies:
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Lemma 4.4. Let I, X, Y, and Z, functions of (7, €11, €aa, €12, 11, T12), be defined
by [A8)) and let 5 and & be defined by [@I3). Then

max s$=35
(m11,m12) ER?

{m11=p11(7,e11),m12=p12(Te12)} = >

(4.16) L
max & =0

(m11,m12) ER?

As a consequence, for all F and G which satisfy (Z8) and 29) respectively, the

following minimum principles hold:

(4.17) min  F(5) = F(s) and min _ G(a) = G(o).

(m11,m12) ER? (m11,m12) ER?

{m11=p11(7,e11),m12=p12(,e12)} = O+

Equipped with these three lemmas, we establish our main result.

Proof of Theorem [l First, from the identities (B.11)), BI12), 3I3), and (314,

the updated density pI'** reads:
Ax
At [2ar At [0
ntl _ —7 . W™ W) d =0 . WP W) de
7 A.’L‘/O Pl,%(f, i—1> 1) §+ A.’II 7%pi+%(§, i 2+1) 5

Under the ordering condition ([3.3]), we have p,(§; Wi, Wg) > 0. Then immediately
we obtain the positiveness of p?“ for all ¢ € Z. To conclude the proof of the first
statement, (4.]), we have to establish the maximum principle, (£71). Indeed, since
the functions F and G satisfy (2.8) and (2.9), directly we deduce (@8] from [@7).
Now, we have w}* € Q which implies

s n n n 3 n n n
min(sj_,s7,si41) >0 and min(o}' 07, 07,) > 0.

As a consequence of [@6]), we obtain S?+1 > 0 and Ji"H > 0, but for

1 1 2
na1 (1)t 4 ontl_ (p11)7 (p22) 7™ = ((pr2)? 1)
LTy T T (o) |
T (3
n+1

Arguing the positiveness of p;' ™", property (1)) is proved.

To establish (1), we recall that, under the CFL restriction (BI0), the function
W"(z,¢" + At) denotes the solution at time "+ At of the Cauchy problem (3.9) for
the piecewise constant initial data: the equilibrium state W7'. With clear notation,
we introduce I", X" Y" and Z" to define 5" according to the notation introduced
in Lemma[d3l We assume (2.8)) and ([2.9)) to enforce the functions w — pF(s) and
w — pG (o) to be convex. We focus our attention on the function pF(s), while the
maximum principle [@7) for the function pG (o) is obtained by similar arguments.

Arguing (BI4), a direct application of the well-known Jensen lemma gives

(4.18) L E(sh ) < Aix / RS e, 7+ AL) da, i€ T

Now, the minimum principle ([£I1) gives

I
4.19 L E(n T < —/ ot min F(3M)(z,t" 4+ At) da
(419) P F (7)< A SR (8")( )
i-g

1 [T
(4.20) < A—x/ O EE ) ot + AL dx, €T
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In addition, over each interval I; = [x; 1,2, 1) the functions I", X" Yh and Z"
admit at most three values: ((I,X,Y,Z)} |, (I,X,Y,2)},(I,X,Y,Z)}, ), respec-
tively. As a consequence, the function 5" over the interval I; admits at most three
values: si_;, si and s}, ;, which completes the proof of (&.T]).

Next, we prove the discrete entropy inequality (£2]), while the second one, (£.3),
is obtained by an easy adaptation. From Lemma [£3] we know that the solution
W' of [39) satisfies

Oup" F(5") + 0up" F (M)l = 0.

By integration over (z;_1, ;1) x (t",¢" +At), after a straightforward computation

we obtain
1 Titd

o [T FEE) ) de - g F (T

1
2
At " N
A ( {pF(s)ur}iys — {pF(s)ua}i s ) -0,
where the numerical flux function {pF(s)u1}?, , is defined by (.4]). The sequence of
2

inequalities (AI8))-(@20) immediately gives the expected discrete entropy inequality
([#2). The proof of the theorem is thus concluded. O

To conclude the present section, successively we prove the three intermediate
lemmas.

Proof of Lemma 2 First, we assume that the solutions of system (B.9) is smooth
enough. From the relaxation equations which govern pu; and pus, we deduce that
2 2
u u
8t071 + 31P?1U1 + 10,71 =0,
2 2
u u
@,072 + axpful + g0y w2 = 0,

ULU ULU 1
12 2 4 8;1#)%“1 + 3 (u20;m11 + u10,m12) = 0.

