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A SUPERCONVERGENT LDG-HYBRIDIZABLE GALERKIN
METHOD FOR SECOND-ORDER ELLIPTIC PROBLEMS

BERNARDO COCKBURN, BO DONG, AND JOHNNY GUZMAN

ABSTRACT. We identify and study an LDG-hybridizable Galerkin method,
which is not an LDG method, for second-order elliptic problems in several space
dimensions with remarkable convergence properties. Unlike all other known
discontinuous Galerkin methods using polynomials of degree k > 0 for both the
potential as well as the flux, the order of convergence in L2 of both unknowns
is k + 1. Moreover, both the approximate potential as well as its numerical
trace superconverge in L2-like norms, to suitably chosen projections of the
potential, with order k + 2. This allows the application of element-by-element
postprocessing of the approximate solution which provides an approximation
of the potential converging with order k+2 in L2. The method can be thought
to be in between the hybridized version of the Raviart-Thomas and that of the
Brezzi-Douglas-Marini mixed methods.

1. INTRODUCTION

In this paper, we consider the LDG-hybridizable (LDG-H) Galerkin methods
recently introduced in [IT] and show how to define their numerical traces in order
to achieve the optimal order of convergence for the approximation to the flux,
and to obtain superconvergence properties similar to those of the hybridized mixed
methods of Raviart-Thomas (RT) [I6] and the Brezzi-Douglas-Marini (BDM) [4]
methods; see also [10].

For the sake of simplicity of the exposition, we carry this out in the setting of
the model second-order elliptic problem

(1.1a) cqg+Vu=0 in €,
(1.1b) V-g=f inQ,
(1.1c) u=g ondfp,
(1.1d) g-n=qy on 0Ny,

where 0 C R? is a polyhedral domain (d > 2), f € L*(Q), and ¢ = c(=) is
a symmetric d x d matrix function that is uniformly positive definite on 2 with
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components in L (). As usual, we assume that the (d — 1)-Lebesgue measure of
O p is not zero, that 9Q = 00p U 0Ny and that 9Qp NIy = 0.

To describe our results, we need to introduce what we will call hybridized
Galerkin methods; they are one of the methods studied in [II]. To do that, let us
introduce some notation. We denote by Q;, = {K} a triangulation of the domain
of shape-regular simplexes K and set 99, := {0K : K € Q,}. We associate to this
triangulation the set of interior faces & and the set of boundary faces & ,? . We say
that e € & if there are two simplexes K+ and K~ in £, such that e = OKTNOK ™,
and we say that e € éahd if there is a simplex in € such that e = 0K N 9. We set
& = ETUED.

The hybridized Galerkin methods [I1] are dual-mixed hybrid methods (see the
definition in [§] and an early example in [I5]) which seek an approximation to
the exact solution (qlo,ulq,uls,\00y); (@hsUn, An), in a finite-dimensional space
Vi, x Wy, x My, of the form

(1.2a) V, ={ve L*(Q) : v|x € V(K) VK € Q},

(1.2b) Wiy ={w € L*(Q) : w|lx € W(K) VK €},

(1.2¢) My, :=={m € L*(09,) : m|. € M(e) Ve€ &, mlsa, =0},
and determines it by requiring that

(1.3a) (cqgp,v)a, — (up, V-0)q, + (Un,v-n)aq, =0,

(1.3b) — (g, Vw)a, + (g - n,w)og, = (f,w)a,,

(1.3¢) (@, - m, pog, = (an, woay,

for all (v,w, p) € Vi, x W), x Mj,. Here, we have used the notation

(o,v)q, = Z /Ko-(x)-v(x) dx,

KeQy,

(Cway = 3 /K C(w) w(a) dz,

KeQy,

(Gvem)an, =Y | (o) -ndy,
Keq, VK

for any functions o, v in H'(Q,) := [H(Q,)]¢ and ¢,w in the space H'(Q,) =
{ve L*(Q) :v|xg € H(K) VK € Q4}. The outward normal unit vector to 0K is
denoted by n.

To complete the description of the hybridized Galerkin methods, the definition
of numerical traces (g, Up) on the faces of the triangulation &, has to be provided.
The choice which is relevant here is

~ Pag on é"hﬁﬁQD,
(1.4a) up =
>\h on gh\aQD,
(1.4b) g, =q, + 7 (up —up)n  on &,

where Py denotes an L2-projection defined as follows. Given any function ¢ €
L?(&,) and an arbitrary face e € &, the restriction of P5C to e is defined as the
element of P*(e) that satisfies

(1.5) (PoC —C,w)e =0, Ywe Pre).
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Note that by suitably choosing the local spaces V(K), W(K), and M(e), and
the values of the local stabilization parameters T, we can obtain the hybridized RTY,
the hybridized BDMy and the LDG-Hy methods; see Tables [[l and 2l In Table [II
and in the remainder of this paper, we denote the space of polynomials of degree
at most k > 0 defined on D by P¥(D), and set P*(D) := [P¥(D)]?. Since all
these methods can be implemented in the same way and can be used in different
elements while being automatically coupled, what is relevant, as argued in [11], is
to find out which method should be used in what element in order to optimize the
computational effort. It is thus important from this perspective to develop DG
methods as accurate and efficient as mixed methods so that they can be used in
situations in which mixed method cannot. The LDG-H methods we uncover in this
paper are the first example of those methods.

TABLE 1. The local spaces

method V(K) W(K) Ml(e)
RT, PHE)oxzPHK) PHEK) Pre)
LDG-H;, PH(K) PHEK)  Pk(e)
BDM;, Pr(K) PEL(K)  Pk(e)

TABLE 2. The local stabilization parameters 7

method T|ok

RTk =0
LDG-H, >0,%0

BDMjy =0

It is well known that the RT} and BDM;, methods provide an approximation g,
to the flux which converges in L? with order k 4 1, that u;, and \j, superconverge
in L2-like norms to suitably chosen projections of the potential u with order k + 2,
and that, as a consequence, it is possible to postprocess the approximate solution to
obtain another approximation u} converging in L? with order k + 2; see [I] and [4],
and also [10]. In this paper, we use an extension of the postprocessing proposed in
[17, 18] and [14]. Given the similarities between these two mixed methods and the
LDG-H;, method, it is natural to ask if it is possible to choose the local penalization
parameters 7 as to obtain similar convergence and superconvergence results. The
main contribution of this paper is to show that this is actually possible.

