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DEPENDENCY OF UNITS IN NUMBER FIELDS

CLAUS FIEKER AND MICHAEL E. POHST

ABSTRACT. We develop a method for validating the indepencence of units in
algebraic number fields. In case that a given system of units has a dependency,
we compute a certificate for this.

1. INTRODUCTION

A key problem in computational number theory is to decide whether a given
system of units {e1,...,¢;} is (multiplicatively) independent, i.e., to decide if for
some z = (21,...,2) € Z!, z # 0, we have

l

Zi
H‘fz‘ =
i=1

This problem occurs naturally during the computation of class groups or unit groups
and is therefore important for most applications.

There are known algorithmic solutions for this problem (e.g., the use of MLLL
[8] or a real-ged [3, Algorithm 6.5.7]), but they lack reliability in the sense that
they utilize real arithmetic and do not provide rigorous error analysis.

In our new approach, we use a different numerical method to check for depen-
dencies (with an error analysis) and then use any of the above methods to find a
dependency.

2. NOTATION

Throughout this section and the subsequent ones F' denotes an algebraic number
field of degree d over the rational numbers Q. We assume that it is generated by a
root p of a monic irreducible polynomial

f@) = tt+ait 44 aq € Zt).

Over the complex numbers C the polynomial f(t) splits into a product of linear
factors

d
7 = JIt =9,

Jj=1
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where the conjugates p = p™), ..., p(@ are ordered as usual; i.e., p(I), ..., p(") € R
and pmHD . pld) € C\R subject to p("1+7) = plri+r2+i) (1 < j < ry), and where
p denotes the complex conjugate of p. In particular, we have

d=r1+2r;.

Any element a of F' can be presented as a linear combination of 1, p,...,p% 1,

with rational coefficients. Substituting p/) for p in that presentation, we obtain
the jth conjugate a9 of « (1 < j < d). Arithmetical problems usually require
computations with algebraic integers contained in F'; i.e., those elements of F'
whose minimal polynomials have coefficients in Z. They form a ring or with a
Z-basis wy, . ..,wq (integral basis of F'), the so-called maximal order of F. In the
remainder we fix some integral basis. Any element 3 of F' is then presentable by a
vector of d rational numbers via

d
B = Zbiwi (b; € Q).
i=1

We note that § is in op precisely if all b; are rational integers.

For a matrix A € R** we write || Ao for the largest entry (by absolute value)
of A and likewise for vectors. We write ||x||2 to denote the usual Euclidean norm
of a vector x € RL.

A positive definite matrix B € R*! gives rise to a positive definite form Q :
R™ — R : x — x" Bx. By d(Q) we denote the discriminant of this quadratic form,
i.e., d(Q) = Vdet B. Let M;(Q) be Minkowski’s successive minima of Q:

M;(Q) = r/\nig{ﬂxl, ..., x; € 7! linearly independent with Q(x;) < A}
>

and let 7; be Hermite’s constant. We will make extensive use of the well known
theorem ([11]):

Theorem 2.1. For all quadratic forms Q we have
1
d(Q)* < [[ Mi(Q) < 41d(Q)*.
i=1

3. THE UNIT LATTICE

By the Dirichlet unit theorem, the unit group O* of any order O in F' is of the
form

OX=<C>><<E1>X~~'X<Er>§CwXZT7

where r := 11 + ro — 1 is the unit rank and ¢ is a primitive wth root of unity and
generates the torsion subgroup. Any system of generators Fy, ..., E,. of the infinite
part is called system of fundamental units.

As usual, the logarithmic map is used to transfer the multiplicative property of
dependence/independence of units to the more familiar linear (in)dependency of
real vectors:

L:0 =R e (clog o)) 1ciryon,,

where the weights ¢; are chosen according to the infinite places: ¢; ;=1 for 1 <i <
r1 and ¢; := 2, otherwise.
We have the following well known results ([L1]).
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Theorem 3.1. The units €1, ...,&; are multiplicatively independent if and only if
L(e1),...,L(e1) are R-linearly independent.

Theorem 3.2. The image L(O*) is a lattice of rank r in R™". The (normalized)
volume of a fundamental domain of L(O™) is called the regulator Ro of O.