Oip

We subtract each relaxation kinetic energy p% from the associated relaxation
total energy to obtain

O¢perr + Ozperiug + m10zu; = 0,
Opeas + Ozpessur + m120,u1 = 0,

1
Opers + Oz perauy + 3 (m1103u2 + m1205u1) = 0.

Arguing the continuity equation Oyp + 0,pu1 = 0, we rewrite these three equations
above as

™
Ore1r + u10zer1 + %a’vul =0,

™
Ogean + u10ze2s + %axm =0,

1 /m T
Ore12 + u10ze12 + = (—11 U2 + e 39:“1) = 0.
2\ »p p
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In addition, the approximate relaxation pressures m1; and 7o satisfy
2
a
Oym11 + 10,11 + ?817“ =0,

2
a
Oymi2 + u10,m12 + ?817/62 =0,

which gives, after multiplied by 711 /a? and 712/a?, respectively,

11

2
a,f” 18, ”“ +—a w =0,
at +ua7”2+@am_o

1
atﬂnﬂu 18 7T117T12_|_<7T;16x 2_|_ ; 8 ):0.

2a? 2a? 2
We immediately have
(4.21) X +u10; X =0, Y +u10,Y =0, OZ+u0,Z=0.
Moreover, from the relaxation continuity equation, we deduce
O + 0y — 20,uy =0, 7=,
P P

to easily obtain
(4.22) O, + uy 8,1 = 0.
Now, let us consider a smooth function ¢ : R* — R. We deduce from (21 and
([@22) the transport equation

aﬁD(I,X,Y, Z) +u18§8(p(17X7KZ) = Oa
to obtain the expected conservation equation ([£9). Since the system (39) only
admits linearly degenerate fields, the weak solutions of (B.9]) also satisfy (£9). O

Proof of Lemma 3l For the sake of simplicity in the notation, we set M =
(I,X,Y,Z). For all M € w, we search functions 7 : w — R and &; : w — R
which satisfy

I = pu(7(M), e11(M)) + a®7(M),
X = en(M) = 5 (F(M), e (M),
(4.23) - 1 - )
Y = e22(M) — 5 5p12(T(M), €12(M))7,
2 = e (M) = 5 5pua (F(M), e (M)pialr(M), exz (M)

By definition of w C R*, for all M € w the above system admits a solution which
satisfies the Whitham condition ([B2)). Now, this solution is shown to define a
unique function. To simplify the notation, we omit the dependence on M.

First, we focus on 7 and é;;. We write

pi1(7,é11) = I — a7,
and then

1 2

—\2
(4.24) en=X+g5(-a’7),
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to obtain .
I=a*7+pu(7, X + 2*2(]*@2?)2) = 0.(7).
a
Moreover, the function ©, is increasing:
1
@;(77') = - (aQ? - 3p11(?,(§11>) >0,
T

which concludes the existence and uniqueness of 7 but also €;; by (£24). In addi-
tion, we note that 7 and €17 only depend on (I, X) and not on (Y, Z).
Concerning €55 and €12, we have

(4.25) oa(M) =Y + 2—;1912(%(1,)(), e12(M))?,
Z .= 6812 (512)

(4.26) . 1 _ _ _
= e12(M) — T‘szll(T(IaX)a611(1,X))P12(T(I,X)a€12(M)),

where the function ©.,, is increasing:

1
C.-'):312 (612) = % (GQ? _pll(?aéll)) > 0)

and then we have the existence and uniqueness of €15 but also éss.

Now, with (7, e11, €22, €12) fixed, we show that 7 =T and &;; = e;;, 1 <i < j < 2,
as soon as the equilibrium is reached: m1; = p11(7,e11) and w2 = p12(7,e12).
Arguing the definition of X and I, given by (£J)), the equation ©,(7) — I = 0 is
rewritten as

(1) =0,
with
2 a’ 2

0N (7)) =a*(T—7)+p11(T, e+ 7(? —7)° +pu(ren)(t—7)) —pi(ren),

where 7 is the unique solution since the function ©%¢ is increasing:

(©21)(7) = ©(7).
Moreover, since at the equilibrium we have 7 = 7, from the identities (£24)), (£25),
and (£26) we immediately deduce €;; = e;; with 1 <17 < j <2,

