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ERROR ANALYSIS OF FULLY DISCRETE
VELOCITY-CORRECTION METHODS
FOR INCOMPRESSIBLE FLOWS

J. L. GUERMOND, JIE SHEN, AND XIAOFENG YANG

ABSTRACT. A fully discrete version of the velocity-correction method, pro-
posed by Guermond and Shen (2003) for the time-dependent Navier-Stokes
equations, is introduced and analyzed. It is shown that, when accounting for
space discretization, additional consistency terms, which vanish when space
is not discretized, have to be added to establish stability and optimal con-
vergence. Error estimates are derived for both the standard version and the
rotational version of the method. These error estimates are consistent with
those by Guermond and Shen (2003) as far as time discretiztion is concerned
and are optimal in space for finite elements satisfying the inf-sup condition.

1. INTRODUCTION

Projection methods, whose original version was introduced by Chorin [3] and
Temam [27] in the late 1960s, are widely used to approximate the incompressible
time-dependent Navier-Stokes equations. They are designed to overcome the diffi-
culty caused by the incompressibility constraint which couples the velocity and the
pressure. We refer to a recent review on this topic [13] where projection schemes are
classified into three families: pressure-correction (cf. e.g. [4}[7], [14] 20} 23], 26] 28], 29]),
velocity-correction (cf. [12] [I8] 19] 22]), and consistent splitting scheme [T, 17, 25]
(which is equivalent, in the space continuous case only, to the so-called gauge
method [5, 21]).

Velocity-correction schemes (in semi-discretized form) were first introduced in a
disguised form in [22] 18], and rigorously analyzed by Guermond and Shen in [12].
The main difference between the velocity-correction methods and the pressure-
correction or the consistent-splitting methods is that, in velocity-correction meth-
ods, the viscous term is made explicit in the first sub-step and corrected in the
second sub-step, whereas in the other methods it is the pressure gradient which
is made explicit first and corrected afterward. In addition to convergence proofs
on various semi-discretized forms of the velocity-correction scheme, numerical tests
on a second-order fully discretized version of the method are also reported in [12].
These tests, using spectral and finite element methods, show that the method is
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stable and yield quasi-optimal results in time and space for the velocity and the
pressure. However, to the best of our knowledge, there is no further work in the lit-
erature that provides a rigorous stability and error analysis for the fully discretized
method, using either finite element or spectral approximation in space.

A rather general strategy for analyzing various two-step projection methods has
been devised in [§]. The main ingredient of this theory is to consider two different
approximation spaces for the velocity, one for each sub-step. Using the notations
from [8], the velocity approximation in the viscous sub-step is chosen in a finite-
dimensional space X, and that in the projection sub-step is chosen in another
finite-dimensional space Y}, which contains Xj,. For the special choice of Y;, = X},
there is no essential difference in the analysis between the fully discrete case and
the semi-discrete case; that is to say, all the arguments from [I2] carry over to the
fully discrete situation naturally. However, the situation X; = Y}, implies that the
pressure is computed by solving a Darcy problem in mixed form. In order to com-
pute the pressure by solving a Poisson problem, thus avoiding a possibly awkward
Darcy problem, we have to look at situations where X, # Y},. However, if one
naively uses the semi-discrete forms of the algorithm using X # Y}, one observes
a subtle inconsistency, especially for the rotational form of the scheme, which makes
it very difficult, if not impossible, to prove the stability and optimal convergence
of the fully discretized scheme. The primary goal of the present paper is to con-
struct a fully discrete velocity-correction scheme which removes the inconsistency
mentioned above. This is done by adding terms that vanish when the space is con-
tinuous and when Y, = Xj,. A particular instance of the fully discretized method
that we propose consists of solving a discrete (standard) Poisson equation for the
pressure.

The paper is organized as follows. In §2] we introduce notation and the discrete
setting for the space approximation. In §3] we discuss how the velocity-correction
algorithm in standard form should be discretized in space and show in particular
that naively discretizing the semi-discrete algorithm yields inconsistencies as men-
tioned above. In §4lwe prove stability and convergence for the first-order rotational
velocity-correction scheme. In §8we study the second-order version of the rotational
velocity-correction scheme. The two major results of this paper are Theorems A1l
and 5.Il Concluding remarks are reported in 6l

2. PRELIMINARIES

2.1. The continuous problem. Since it is well known that non-linear terms in
the Navier-Stokes equations do not affect the formal accuracy of fractional-step
projection methods provided they are consistently treated, we henceforth restrict

ourselves to the time-dependent Stokes problem:
2.1) Ou—Viu+Vp=f inQx][0,T],
’ divu=0 inQ x [0,7],

supplemented with initial and, for simplicity, homogeneous Dirichlet boundary con-
ditions

(2.2) ult=o =vo in €, ulsq =0.

In the above problem, f € L2((0,T)x£) is a body force, and © is an open bounded
domain in R? (d = 2 or 3) with a boundary sufficiently smooth so that the usual
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H? regularity holds for the steady Stokes problem with homogeneous Dirichlet
boundary conditions and a source term in L2(£2). The symbol d; denotes the
partial derivative with respect to time. We also use d; in the rest of the paper to
denote derivatives with respect to time.

We denote by W*P(Q) and WP () the usual Sobolev spaces equipped with the
norm ||-||sp for 0 < s < oo, 1 < p < co. In particular, we denote the Hilbert spaces
We2(Q) by H*(2) (s = 0,+1,...) with norm || - ||s and semi norm | - |;. The norm
and inner product of L2(Q) = H°(2) are denoted by || - ||o and (-, -) respectively.

We shall also make use of the following Hilbert spaces:

(2.3) LE,(Q) = {g € L*(), [oa=0},
(24) I_I(io(Q) = {q € Hl(Q)v fQ q= O}a
(2.5) H={veL*Q)¢ V-w=0, vnlr =0}.

