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ROBUST A POSTERIORI ERROR ESTIMATION
FOR THE NONCONFORMING FORTIN-SOULIE
FINITE ELEMENT APPROXIMATION

MARK AINSWORTH AND RICHARD RANKIN

ABSTRACT. We obtain a computable a posteriori error bound on the broken
energy norm of the error in the Fortin—Soulie finite element approximation of
a linear second order elliptic problem with variable permeability. This bound
is shown to be efficient in the sense that it also provides a lower bound for
the broken energy norm of the error up to a constant and higher order data
oscillation terms. The estimator is completely free of unknown constants and
provides a guaranteed numerical bound on the error.

1. INTRODUCTION

A posteriori error estimation plays a key role in the assessment of the accuracy
of finite element simulations and in the control of adaptive refinement algorithms.
Although the theory of a posteriori error estimation for conforming finite element
methods is now relatively well understood [3] 5 22], the development of correspond-
ing techniques for nonconforming finite element approximation is less so.

Various alternative a posteriori estimators for the error in the broken energy
norm have been proposed for the lowest order nonconforming Crouzeix—Raviart
finite element approximation on triangular elements, including explicit residual-
based estimators [I1], hierarchical basis estimators [I4] and averaging type esti-
mators [10]. All of these estimators provide two-sided bounds on the error up to
unknown positive constants that are nevertheless independent of the mesh-size. A
hybrid averaging/residual based estimator proposed in [I] was shown to provide
actual computable numerical bounds on the error in the broken energy norm and,
again up to a generic positive constant independent of the mesh-size, local lower
bounds on the error. Moreover, the dependence of the estimator on jumps in the
diffusion coefficient was studied and shown to be relatively mild.

The second order, nonconforming finite element of Fortin and Soulie [I3] offers
some advantages over the first order Crouzeix—Raviart element, perhaps most im-
portant is that it satisfies a discrete Korn inequality [8]. Explicit residual-type a
posteriori error estimators for the Fortin-Soulie element were developed in [7] in
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the context of linear elasticity, and in [19] in the setting of quasi-Newtonian flow.
However, as yet there are no available a posteriori error estimators that provide
actual numerical bounds on the error along with local lower bounds.

Our objective in the present work is to address this issue and, moreover, to study
the effectiveness of the estimator when the diffusion coefficient is allowed to undergo
large jumps from element to element. In particular, we wish to investigate whether
the approach adopted in [I] for the Crouzeix—Raviart element may be generalised to
the Fortin—Soulie element. At first glance, this appears unlikely since the approach
used in [I] implicitly takes advantage of a number of rather special properties of the
Crouzeix—Raviart element [I6] that are not inherited by the Fortin—Soulie element.
In particular, advantage is taken in [I] of the fact that local fluxes may be defined
that are in equilibrium with the interior residual over each individual element—
the so-called equilibrated fluzes [3]. While a similar property holds for the Fortin—
Soulie element, following the approach of [I] would lead to an estimator that indeed
delivers a computable upper bound, but one which becomes increasingly pessimistic
were the mesh to be refined. Nevertheless, by carrying out suitable modifications,
we are able to construct a readily computable upper bound on the error that also
provides local lower bounds up to a generic constant. Consequently, the estimator
provides fully reliable, quantitative error control along with efficiency. In addition,
the dependence of the estimator on jumps in the diffusion coefficient is obtained
under weaker conditions than those imposed in [6l [21] in the context of conforming
finite element approximation where monotonicity requirements are imposed on the
diffusion coefficients. Here, as in [I], no such requirements are imposed.

The remainder of the paper is organised as follows. In Section 2l we describe
the finite element scheme and introduce the notation. Following [Il [1I] we de-
compose the broken energy norm of the error into conforming and nonconforming
components. Upper and lower bounds for each of these components are derived in
Sections B and @ Finally, in Section [f] we summarise the main results and present
some numerical examples illustrating the theory.

2. PRELIMINARIES
2.1. Model Problem. Consider the model problem
—div(agradu) = f in Q

subject to u = g on I'p and ag—g = g on 'y, where ) is a simple plane polygonal
domain, and the disjoint sets I'p (nonempty) and I'y form a partitioning of the
boundary T' = 99 of the domain. The data satisfy f € Lo (), g € La(T'n),
q € H' (I'p), and a € Ly () is piecewise constant. We will assume that a is
positive and that the value of a across the boundary of a subdomain of 2 may
undergo a jump of many orders of magnitude, corresponding to transition between
regions of widely differing permeability.

The variational form of the problem consists of finding u € H' () such that
u=gqonI'p and

(2.1) (agradu,gradv) = (f,v) + (9,v)p, Vv € H (),
where HE (Q) = {v e H' (2):v=0o0nI'p}. We shall use the notation (-,-), to

denote the integral inner product over a region or line segment w, and omit the
subscript in the case where w is the physical domain €.
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Consider a family of partitions {P} of the domain 2 into the union of nonover-
lapping, shape regular triangular elements such that the nonempty intersection of
a distinct pair of elements is a single common node or single common edge. Conse-
quently, the family of partitions is locally quasi-uniform in the sense that the ratio
of the diameters of any pair of neighbouring elements is uniformly bounded above
and below on the whole family.

2.2. Notation. In order to facilitate the orientation, we summarise all of the no-
tations used throughout the manuscript with reference to the place where they are
first used.

Section 2.1: Q, T'p, I'n, T, f, 9, ¢, a, u, HE, (+,-), (-,-), P.

Section 2.3: K, K', OP, v, 7', 7", 0K, P, (K), Py (7), &k, [v],, X%, XBE, tne,
gradnca qr.

Section 2.4: |K|, |v], hi, V, Any Tm, V(K), V (7), Uk, Vs, i ﬁf, 55, Ok, 0,
II, Cg, CX.

Section 2.5: osc (f, K), Pk f, osc(g,7), Pyg, H) (K), osc (g, 7).