To conclude the proof, we recall that all functions of M satisfy ([@3). We
note that s and & are functions of the variable M and defined by (£I3)). As

a consequence, we immediately deduce that the functions M — F(5(M)) and
M — G(5(M)) satisfy the expected equations [@I4)) and ([@IH), respectively. O

Proof of Lemma 4l The proof is obtained after the computation of the derivatives
of the function § and & understood as the function of (7, e11, €22, €12, 711, T12) When
I, X, Y, and Z are defined by (4.8]). We skip this easy but long computation, and
we give the following result:

ds _ p11(7,€11) —T11 3 03 _0

(97'(11 a2(a27__ - 3p11(7_—, éll)) ’ 871'12 ’
doe 273 o o - o

omyy = ? (Pzz(T, 622)(]911(7—7 611) - 7711) + plg(T, 612)(]?12(7', 612) — 7712)) ,
o 273

oms a2 (p12(7, €12)m11 — p11 (7, €11)m12) -
12
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We immediately obtain that the equilibrium manifold {m; = p11(7,e11), 12 =
p12(7, €12)} defines the unique extrema of the functions s and . By computing the
second order derivatives of § and &, we establish that these extrema are, in fact,
maximum. (]

5. NUMERICAL RESULTS

In this section, we perform numerical experiments obtained with the relaxation
scheme (BID)—-(BI16). We propose to consider several Riemann problems over the
interval (—0.5,0.5), the initial discontinuity being located at © = 0. We use a
uniform mesh made of 500 cells. The CFL number fixed to 0.5 according to the
CFL condition (3I0). All the results we display are systematically compared with
the exact Riemann solution and the approximate solution performed with the HLLE
scheme (see [16]) and the Lax-Friedrichs scheme (see [14] [I8]), except for the last
test.

The first test is characterized by the following initial data:

14 Uy | U2 | P11 | P12 | P22
left state 1 0 |0 |2 0.05 | 0.6
right state [ 0.125 {0 |0 0.2 |01 |0.2
This test is the classical Sod shock tube. The numerical results for ¢ = 0.125 are
displayed in Figure [l The numerical solutions obtained with the HLLE scheme
and the relaxation scheme have the same accuracy, while the Lax-Friedrichs scheme

density x-velocity y-velocity
1 5—=a HLLE 0,8 0,4 —
1 Y o—= Lax Friedrichs u
] § O—© Relaxation 7 0’3 —
0.8 ‘ 0.6 -
0,6 0.4 ] 0.2
J 7] 0,1 -
04— 02— &b 0]
0,2 0 —speasi? -0,1 — B 4
T T T T T L I L L
-04-02 0 02 04 -04-02 0 02 04 -04-02 0 02 04
(x,X)-pressure (X,y)-pressure (y,y)-pressure

{ 0 :
T T T T T T T T T
-04-02 0 02 04 -04-02 0 02 04 -04-02 0 02 04

FIGURE 1. Sod tube problem: exact solution (fill line), relaxation
scheme (o symbol), HLLE scheme (O symbol), and Lax-Friedrichs
scheme (¢ symbol).
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gives a very diffusive approximation. We note a better accuracy for the relaxation
scheme when approximating the contact wave. This is emphasized by the following
table where, we give the ['-norm of the error in %:

14 Ui Uz P11 | P12 | P22
Relaxation 0.75 1 0.73 | 1.01 | 0.89 | 0.38 | 0.60
HLLE 1.08 { 0.70 | 1.23 | 0.86 | 0.45 | 0.78
Lax-Friedrichs | 1.70 | 1.66 | 1.65 | 1.98 | 0.66 | 1.14

In the second test, we consider the following initialization:

P | UL | U2 | P11 | P12 | P22
left state 11 |1 |1 0 1
right state | 1 | -1 | -1 |1 0 1

The exact solution is made of two shock waves separated by a contact discontinuity.
The numerical approximations for ¢ = 0.125 are displayed in Figure[2l Both HLLE
and relaxation schemes give accurate solutions. However, we observe a larger spike
for the relaxation approximation in the 2-contact discontinuity for the density and
the pressure pos. Let us note that these spikes are standard in the framework
of the classical Euler equations. Indeed, not only the relaxation scheme but also
the Roe scheme or the Osher scheme (for instance) involve the same spikes when
approximating shocks resulting from two opposing hypersonic flows (see Liska and
Wendroff [21] or Noh [24]). This difficulty is preserved in the present framework.