In particular, the following Helmholtz decomposition of L2(2)? plays an important
role for the analysis of projection methods:

(2.6) L*(Q)"=H o VH! ().

2.2. The discrete setting. Let ¢ > 0 be a real number that we henceforth
refer to as the time step. We set t* = kit for 0 < k < K = [T/§t]. For every
function which is continuous in time, ¢(t), we denote ¢* := ¢(t*) and define the
difference operator d, acting on sequences, by d¢F = ¢F — ¢F~1. Let W be a
Banach space; we set LP(W) = LP(0,T; W). To account for time sequences we also
set (2(W) :={w = (v’ w',...,wk), w* € W, 0 <k < K, ||¢|lsow) < +00} with

0<k<K

K
@7) @l = @t Y _N6" )7, llewqw) = max ([[6"]|w).
k=0

Let { X1 }h>0, {Mp}n>0 be two families of conforming approximations of H} ()¢

and L3(2), respectively. The pair (X}, M) is assumed to be compatible in the sense
that the following LBB conditions hold uniformly with respect to h:

V.
(2.8) de>0, inf sup (V-0n,n)

> c||qnllo-
o2 S T, = oo

We henceforth denote by c¢ a generic constant that is independent of the mesh-size h
and the time step §t but possibly depends on the data and the solution. Whenever
no confusion is possible we use the expression A < B to say that there exists a
generic constant ¢ such that A < c¢B.

The two (families of) spaces X}, and M}, are also assumed to satisfy the following
approximation properties: There exists an integer [ > 0 such that for all r € [1,1],

(2.9) inf {llv—wvnllo+hllv = wvali} S B ollegr, Vo€ HHQ) N Hy ()7
Vh h

(2.10) onf {llg = anllo + hllg = anlli} < Allallr, Vg € H ()N L§(9).

In order to formulate the semi-discrete Stokes problem in a way which is similar
to its continuous differential counterpart, we introduce several discrete differential
operators as in [§]. We define the discrete Laplace operator, A, : X;, — X}, by

(2.11) (Ahuh,vh) = (Vuh,Vvh), V(uh,’uh) € X X Xh,
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the discrete divergence operator, By, : X — Mjp,, and the discrete gradient operator,
BF: My, — X, by

(2.12) (Bhvn,pn) = —(V - vp,p1) = (v, BLpn),  Y(vn,p1) € Xp x M.

We also define an extension of the L2-projection onto Xj, 7, : H~1(Q)¢ — X
such that

(213) (7Thf, ’Uh) = (f, Uh), Yo, € Xp,.

Using the discrete framework defined above, the time-dependent Stokes problem
(ZT) can be semi-discretized as follows: Setting fj, = 7, f and v 5 = mpug, we look
for uy,(t) € C°([0,T); X) and py(t) € L?((0,T); My,) such that

d
Z;th +Ahuh—|—B}7;ph :fh, O<t§T,
(2.14) Bhup = 0,

Un|t=0 = Vo,h-

It is well known that the above problem admits a unique solution which is stable
with respect to the data. Furthermore, since X; and Mj, are convergent and sta-
ble approximations of Hj(2)% and H},(€2), the solution to ZI4)) converges in an
appropriate sense to that of the continuous problem (21I). For more details on the
above formulation using finite elements we refer to [0, [15] [16].

2.3. The (X4,Y}) pair. Following Guermond [8], we introduce an additional dis-
crete setting so as to relax the incompressibility constraint and to build a dis-
crete version of the Helmholtz decomposition (Z.6). More precisely, we want to
decompose each discrete vector field u; € X}, into the sum of a discrete-divergence-
free vector field up plus the discrete-gradient of a scalar field ¢, in M. There
are numerous ways of achieving this decomposition. For instance, we could set
up = up + B}?th, with up, € X, and Bpup = 0. Another possibility could be to
set Up = up + Vo, where uy, is enforced to be orthogonal to V. My, provided My, is
constructed so that Mj C HfIZO(Q) In this case it is natural to choose u; to be in
Xpn+ VM. Even though this alternative may seem odd, it turns out to be optimal
and very easy to implement, since it implies solving a discrete Poisson problem
using the usual (V¢y,, Vi) bilinear form.

In order to present a unified analysis for the many possible realizations of the
discrete Helmholtz decomposition, we introduce a finite dimensional subspace Y3, €
L?(Q)?. For the sake of simplicity we assume that X}, C Y}, and we denote by 4 the
continuous injection of X} into Y},; the transpose of iy, is the L2-projection of ¥}, onto
X},. Furthermore, we assume that we have at hand an operator Cp, : Y;, — M},
which is an extension of By, i.e.,

(2.15) Chin = B, i, Cl =B}

Owing to (Z8)), By, is surjective. Cp, being an extension of By, this immediately
implies that Cj, is also surjective and C7 is injective. As a result [|Cf q||o is a norm
and, upon setting H;, = KERC}, the following orthogonal decomposition of Y}
holds:

(2.16) Yy, = Hy, @ CiL (Mp,).
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This decomposition is a discrete counterpart of ([2.6]). Finally, we also assume that
Ay, and C}, satisfy the following hypotheses:

(2.17)
Vor, € X, Yo € [Hy(NH2 ()], (Jon — vl S Bllvll2) = [|Anvallo S [lollz,
(2.18) Van € My, ¥q € H. (), (llgn — allo < hllall) = 1Cx anllo < llallr-

These hypotheses are usually satisfied when X3, Y}, and M}, are constructed using
finite elements with shape-regular meshes.

Various realizations of ¥}, and C}, are described in [8,[1I0]. An obvious one is ¥}, =
X and Cy, = By,. Assuming M, C H,LO(Q), another interesting choice consists of
setting Y, = X, + VM, and defining Cj, such that (Cron,qn) = (vp,Vagr) =
(Uh,Cth), for all vy, € Yy, qn € Mj. This particular setting implies that C’,:LF is
the restriction of V to My, i.e., CFq, = Vaqn, Vg € My,. In particular, the bilinear
form (CF gy, C'ry) reduces to the usual weak form (Vgp, Vry,) associated with the
Poisson problem supplemented with Neumann boundary conditions, which is really
easy to implement.