Section 2.6: ar, N, N(K), N(T'p), L, p(K,K"), o*(K,K'), axk’, (K,Tp,n),
© (K,T'p,n), akrpmn, Yk Yrrp, Tk, K.

Section 2.7: |-, I, ¢, H, 6, v

Section 3.1: [a“’%c}v, zi, o i, n;, 07, 05, 05, 9%, ok, B, Tk (BK), o

on
Section 3.2: Tk, ¥rx, M, v¥, M;, ﬁf, fw, Vs K.
Section 4.1: S (Une), Win, Vi-
Section 4.2: 8Qn, s 67, 8@* (K, K/), 6KK’; 6KPD,TL3 5[(.
Section 5.1: V, S, Q, A, B, C.
Section 5.2: Ndofs, 7, ﬁg?), .

2.3. Nonconforming finite element approximation. Let K and K’ denote
individual elements in P, let 9P denote the set of element edges, let v, 4" and ~”
denote individual edges in 0P and let 0K denote the set of edges of element K.
Let P, (K) denote the space of polynomials on K € P of total degree at most n
and let P, (v) denote the space of polynomials on v C 9P of total degree at most
n. For each element K € P, let £ : 0K — {+1,—1} denote a sign function that
is piecewise constant on K and chosen such that éx + g = 0 on 0K N OK'.
For v € X5, we define the jump of v on an edge v by [v], = kvix + {xrvirr if
~v = 0K NOK’'. The Fortin-Soulie finite element space is defined by

X" = {U:Q—>sz|K€IP’2(K) VK € P,

([v],y ,p) =0VpeP(y) foryC GP\I‘}
2t

with the subspace X% defined by

(2.2) Xne = {v € X™ i (v,p), =0 Vp € Py () fory C rD} .

Note that although these definitions seem to differ from the usual way of defining
the Fortin—Soulie finite element spaces the above are exactly the same spaces as
those defined in [I3| [15] since for all v C OP\I', if v € X3°, then [v], € P2 (v) is
orthogonal to P; (), and hence v is continuous at the two Gauss—Legendre points
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x) 1K T,
v K
Ty
FIGURE 1. Location of the endpoints and orientation of the tan-
gent and normal vectors on an edge v of element K.

on . Also, for all v C 9P NTp, if v € X3, then v, € P5(y) is orthogonal to
Py (), and hence v is zero at the two Gauss—Legendre points on ~.

The nonconforming finite element approximation of problem @II) consists of
finding u,. € X™ such that

(2.3) (agradnc Une, gradncv) = (f,v) +(g,v)p, Vv € X5,
(uncap)y = (QIap)w Vp ePy ('Y) foryCTp

where grad,,. denotes the operator defined by (gradpe v)‘ x = grad (v| K) for K €
‘P. Here, the Dirichlet datum ¢ has been approximated by the piecewise quadratic
interpolant ¢; which equals ¢ at the endpoints and midpoint of each edge v € 9P
on the Dirichlet boundary I'p.

2.4. Projection operator. Let |K| denote the area of the element K, let |v|
denote the length of edge v and let hx be the length of the longest edge of element
K. Let V index the set of element vertices and for n € V define A,, to be the
piecewise linear function which satisfies A, () = 0mn Vm € V where x,, denotes
the position vector of vertex m. For K € P let V (K) index the set of the vertices
of element K and for v C 9P let V() index the vertices at the endpoints of ~.
Throughout we shall make use of the following formulae:
2l!m!n!

2.4 Imar 1)y =— """ K
(2:4) (NATNE 1) U+m+n+%”‘

for I,m,n > 0 where V (K) = {i,j, k} and, with V (y) = {l,r}, for m,n > 0,

(25) P A2, =

mrnr

Let v = ﬁ (v,1) for v € Ly (K), let U, = ﬁ (v,1),, for v € Ly (y) and let the

tangent vector tff and normal vector nff to edge v of element K be oriented as
K

shown in Figure [Il with the corresponding unit vectors denoted by t, and ﬁf .
K
We may parametrise an edge v C K by x (sff) =x;+ (sff + %) t., where

el v 1
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For future reference we note that sff has the properties that for p € Py (v),

3] sk
(2.7) p—D,= %s,[f and —% = 1.
ot., ot

Lemma 2.1. Let 0 € X3¢ be defined by

4-6 Z A on K,
(2.8) Ok = nev(K)
0, elsewhere,

and for v C 0K let 0, € X™° be defined by

(2.9) g, = 1-6(1- | DA onK,
nev(y) neV(y)
0, elsewhere.
Define the operator 11 : HE, () — X72¢ by
(2.10) Mv= Y Txlx+ Y 0,0,
KeP YCOP

Then for all K € P,

(2.11) (v—=TIv, 1), =0,
and for all v C 9P,
(2.12) (v — Hv,p)v = (v,p — 1_97)7 Vp e Py (7).
Also,
(2.13) [0 = TIvl[ 1, gy < Cr [lgrad v, 4,
where for v, v distinct edges

hi Lhg [ hi A\ 2
2.14 = — -—— | —
(2.14) Cx 7T+Z (577 <W+7r’ré%}§(|7| ’

YyCOK

and for v C OK NT'y,

(2.15) [[v— HUHL2(»Y) < 05 ”gradeLz(K)
where for v, " distinct edges
(2.16)
1/2 1/2
K _ 1l 1l hi (hx "
= |K|1/2 Z ((2577/ * 5071 (=) T\ 7 +w/r}1ca§{Kw | '

vy COK
Proof. By applying (2.4)), we obtain (0x, 1), = |K| and (0.,1), = 0, from which
([210) follows. Likewise, applying (Z5) we obtain (0, p),, = 0 and (97,p)7/ =
71 P0++ Vp € Py (') for all 7,4" C OP from which (212)) follows. Moreover, these

identities show that IIc = ¢ on K for all ¢ € R and since for v € H! (K), there
exists ¢ € R such that [20], [lv — ¢l x) < LS lgrad vy, k) and [2],