Indeed, we show that this happens if we take, on each simplex K € y,

0 0K \ e~
(1.6) T:{ ’ on \ ek
TK, on ey,

where e}, is an arbitrary but fixed face of K and 7 is a strictly positive real number.
Since the local penalization parameter 7 is nonzero only on a single face of each
simplex, we call this LDG-H method the single-face hybridizable DG method; for
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simplicity, we are going to refer to the method under consideration by the SF-Hy
method. It is interesting to note two of the minimal dissipation DG methods
considered in [6], in the framework of a study of superconvergence properties of DG
methods for one-dimensional steady-state convection-diffusion problems, happen to
be an SF-Hmethod. The first is called the md-DG method (see Table 1 in [6]) and
is obtained, in our notation, by taking on each interior node z;,

T(:cj) =0 and T(z; ) = k/hi,

where h; is the size of the interval to the left of the node x;. The second is called
the md-LDG method, and is obtained by taking the above choice of parameters
7 formally letting 7(x;) go to infinity. The authors are not aware of any other
instance of SF-Hmethods. In particular, let us emphasize that SF-H methods
are not LDG methods whenever the stabilization parameters 7 are finite; see the
discussion about LDG-H methods in [I1].

In Table Bl we compare the orders of convergence for the flux of this method and
the above-mentioned mixed methods. We have also included the order of conver-
gence for the general LDG-H methods; it can be deduced from their characterization
[11] and the study of DG methods carried out in [5]. Finally, in Tabled, we display
the orders of convergence of the postprocessed approximation uj to the potential.

TABLE 3. The orders of convergence in h of the L?-errors

method la—ap ez, llu—unlr2@. condition
RT} E+1 E+1 k>0
LDG-Hy, [5] k k+1 k>1and 7=0(1/h)
LDG-Hy, [5] k+1/2 k+1 k>0and 7= 0(1)
SF-H k41 k41 E>0
BDMy, kE+1 k kE>1

TABLE 4. The orders of convergence in h of ||u — uj [|12(q,)

method order condition

RTy, k+2 k>0
SF-H, k42 k> 1
SF-H, k+2 k=0, f=
BDM,, k+2 k>2
BDM,, k+1 k=1

We also uncover new relations between these three methods. One of the main
features of the hybridizable Galerkin methods proposed in [II] is that the only
degrees of freedom that turn out to be globally coupled are those of the so-called
Lagrange multiplier Ay. This implies, in particular, that the LDG-H methods can
be more efficiently implemented than the LDG methods introduced in [12]. In fact,
see the discussion in [I1], they can be implemented as efficiently as the hybridized
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RT}; see [7] for the case k = 0 in two dimensions, and BDMj, mixed methods, see
[10] for the case k& > 0 in multi-dimensions for both of these methods. Here we show
that the stiffness matrix of the Lagrange multiplier for the RTy, BDM} and SF-Hy
methods is actually identical and that, when f|x € P*~1(K) for all K € y,, these
methods provide the same approximation (g, Ap).

Next, let us briefly comment on the approach taken to carry out the a priori
error analysis of the SF-Hj;, methods. We did not take the approach used in [5] to
analyze DG and LDG methods, or that used in the unified analysis of DG methods
[2]. Instead, we exploited the unifying framework introduced in [11] to render the
analysis of the SF-H; methods as close as possible to those of the hybridized RT}
and BDMj, methods. Since a key ingredient in those analyzes is the existence of a
projection (IT,P) satisfying the so-called commutativity property

V-Iloe =P'V -0,

for all ¢ € H(div,?), the crucial step in the analysis was to find a similar pro-
jection. Unlike the above-mentioned mixed methods, the space of fluxes V7, of
the SF-H ;, methods is not included in H(div, §2) and, as a consequence, the above
commutativity property can only be satisfied in a weak sense. We found a new
projection satisfying the following weak version of the commutativity property:

—-(V¢,llo)q, = (P(, V- 0)q,

for all (o7, ¢) € H(Q,) x H'(Q,) such that ¢|pg = 0. Just as the local spaces of the
SF-H j;, methods are, roughly speaking, “in between” the local spaces of the RT},
and BDMj methods, this projection can also be considered to be “in between”
the corresponding projections of those mixed methods. The construction of this
projection, which is intimately linked to the definition of the numerical traces of
the method @, and @, and to the choice of the local spaces, is certainly the most
interesting aspect of the analysis of the SF-H; methods. The first component of
the projection, II, was used in the error analysis of the minimal dissipation LDG
method in [9].

The paper is organized as follows. In Section 2, we state and discuss our main
results and then prove them in Section 3. In Section 4, we display numerical
experiments validating the theoretical results. Finally, in Section 5, we end with
some concluding remarks.

2. THE MAIN RESULTS

2.1. The projection (IL,P). In this subsection, we define the projection
(IL,P) : H () x HY(Q,) — Vi, x Wy,

and gather its main properties.
Given a function o € H*(Q;,) and an arbitrary simplex K € €, the restriction
of Io to K is defined as the element of P*(K) that satisfies
(2.1a) (o — o,v)x =0, VYveP" YK), ifk>1,
(2.1b) (ITe — o) - n,w) =0, Vw € P*(e) and Ve € 0K, e # el
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Similarly, given a function ¢ € H'(Q;) and an arbitrary simplex K € Q, the
restriction of P¢ to K is defined as the element of P*(K) that satisfies

(2.2a) (P¢ —¢w)x =0, VwePFYEK), ifk>1,
(2.2b) (P¢ — (whep, =0,  Vw e PF(ef).