density x-velocity y-velocity
_ 1 1
_ —=a HLLE»
1,4 05— o5 relmaton
i 0 - %.
1,2 J
J -0,5 —
1—44 nL» 14 (& s &
T T T T T T T T T
-04-02 0 02 04 -04-02 0 02 04 -04-02 0 02 04
(X,X)-pressure (X,y)-pressure (y,y)-pressure
4 — h 2,5 -
J 5 ? g
37 1,5
1_
2 4 &
| 0.5 ] 4
I#y—v—y—v—yi%' 0—'—;- At—> d
T T T T T T
-04-02 0 02 04 -04-02 0 02 04 -04-02 0 02 04

FIGURE 2. Two shock waves problem: exact solution (fill line),
relaxation scheme (o symbol), HLLE scheme (O symbol), and Lax-
Friedrichs scheme (¢ symbol).
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The next test is obtained with the following left and right states:

p | Ul Ug P11 | P12 | P22
left state 21-05]-05|151]05 |15
right state | 1 | 1 1 1 0 1

In contrast with the previous test, at this time the exact solution is made of two
rarefaction waves. The numerical approximations for ¢ = 0.15 are displayed in
Figure Once again, HLLE and relaxation schemes give approximate solutions
in good agreement with the exact solution. However, both schemes do not predict
accurate intermediate states for the pressure poo with this level of mesh refinement.
Of course, good prediction of pyo is obtained as soon as the mesh is fine enough.

The last numerical test is devoted to improve the robustness of the relaxation
scheme. Indeed, the initial data is not assumed to belong to the hyperbolic domain
Q. However, the numerical results displayed in Figure [ show that the approximate
solutions obtained by the relaxation scheme seem to converge to a solution of the
initial system. We consider the following left and right states:

14 Ui Uz | P11 P12 | P22
left state 2 1.05 |10 |-0.2051| 0.05 | 0.6
right state | 0.125 | 0 0 0.2 0.1 0.2

where we note that the left pressure pi; is negative. Actually, severe numerical sim-
ulations (for instance, see Berthon and Dubroca [6]) involve physics which impose

density x-velocity y-velocity

o—a HLLE

1,8 - o—= Lax Friedrichs | (),8 -
1’6 _— O—© Relaxation 0’6 7
1,4 4 0,4 —
1,2_' 0,2 —
1 0
0,8 -0.2
0,6 . & -0,4 — 4
T T T T TN TTTTTTOT
-04-02 0 02 04 -04-02 0 02 04 -04-02 0 02 04
(X,X)-pressure (X,y)-pressure (y,y)-pressure

T T T T T T I'I'I"I
-04-02 0 02 04 -04-02 0 02 04 -04-02 0 02 04

FIGURE 3. Two rarefaction waves problem: exact solution (fill
line), relaxation scheme (o symbol), HLLE scheme (O symbol),
and Lax-Friedrichs scheme (¢ symbol).
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density x-velocity y-velocity
50
] &——6 500 points 1 0’2 ] %
40 __ —— 5000 points 0 T
30—_ os 0.2
20 — ] _0,4__
10 — i -0,6—_
i 0— ]
L L R ISR L Sy B B N B
-04-02 0 02 04 -04-02 0 02 04 -04-02 0 02 04
(X,X)-pressure (X,y)-pressure (y,y)-pressure
0,4 2,5 10
0,2 — 2 — 8 —
] 1,5 - ]
0 i 6]
i 14 7
-0,2 . 4 i
i 0,5 — 2 -
-0,4 — 0 ] S .
T T TTTd T T TTTd 0 T
-04-02 0 02 04 -04-02 0 02 04 -04-02 0 02 04

FIGURE 4. Nonhyperbolic problem: approximate solutions ob-
tained with the relaxation scheme for a mesh made of 500 cells
(o symbol) and 5000 cells (fill line).

that the trace of the pressure tensor is positive but do not impose a positive pres-
sure tensor. In Figure Bl we observe that the trace of the pressure tensor remains
positive during the simulation. Of course, since the pressure pi; is negative, both
HLLE and Lax-Friedrichs schemes do not iterate. In Figure [d we just display at
time ¢t = 0.1 the numerical solution obtained with the relaxation scheme where two
levels of mesh refinement are considered; respectively 500 and 5000 cells.

trace of the pressure
10

—— 5000 points
6—>o 500 points

0 ‘
05 03 0.1 01 03 05

FI1GURE 5. Trace of the pressure tensor in the case of the nonhy-
perbolic problem.
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