3. FULLY DISCRETIZED VELOCITY-CORRECTION IN STANDARD FORM

3.1. A naive discretization. Consider for the time being the first-order backward
Euler method. The standard velocity-correction scheme proposed in [12] in semi-
discrete form is as follows: Set u® = u(t°), then for k > 0, compute u**! € H and
pFtt € LZ(Q) such that

u-oTuw g2k k1l _ gkl
(3.1) St Vou® + Vp f(t )7

Vbt =0, Wfnjp =0;

and then find @**1 € H}(Q)? such that

k+1

,akJrl
o v2(ak+1 o ak) _ 0, ,L~Lk+1|F =0.

—u
ot

A seemingly natural way to discretize the above algorithm in space is as follows:
Setting @9 = mpup and f,]fﬂ = mpf(t*Y), for K > 1, compute (ui“,pi“) €
Y), x My, such that

(3.2)

“ZH - ihaﬁ k T k+1 k+1
S 2 4, ALT C =1

(33) 5t + h41h h+ hph hfh )
C’;m’,i""1 =0;

and then compute @, "' € X}, such that

~k+1 T, k+1
Up — — Uy

ot
Let us now assume that this algorithm converges to a steady state as k — oo.
Then [B.4) yields @y, = i} up, which in turn implies By, = Bpij up. Therefore,
we usually have Bpup # 0 unless Bhizuh = Chup, which is true only if zf is the
identity operator and B = (. Observe that the equality By = Cp holds only if
X, =Y};,. We then conclude that B3)-([B4) is consistent only if X}, = Y}, which
greatly reduces implementation options. As a result, one must find a consistent

(3.4) + Apaptt — Ayl = 0.
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way to discretize (BI)-(B32) in order to use more convenient implementation options
for which X}, # Y},. This is one of the main goals of the present paper.

3.2. Consistent discretization. The above observation led us to consider the
following alternative discretization of (B1II)-B2):

wktt ip ik
35 )t Oy i Biph = Oipl = infi
Chuf;rl = 07
and
~k+1 T, k+1
u — ;U
(3.6) b ChTh 4 Apaltt — Agak = o0.

ot
Clearly, the term i, Bl pf — CTpf in [BF) vanishes when X; = Y}, implying
that the above algorithm is the same as (B3)-(34) when X, = Y}. Let us observe
also that (B.6)) can be rewritten in another equivalent form as follows: Applying i}
to (3.5) and adding the result to ([B.6). Upon noticing that i} i, Bf pf = il CTpk
thanks to ([ZI5) and the fact that ifis|x, is the identity on X}, we obtain

~ktl _ ~k
Un  —Un

ot
which is equivalent to ([B.6]). To understand why the new algorithm (B3)-B1) (or

B3)-([B4), equivalently) is better than ([B.3)-(34) in general, let us apply i, to (B.7)
at time step t* and subtract the result from (B.5)), giving

(3.7) + Apaftt 4 BIphtt = Rl

k41 s~k s ~k—1
up ' — 2ipUy +iply,

ot
Assuming that there is a steady state as k — oo, this equation implies u, = ipup,
which in turn yields 0 = Chruyp = Chiptn = Bpay, since Chip = By, by definition
of C}, being an extension of Bj. In other words, at steady state we have the
desired property Bty = 0, which suggests that B3)-(B7) is a consistent way of
implementing (BI)-B2). Actually, the above manipulation yields an efficient way
to implement (3.5)- () without computing «} ™!, which might live in an odd space
(think of Y}, = Xj, + VM, for instance). Owing to the constraint (u**1,CTr,) =0
for all rp, € My, (B8)) can be equivalently rewritten as

(3.8) + L =) = in(F7 = 1)

1, . ke
(3.9)  (Ch(p™ —ph), Chrn) = (f*7 = f*, Byra) + 5(21/2 — ', Bj ).
Hence the algorithm is simply composed of the two sub-steps B3)-B1). As a
result, choosing Y}, only amounts to selecting a realization of C,T with which the
user is comfortable. For instance, choosing Y, = Xp, + VM), implies that (39) is a
simple discrete Poisson problem using the standard bilinear form (V., V.).

Remark 3.1. Actually, the algorithm (B.9)-(B.1) is exactly what was proposed in
[12] as an equivalent alternative to (B1)-([3.2) in a semi-discrete setting (see (2.8)-
(2.9) in [12]). The Finite Element computations reported in [I2] have been done
using (39)-B7). When [12] was written, it was not clear that (2.8)-(2.9) from [12]
and (BI)-(B2) could yield different fully discrete implementations. One goal of the
present paper is to clarify this observation.
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Instead of using the Euler scheme, one can use a higher-order method. For
instance, using the second-order backward difference formula (BDF2), the fully
discrete velocity-correction scheme in standard form takes the following form:

3uf Tl — dipal +aatt . )
(3.10) L 6th b4 ZhAth + C’,?p£+1+ thng — OthZ = zhfk+1,
Ch k+1 07
and
~k+1 ~ ~k—1
(3.11) 3y _§?h+“h + A, uk+l JrBT k+1 _ ;Lc+1

We finish this section by stating the following convergence results.

Theorem 3.1. Let u, p solve (ZI). Assume enough regularity is at hand for u
and p. Let up, py, solve B0)-B.), then

(3.12) ‘lu—ah||z2(L2(Q)d) + ||U_Zhuh||£2(L2(Q < 5t + AT,
(3.13) lu = anlliear@ey + P = palliece@) S 0t + R

Let up, pn solve BI0)-BII)) and assume the scheme be appropriately initialized.
Then

(314) ||u - ﬁhH[Z(LZ(Q)d) + HU - zhuhng (L2()4) S < 5t2 + hl+1
(3.15) Hu—ﬂhHZz(Hl(Q)d) + Hp_ph||£2(L2(Q)) 5 (St-i—hl.