We gather the main properties of this projection in the following result. To state
it, we need to recall the definition of some classical projections. Given a function
o € H'(Q,) and an arbitrary simplex K € Qj,, the restriction of II""o to K is
defined as the element of P*(K) @ x P(K)F that satisfies
(2.3a) ("o — o, v)x =0, Vo e P YK), ifk>1,

(2.3b) (IT"e — o) - n,w). =0, Vw € P*(e), for all faces of K.

Given a function ¢ € H'(Q,) and an arbitrary simplex K € Q, the restriction of
P‘¢ to K is defined as the element of P*(K) that satisfies

(2.4) (P¢ —¢w)k =0, VYwe PYUK).

To simplify the notation, we are going to write P instead of P*. Note that (IT*", P)
is nothing but the projection for the RT;, method. We are now ready to state our
result.

Proposition 2.1. The projection (IL,P) given by 1) and 22) is well defined.
Moreover, on each simplex K € Qy,, it satisfies the orthogonality properties
(i) =PV -v)r =0,
(i) (o —Ho,Vw)g =0,
(iii) (P — Py, o -n —Pso -n). =0  for all faces e of K,

for all (v,w) € ka(K) x PF(K), and the weak commutativity property
(iv) —(V¢( o)k = (P, V- 0)x — (PaC, Pao - n)or,

for all (o,¢) € H*(Q,) x H'(Qy). Finally, we have the following approzimation
estimates

(v) |Ho-n—Pyo-n|r2eq) < Chig*|PY -0 |y,
(vi) |Ho -1V |2y < ChE PV -0 | s0),
(vil) [|B¢ —PC|l2x) < ChE |V 1 (x0),s

where r,s € [0,k], hx is the diameter of K, and C depends only on k and the
shape-reqularity parameters of the simplex K, for any (o,¢) € H'(K) x HY(K).

We are going to show that the three orthogonality properties imply all the oth-
ers; they are thus the crucial properties for the analysis. Note also that, by simply
adding the identity (iv) over all K € Qj, we obtain the weak commutativity prop-
erty discussed in the introduction.
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2.2. Characterization of the approximate solution. Next we give a charac-
terization of the approximate solution provided by the SF-H; method. We begin
by characterizing the difference between the numerical traces and the traces of the
approximate solutions on each simplex.

Proposition 2.2. For each simplex K € Qy,, we have that,
(@, —qp) n=7(up,—up) =Psg-n—Ilg-n on 0K.
We see that the jump (g, — q;) - n is independent of the value of 7 whereas

the jump uy, — uy, is inversely proportional to 7. Moreover, by the estimate (v) of
Proposition 2.1l we have that,

| @, = an) ez < O IPS e,
for any r € [0,k], and we see that the size of jump under consideration depends
solely on the smoothness of f|x. For example, if Pf|x is a polynomial of degree
k—1, then (g, —gqp) -m = 0 on €. This implies that (g, —q;,) -7 = 0 on 0K for
every K € Q and, as a consequence, that g, € H(div,). Now, if f € H"(K), for
some r € [0, k], then we have that

| (@n —an) -7 llL2(er) < C 2| f e (o),
by well-known approximation properties of the projection P.

Next, we give a characterization of the approximate solution which follows from

a similar result for more general methods obtained in [II]. To state it, we need
to introduce the local solvers associated with the method. The first local solver
is defined on the simplex K € €, as the mapping m € L?(0K) — (Qm, Um) €
PH(K) x PF(K) where

(2.5a) (cOm,v)g — (Um,V - v)g = —(m,v - n)yk,
(2.5b) —(Vw,Q9m)k + (w,9m - n)ox =0,
for all (v, w) € P¥(K) x P*(K), where

(2.5¢) Om = Om + 7(Um — Pym)n.

The other local solver is defined on the simplex K € ) as the mapping f €
L2(K) — (Qf, Uf) € P*(K) x P*(K) where

(2.6a) (eQf,v)k — (Uf, V- -v)g =0,

(2.6b) ~(Vw,Qf)k + (w,Qf - m)ox = (f.w)x,
for all (v, w) € P¥(K) x P¥(K), where

(2.6¢) Qf =Qf + 7 lUfn.

We can now state our characterization result.

Theorem 2.3. The approzimate solution (g, un, An) € Vi x Wi, x My, given by
the SF-H . method is well defined. Moreover, we have that

(qhvuh) = (Q/\h7 uAh) + (an u.g) + (Qfa uf)a
where A\, can be characterized as the function in My, satisfying

an(An, p) =bn(p) Y € My,
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where

an(n, p) :==(c 9, Au)q,
br(p) :=(g,Qu - n)aq, + (f, U, — (i1, AN) o0y »
for all p and p € My,

This result allows us to shed light on the effect of local stabilization parameters
7 on the approximate solution. It will also allow us to compare the RT, the BDMy
and the SF-Hy methods, see [10] for a comparison of the hybridized version of the
RT}j and the BDMy methods. These results are gathered in the following theorem.
To state it, we use the projection P*~1 which is defined by [@4) for k¥ > 1 and
which we take to be identically zero when & = 0. We keep this convention in the
remainder of the paper.

Theorem 2.4. We have that
(i) The function (q;,P* tup, \n), is independent of the values of the local
stabilization parameters 7. Moreover, changes in the local stabilization pa-
rameters Trc only affect the function Uf|er, .
(i) If Pflx € P*"Y(K) for all simplezes K € Qy,, then (q;,, P tuy, \p) is the
same for the RTy, the BDMy, (if k > 1) and the SF-Hy, methods. Moreover,
Unler, = Unley, for all K € Q.
(iii) The bilinear form ap(-,-) is always the same for the RTy, the BDM,, (if
k > 1) and the SF-Hy methods.