So, in principle, testing dependency of units is reduced to a problem in real linear
algebra. However, the decision whether an integral linear combination of vectors of
logarithms of units is indeed zero is highly nontrivial! A sincere discussion of this
problem is not yet contained in the literature. For example, the MLLL algorithm
yields a certificate for the dependency of units (i.e., it will find an integral relation
which can be verified algebraically), but it cannot prove their independence.

So far, the independence of units is reduced to the independence of the corre-
sponding real logarithm vectors, which is a difficult problem in numerical analysis
and the results are usually not guaranteed.

In the following we develop a method for proving the independence of units.
For this we will need a lower bound on the length of nonzero elements in the unit
lattice. To get such an estimate we use the following result in [7, Theorem 2.2], [4].

Theorem 3.3. Let F' be a number field of degree d > 1 over Q and a an algebraic
integer. Then either « is a torsion unit or there is at least one conjugate i such
that
- 1logd
@) >14 2 .
1> 1+ 57

For totally real fields we can follow the proof in [I2] to improve this

Corollary 3.4. Let a be a integral number in a totally real field. Then either « is
of the form cosqm (q € Q) or there is at least one conjugate i such that

- 1 log?2d

(7) > 92 - o =

0> 2 T

Proof. By [12] or [6] we know that either « is of the form cosgm for some ¢ € Q
or there is at least one conjugate |a(?| > 2. Let K := F(8), where 3 is a root
of 2 — xza+ 1 = 0. Since for the ith conjugate we see that the discriminant
(oz(i)/Q)2 — 1 is positive, not all conjugates of 3 can be complex. Hence (3 is not a
root of unity. Therefore by Theorem there is a conjugate _ﬁ(j) of 8 such that
18U)| > 14 La2d 1ot 5 be such that ) is a root of 22 — a()z 4 1. Then

6 (2d)2
- I A 1
(3 — 3G @) —gU) L~
ol =B B =5+ B8(9)
since 33 = 1. Thus
; 1 log 2d 1
0 > 1+ e+
6 (2d)° 14 i
1, 1log2d ., 1 log®2d
> “(= =24
= 245G Raz) = 2 e
(using Hﬁ >1—a+ 3a2?). O

Applying Theorem B3] to the unit group we immediately get
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Corollary 3.5. Let € be a unit in a number field F' of degree d > 1. Then either €
18 a torsion unit or

21 logd

L > ——
1Ll > 5

Proof. For 1 > x > 0 we have log(1 + z) > = — 1/22? so that for i as in Theorem
we get for any nontorsion unit e,

- 1logd llogd 11 log?d
log |t log(1 + = - e
ogle”l > log(l+ 675> 6T T o
B llogd( 71110gd)
6 &2 26 d?
< lglogd’
664 d?
since for d > 2 the function d=2logd is decreasing and log2 < 3/4. (]

We note that the lower bound approaches 0 as the field degree grows to infinity
so that the bound can be improved if we know that all units belong to a (totally
real) subfield of F' of small degree.

4. DECIDING DEPENDENCY

In [9], the following algorithm is given to decompose a positive definite quadratic
form Q(X) = x"Bx as Q(.Zl, - ,l‘l) = Zé:l (]171(1'Z + Zé:i+l Qi,jxj)2:

Algorithm 4.1 (Quadratic supplement).

Input: A positive semi-definite matriz B € R of rank > 1 — 1.
Output: A matriz Q and a permutation © € S; such that

l l
(4.1) x"Bx = Q(x) =Y qii(Txiy+ Y GijTn()’
=1

j=i+1

and q1,1 > G222 > - > q -
Initialization: Set ) := B and 7 :=Idg,, the identity permutation.
Main loop: Fori=1,...,1—1 do
Pivot: Find i < i <1 such that gy, = max;>; q;,;-
Swap: Set m:=m-(i,i9) and swap the ith and igth row and column
in the lower right minor starting at (i,1), also for k # 1 set
q.k = qk,l-
Divide: For j=1i+1,...,0l set q;; '=¢;; and ¢; ; = Gi,j/ ¢
Add multiple of row: Fork =i+1,...,land forl:=k, ...l set qx1 = qr,1—qk,iGi
End for: return Q and .