Proof. We omit the details since they are similar to those in the proof of the rota-
tional version of the algorithm which is detailed in the next section. O

Remark 3.2. The estimate ([B.I5) is one-order suboptimal with respect to 6¢. The
suboptimality is sharp in the sense that it cannot be improved. The origin of this
defect is an inconsistent/artificial boundary condition which is enforced by ([B2)).
This equation implies that at the boundary of the flow domain

(3.16) V2t n|r = V2Pl = ... = V2i%a)r,
which together with ([BJ) in turns gives

0
(3.17) Pl — (PR 1 V2a0) np.

on |
It is obviously an artificial Neumann boundary condition on the pressure. This
phenomenon is identical to what is observed for the standard form of the pressure-
correction scheme; see e.g. [10, 13 26]. The accuracy of the scheme is limited
to O(6t) by the numerical boundary layer induced by this inconsistent/artificial
boundary condition. The O(dt) barrier can be (partially) overcome by considering
the rotational form of the method which is discussed in the next section.

4. FULLY DISCRETIZED VELOCITY-CORRECTION IN ROTATIONAL FORM

In this section we focus our attention on the velocity-correction method in rota-
tional form using the first-order Euler scheme. This allows us to concentrate on the
main issues by bypassing the technical issues associated with higher-order schemes.
This strategy is based on the observation made in [9] that the splitting error (i.e.,
the difference between the discrete solution and that from the equivalent one-step
algorithm where the pressure is implicit and the discrete impressibility constraint
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is enforced) does not depend on the time stepping. The stability analysis of the
BDEF2 time stepping is done in the next section for completeness, but all the key
ingredients of the method are detailed in the present section using the first-order
Euler time stepping.

4.1. Consistent fully discretization. Consider the rotational velocity-correction
scheme in differential form as introduced in [12]: Set @° = u(t°) and for k > 0, find
uktt e H, ph*tt € L3(Q), and @**! € HE(Q)? such that

Wk gk
W T L UVt 4 T = (),
V-oubtt =0, W onp =0,
and
,&/k-‘rl _ uk+1
(4.2) 5 — V2 v xVxab =0, @t =0
Since VxV x@F = —V2iF + VV-@*, a natural approximation of V xV x@* is

ihAhfoL *C}TBhth, leading to the following fully discretized scheme: Set ﬂ% = TRUo,
then compute ukJr1 € Xy, th € My, and ukJr1 €Y}, such that

ubtl g ak N N
(43) g FinAnty = O Batiy + Cyp ™ = infy
k+1
Cpuitt =0,
and
ak—‘rl Z uk-‘rl
(4.4) % + Apaitt — Ayaf + BEEByay = 0.

By proceeding as in §3.1] one can show that this naive algorithm is not consistent
at steady state.

Inspired by the discussion in §3.2] we now consider the following modified algo-
rithm: Compute ﬂ’,ﬁ“ e Xu, p k“ € My, and uh+1 € Y}, such that

ub ~k
— lhlU . ~ ~ .
(4.5) hTh + zhAhuﬁ - C,LTBhuh + C’;?pffl + thfpﬁ — Cgpﬁ = zhf’”l,
C uﬁ“ =0,
and
ak—‘rl Z uk-‘rl
(4.6) “hhh 4 Ayaktt - Azak + BEBual = o.

ot

Again, by proceeding as in §3.2] this algorithm can be rewritten in an entirely
equivalent way so as to completely avoid computing the velocity ufb"'l €Y;,. To see
this, let us apply i} to (&) and add the result to (@8] to obtain

(47) +A uk‘+1 +BT k‘+1 }]f“rl

ot
Note that we used the following properties: i,{ihb{h is the identity and Cpip = By,.
Now applying —ij, to (@) at time step t* and adding the result to (&3] yields

k+1 -1

. .k
up ' — 2ipuy +ipuy,
ot

(4.8) +CF (™ = ph = Buiig) = in(fr ™ = f71).
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Then, owing to the constraint C’hukJrl = 0, this problem can be recast into the
following form: Solve for ¢k+1 € Mj, such that

(4.9) (Ch oy ™, Cyrn) = (f** = 5. Byra) +
Then set

(4.10) pitt =t 4 pl + By,

In conclusion, an efficient way of implementmg this algorithm consists of solving
Remark 4.1. The algorithm @3)-(@I0)-(@1) is the discrete counterpart of the
algorithm (3.6)-(3.7)-(3.8) which was proposed in [12].

1
E(Qﬁz—ﬁiil,Bg’l’h), Vrn, € My,.

4.2. Error estimates for the first-order rotational scheme. Let us start by
rewriting the algorithm in a way which is better suited for the error analysis. In-
spired by the analysis in [I2] where it is shown that one has to work with time
increments to prove stability, we now construct the algorithm for the time incre-
ments of the discrete unknowns.

First, we define

(4.11) W= opptt = Buag,  Djaytt = Apdiytt + BY By,
Then we apply the increment operator § to (IZEI), &8), and (1) to obtain
5“2“ + 0tC), ¢k+1 5tlh5fk+l = ih5ﬂh 5tthhuh

Cpouftt =0,

(4.13) Suptt + ot(Dhaytt — Dyay) = if suy

(4.14) Suk+t — gaf + otDhaltt = —5tBI okt 4 sto fiTL

As usual we are going to compare (uf, pf) with (wp, (t%), gn (t*)) € X, x M}, which
is the mixed approximation of (u(t),p(t)) defined as follows:
(4.15)

(Vwn(t), Vo) + (Bf qn(t),vn) = (Vu(t), Vo) — (p(t), V-vn), Vou € X,
(Bh’wh(t),Th) = —(V~u(t),rh), Yry € My,.