[l b (e v
lv — C||L2(7) < (W7 o + ny/%aa)%( 1] ngadUHLQ(K)
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for 7, v distinct edges, by applying standard arguments, (213]) and (ZI3]) follow.
O

2.5. Data oscillation. The oscillation of the data f on an element K € P is
defined to be
osc (f, K = |K|"? inf — .
(P = K int 1 =l

Since Py (K) is finite-dimensional and the norm is strictly convex, it follows that
there exists a unique minimiser of the right hand side, which we shall denote by
Py f. Likewise, the oscillation of the Neumann data g on an edge v C I'y is defined
to be

/2 .
osc(g,v) = inf —
(9,7) =]l Lant lg = pllL, 0

and again we denote the minimiser by P,g. For K € P and v C K NI'p, let
the space H) (K) = {vive H' (K):v=00n 9K \~v}. The oscillation of the
Dirichlet data g on an edge v C 0K NT'p is defined to be

osc(g7) = inf igradvlp, g, -

HL(K):

V|y=q—4q1

2.6. Path permeability. Let ax denote the value taken by the permeability a on
element K, let NV index the set of element vertices and edge midpoints, let N (K)
index the set of vertices and edge midpoints of element K, let N (I'p) index the set
of element vertices and edge midpoints which lie on I'p, for n € N let Q,, denote
the patch composed from those elements with a vertex or edge midpoint located
at x,, and let K, K’ C Q, be distinct elements. To define the permeability ay g~
between a pair of elements, first observe that there is always at least one connected
path p (K, K') C P passing from K to K’ through adjacent elements belonging to
the patch ,,. The smallest permeability of all the elements in the path p (K, K')
is given by min{ay; : M € p (K, K')}. We take p* (K, K') to be the path which
maximises the value of this quantity, and define

(217) QKK = min{aM M e p* (K, K/)}

If a vertex or edge midpoint x,, of element K lies on I'p, then the element may be
linked to I'p by a connected path p (K,T'p,n) passing through adjacent elements
as before. Choosing p* (K,I'p,n) to be the path which maximises the value of
min{ay : M € p (K,T'p,n)}, the permeability between element K and the Dirich-
let boundary is then defined by agr,, = min{ay : M € p* (K,I'p,n)}. The
ratio Y g = W measures path permeability relative to the least perme-
able of the two elements K and K’ at the endpoints of the path and YTgr, =

DoneN ()N (Tp) ans—- We also define

T'p,n

(2.18) Tk =Tkr,+ Y. Yix
K'CK\K

where K denotes the patch formed from element K and those elements sharing a
common vertex with element K. For more details and examples on path perme-
ability we refer the reader to [1].
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2.7. A posteriori error estimator. Let the broken energy norm over a region
w be denoted by ||-||, = (agradyc -, gradnc )i/ * where again we shall omit the
subscript in the case where w = ). Our objective is to obtain a computable
estimator for the broken energy norm of the error ¢ = u — u,.. Observe that
this also provides Lo () error control because of the discrete Poincaré—Friedrichs
inequality. To estimate the error we shall make use of the following lemma, which

is proved in [II] and used in [4} 9.

Lemma 2.2. Let H = {w € H' () : (w,1)g =0 and %7“5 =0 on FN}. The error

e = u — Up. may be decomposed into the form

(2.19) agradyc e = agrad ¢ + curly

where the conforming error ¢ € HL(Q) satisfies

(2.20) (agrad ¢, grad v) = (agradye e, gradv) Yo € H5(Q)
and the nonconforming error ¢ € H satisfies

(2.21) (a~! curly, curlw) = (gradye e, curlw) Yw € H.
Moreover,

(2.22) lell* = I6l* + (a~" curl ¢, curly).

The importance of this lemma is that it allows us to write |le® as the sum
of a conforming part ||¢|> and a nonconforming part (a~! curly, curle)) which
reduces the problem of obtaining an estimator for |le|| to that of obtaining separate
estimators for each of the two terms in this decomposition which is what we discuss
in the next two sections.

3. ESTIMATION OF THE CONFORMING ERROR

3.1. Upper bound. Our aim is to find a fully computable upper bound for ||¢°.
Let v € H5(2). Then, by (Z20), the definition of e and (Z1I),

(agrad ¢, grad v) = (a grad,. ¢, grad v)
= (agrad u, gradv) — (a gradpc Uy, grad v)
= (f,v) + (9,v)p, — (agradnc tne, grad v)

Z (fs U)K — (ax grad uy,,, grad U)K + Z (9, U)rymFN
KeP YCOK

Observing that ITv € X3¢, where II is the operator defined in Lemma 2] we find
0 = (agradnc Unc, gradnc [Tv) — (f,1lv) — (g, o)
from (Z3)), and so

(agrad ¢,gradv) = Z ( — (ax grad up, grad (v — IIv))
KeP

+(fo=T) e+ Y (g0 —TIv),py )

YCOK
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Integrating by parts, applying property (2.12)), and the fact that v =0 on I'p gives

(3.1) (agrad¢,gradv) = Z (f +ar div(grad u,e) ,v —Iv)

KeP
ou ou
+ Z (9= Pyg,v—1v) po — {a 87?1,6] _ ([a 6;20] ) U
YCOP\T'p v 7/ N -

where

ax TG54 are TR iy = OK NOK’,

ou ‘ 7
6 || = aliEopg ifvcry,
Y BunJK .
UK —FAK if v C I'p.