2.3. A priori error estimates. In this subsection, we obtain a priori error esti-
mates for the error of the approximation (g, up,Ap) € Vi x Wy x M}, given by
the SF-H, and the numerical trace Uy, defined by (I4al). To state them, we need
to introduce new notation.

For any real-valued function ¢ in H'(Qy), we set

| ¢ lrgany = ( Z ‘Cﬁ{l(K))é'

KeQy

For a vector-valued function o = (04, ...,04) € H'(Qy) we set

d
1
|U\Hl(9h) = (Z|C’i \?{l(gh))2-
i=1
We can now state our results.
We begin by measuring the error in the approximation of the flux q in the norm
1/2
o l22(0ne) = (co,0)g)7.
Theorem 2.5. Suppose that the exact flux q belongs to HTH(Qh) for some r €
[0,k]. Then

g — anllzzne) < g —Mallr2(0,.c) < CH T gy,
for some constant C independent of h and the exact solution (q,u).

Note that the upper bound of the error is independent of the local stabilization
parameters 7, in complete agreement with the characterization of the approximate
solution given by Theorem 23] Tt is interesting to realize that the first estimate also
holds for the RT;, and BDMy, methods when the projection I is suitably chosen; see
[13] and [4]. Such an estimate is obtained by using the commutativity property and
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the fact that the image of their projections is in H (div,Q)). Since our projection
(I1, p) only satisfies a weak version of the commutativity property, a much more
delicate analysis has to be carried out to obtain it.

In [5], it was shown that for general LDG methods with penalization parameters
of order 1/h, the order of convergence of the approximations for flux q using poly-
nomials of degree k is only k; this order is sharp because it is actually attained for
some LDG methods. It was also shown that, for DG methods with both penaliza-
tion parameters of order one, the order of convergence of the approximations for
the flux using polynomials of degree k is (k 4+ 1/2). Here, we obtain an order of
convergence of (k+ 1). No other DG method has this property.

Next, we present several estimates for the error in the approximation of the
potential u. The first is a superconvergence result. To state it, we need to introduce
the adjoint equations

(2.7a) ctp+Vp=0 inQ,
(2.7b) V=0 inQ,
(2.7¢) v=0 ondQp
(2.7d) -n=0 on dy.

We also need to assume that the following elliptic regularity result holds

(2~8) || P HHS“(Qh) + H Vo ||HS+1(Qh) < Cer H ¢ ”HS(Q)

for s € [0, k]. Note that, since we are working with domains that can be triangulated
by using straight-faced simplexes, the above result only holds if such a domain is
convex and s = (0. However, we want to write this assumption in such a generality
since the method will be extended to domains with smooth curved boundaries in a
forthcoming paper.

Theorem 2.6. Suppose that the exact fluz q belongs to H ' (Qy,) for r € [0, k].
Set Kk := maxieq, Then,

1
RK 7K
[Pu = upl| -,y < C € (q) hH*2,
where
er(q) = {ce,wqwm + 5|V qlar. fors€0.k-1k>1,
Cerl gm0,y + Cerlan a1 00y), forr=s=k=0and f =0.
Moreover, for k=0 and general f € L*(Q4),
IPu —up||2(0,) < C Cxlq) h,
where C(q) = (1 +h)Cer | qlm1(0,) +hEIV - q|r2(0,)-

It is interesting to note that the above superconvergence result holds for any
choice of local stabilization parameters Tx such that x is uniformly bounded, that
is, such that 1/(hk 7x) is uniformly bounded with respect to h. This shows that
Tx cannot be too small for superconvergence to take place.

A straightforward consequence of this theorem is the following result.

Corollary 2.7. Suppose that the exact fluz (q,u) belongs to H™ () x H™1(Qy)
forr €10,k]. Then

I = unllz2,) < C R (Cala) + [l i)
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where

Cu(q) if k=0.

Note that the above result shows that if 1/7x is uniformly bounded for quasi-
uniform triangulations, the convergence of uy, is still optimal, provided q is smoother
than required, that is, provided ¢ € H""(Q;,) instead of just ¢ € H"(Qy). Of
course, in this case, the superconvergence of uj to Pu is lost.

The next result is a superconvergence result for the Lagrange multiplier Ay. To
state it, we use the following norm:

IPou =@ ll2(sum) = ( Y hillPou —n [Z2(ax)) ">
KeQy,

Theorem 2.8. Suppose that the exact solution (u,q) of (LI) belongs to H™1(Qy,) x
H"™ () for some r € [0,k]. Then,

IPou — @n| £2(&50) <C (QQO(Q) +1lq \HTH(Qh)) Rt

ifk>1,0orif k=0 and f =0.

There are no results of this type for any other DG method. However, the RTj, and
the BDMy, methods have both similar results. Here we exploited the similarity of the
SF-Hj, methods with the RT;, and BDM}, methods to obtain these superconvergence
results.

Cola) = {min{c’,;m(q), heO@) ik,

2.4. Postprocessing. We end this section by showing how to exploit the super-
convergence results to postprocess up, q;, and 4 to get a better approximation to
u defined as follows.

On the simplex K, we define the new approximation of u, uj, as the function of
PE+L(K) given by

(298,) U’;l =up + ﬂhv

where

(2.9b) up,

éZeeaK ﬂh‘e it k=0,
ﬁfKuhdx if k>0,

and iy, is the polynomial in P51 (K) satisfying

(2.9¢) (a Vi, V) =(f,w)k — (w,q), -n)ox  Yw € PPTEK).

Here @ = ¢! and Py (K) is the collection of functions in P¥+1(K) with mean
zero. The postprocessing technique just introduced is a slight modification of a
postprocessing proposed in [17, [I8] and [14]; it consists of using the numerical trace
q;, instead of q;,.