From the regularity properties of the Stokes problem, the following error esti-
mates hold [9] [15].

Lemma 4.1. Ifu) € LP(H*Y(Q)4) N H(Q)4, pb) € LA(HY(Q)) for 1 < 3 < o0
and j =0,1,..., then

@ Q}(z])HLB(Lz(Q)))

(4.16) < A <||U(j)||Lﬁ(Hl+1(Q)d) + Hp(j)||Lﬁ(Hl(Q))) :

We now rewrite ([I2)-(Z13)- @I using wy, and g,. Owing to the definition of
(wp(t), qn(t)), the following identity holds at time t = tF+1:

(417) { witt + 5tBF gy — StfiT — 6tRy T = wi — StA Wit

[0 = w1012 (@ye) + (||u(3) — ||y + Ip

Bhwk+l =0,
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where we have set Ryt = %(w,’f“l —wk) — m0,uF Tt € X;,. After applying 50 to
&17), we obtain
indwktt 4 6tiy, BT ogFt! — otind i — in0RETY = iy wf — tin DY wi T,
(4.18) {thhéwh“ o
Let us now introduce the following notation to denote various errors:
k+1 _ ithH -~ k+1, ~k+1 _ w;’i“ aZH’ ~lc+1 _ 5wk+1 tek,
(4.19) { k+1 _ q,ljﬂ plfiﬂa &_;clﬂ _ 5q£+1 _ ﬁﬂv ;cl+1 — &g k+1 _ k.

Subtracting (LI12) from (£I8]), we obtain
Sep ™t 4+ 5tCFef Tt — 5tin SRy = i o) — otip Dpapit!

(4.20) Stir BT GE+1 T 7k+1
— 6tip By, ¢y T+ 6tC L,
Chekt = 0. "
After applying § to ([{IT) and subtracting ({14]) from it, we obtain
(4.21) Seftt —gef + otDier T = —5t B f T 4+ tS Ry

Now adding some zero terms to (£I3]), we can rewrite it as
(4.22) SNt 4 5tDE (er Tt — ity = T ekt

The error analysis will be based entirely on the three equations (@.20)-(4.21])- (£22]).
Let us assume that the algorithm is initialized so that the following holds:

lenllo < min(R™*, 6A" 1), [léh [l < min(h', 6th'™),

(H1) lAnepllo < min(h'™, 6th!=2), || B} Bréjllo < min(h'~", 5th!~?),
lehllr < min(h'~", 5th!=?),

and the solution to (2.1)) satisfies the following regularity hypothesis

(H2) u, ug, ugy € L2(HH( Q)0 HE(Q)D),  uwe € LA(L2(Q)9)

pe L*(H'(Q)), pipu € L*(H'(2)).

Remark 4.2. If we set ﬁ% = w,g and pg = qg, then the hypothesis (H1) is naturally
satisfied.

We are now in position to establish the first error estimate.
Lemma 4.2. If the hypotheses ([HI))-[H2) hold, we have
(4.23)  [|6€nli(r2 ey + IEn — iF enllie(r2(@yay S Ot(dt+ AT,
(4.24) ¥ e, — dénlliz(r2(ya) + 10%Enlliz 2 yay S 0%/ + 6t3 2RI
(4.25) I Bin i (r20y) S O6tY2(6t + AL,

Proof. Let us first recall a series of standard identities that will be used throughout
the paper:

2(a,b) = |af* +[b]* — |a — b,
(4.26) 2(a —b,a) = |a* + |b]* — |a — b|?,

2(a —2b+¢,b) = (la* = [b*) = (]b]* = [¢[*) = a = bJ* — [b — c]*.
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First, we square ([20) and, noticing that if Cf'q = BLq,Vq € M}, and |/inv]|, =
lvllp, Vv € X}, we obtain
o€l 115 + St Ch ey 1§ + o2 (1SR IE
(4.27) — 26t(5el Tt 4 StCF R iy SRETY) = ||0e |12 + 5t3|| DEr T2
— 20t(indey,, in Dy ) + 68| O d T IE — 6711 B 671G
By the identities ({26]), we have
26t (in0Ex i DY) = 26t(3F, Apdipr ™ + BE Byapk)
= 26t(6eF, Apdtwy ™t + Apoel + BI Brei 1)
= 6t(2(|Voer|Is — 1 Broexllg) + 6t(llBuéx o — 1Buer 115
+ 25t (8ef, Apd?wy ™).
By substituting the above equality into ([@27]), we infer
15el 115 + 52 Ch ey G + 6t (2 Voer I — || BroeklIp)
+8t(| Breg |3 — 1Buey113) = 1684115 + 6t Dy 5 113
+0t2(|CF 1§ — 6t By o TIG + 26t (i, dep T O R
+ 2012 (BLel™ SRITY) — 5t2||SRIT2 — 26t(9Ef, Apdtwith).

(4.28)

Next, we square ([L2I)) and use ([@26) to obtain

16258 + 5t | Dyep G + ot VeertH I — IVoerls)
+ 6t Va2er s + ot(|| Buer M IG — |1 Brérllg)
— 5t(||Buéglls — 1| Bueyy II5) — ot(|Broe; |13 + | Brder|I3)
= 62| BL ey T2 + ot*|| SRy T2 — 20t* (BT el T GRETY).

(4.29)

Then, we square ([{22]) to obtain

l6&i 113 + st 1 DL eyt — Dy g

+ 26t(6~k+1 h~k+1 77[}k+1) _ || h5~k+1”0'

(4.30)

Notice that
20t(68, ", Dyé ™ — Dyt = 26t(6ey T, Djey T — Dpswytt)
= 26t(Voe; T, Va2ert) + 26t(Broe T, Byoer)
— 26t(3er T, D swi )
= ot(|Voep g — IV ey g + IVa2e13)
+6t(||Broey 13 + 1Bréells — [1Bro>ey I5)
_26t(5~k+1 Ah62 k—i—l)’

and

0t*| Dt — Dy TG = [li deg ™ — deq I3,
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so we can rewrite ({30) as
16e5 1S + [1iF dei ™t — 6e G + ae(([Vaer I3 — [[Vaer13)
(4.31) +8t([| Budes 1B + 1 Buder |13) + ot V6*e G — 1 Bro®en13)
= ||if sey TG + 20t (de T, ApdPwith.