Proof. In each step of the main loop, the algorithm only operates on the lower right
minor starting at (¢,4) and performs a quadratic supplement on the corresponding
quadratic form. O

We note that the pivot and swap steps are only neccessary to get error estimates
(9% 15]:
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Theorem 4.2. If we replace Q(x) = x"Bx by Q(x) = x"(B + A)x for some
matriz A € R and if ¢;; > 1 for 1 <i <, then Algorithm EEI] will compute

l l
(4.2) Qar, . ow) = @iy + Y GijTn(s)’
i=1 j=it1
with |Gij — dijl < 47 Al
Since the rank of B is at least [ —1, the condition on the size of the g; ; can easily
be achieved by replacing B by AB for some A > 1.

Together with the lower bound on the conjugates, the following lemma together
with Theorem will give us a test for dependency.

Lemma 4.3. Let Q be a positive definite quadratic form and let g; ; be the decom-
position as computed by Algorithm 1l Then we get

d(Q)2 = H dii
i=1

for the discriminant d(Q) of the lattice with quadratic form Q.

Combining the last lemma with Algorithm 1] we can decide whether a given
system €1,...,¢ (2 <1 <r) is multiplicatively independent.

Algorithm 4.4 (Dependency test).
Input: Units e; (1 <i<1) containing at least | — 1 independent units,
and the field degree d.
Output: true if the units are multiplicatively independent; false, oth-
erwise.
s: Compute an upper bound s for ||L(€&;)||oo (1 <14 <1).
8 Set § = (L leady!
Log Matrix: Compute A := (L(e1), ..., L(e)) + A with
1 0

Quadratic Form: Use classical matriz multiplication to compute B:= A" A.
Cholesky: Use Algorithm Bl to compute Q = (g;,;) as in {{2).
Finish: If Hézl Gii < 0/2, then return false; otherwise, return true.

Proof. We have to justify that the numerical errors are small enough throughout
the algorithm. At the beginning we have

B=(A+A)"(A+A) = A"A 4+ AT A+ AAY 4 ATA,
Assuming ||Al|oo > ||Alleo and using classical matrix multiplication, we immediately
see

- 1)
[B = Blloo < 3n|Allcl|Allce < 3ns[|Alloc < T )2

An application of Algorithm 1] computes §; ; with an absolute error
1) )
I(1+ s)i-1220-1 - 20(1 + s)i-1°
Suppose now that all the units are multiplicatively independent. In that case,
the matrix A := (L(ey),. .., L(e;)) will be of full rank so that Q(x) := x" A" Ax is

lqij — Gigl <47
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a positive definite quadratic form. Application of Algorithm BTl to @ while fixing
the same permutation 7 as obtained for @), we get

!
= HCIH
i=1

Theorem 2.1] applied to Q gives

!
H ) <7d(Q)*.

Now, Corollary 3.5 shows M;(Q) > 27 CZP and thus

l

21 log d) < %_le(Q)l < %—l HMi(Q) <d(Q)*.

2 > §; otherwise, we get

Therefore, if the units are independent we obtain d(Q)
d(Q) = 0. Since Hi:l g;; is an approximation to d(Q)?, all we have to do is to

estimate the error in the product:

1 1
|H(1i,i_dQ2 = |HQZZ+EZ HqZZ
i=1 i=1
N
< T -1
< 30 () eties™ < Delltta 0
i=1
6 5
< 1 -1 < Z
S FugaTt e =3
(using ||elloc <1 and ¢;; < s).
Hence, d(Q) = 0 exactly when H§:1 Gii < 9/2. O

Up to now we have not been explicit on step Log Matrix as it depends on the
representation of the units. In applications, the following two representations are
equally frequent:

e The units are given with respect to a fixed basis of the number field. In this
case, using standard techniques for the computation of zeros of the defining
polynomial of the number field, it is easy to get error estimates for the con-
jugates of each unit and thus for the logarithms (assuming no loss of relative
precision in the computation of logarithms).

e The other representation that occurs frequently during computations is the so
called product representation or compact representation. Here the units are
given as a formal product of “small” algebraic integers, possibly with large
exponents. In this situation, the procedure outlined above will give the loga-
rithms of the “factor base” to any precision required. The logarithms of the
units are then obtained simply as linear combinations—with obvious precision
control.