It is easy to see that this postprocessing is associated to a locally conservative
method. Indeed, the scheme satisfied by uj on each simplex K & ), is

(aVuj, V)i + (w,§y, - n)ox = (f,w)x  Yw € PMEK).
As a consequence, if we take Dj to be the union of an arbitrary set of simplexes
K € Qp, we get that
<1a ah : n>3Dh = (fa 1)Dh7
which is nothing but the property of local conservativity.
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Note that @y, is well defined. Indeed, if we take w = 1 in equation (Z39d), the
right-hand side is also equal to zero thanks to equation (L3L). The fact that it
provides a better approximation to the potential u than wj is contained in the
following result.

Theorem 2.9. Suppose that the eract solution (u,q) belongs to H"™2(Qy) x
H"™ () forr € [0,k]. Then, ifk>1,

lu = up |l L2, <CH? (QS’O(Q) + la|arriq,) +u |H”2(Qh)> ’
and if k =0 and f =0,
lu— w2,y <CH* (Co@) + | ulmay) -

Note that when Pf|r € P¥=1(K) for all K € Qj, by Theorem 24 we have that
the function (g, -n, P*~!uy, Ay) is the same for the RT},, BDM}, (k > 1) and SF-H;,
methods. As a consequence, the postprocessed approximation w} is also the same
for all these methods.

Note also that in [3], a general postprocessing which is solely based on approx-
imation results was obtained. When applied to the SF-Hy method for k£ > 1, it
gives rise to an approximation of u which converges with the same orders as ours.
However, unlike such postprocessing, our postprocessed solution uj, is associated to
a locally conservative scheme; it is also easier to compute.

Let us end this section by noting that all the error estimates for k£ > 1 hold if in
the equation (I3H), we replace f by any function J; f such that Jp, f|x € P*~1(K)
for all K € Q) and such that

1 f=Inf lm-1) < CR T flar -

Moreover, by statement (ii) of Theorem 24} the function (g, P*~!us, A ) provided
by the RTg, the BDM}, and the SF-Hy method is the same; in particular, we have
that g, € H(div,Q). The postprocessed approximation u} is also the same for
those three methods.
3. PROOFs
In this section, we present detailed proofs of all our results.

3.1. Proof of Proposition 2.1k The properties of (II,P).

3.1.1. Two key auziliary results about polynomials. To prove Proposition 2.1, we
begin by stating and proving two lemmas whose use is crucial in our analysis.

Lemma 3.1. Given the face e of the simplex K and a function z € P*(e), there is
a unique function Z € P*(K) such that

(i) (Z,w)e = (z,w)e Ywée Tk(e),
(i) (Z,wg=0 VweP"K).
Moreover,
([i) | Z ey < ChLN 2 2oy,

where hy is the diameter of the simpler K and C depends solely on k and the
shape-regularity parameters of the simplexr K.
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Lemma 3.2. Given the face e of the simplex K and the function z such that for all
faces €' of K different from e, z|o € PF(e'), there is a unique function Z € P*(K)
such that

(1) <Z : naw>6’ = <va>6' Vwe Tk(el)a e # €,

(i) (Z,v)gk=0 VwveP"K).
Moreover,

1/2

i) 11 Zlz2) < Chil’ll 2 lezorro:
where hg is the diameter of the simpler K and C depends solely on k and the
shape-regularity parameters of the simplex K.

We are only going to give a detailed proof of Lemma[3.2since the proof of Lemma
[311is similar and simpler.

Proof of Lemma B2 Let us begin by proving that the function o € P*(K) sat-
isfying (i) and (ii) exists and is unique. Since the linear system determined by
equations (i) and (ii) is square, indeed,

dim(PF(K)) = (’“ - ; i d) «d,

> am@en = (11T xa

e’COK e’ #e
k+d
dim(P*(K)) = ( Z > x d,
and ("7 4 (P11 = (F19), we only need to show that if o € P*(K) satisfies
(Z,v)k =0 Vo e PFHK),
(Z -n,w)e =0 YwecP), e coK,e #e,
then Z =0 on K.

Let T be the affine mapping that transforms the element K to the reference
simplex K. Moreover, let us denote by e;, « = 1,...,d + 1, the faces of K where
e := eq41. Assume that the mapping T is such that e; := T'(e;) is the face of K
lying on the plane Z; = 0, and set Z(Z) := Z(T~1(Z)). Then the above equations
become

(Z,3)z =0 Vo e PFLYEK),

(Z-ni,Q)e, =0 VoePE@),i=1,..4d,
since spaces of polynomials of a given total degree are invariant under affine transfor-
mations. Now, let {nJ} , be the basis of R? dual to {ni}?zl, that is, n; -n; = §;.
Then we can write Z = Z] | Djnj, where p; € PH(K K), and obtain that

ijvn] :O Vi}ef])k_l(f()’
j=1
Di,W)e, =0 VO ePHE), i=1,..,d.

d
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The last equation implies that, for any i = 1, ..., d, p;

s, = 0 and hence that p; = Z;p;
for some polynomial p; in P*~1(K). Taking ¥ = p; n;, we get

(i Pi) e = (0,9 = 0,

and, since Z; > 0 on I?, we conclude that p; = 0. This implies that Z = 0 on K.
This proves the existence and uniqueness of Z satisfying the conditions (i) and (ii).

The estimate (iii) follows now from a simple scaling argument. This completes
the proof. (I

3.1.2. Proof of the orthogonality properties. It is not difficult to see that the fact
that (II,P) is well defined is a direct corollary of Lemmas B.I] and

Now, let us prove the orthogonality properties. The property (i) follows from
the property (Z2al) defining PP and the orthogonality property (ii) follows from the
property ([21a) defining IT. The orthogonality property (iii) follows from the prop-
erties (2.2B)) and (2.ID) defining P and II, and from the definition of the projection
Ps, (LI). In fact, it follows from the fact that on each face e of any simplex K, we
have that either P( = P3( or Ilo - n = Pyo - n.