We now simplify the terms appearing in the right hand side as follows. First, since
ag div (gradpe unc) is constant, property (ZI1)) of the operator IT allows us to write
(3.3) (f + ar div (grad upe) ,v — Iv)

= (grad (Pxf) - (x —xk),v—1v) + (f — Pxf,v—TIv)
where xx denotes the centroid of element K € P. The final term in (B3) will be

estimated later in terms of the data oscillation. For each K € P and each edge
v C 0K, define

—1/2

. 7@_17;1’@_1,2 if y = 0K NOK’,
— K K’/
(3.4) =91 if v C Ty,

0 ifyCIp.

Then, since aff +a,1fl =1fory=0KNoK’,

>l (5 -

’YC(‘)'P\FD y
- Z Z off [aagfc] — ([aagiw] ) ,v
KeP~COK n o1y nly/, .,
-y T <a5 9 [aag’fc] 55,U>
KeP vCOK ot LLEN P "

upon applying property (27). Hence, with the aid of B3], we may rewrite (3.1))
in the form

(agrad ¢, grad v)

(3.5) = Z ((grad(PKf)~(:B—:cK),v—Hv)K—i-(f—PKf,v—Hv)K
KeP

0] ou
+ E (g — Pyg,v —IIv) — | af— [a fc] sK v .
( v I’y < v (‘%5 on . v ,

YCOK
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€1
n2

ny

FIGURE 2. Direction and enumeration of the vertices, edges, tan-
gent and normal vectors of element K.

The next step is to develop some convenient representations for the terms appearing
on the right hand side. Fix an element K € P and label the vertices, edges, tangents
and normals as shown in Figure 2

The following result will be used to deal with the first term in (B3).

Lemma 3.1. Let K € P. Then, for all v € Hy (),
3
o — __IK]| s — 2T
(3:6) (grad (Pxf)- (2 —@x), o) = = > (grad (P f) - (z; — @K)) Vs,
=1

Proof. Observing that for ¢ = 1,2,3, (A;, 0k ) is independent of ¢ (due to symmetry
of 0k), we see that

3
1 1 K
(Nis Ok ) e = 3 Ok, E A =3 (O, 1) = K|
j=1 X

SO ()\i — %, HK)K = 0. It then follows that
(3.7) (grad (Px f) - (x —xk),0k), = 0.

Moreover, for ; C 0K, a simple calculation using Z4) gives (i — 5,0,,), =
—1= |K| and (A; — %,HW)K = o= | K| if i # j and hence, for i = 1,2,3,

(38 (grad (Picf) - (@ — k) 0,)c = 1o (grad (Pef) - (0~ 2x)).

The result then follows from 7)) and (38) after inserting the definition (ZI0) of
IIv into (grad (Px f) - (x — k), IIv) 4. O

The fgllowing identities will prove useful in what follows. For i = 1,2,3, let
t; = || t; and m; = |y;| *;. Then for i = 1,2, 3,
(3.9) (ti-m;) =0,
(3.10) (t1-n2) = (t2 - n3) = (t3 - ny) = 2| K|,
(3.11) (t1-n3) = (t2-n1) = (t3 - n2) = —2|K],
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and

1
(3.12) grad \; =

3R
Lemma 3.2. Let K € P be any element, and define the following functions on K :

9 [ dunc] Iml
3.13 07 = ot — Aotz + Ast
(3.13) LT %, {a aﬁLléllK(”Jr ot
with 05{ and 0? defined analogously. Then for all i,j =1,2,3,
0 ou

A~ K _ K nc K
(3.14) (he-05) =%, { o ] St
(3.15) dive’X =0 in K,
and there exists a positive constant C, depending only on the shape of the element,
such that

a [ ou

3.16 ‘OK < Chiaf | = laZ2e| .
(316) oo =7 o |Ton |

Proof. We shall prove these results for 8% with the results for 85 and 9? following

by rotation. By (B10) and BIII),

N 0 e \71|2 . .
pK\ _ K 9 il . ,
<n1 01) = a o, {a Bh Ll 1] |((n1 t3) Ao + (71 - t2) A3)
0 8’1.an |’}/1‘ 0 aunc
N by, = ag) = —arc 2 i
s {“ o Ll p o d) =g 1% aa |

where s,lfl denotes the arc length on v;. Upon applying ([3.9) and observing that,

for i = 1,2,3, A\j,, = 0 we obtain (ﬁg . 05)‘ =0 and <ﬁ3 . Hf()l = 0. Now,
Y2 3

making use of (B12) gives

c K K 0 Qe |’Yl|2
divl; = —a ((n2 - t3) + (n3 - t2))

— |a =
mot [ on |, s|KP
and hence 6% is divergence free thanks to (BI0) and (3II). Finally, (3I6) follows
from standard scaling arguments after applying (2.4). (I

Lemma 3.3. Let K € P be any element, and define the following function on K:

9% = (grad (Pxf)- (z1 — xk)) (% - %M) (Aats — Astz)
(3.17) + (grad (Px f) - (2 — TK)) (2—10 - %M) (Ast1 — Ait3)
+ (grad (PKf) . (:c3 - iIZK)) (2—10 - %/\3) ()\1152 — /\Qtl) .
Then fori=1,2,3,
(3.18) (- 0%) = L (grad (Pes) - (@, - 7))
' e 10 il ' ’

(3.19) divo® = (grad (Px f) - (xx — x)) in K,
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and there exists a positive constant C, depending only on the shape of the element,
such that

(3.20) HﬁK’ < O3, |grad (P f)|.