Now we add (28])), (£29), and ([@3T]). Note that the definition of By together
with the homogeneous Dirichlet boundary conditions on v;, imply

[Broallg < IV-vnlly < IV-vnll§ + IV xvall§ = [IVonlls,  Von € Xa
Observe, moreover, that ||if ull, < ||ully, Vu € V3. These two facts then yield
16212 + 62| CT =2 — | BE1R) + 6t(| Back 12 — | Brck]2)
T 682 DL R + 26([VEEEHZ — [ V6EE|2) + l6%Ek 2
(4.32) + |Jif def ™t — GerT|2 + ot||Voek |2 + ot|| vkt |2
< ||geg 1§ + 6> (IC &1 lg — 1Bk & 113) + 66| DR 15
+ 20t(8%E8 T Ap % with) 4+ 20L (SR T Sel T,

We now derive bounds for the last four terms in the right-hand side.
The definition of i} implies

linih onlly + llon = inig vally = lloall§,  VYon € Ya.
Hence, from (2.15), we infer
h anllo — 1B anllo = IC anllo — 12niy Ch anllo = [|Ch an — tnt, O anllo
ICK anllg = 1185 an I = ICF anl§ = llinin Cx anll§ = ICy » Ch anlls
= (Ck —inBi)anlls,  Van € M.
Owing to this result together with the definition of ¢y, we deduce that
ICH &5 = IBE ST I5 = 1(Ch — inBL)(8% a5 ™ +p)II5
= (O — in B3y )8%a; I3 + (Ch — in By )ehlls
+2((Ch = in By )%, ™, (Cf = inBy)ep)-
Then, using (ZI8) together with Lemma 1] we obtain
ICK 65113 — 1B &1 I3 < 6t° + (L + 6t)[|(Ch — in By e 13-
A bound on || D 1/)§+1||0 can be obtained as follows:
IDLOR 15 < (IDhwy o + IDReRllo)* = (1RS> wy g + 1DRE5 o)
Then using (217) together with Lemma ] we obtain
DRGNS S 6t + (1 + 68| DLéx 3.

For the two other terms from the right-hand side, upper bounds can be derived as
follows:

26t(OR}T, il ey ™) = 26t(SRETE, il def ™t — Serth) + 20t(S R T, dErTY)
< 26t[|0 Ry G + tl|if et — aep G + ot floe g
< St(5t + Sth!™)? + ot[|if dey T — dey |2 + ot||oer T2,
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26t(8%e5 T, Dl swy ) < 6t||VEReRTH|Z + 6t Vatwy |2
< Ot|| Vet 2 + otP.
Substituting all the inequalities above into (£32]), we obtain
(1= at)l[sey [ + 6t (Ch — in B )er 15 + ot Buey ™ (13
+0t%|| D e Ig + 26t Ve |3
+ 182G + (1= ot)li oe — oG
S N18e 11§ + 6t (1 + 6)|(Cy — in By )enll§ + ot Bueills
+ (1 4 6t)6t%|| DL er |12 + ot Voer||2 + ot3(5t + htH1)2,
The discrete Gronwall lemma yields, for all n < [T'/6t] — 1,
16ey 15 + 8t°II(Ci — inBi e T IE + ot Buey T 5 + 6t*|| DL ey 15

+ 0t Ve F + Z (7 0el ™ — b I15 + 162, 15)

< l6enlis + ot I(Chr —ihB;?)aiH% + 6t|| Bréy |I3
+ 6t%| Dt e} |12 + 6t Voer |2 + o3 (0t 4+ A1)

In order to estimate the initial error terms in the right-hand side of the above
inequality we make use of (£I7)-(@0]) at the first time step (i.e., k = 0). More
precisely, the equations that control e}, é;, and 5,11 are obtained by subtracting
([5) from the equation obtained by applying i, to ({I1), and adding some zero
terms to () as follows:

(4.33) e, + 0tCL e}, = inY) + Stip R}, — Stip Apdwy, — dtip Apé)
+ 6tCFoq; — otiy B} 6q;; — otip, B €Y,
(4.34) )l + 0tAper =itel + 5tALEY — 6tBE Bé) + 5tAdwr.

Taking the square for [{33]) and ([@34]), we have
lenll + 8t IChenllg < Ienlls + st RLIIG + 082l Andwy, 1§ + 68| Anepllg
+8t%||Cy dapll + 5t By day 5 + 52| By, eh |13,
and
€5 115 + 5| Ane 1§ + ot llen 1T S Nlepllg + 6t || Andwy |15
+0t%|| Ay 1§ + 68| By Bréj 13-
From the initialization hypothesis (HI), we obtain
ER I3 + llenlls + atllenllT + ot Chepll§ + ot* [ Anepll§ < 8t°(3t + '),
Collecting the above results yields the desired bound
o€y 13 + ot | Dhey ™ I1F + otl Buey 13

n
+ Z [if dektt — gak+L||12 4 || 62k T12) < 6e3 (6t + hiHh)2.
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Finally, the bound on &, — il ej, can be obtained from () as follows:
et — ety = st D — Ansep o
< 6t DhERT g + 6t S ot(St + hHT).
This completes the proof. (I

Remark 4.3. The estimate (£25)) is remarkable in the sense that, even though
the time stepping scheme is only first-order, the discrete divergence of 4y is %—
order with respect to time. Actually, the %—order holds also if we replace the
first-order backward Euler time stepping with the second-order BDF2 (i.e., RZH ~
O(6t? + h!*1)). That the splitting error can be smaller than the consistency error
induced by the time stepping has also been observed in [9]. This ——order on the
discrete divergence of wy, is the key reason why the second-order rotatlonal scheme
yields better error estimate for velocity in the H'-norm and the pressure in the
L?-norm than the standard version of the algorithm (compare Theorem [B.1] and
Theorem [B.T]).