3.1.3. Proof of the weak commutativity property. The weak commutativity property
(iv) is a direct consequence of the three orthogonality properties we just proved.
Indeed, we have that

—(V¢, o)k = ((,V-To)x — (¢, o - n)ox
= (P¢,V-Mo)x — (¢, Tlo - n)ox by (i),

= —(VP(,TIo) g + (PC — ¢, TIo - n)ox

—(VP¢,0)k + (PC — ¢, IIo - n)ox by (ii),

= —(VP(, )k + (PC — PoC,0 - m)ox by (iii),

= (P, V- 0)k — (PaC,0 - n)ox,

= (PC, V- 0)k — (Pa¢, Poo - n)ok,

by the definition of the projection Py, (LHl). This completes the proof of (iv).

3.1.4. Proof of the estimates (v) and (vi). Note that, by the definition of the pro-
jections II, 1), and II*", (Z3]), we have that

(II*o — o, v)x =0,

(IT"e —IIo) - n,w). = (Pso - n — o - n,w)ener, -

for all v € P*"(K), if k > 1, and for all w € P¥(e) and all faces e of K. By a
well-known scaling argument, we immediately obtain that

| IT* o — o lL2(r) < Ch}(/2 | Poo -n —Tlo - n L2 ).

It remains to estimate the above right-hand side. To do that, we note that, for any
w in P*(K), we have that

(w, Mo - n — Pyo -n)er. = (w, Mo —0) -n)sx = (w,V - (Ilo — 0))k,

-
K
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by the definition of the projections IT, [2)). Taking w = Z, where Z is given by
Lemma B with 2 := Ilo - n — Pyo - n, we get that, for any p in P*~1(K),
12 Z2(eq.) =l To - = Poor - || 22(.r
< ChLP 1PV -0 = p 2o |2 e,
and, after a direct application of the Bramble-Hilbert lemma, we get
|| PaO’ -n —1Ilo - nHL?(e}'{) < Ch;;rl/2 | PV .o ‘HT‘(K)7

where 7 € [0, k]. This completes the proof of the estimates (v) and (vi).

3.1.5. Proof of the estimate (vii). Note that, by the definition of the projections PP,

@2), and P, ([Z4), we have that
(P¢ —PCw)k =0,
<PC - PC7W>E}( = <P8< - PCaw>e}(7
for all w € P*"1(K), if k > 1, and for all w € P¥(e%;). This implies that Lemma
B holds with z := P3¢ — P¢ and Z = P — P{. As a consequence,
IP¢ = PClla () < Chil” [ Pa¢ — PC I er -

It remains to estimate the above right-hand side.
To do that, we note that, for any v in P*(K) @ = P*(K), we have that

(3.1) (P¢—=PaC,v-n)ox = (PC— (v -n)ox = (VPC - V(,v)k,

by the definition of the projection P, (24 and that of the projection Py, (LH). A
well-known scaling argument states that given any function z such that its restric-
tion to each face e of k belongs to P¥(e), there is a function Z in P*(K) @z PF(K)
such that

(1) (Z -nw)e=(z,w)e Ywée iPk(e),
(i) (Z,v)xk =0 VYwvePK).
(i) || Z |2y < Chil®ll 22050,

where hy is the diameter of the simplex K and C depends solely on the shape-
regularity constants of the simplex K. Taking v := Z with z = P(—Py( in equation
BI), we obtain that

12 11320) =(VPC = V¢, Z)k
:(p_ VCa Z)K
<C V= leao | 2 o),

for any p € kail(K ). Thus, after a direct application of the Bramble-Hilbert
lemma, we get
IP¢ = PoC lle2ory < CREY2 V¢ Il (i),
where r € [0, k]. This completes the proof of estimate (vii).
This completes the proof of Proposition 2.1
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3.2. Characterization of the approximate solution. To prove the results of
the characterization of the approximate solution of the SF-H method, we begin by
proving two auxiliary results concerning key properties of the local solvers.

3.2.1. Two auxiliary results about the local solvers. To state the first auxiliary re-
sult, we need to introduce the following decomposition of our local spaces:

PH(K) = V(K) ® V*(K),
PHE) = W(K) @ WH(K),
where
V(K) :={veP*(K): V-v=0}
VHEK) :={v e P*(K): (cv,0)xk =0 Vo e V(K)},
and
W(K) =P (K),
WHE) :=={w € P*(K) : (w,)x =0 V¢ eW(K)},

Lemma 3.3. Let K be any simplex of the triangulation Q. Then the local mapping
(Qm, Um) given by equations (Z3)) can be obtained as follows:

(i) Set
Um|eTK = Pam|e;(.
(ii) Compute Qm € V(K) by solving
(cOm,v)g = —(m,v-n)sr VveVEK).
(iii) Compute P*=1Um by solving
(PF UM, V- )k = (m,v-n)ox Vv e VHK).

Similarly, the local mapping (Qf, Uf) given by equations ([2.8) can be obtained as
follows:

(o) Compute Uf|cr. by solving
(W, TUf)er. = (fw)k YwEe WL(K)-
(3) Compute Qf € V*(K) by solving
(W, V-9Qf)k = —(w, 7Uf)eg, + (f,w)x VweW(K).
(v) Compute P*=YUf by solving
(PFIUS, V- v)g = (¢Qf,v)x Vv e VEHK).

Proof. Let us begin by proving the properties of the first local mapping. Thus,
integrating by parts in the equation (2.51]), we obtain

(W, V-Om)g = (w, (Qm — Om) - n)ox = (w,7(Um — m))er,

for all w € P*(K), by the definition of the numerical trace Qm, (I45) and (L)
Taking w € W (K), we see that

(w, 7(Um —m))ez =0 Vwe WH(K).
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Using the fact that W (K)|e; = P¥(e}) which follows by a simple application of
Lemma B1] we have that (i) holds. As a consequence, we see that
(w,V-Qm)g =0 Ywe PHK),

and hence that Qm € V(K). The property (ii) can now be obtained by restricting
the test functions v to the space V(K) in the equation ([235al). Now that we know
Om, we obtain the formulation (iii) for P*~! Um by restricting the test functions
v to the space V= (K) in the equation (Z5a). It remains to show that P*~!Um
is uniquely defined by those equations. But this follows from the fact that the
system of equations is square and that V - V5 (K) = PF~1(K) = W(K), which in
turn follows from the fact that V- V(K) = {0} and V - P*(K) = P*~1(K). This
completes the proof of the properties of the first local lifting.