L2 (K)

Proof. Making use of the fact that A\; =0 on ; for ¢ = 1,2,3 and [B.9) we have

(ﬁl .0K)m - % (grad (Px f) - (@1 — zx)) (r - £3) Ao — (g - £2) \3) -

Applying (3I0) and BII) yields (ﬁl ~19K)‘ = 1—10% (grad (Px f) - (x1 — xKk))
71
upon noting that Ay + A3 = 1 on ;. The remaining terms in (BI8) follow by

symmetry. To show ([BI9]) we can apply the product rule, (312), (BI0) and BII)
to obtain

1
div ’l9K = 5 grad (PKf) . ((wg + x3 — 2£L'1) )\1 + ($1 + x3 — 2%2) )\2
+ (21 + 22 — 2w3) Ag) = (grad (Px f) - (xx — ) .
Also, ([24]) and standard scaling arguments can be combined to arrive at (320). O

3
Lemma 3.4. Let o = 9% + Z 0K where 0F and 9 are defined in Lemma
i=1
and Lemma [B.3] respectively. Then

(3.21) (ok,gradv), = (grad (Pxf) - (x —xx),v—Iv),
0 l: 8unc:| >
K K
- Z ay — |a—o—| s5,v
’YC3K< ! 8tﬂy on 0l ! 5

Proof. By Lemma B.1] we have that
(grad (Px f) - (€ — k), v —v) g

-y (af % o] K) = (grad (Pic/) - (2 — 2x) )

ot

YCOK vy ~
3
1 |K]| x 0 Olne K
> (10 ) (82 (Pref) - (@i — @) e, |a7p2”| v )
= K Yi

Also, using integration by parts gives
3
(ok,gradv), = Z (R ok,v),, — (divog,v)y.
i=1
So the result is true if for i = 1, 2, 3,
1 |K]|
10 il

;O = (grad(PKf)'(mi_iL'K))—aK 0 |: 3unc] K

= |a =
Vi atl on o Yi

and —divex = grad (Pk f) - (£ — k) which follows by applying Lemma and
Lemma [3.3] to the expression for o k. O

We are now in a position to prove our upper bound for |¢||.
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Lemma 3.5. For each K € P, let Bk € Hi (K) be given and define

(3.22) Ok (Br) = a0kl paiaey + Crc I = Prcfll oy rcy

K
+ Z C’y ||g - PVg”LQ(’y)
~YCOKNI'N

where 0% = o — curl Bg. Then

(3.23) ol < > @k (Bk).-

KeP

Proof. Returning to (8.5) and using Lemma [3.4] we obtain

(agrad ¢, gradv) = Z<(0'K,gradv)K+(f—PKf,v—Hv)K
KePp

(3.24) + Y (g-Pygv—TIv), ) .

YCOKNT N
Since for all K € P and v C 9K, (ﬁf -curlﬂx) =0 and div (curl 8k ) = 0,

(3.25) (0k,gradv), = (0%, gradv) .

Inserting ([B:28]) into (B:24)) then applying Cauchy—Schwarz followed by inequalities
@I3) and ZI5) yields

1/2
(agradg,gradv) < 3 @i (Bx) ol < (Z % (ﬁm) ol

KeP KeP
from which we can obtain the result by letting v = ¢ and dividing both sides of the
inequality by ||| O

This result enables us to obtain computable bounds on ||¢|| for any choice of Sx.
The simplest choice is Gk = 0, however, by minimising over S from an appropriate
class of bubble function we obtain || % || La(K) < o k|l 1, () and thereby potentially
tighten the bound. We shall elaborate on this point later in the final section.

3.2. Local lower bounds. We now show that ®x also provides a lower bound
for the conforming component of the error plus data oscillation up to a generic
constant. In principle, one could obtain numerical estimates for the constant using
techniques similar to those in [I8]. We shall not pursue this further here. Observing
that as before we obtain [|o%[|, k) < [loxllL, ), then applying the estimates
BI8) and B20) to the expression for ok and the estimates Cx < C |K|1/2 and

C’ff <C |’y\1/2 to the expression for ®k (k) allows us to say that

Ok (Bk) < Cag'l’ (hi( grad (P f)| 4 osc (f, K)

(3.26) + > (h%(aff

YCOK

0 { 5‘um}
a

i on

Jrosc(g,’yﬂI‘N)))

In the next result we obtain an estimate for |grad (Pxk f)].
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Lemma 3.6. There exists a positive constant C, depending only on the shape of
the element, such that

(3.27) ax Wi lgrad (P f)] < C (Mol + ' * osc (£, K))

Proof. Let fx € R? and x € R? denote the vectors formed from the first and

second rows of the matrix M = [:Bl —Tg Ty— T X3 — mK] and let the func-

tion vX take the value (x — xK) AMA2A3 on K and be equal to zero everywhere

else. Computations using the definition of II and (Z4) give us that v = 0,
- 12 Tw T

(z -z, v5) = 1‘2_12‘0 < (fZKgK) > and (y —yx,v"), = % ( ( |IZ<7KTJ2K> >’

where IT applied to a vector-valued function is defined as II applied to each com-

ponent. Using these equalities and the fact that v = 0 on all edges v C P, we
can choose v to be each component of v¥ in (B.5) to obtain

K] [ 7 (e %K) ] grad (Pg f)
1260 | (7x -¥x)  |Uk|
(3.28) = (aKgrad¢,grade)K—(f—PKf,'vK)K.

It is not difficult to see that
3
k|G| — (T - ) = [Exc < [ =Y (det (M))?,
i=1
where M; is the 2 x 2 sub-matrix of M obtained by omitting the ¢-th column.
Then, we note that det (M;) = £2|K;|, where K, is the triangle formed by the
endpoints of «; and the centroid of K. Hence,

3
- . L 4
el |cl” = (Frc - Gxc)” = 4D _IKl* = S KT
i=1 3
This implies that the matrix on the left hand side of ([B.28]) is non-singular and can

be inverted to give an expression for grad (Pk f). Now, applying Cauchy—Schwarz

to this expression and observing that ’H'vK‘HK < C’a}(mhK and that x|, |7x|°,

Tr -Yi) and ||v are all bounded by , we have that
) d [[v¥ Lo(K) 1l bounded by Ch% h h
lgrad (Picf)| < Ch® (ai” 16l + ose (£.K))
from which we can obtain the result claimed. ([

K
2l

We now work to obtain an estimate for «

B?K [a‘r)a“;;c]fy’. To this end, the
following result will be useful.