We are now in position to prove the major result of this section:

Theorem 4.1. Let up, Gy, py, solve [L0)-[S6) (or the equivalent algorithm ([E9)-
EI0)-ED) and assume (HI)-[H2), then the following error estimates hold:

(435) Hu - ﬂh||£2(L2(Q)d) + ||u - iguh||£2(L2(Q)d) 5 ot + hl+1,
(4.36)  [lu = @nlle(mr @y + llu = ik wnlleer @)y + 0 = Palle 20y S 08+ Al

Proof. We reconstruct a non-homogeneous Stokes equation for the errors €, €, by

subtracting (£71) from (£I7]),

~k+1 T k+1 k+1
Apéltt 4 BTkt — RE

Byé ~k+1 —_B, ~k+1'
Standard stability results on non—homogeneous Stokes problems yield
~F k k <k
ety + llex ™ Hlo < IRpHHI -y + H L —epll o+ IBrig o

Owing to Lemma H2] we have

ek 5 ek ~k l
5t2” o eh||§2 “1(Q)d) S 5t2” el (L2(Q)1) S 5t? + h* 2,

IBriif ™ 2 2 (yay < 1 Brék ™ o (2 (ayay S 0t%2 + 6t1/2h!H1
This immediately implies

ll€nllez ey + llenllez(rziay S 0t + R

Moreover, using the Poincaré inequality we infer ||€]|;2(2(qyay < 6t 4+ h'™, which in

turn together with @23) yield [|if e]l;22(qya) S 0t + i1 The desired results are
then consequences of Lemma [£.7] O

Remark 4.4. The ¢? discrete norm in time in the estimates (@35)-(#36) can be
replaced by the /°°-norm with a little more regularity asumption on the solution.
We refer, e.g., to [I0, Theorem 4.1] where such estimates are proven for the fully
discrete standard form of the pressure-correction method.
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5. SECOND-ORDER ROTATIONAL VELOCITY-CORRECTION SCHEME

We now focus our attention on the fully discrete rotational velocity-correction
algorithm with BDF2 in time. To shorten the presentation we only give the proof
of the stability of the algorithm and we just mention the final convergence result.
The technical details are similar to those in the proof of Theorem [£.1] plus a duality
argument involving the right inverse of the Stokes operator (details can be found
n [9, 24]).

Replacing the Euler time stepping in (£.3]) and (£.7) by BDF2 yields the following
algorithm: Find (a k+1,p2+1, k'H) € (Xp, Mp,Yy) such that

3ubtt— dipak +ipal~t N 5
b g&h hoh 4, Apit — CT Byl + O phtt
(5.1) .
+ (in Bl = C)py = infr

ChUZJrl = 0,

and
3urtt — aak + @k _

(52) h 26th h +A k+l B}?p2+l _ f}lf+1-

Lemma 5.1. The solution of the scheme [BI)-(B2) is bounded in the following
sense:

(5.3) 185110 (2 (ya) + 682 | Buinllie r2()) < 10602220y

Proof. For simplicity we omit the source term f since it does not affect the stability
of the algorithm. We proceed as in the proof of Lemma [£.1l
Applying i to (5] and subtracting the result from (5.2)), we obtain
k+1 k+1
3(ay, ™ — i up )
26t

After applying the time increment operator 6 to (B.I)), (5.2) and (5.4, we have

(5.4)

+ Apaptt — Ayaf + B Braf = o.

30uf T 4 25tCT it = 4y, (46af — sak—t)

(5.5) — 26ty DYk 4 26t(CT — i, BE) o,
C’hduk‘H =0,

(5.6) 30uy Tt —dsaf + saf~t + 20tDiar Tt = —25t B ¢h

(5.7) 30artt 4 20tDf skt = il sul .

The entire stability analysis is based on the equations (B.3)—-(E.0)-(E1) above.
In the following, we will square each of them, sum up the results, use the two
inequalities

(5.8) | Brunllo < [[Vunllo, Yon € Xp; lifyrllo < llynllo, Yyn € Ya,

and apply the discrete Gronwall lemma to the resulted inequality.
First, we square (53] to obtain

9llgu, I3 + 46t°||CF o, T IG = |46y, — day |15 + 402 Dy |15

(5.9)
— 45t(40uy — suk—t, Dhak) + 45t?|(CF — i, BI)ogF 2.
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Note that we used the fact that (ipvp, (CL —inBE)gn) = 0 for all v, € X}, and all
qn € My, since il is the identity and i} CI = BI. Then, we square (5.6) to get

|36ap Tt — ddaf 4 duy 1|2 + 46t* || Dhar |2
(5.10) h 0 0
+ 46t (35ar Tt — 45ay + suyt, D artt) = 46t%|| B ¢f 2.

Finally, squaring (B.7) leads to
(5.11)  9||sap™||2 + 46t%|| Doy T2 + 46t(30as T, DY saytt) = 9|)if duy 3.

Now we sum up ((5.9)—(EI0)-EI0) to obtain

9||§ur 17 + 48> (1O o5, 1F — 1B7 ¢, 113)
+ 468 || D ag g + 9oyt + L + I
+46t%|| D, 0w, | = 40t Dy a |13
+46%|[(CFf — in By, )0 Ig + 9llis, duz 13,

(5.12)

where, to simplify notation, we have set
I == ||30apt — 4oaf + oay g — [[46ay, — say I3,
and
I := 45t[(36af ™+, D} sayt™) + (36ay ™ — dsap + ouy~t, Dhayt?)
+ (46uf — oak—t Dhak)).
Observing that |65 I3 — || BY 63, 1IF = I(CF —inBy) o5, I and [|if dup* flo <
|0us o, (EIZ) can be rewritten as
(5.13) 6 15 + L+ I + 468°||(Chf — in By )y I + 45t | Dy |13
. + 46| Di sy I < 46| Dhag 1§ + 4582 (|(C) — inBYL)d65; 5.