Remark 4.5. (1) Algorithm 4] together with classical methods to test for depen-
dencies (MLLL) can already be used to get proven results: After the depen-
dency of the system of units is established with Algorithm 4] the MLLL pro-
cedure is performed with increasing precision until the dependency is detected.
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(2) If I = r — 1, that is if a maximal set of independent units is already known,
better bounds that are based on lower estimates for the regulator can be used
[11l p. 366].

5. FINDING DEPENDENCIES

In this section, we give an alternative to the real MLLL to find dependencies
between units. It is based on Belabas’ [I] notion of lattice reduction: Suppose
A € R™! s of full rank. Then there is some positive number p such that [pA] is
also of full rank where [pA| € Z'*! is the matrix obtained by rounding each entry
to the nearest integer: [x] := [z +1/2]. By applying an integral LLL reduction on
the basis of the lattice spanned by [pA|, we obtain an approximation to the real
LLL reduction of A. Of course, the quality of the reduction, i.e., the distance from
the true LLL reduction, depends on p.

We start by collecting results on scaled matrices pA:

Lemma 5.1. Let pp > 0 and set (uQ) := p?A"A. Then

l l
(1) (nQ)(x) = 3,1 1?qii(xi + 2=t 54i.5)°
(2) If the rank of A isl, then the lattice with the quadratic form (uQ) has discrim-
mant

l
d(pQ)* = p* [ ¢i:-
i=1
In order to avoid rounding errors in the subsequent LLL computations, we would
like to work with exact forms over the integers rather than over the reals. Unfortu-
nately, rounding a positive definite symmetric matrix will in general not produce a
positive definite one. However, we have the following lemma.

Lemma 5.2. Let Q € RY¥! be a positive definite symmetric matriz. Then for all
A>1/2,

[Q] + AL
s positive definite.
Proof. As usual, we write [Q] = Q + A with A € [-1/2,1/2]"*!. Then x"[Q|x =
x"Qx + x""Ax. We now conclude that

Il
XTAx| < x[afAx]ly = (x4 | YO Aiyws)?
i=1 j=1

l

(5.1) < Iy DA 1<i<lllx]2)? < [x]132/2.
i=1
Therefore, for A > 1/2, we see that [Q| + AI; is positive definite. O
In what follows A = (L(ey),...,L(e)) is the exact real matrix containing the

logarithm vectors of the units. We know that the units are dependent, in fact we
assume that the rank of A is [ — 1 and that there is some 0 # z € Z' such that
Az = 0 or, equivalently, Q(z) = z"" A" Az = 0.
Let us denote by [u@| the integral quadratic form defined by
1Q) = [u2A™ A + [1/2]1.
We then get
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Lemma 5.3. (1) [pQ](x) < (21 + 1)/2||x||§ for any x € Z! such that Ax = 0.

(2) d([pQ))? < (24122322 [[;2) gis + O(u'=4) for p— oc.
(3) For any x € Z' such that Ax # 0, we get

21 ,log*d

)t o)

[nQ](x) > 1 (

for p — oo.
Thus, if u is large enough, the first basis vector z of a LLL reduced basis will be
the shortest vector in the lattice with scalar product induced by [pQ].

Proof. We write [p2ATA| = p?A"A + A, where ||Alloo < 1/2, depending on pu.
This, together with (51 immediately yields

[1Q)(2) = (1Q)(2) + 2" InAz + ||2]|3[1/2] < (20 +1)/2] 13,

as required.
Applying Algorithm [T to [u@] gives for x such that Ax =0

l l
(X) = Zq%z(l‘z + Z qui,j)Q
i=1 j=i+l
with
Gii — P2qiq| =1 10:] < 41*1l+_2 —92-3(] 4 9
; , 5

for the diagonal entries and

|(ji] qz]| <4l ! 22l 3(l+2)