Lemma 3.7. Let K € P and v C OK. Define ﬁf = 60N A-(A\ — N;) where
V(y) ={l,r} and the edge v is oriented as in Figure [[l Then for p € Py (),
dp
(3.29) (p.5Y), = —xhl*
ot
Proof. Letting p = r1sX + 7y, where r1,75 € R, and using (28] then [Z3) gives

(p, ﬂf)w = r1|7|%. So the result holds by applying (2.7 to show that at}’;( =ry. O
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Lemma 3.8. Let v C 9P \T'p. Then there exists a positive constant C, depending
only on the shape of the elements, such that

0| Qe
ot "on |,

Y

_1
(3.30) ay*hial

0 {ume 10l + arc* (osc (f.K) +osc (f,K') if y = 0K 19K,
ol e + ax? (osc (f, K) + osc(g,7)) ify=0KNTy.

Proof. Let v be an interior edge and observe that

0 |:a aunc :| 0 |:CL aunc :|
85? on - afy on -
where fw is either of the two tangents to y. We define v, € H (Q) by the rule
vy = 60N A, (A — A;) where V (y) = {l,r}. Using (Z4) we have that (v,,1), =0
for all K € P and (vy,1),, = 0 for all v/ C 0P which together imply that ITv, = 0.

Using these equalities, the fact that v, is zero on all edges except v and Lemma
B7 and by letting v = v, in ([B.H) we obtain

3{615%] _
oty | on ||

2

K <Chf

| |2 Z (f(agradqb,gradv,y)l(

KeP:
COK

+(gI‘ad(PKf)'(:B—:BK),UW)K‘F(f—PKf,’UV)K)

Now, making use of Cauchy—Schwarz, the definition of the oscillation of f and the
estimates || grad (Px f) - (® — @) ||,(x) < Ch¥ |grad (Px f)], [loy]l, < Ca}(/2

and |[vy ||z, (k) < Chx we have that
0 { 3unc]
— la—

oty | on |

to which we can apply Lemma to get

9 [a%] <0 Y (i 10l + ose (1.K)).
Y

at’Y In KeP:
YCOK

r? <C 3 (@l Ully + osc (£, K) + b [grad (Picf)])

ly[®

Finally, by letting v be a common edge of elements K and K’ and using the defi-
nition of aff , we have that

0 {aaum}
ot, | on N

< C (a ol (o +ail?) (10l + 10l c) + ose (£, K) + ose (£,K7)))

= C (Il + 19 + ac* ¥ (050 (£,K) +osc (£, K1)

and the estimate follows since ozf < 1. The result for v = 0K NT'y can be proved
similarly. O

K

1,
2
ag” hico

Finally, collecting these results we obtain the following lemma.



ROBUST A POSTERIORI ERROR ESTIMATION 1931

Lemma 3.9. Let K be the set of elements, including element K, that share an
edge with element K. Then there exists a positive constant ¢, depending only on
the shape of the elements, such that

(3:31) c@x (Bx) < Y. (Mol +ai P ose (£, ) +ai* Y7 ose(g).

K'CK ~YCOKNT v

Proof. Inserting the estimates proved in Lemma and Lemma into (B226)
gives the result. 0

4. ESTIMATION OF THE NONCONFORMING ERROR

The main part of the upper bound for (ail curly, curl ¢) is defined analogously
to [I] by the continuous piecewise quadratic interpolant of u,. on P whose values
at the nodes are given by

q(x,) ifne N (Tp),
(4'1) N (’U,nc) (Cl:n) = Z WK nUnc|K (mn) if n ¢ N(FD)

KeQ,

for n € N with the weights wg ,, defined by wk ,, = a%z/ZK,CQ"a%?. As in [1], it
is essential that a weighted average be used in order that robustness of the estimator
with respect to the permeability coefficient is maintained. Note that these weights
satisfy the condition

(4.2) Z Wi = 1.
KCcQ,

The following result can easily be obtained from the upper bound proved in [I] and
so we omit the proof.

Lemma 4.1. Let

(4.3) Ve = fune =S (ne)lc + > al*osc(q,7).
~YCOKNI'p
Then
(4.4) (a™ ! curl®, curly) < Z (8
KeP

4.1. Local lower bounds. By analogy with [I] we shall require the following
lemma in order to prove that ¥ g also provides a lower bound for the nonconforming
component of the error plus data oscillation.

Lemma 4.2. Letn € N, let K € Q,, and let 0Q,, denote the boundary of Q,,. Then
there exists a positive constant C, depending only on the shape of the elements, such
that

(4.5) ‘unc|K (n) =S (Une) (.’Bn)’
(a™! curly, curlw);l/n2 Z wa)na;(%? ifn¢é N (Tp),

<C K'CQn\K
B a;&/;n (a‘l curly, curl 1#);2/"2 + Z osc(q,v) ifne N (T'p).

’)’Caﬂn N'p
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Proof. First let n ¢ N (I'p). Inserting definition ([41]) and using property ([&2]), we
obtain

(4.6)  Uneir (Tn) — S (Une) (Tn) = Z WK’ n (unc|K (T0) = Une| K7 (Ccn)) .
K'CO\K

For n € N if &, ¢ T'p is a vertex or edge midpoint of one element K only, then
Lemma @2 and (6) both imply that |tnex (€5) — S (unc) (2n)| < 0. It therefore
suffices to consider the case when x, is a common vertex or edge midpoint of
more than one element. We first consider the contribution to (£6) arising when an
element K’ shares a common edge v with element K.

On v = 0K NOK’, as noted following [2.2), [unc], vanishes at the two Gauss-

. 2
Legendre points on 7, 80 Upe|x — Upe|k’ =T ((SK) - 1—12 |’y|2) for a constant r € R.