The proof the properties () and () of the second local mapping is similar to
the proof of the properties (i) and (iii) of the first local mapping, respectively.
Let us prove property (3). If we take v € V in the equation (2.6al), we see that
Qf € V*(K). Since the equation in () is obtained from (2.6h) by restricting the
tests functions w to W(K), we only have to prove that Qf given by () is well
defined. But this follows from the fact that the system is a square system and
V- V1K) = P¥1(K) = W(K). This completes the proof. O

The second auxiliary result concerns the jumps of the local solvers.
Lemma 3.4. For each simplex K € Qy,, we have that, on 0K,
(Qm —9Om)-n=71(Um—Pym) =0,
(Qf—Qf)-nzTUf:Paq-n—l'[q-n.
Proof. Let us begin by proving the second identity since its proof is more involved.
Taking w = Z in the identity (3) of Lemma B3] where Z is given by Lemma [B.]
with e = e, we obtain that
<Zv (Qf - Qf) ) n>BTK :<Za7_ uf>GTK
=(Z,V - (q—1q))k
=—(VZ,q-Tlg)x +(Z,(q — I1q) - n)sx
:<Za qu n — Hq : n>e;(a
by the properties of the projection II, [2]). As a consequence, we immediately
obtain that, on e,

(@f—Qf)-n:TK Uf =Psq-n—1lqg-n.
A similar argument gives that, on €7,
(ﬁm —Om) - -n =7k (Um—Pygm) =0.
This completes the proof of Lemma 3.4 O

3.2.2. Proof of Theorem 23t Characterization of the approzimate solution. The
following result is a particular case of a general result proven in [I1].

Theorem 3.5. The approximate solution (q,,up, A\n) € Vi, x Wy, x M}, given by
the SF-Hy, method is well defined. Moreover, we have that

(qhvuh) = (Q)\ha u>\h) + (an ug) + (Qfa uf)a
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where \p, can be characterized as the function in My, satisfying
an(Ans ) = bn(p)  Vp € My,
where
an(n, 1) =(cQn,Qu)a, — (u— Up, (Qn — Q1) - naq,,
br(p) =(9, Q- n)oap, + (f, Up)e, — (1, an) ooy
— (= Up. (Qf —2f) - n)ao,
+ (= Uf, (Qu — Q) - m)an,
+ (1= Up. (Qg — Qg) - n)ag,
— (g — Ug, (Qu — Q) - m)an,,
for allm and p € Mjy,.
Theorem 23] follows from this result if we show that on &,
(Qu—92u) n=0 and (u—Un)(Qf ~2Qf) =0,

for all p € My, Since this is a straightforward consequence of Lemma [3.4] this
completes the proof of Theorem 2.3

3.2.3. Proof of Proposition Characterization of the jumps. By the definition
of the numerical traces (IL4) and (L), we have that

" 7K (Up, — p,) on ef,
_ .=
@ = an) { 0 otherwise
)i (up — Up) on ey,
Psq-n—TIqg-n otherwise,

by the definition of the projection TI, (Z.IL), and that of the projection Py, (LH).
So, we only have to prove that

(@,—q,) n=Pysg-n—IIqg-n on €f.
But, by Theorem 2.3 we have that
(@, —an) - m=(Q\, — Q\,) - n+(Qg —Qg) - n+(Qf —Qf) - n
=Psq-n—-1Ilg-n
on the face e}.. This completes the proof of Proposition

3.2.4. Proof of Theorem 24 The statement (i) of Theorem 24 follows directly
from Theorem 23] and from Lemma [3.3]

To prove the remaining statements, we are going to use the fact that the RTy,
BDMj and SF-Hj methods have exactly the same structure and satisfy the char-
acterization Theorem 23} see [I1]. The only difference between these methods is
the choice of local spaces (see Table [Ml) and the choice of the local stabilization
parameters 7; see Table2l Thus, to prove statement (ii) we only have to show that
the functions (Qm, P*~1Um) and (Qf, P*~1 Uf) are the same for all these methods
whenever f|x € PF1(K) for all K € Q. Similarly, to prove statement (iii), we
only have to show that Qm is the same for all these methods.
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To do that, we begin by noting that we have, by Lemma [3.3] that the function
(Qm, P*~1Um) € V(K) x W(K) is determined by

(cQm,v)g =— (M, v -n)sx VoveVK),
(PEIUM, V- v) g =(cOm,v) g + (m,v-n)ox Vv e VEHK).
and that the function (Qf, PF~1Uf) € V*(K) x W(K) is determined by the equa-
tions
(W7V'Qf)K:_<w77—uf>e;{+(f7w)K VWEW(K)v
(PELUL V- v) g =(cQm,v)x Ve VHK),
where Uf|er. = 0, by (a) of Lemma[33] if f|x € P*(K). Since the four equations
above also hold (the third whenever f|r € P*~1(K)) for the BDM;, method, we
conclude that the statements (ii) and (iii) hold if we exclude the RT} method.