[+2
2

for all the others. For the discriminant, we therefore get
1 -1

d(“‘QD2:H(N sz+5 QZHsz+U2l 2511_[%1"‘0( 2= 4)

=1 =1 i=1
as the error terms are uniformly bounded independently of p. Since A is singular
by assumption, ¢;; = 0.
If Ax # 0, then [['_, €% =: € is a nontorsion unit, so by Corollary 5 we have

=1 €
21 logzd
2 2
Qx) = IL()IE > (135)* %,
Therefore, [1Q] (x) = (1Q)(x) + X" Ax > p? ()28 — 2L |2 0

Minkowski’s Theorem [2.1] on successive minima now gives:

Theorem 5.4.

4
Mi([0Q)) < 32+ D5 ) 12 BHq“

for all sufficiently large p.

Proof. Minkowski’s theorem on successive minima states
l

My([nQ)Ma([pQ))' < [T Mi([1Q)) < Ad([p@Q))?,

i=1
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and thus M;([pQ]) < Ma([uQ])~!vd([pQ])?. Using Lemma 5.3 we see that for
pn— 0o we get

128, d* T
M <HER+HD(+)? 123 gy
1([1Q)) <@+ D((57) 1og2d) 1;[1(]

Since the right hand side is independent of pu, the theorem is proved. (I

Therefore, if we choose p such that

128, d* s 21 ,log>d
M 2l < 1 2 —eF 2 l7123l73 . 2 il 2
1(Th@D2 = M2+ D((57) —loggd) 1;[1(1 <H(3g) =g

the LLL reduction on [pQ| will find z corresponding to the first basis vector.

6. EASY INDEPENDENCIES

An easy way for recognizing the independence of few units (with respect to the
unit rank r) is based on the fact that nontorsion units have conjugates which are
larger than one and others which are smaller than one in absolute value.

We assume that we are given k£ < r independent units €1, ..., and that we
want to test whether the unit ;41 is independent of those. We assume that the
logarithmic vectors L(e;) (1 < i < k+1) are also given with sufficient precision such
that row echelon form A = (a;;) € R**" of the matrix with rows L(g;) (1 <i < k)
could be computed satisfying

For this, we note that any of these units can be replaced by its multiplicative inverse,
and that we can change the order of the conjugates. For error estimates we refer
to the usual methods from numerical analysis [I3]. If we insert (by,...,b.41) =
L(ek41) as (k+1)-st row of A, Gaussian elimination turning b; into 0 for 1 < j <k
yields the new diagonal element

k
Qi k+1
ht1,k+1 = b1 — E b ———.
= i

This is guaranteed to be nonzero (and therefore the new unit independent of the

previous ones) if we can achieve by a suitable arrangement of the conjugates that

(1) br41 #0, and

(2) —sign(bgs1) = sign(b;a; kx+1) for all indices ¢ € {1,..., k} for which the product
bia; k41 is nonzero.

This procedure is usually efficient if the number £ is small with respect to r.

7. AN UPPER BOUND

If we are just interested in a (rough) upper bound for the absolute values of the
entries of a relation vector z € Z! for the columns ay, ...,a; of a matrix A € R™*!
of rank [ — 1 we can proceed as follows. We note that we must assume that those
columns belong to a lattice A in R™ for which we know a lower bound C > 0 for the
Fuclidean norm of a shortest vector of A. This properties are certainly satisfied for
the vectors of logarithms of units. Also, we note that it suffices to consider vectors
with I — 1 coordinates appropriately chosen from the m original coordinates. The
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relation m =1 — 1 will be of importance later on. (A somewhat worse estimate in
a special case of this is already contained in [10].) B

To obtain such a bound, we introduce a much larger lattice A in R with basis
vectors

(2§;i> (1§7’SZ)7
476, (I+1<i<li+m).