5
Hence, forming second derivatives, we obtain 2r = -2 Qe | where |2iae
ot ot 7 ot 7
6 ’ . .
al;;;%K + %. So, letting sX = i‘lg‘ we obtain for a vertex x,, € 7,
5
2 0 ou
(@7 e (@) = e 20) = o T [ 2]
8t7 ot |,
where = %, while taking sf = 0 gives a similar identity for the midpoint x,, € v,

namely (7)) with g = —5. Let the function 8, € H take the value ,uﬂf on K,

fuﬂf "on K’ and zero everywhere else with the function ﬂf having been defined
in Lemma 37l Now letting w = 8, in (2.2I]) and integrating the right hand side of
the resulting expression by parts gives

ou o_|ou
e (5[] ) 2 ]
(a7 curly, curl 8,) (ﬂV ot |, , wh 855 ot 1,

by applying Lemma Bl Combining this with (£.1) yields
(48) Une|K (mn) — Unc|K’ (xn) = (a_l curlw,curlﬁv)KUK, :

This relation is valid for pairs of elements K and K’ sharing a common edge . More
generally, suppose elements K and K’ share only a common vertex x,,. The path
p* (K, K') appearing in (ZI7) links the elements K and K’ by a set of elements
having a common vertex at @,. The set of edges shared by these elements is
denoted by 9p* (K, K'). Relation (A8) holds on each edge along the path, and
0, by summing (48] over edges, we obtain a telescoping sum of differences of .
across neighbouring edges, which simplifies to give

(49) Une|K (mn) — Unc|K’ (SEn) = (a_l Curl’(/J,CuI‘lﬁKK/)Qn

where Bx g = Zy/cap*( KK By . Applying Cauchy—Schwarz followed by the esti-

mate Ha’1/2 curl Bx g

12 .
La(@) < Cag /. gives

— _ 1/2
‘unc|K (mn) — Unc|K’ (mn)‘ < OaK]}(/”z (CL ! Curlwv curl ¢)Q/n .

The result is then obtained by inserting this estimate into the expression obtained
by applying the triangle inequality to (4.0) after taking its modulus.
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Now, let x,, be an endpoint or midpoint of an edge v C I'p N IK’, where we
allow for the possibility that K’ = K, with K’ chosen so that it maximises ax g’
and observe that

(410) unC\K (wn) =S (unc) (xn) = unc\K (wn) _unc\K’ (wn) +unc\K’ (mn) —q (mn) .

Recalling that g (x,) = qr (Tn), Unc|x’ — qr vanishes at the two Gauss-Legendre
points on 7 and applying Lemma 3.7 allows us to write

8 8unc\K’ 8q1
(4.11) Unelicr (Tn) — 4 (@) = p 1> —7 | —eir— | = | Bys —r
" ot~ \ aif "ol )

2l Y Y

where 3, = uﬁff/ on K’ and zero elsewhere. As before letting w = (3, in (2:21)),
integrating the right hand side of the resulting expression by parts and applying
Lemma 3.7 gives

_ 0 aunc K’ 8(]
a~!ecurly, curl 4 Zu\’y\Q 7 7‘, — | By, —5=
( 7) 9% P y P )

v v ol

Combining this with (LII)) yields

- (g —ar
Uneiir (Tn) — ¢ (xn) = (™' curly, curl 3,) + | 35, %
ot
which we can add to ([@3]) then insert the resulting expression into ([@I0) to obtain

Une|k (Tn) — S (Une) (Tn) = (a ! curly, curl Bgr,.n) + (ﬂ.y, W)

~

where Brr,n = Bxk’ + By. Observing that (;ﬁ},c) =0 for all ¢ € R and
v

~

integrating by parts allows us to say that

0(q— 0
(ﬂwa((],J(fZI)) ( gg/,q(ﬂc>
oty ). \ot

with ¢ € R chosen so that [lg —qr — [, < C’h}(/,2 osc (q,7). The result then
follows by combining the above and applying Cauchy—Schwarz and the estimates

_ —1/2 ) —1/2
Ha 1/2 CurlﬁKPD’nHL2(Qn) < CaKF/Dm and 52, < C’hK,/ . O

7 L2 (y)

~

Lemma 4.3. Let K denote the patch formed from element K and those elements
sharing a common verter with element K and let Ex denote the set of edges having
any vertex of K as an endpoint. Then there exists a positive constant c, depending
only on the shape of the elements, such that

(4.12) c¥% < YTk (a ' curly, curl z/;)R +ag Z osc? (¢,7) .
yCEKNI'p

Proof. By a standard argument we have that

i <O | lune =S (unc)”ﬁ{ tak Z osc” (¢,7)
'yC@KﬁFD
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and by the equivalence of norms in finite dimensions we have that
2
llune —S (um)”ﬁ( <C Z aK |Unc\K (®n) — S (Une) (xn)| .
neN (K)

The result then follows by inserting the estimates proved in Lemma and ob-
serving that

2
) Wy Ty, b Y Tk =Tk O

aKT ~ AR K' =
nEN(K)NN(Tp) D KICR\K K'CR\K

5. SUMMARY AND NUMERICAL EXAMPLES

5.1. Summary of main results. Our bounds on the broken energy norm of the
error e in the Fortin—Soulie finite element approximation are summarised in the
following theorem.

Theorem 5.1. Let @i (Bk) and Y be defined as in Lemma and Lemma BT
respectively. Then, the broken energy norm of the total error e can be estimated as

(5.1) lell® < > (9% (Bx) + ¥%) -

KeP

Also, there exists a positive constant c, which is independent of any mesh-size, such
that

(% (Br) +¥%) < Trlelk +ax D osc®(q,7)

YCEKNI'Dp

(5.2) +agt Z osc? (f, K') + aj! Z osc? (g,7)

K'CK YCOKNI' N

where K denotes the patch formed from element K and those elements sharing a

common vertex with element K, Ex denotes the set of edges having any vertex of
K as an endpoint and Tk is defined in (2I8)).