Now we compute the terms I; and I>. For I, we have
(5.14) 6ay 1§ + I = 36y 1§ + 3l120a, " — say 1§ + 3[16%ay 13
— 3||6ay |15 — 3l126a7; — 6ay 3.

The term I can be simplified as follows:

I = 46t [(36ay ™, Dyayth) + (36ay T — dsay + ouy ', Dy suyth)] .
Then, using the identity 2(3a — 4b+ ¢,a — b) = 5(a — b)?> + (a — 2b+ ¢)? — (b — ¢)?
together with the definition of D}, we infer

512 = 12| Voayth2 + 12(say !, BE Brak)
+4(36aptt — dsaf + suyt, Ap*uy Tt + BE Byoay)
= 12| Voa 5 + 10] V2 ay g + 2| Vot a 1§ — 21 Varag 3
+6(| By 1§ — 6|1 Briy 1§ — 6] Bro®ay I3

— 8[| Broa |15 — 2/ Buo®aj | + 2| Baday 13-
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Thanks to the fact that | Bpop|lo < ||Vop||o for all v, € X}, we deduce

1> 4| Vsa g + 8(IIVoay T Is — Vo ip)
(5.15) ot

+4(IVo*ay I — V8%, 15) + 6(| By 5 — | Brakllo)-

Combining (BI3) with (&14) and (EI5]), we finally obtain
3|6y, I3 + 6| By 15 + 31205 — 6ag |13 + 8[|V I + 4] Vet TG
+408%||(Cff —in By, )¢y, FIIG + 48| Dy 13
+318%a, 5 + 4V oy g + 48t Dy 6y
< 3||6aplls + 61| Buar |13) + 3l[20a5; — Sap 3 + 8| Ve |§ + 4 VaZar |3
+45t%|[(Cy — in By, )35 1§ + 46¢*(| Dy 13-
The conclusion then follows readily by using the discrete Gronwall lemma. [

Theorem 5.1. Under appropriate regularity assumptions and initialization hy-
potheses, the solution to (BI)-(22) satisfies

(5.16) Hu — ’U,h”p(Lz(Q + ||u — 1, uhng L2(Q)d) S < ot + hH_l
(5.17) lw = @nllecr @)ey + 1P = prlle ey S 68°2 + Al

Proof. Proceed as in the proof of Lemma[B.Jland use the right inverse of the discrete
stokes operator as in [9] [12] [24]. O

Remark 5.1. Note that the estimate (5.17)) is 2-order suboptimal with respect to dt.
This phenomenon is also observed for the rotational form of the pressure-correction
method. It has been analyzed for the pressure-correction method in [I2]. The lack
of optimality is related to the smoothness of the boundary. Actually, if the domain
is a two-dimensional channel with one periodic direction, it has been shown in [2],
using the normal mode analysis, that the rotational pressure-correction method is
fully second-order. In the general case, if the boundary of the domain is smooth,
say of class C!, numerical evidences reported in [12] show that the method is also
fully second-order. But, if the boundary of the domain is only piecewise C!, say 2
is a convex rectangle, then the 5tz suboptimality manifests itself in the convergence
tests. This tends to confirm that our analysis is sharp under the assumption the
domain is such that H? regularity holds for the steady Stokes problem supplemented
with homogeneous Dirichlet boundary conditions and L? right-hand sides. Whether
rotational pressure-correction and rotational velocity-correction methods can be
modified to yield provable full second-order in any circumstance is still, to our best
knowledge, an open problem; see [I3] for additional details.

Remark 5.2. Here again we only derived the ¢2-in-time estimates. It is possible to
obtain ¢*°-in-time estimates by asssuming more regularity. We refer for instance to
[0 Theorem 4.2] where this type of argument is developed for the standard version
the pressure-correction method.

6. CONCLUDING REMARKS

The results in Theorems 1] and 5.1l show that the first-order and second-order
rotational velocity-correction yield optimal error estimates in space for both the
velocity and the pressure, provided that the inf-sup condition is satisfied. The time
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estimates are optimal for the velocity in the L?-norm for both schemes. These
estimates are also optimal in the H'-norm for the first-order time stepping but
are suboptimal by a Stz factor for the BDF2 time stepping. All these results are
consistent with the numerical results presented in [12].

The present analysis holds for all types of approximations provided the assump-
tions (28) and ([ZI7)-(2I]) are satisfied. In particular, these conditions are satis-
fied by most finite element settings for spectral approximations though the story is
slightly different. Although there are at least two pairs of spectral approximation
spaces that satisfy the inf-sup condition (28] uniformly with respect to the poly-
nomial degree N (cf. [I]), the most popular pair Py X Py_s only satisfies a weaker
inf-sup condition,

. (V- vn,qn)
6.1 inf  sup ——= > cnllqnllo,
( ) aneM, oneXn ||VUh||O H HO
where ¢, = Oy = N3 - 0as N — oo (d = 2 or 3 is the dimension; see, for

instance, [I]). Although this does not affect the derivation of dt-estimates, it does
introduce difficulties for proving 6t2-estimates on the velocity for the second-order
schemes, since the constant c¢; comes into play when we apply the right-inverse of
the discrete Stokes operator, leading to an estimate of the form

(62) ||U — ’ITLh”gQ(Lz(Q)d) S C;l(5t2 + hlJrl).

Numerical tests reported in [T} [12] indicate that the term c,jl does not affects the
accuracy on the velocity and should not be present in (62). How to remove the
term cgl in the above error estimate for spectral approximations is still an open
problem.
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