éi =

(Here e; and &; denote the ith unit vector in R!, repectively R*™ and X\ is a
positive constant to be specified later.) Clearly, the lattice A is of rank [ + m and
has determinant D := 4 ™. Therefore, the first basis vector, say a of a LLL-reduced
basis of A satisfies

(7.1) |af, < 2WHm-D/Apt/+m) —. ).
If a is even a shortest vector of A we get the much better estimate

(7.2) lalls < VAEm DY = vy

in which v;4,, again denotes Hermite’s constant. Besides A introduced above we
need a second constant € > 0. For these two constants we now require that they
satisfy

(7.3) Uy < 2%,

(7.4) a= ijéj with m; € Z, i.e., mj; =0 for j > [.
j=1

(7.5) e<C.

The first condition will be used to guarantee that in the representation of

l+m

a = E miéi
i=1

of a by the basis vectors of A the coefficients of the last m basis vectors are 0.
To satisfy condition (Z3), we choose A (in dependence of €) subject to U; = 2*¢.
This is tantamount to

(7.6) A =

Il+m (l+m—1 loge
I—m 4 log2 /"
Choosing A in this way we know that ||a|| < 2*¢. We write a = by + by with

l4+m

l
b1 = E miéi, b2 = E miéi.
i=1

i=l+1
We recall that
l l
B3 =S m? + 4 Y mia3 < U7

i=1 i=1
and therefore

!
(7.7) me < 402
i=1
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Let s denote an upper bound for the Euclidean norms of the vectors a; (1<
i <1). So, if we assume that by has at least one nonzero coordinate we have the
following estimates which will eventually yield a contradiction:

e [all2 > [[ball2 — [[b1]]2

Y

l
(7.8) > 12V maa.
i=1

To estimate || 2221 m;a;||3 requires more work: Let || A2, the norm of A4 as a
linear operator from the R! with the ||.||z-norm to R™ with the ||.||co-norm. Then
we have

1
I mia]e = [[Amllec < || A
i=1
We can compute ||A[|2,0o as maxi_; ||a;||2 and further estimate ||.|s < v/m].||2 to
finally get

2,00 [[m|2-

!
(7.9) [ Zmiai||2 < Vms|m][2.
i=1

Combining this with (Z.8) and (7)) we see
(7.10) e > 4N — ms2Mml|y > 4 — Vmsed .

If we then choose £ small enough we get a contradiction, so by = 0 as claimed.
In particular it suffices to choose € as

< 1 < 1
€ .

1+sym ~ 272 +s5ym

In practice, it usually suffices to choose e < C satisfying (ZI1]) and then determine
A according to (7.0).

(7.11)

Proposition 7.1. Choosing € and A as described yields a presentation of 0 by the
a; for which the coefficient vector has a Euclidean norm bounded by 2.

8. EXAMPLE

All the algorithms developed in this article have been implemented in Magma [2].
The program code as well as electronic versions of the input used can be obtained
from the first author.

We consider the following example that constitutes part of a computation related
to class fields. Starting with the cyclic cubic field k := Q(«), where « is a root
of 3 4+ x? — 292z + 1819 with discriminant 769129 and class number 7, we use
K := k((7) which is an abelian CM-field of degree 18 over Q. During a (conditional)
class group computation using a factor basis containing prime ideals of norm < 1000
a total of 331 relations were found. The analysis of the relation matrix found 105
units which are all given as power products of the 331 original relations (algebraic
integers). We used our algorithms to compute a (multiplicative) basis for the free
group generated by the 105 units: Starting with an empty set, we checked for each
new unit if it is dependent on the already computed basis. If the unit is dependent,
we used the integral LLL techniques to find the dependency and to compute a basis
for the new subgroup. If the new unit proved to be independent, we simply add it
to the list. The largest relation found had a 2-norm of size 10°2, while the largest
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precision used was 1072%°. The total running time was easily dominated by the
computations of the logarithms of the relations. On average, the size of the first
basis vector was over estimated by a factor of 107° which means that the precision
was (probably) over estimated by a factor of 2.

9. CONCLUSIONS

We demonstrated that our new approach to reliably detect and compute depen-
dencies between units works well in practice and the precision bounds obtained are
not too large to be useful. On the other hand, realistic a priori bounds on the
precision are still missing.

The worst results are obtained when the whole unit group is already known. In
this case, the estimate predicts a relation of the size of the smallest sublattice while
in practice the relation is usually very small.
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