Proof. Follows from Le}nma~|ZZL Lemma B8] Lemma 3.9 Lemma ] and Lemma
by observing that K C K. O

The evaluation of ¥g defined in Lemma [4.]] is straightforward. For the evalua-
tion of @k (BK), the following result will be useful.

Lemma 5.2. Let the vertices, edges, tangent and normal vectors of element K € P
be enumerated and have direction as shown in Figure 2 where for i =1,2,3, |t;| =
Ini| = |yil. Let

grad (Px f) - (z1 — =x)
grad (Pxf) - (xy — xk)
. grad (P f) - (x3 — k)
(5:3) V=1 Py o%se], |
ol ol 52 [a %]
sl ok o [a%2e]., |
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where x i is the centroid of K and Pk f, [aagﬁ'“h and aff are defined in Section

23 B2) and BA) respectively. Also, let

_IK|
(5.4) §= [ A B ]

= 1440

3
where, with Q = %Z lvil?, A is the matriz with entries
i=1

2 2
72| = |73 2—812 ) 513
(5.6) B = s21 Iv3]™ = |l IR
—5831 532 I71l™ = el

where si; = 2|vil> + 5]v;1* + 6 (ti - t;), and C is the matriz with entries c;; =
0i;Q + (1 —6;5) (t; - tj). Then

(5.7) lollz, ) = VISV

Proof. An expression for ||0'KHL2(K) can be obtained by using the definition of ok

and formula (24]) to evaluate (ok,0 k). This expression can then be simplified
using the identity ¢; +t2 +t3 = 0 and finally manipulated into the above form. [

5.2. Numerical examples. We illustrate the theoretical results with three exam-
ples: one with a smooth solution, one where the coefficient a undergoes jumps of
varying sizes and one where the oscillation of f is non-zero, the coefficient a under-
goes jumps and the gradient of the true solution displays highly singular behaviour
at the origin.

The definition of ®x involves an arbitrary function Sx € H} (K). This may
simply be chosen to vanish, but alternative choices may be made in the hope of
tightening the error bounds. In the following example we also present the results
obtained by choosing Bk to be cubic, quartic and quintic polynomials supported
on the element. When reporting numerical results we let Ndofs denote the number

of degrees of freedom, for n = 0,3,4,5, let n2 = Y oKep (@%( ( %L)) + \I/%() where

E?) € H} (K)NP,, (K) is chosen to minimise ® jc and let the effectivity index of the
estimator be denoted by ¥,, = WT"m Note that minimising over Hg (K)NPy (K) =0
is equivalent to omitting the bubble correction.

5.3. Example 1. Our first example is the problem —div (gradu) = —6z in Q =
(0, 1)2, with the true solution given by w = x3. Dirichlet conditions are applied on
the vertical edges while Neumann conditions are chosen on the horizontal edges.
The initial mesh is formed by subdividing the domain into two elements by joining
the top left vertex to the bottom right vertex. The mesh was then uniformly refined
whereby each triangle is subdivided into four subtriangles at each step.

It can be seen from Figure [B] that there is a notable difference if a cubic bubble
is introduced, but further enrichments to quartic and quintic bubbles have little
effect. Consequently, we shall apply a cubic bubble correction in the remaining
examples.
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FIGURE 3. Performance (a) and effectivity index (b) of estimators
for Example 1.
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FIGURE 4. Initial mesh for Example 2(a) and Example 3(b).

5.4. Example 2. Our second example is for the problem —div (agradu) = f in
the region 2 bounded by the lines z = 0, y = 0 and x + y = 1 with boundary
condition u = 0 on I'p = 90, where f is chosen so that the true solution is given
by u = zy (1 — x — y). We shall vary the value taken by a in the region to the left of
the line y = x and keep a = 1 in the region to the right of this line. The mesh used
for this example is shown in Figure @(a). The purpose of this example is to show
that, although any choice of weights satisfying aX + o’ = 1 where v = 0K N 0K’
will provide an upper bound for the conforming error, the estimator with weights
defined in ([34) is better than choosing equal weights.

It can be seen from Figure [l that if the weights on interior edges are chosen
to be equal and there are large jumps in the permeability coefficient a, then the
estimator is extremely pessimistic. In contrast the weights defined in ([B4]) give an
effectivity index of approximately 1.6 regardless of the magnitude of the jump in
the permeability.
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I ns(equal weights)

—o— ns(weighls asin (3.4))

Effectivity index

2 10° 10° 10° 10

Ratio of global permeability

10°

FiGure 5. Effectivity index of estimators for Example 2 with
equal weights and weights defined in (B4)).
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FIGURE 6. Performance (a) and effectivity index (b) of estimators
for Example 3 with equal weights and weights defined in (3.

5.5. Example 3. For our final example we look at the performance of the estimator
for the problem — div (agrad «*) = f in the region Q = (0, 1)2 with homogeneous
Dirichlet data on I'p = 9. The function f has been chosen so that the exact
solution to this problem is u* = (1 — $2) (1 — y2) u where u is the solution to the
Kellogg problem from the Example: Discontinuous Coefficients in [I7] where a is
also defined to take the value 161.4... in the first and third quadrants and 1 in
the second and fourth quadrants. The gradient of the true solution displays highly
singular behaviour at the origin since grad u* = O (r’g/ 10). The initial mesh used
for this example is shown in Figure [@(b). The mesh was then adaptively refined
whereby a bulk criterion [I2] was used to refine the mesh on the smallest number
of elements such that the sum of the contributions toward the estimator from these
elements exceeded 50% of the value of the estimator.
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From Figure [0]it can be seen that while the ratio of the estimator to the broken
energy norm of the true error is not as small as it was in the previous example it
only overestimates the error by a factor of at most 2.71 when the weights defined
in (B4)) are used. As in the previous example, the performance of the estimator is
not as good when equal weights are used in the evaluation of the upper bound for
the conforming error.
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