To show that these statements also hold if we include it, we note that the above
equations hold for the RT}, method if we modify the definition of the spaces V(K)
and V(K) by

Vrr(K) :={v e P*(K)®xP*(K): V-v =0},
Vir(K) :={v e P*(K)®x P*(K): (cv,0)x =0 Vo e Vrr(K)},
and if we replace the third equation by
V-Qf=Pf.
Thus, the result follows from the fact that
Ver(K)={veP"(K): V-v=0}=V(K),
and from the fact that, if Qf € Vgp(K) and V- Qf = Pf € P*1(K), then Qf

belongs to the space {v € P*(K): (cv,0)x =0 Vo € V(K)} = V*(K). This
completes the proof of Theorem 2.4]
3.3. Proof of the error estimates. The proof of the error estimates is based

on the error equations and the properties of the projection (II,IP) gathered in
Proposition 21l The error equations are

(3.2a) (c(g—gqyp),v)q, — (u—up, V- -v)q, +(u—Up,v n)sq, =0,
(3.2b) (w,V-(g—aqn))a, — w, (@, — qn) - m)og, =0,

(3.2¢) u—1up =g — Pag on 0Qp,

(3.2d) (@ —9y)-m=aqn — Paan on 90,

for all (v,w) € Vi, x Wy,
A direct consequence of the weak commutativity identity (iv) of Proposition 21
that we find convenient to use in our analysis is contained in the following result.

Corollary 3.6. For all (o,¢) € H'(Q4) x H'(Q4), we have
(@) (¢, V- -Ho)g, =PV 0)q, + (Pal,Ilo -n — Pyo - n)sq,,
(B) 1 To -0l < CR o g,
() N1P¢ = llrz@n) < CRTHCmesi(an),

where r,s € [0, k] and C depends only on k and the shape-regularity parameters of
the simplezes K € Qy,.



A SUPERCONVERGENT LDG-HYBRIDIZABLE METHOD 1905

3.3.1. Proof of Theorem The error in the flux. Theorem follows immedi-
ately from the following auxiliary result.

Lemma 3.7. We have (¢(q — qy),I1q — q})q, = 0.
Indeed, this implies that
(c(a—an) 9 —an)a, =(c(qa—aq,),q—TIg)q,,
and hence, that
la—anllz2n0) < 1TIq = qllz2(0, .0) < CA*T g lEs1 (0,

for some s € [0, k], by the estimate (vi) of Proposition 21l This proves Theorem
Let us prove Lemma 3.7

Proof. By the error equation (3.2al) with v := Ilg — gq;,, we have

(c(g—an),11g — gn)a, =(u—un, V- (Ilg = qz))e,
— (u—Up, (I1g — g3) - n)oq,-
By the identity (a) of Corollary B.6l with (o,¢) := (g — g, u — ur), we get that

(c(g—q1),1Ig — q3)0, =(Pu—un,V-(q—qp))a,
+ (Pou — up, (I1g — q) - n)aq,
— (u —up, (Ilg — q;) - M)aq,
and by the error equation B2h) with w := Pu — up,

(c(q—a4),11q — q,)q, =(Pu —un, (@, — q;) - M)og,
+ (Pou — up, (IIg — @) - n)oq,
— (u—1p, (Ilg — q,) - n)og,-
It we denote by T the right-hand side of the above equations, it is not difficult

to see that, after a few simple algebraic manipulations, we have that T" = Zle T;,
where

Ty :=(Un — un, (@, — qn) M)og,,
Ty =(Up — up, (Ilg — q) - M) ogq,
Ty :=(Un — u, (g — Gy) - n)on,,
Ty :==(Pou — u, (IIg — q) - n)age, ,
15 :=(Pu — u,(g), — qp) - M)oq,-

We are going to show that 7" = 0.
We begin by noting that,

Ti= Y (an—un, (@ — a4) - n)ox
KeQy

= > (n—un,Poq-n—TIg- n)ox,
KeQy
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by Proposition By the definition of the projection Py, (L),

Ty = > (in —un (g —Tg) - n)ox
KeQy,
= _T27

by the definition of the projection II, [2.11). Thus, T} + T3 = 0.

Next, let us show that T5 +7T4 = 0. By the fact that the numerical trace u; and
the normal component of the numerical trace g, are single-valued on the interior
faces, by definition of up, (L4al), and the equation (L3d) satisfied by gq,,, we have
that

Ts =(up — u, (g — qp,) - n)aq,
=(Pag —9,(@—qp,) -n)oa, + (A — u,dn — Paan)oay s

by the definition of the numerical traces at the boundary. By using the definition
of the projection Py, (LH), we get

T3

(Pou —u,q-n —Paq-n)oa, + (Pou—u,q-n—Psq n)say
(Pou —u,q-n — Paq - n)sn
(
(

Pou —u,q-n —Psq-n)sq,

Pou—u,q-n —Ilq - n)sq,
_T4a

Finally, let us show that T5 = 0. By the definition of the numerical trace g,

(L.4D),
T5 = Z (Pu—wu, (g, — qp,) - n)ox

KeQy,
= Z <]P7.L —u, (ah - Qh) ’ n>c"K
KeQy,
= 0’
by the definition of the projection P, (2:2B). This completes the proof. O
3.3.2. Proof of Theorem Superconvergence of uy. Since
Pu — Up, 0 Q
| Pu—up |-+, = sup (97)
ez | |22+ (22)

we need to estimate the number (Pu — uy, 0)q. It is expressed in a suitable way in
the following auxiliary result. Let us recall that P*~! is defined by (24 for k > 1,
and is P*~1 = 0 for k = 0.

Lemma 3.8. We have
(Pu— up,0)q, =(c (q—q;), T —)g, + (P* 'V — Vo, q — q)q,

= Y Mg n—Poq - n, I n — Pytp - n).r,.
KeQy,

Assume that £ > 1. Then, applying the Cauchy-Schwarz inequality and using
the estimate of g — g;, in Theorem 2.5 and the approximation properties of the
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projections P¥~! and P, (v) in Proposition Zdl and (3) in Corollary B.6, we readily
obtain

(Pu —un,0)q, <CR[q|griqy h*" 9 [He(q,)

+ CH T q g1 BT VO e,

+ max Chrtt | f |HT(Qh) htt |6 |H5(9h)’

KeQy, hg i

where r,s € [0,k — 1]. Since k := maxgeq, ﬁ and using the elliptic regularity
assumption (Z.8)), we get

(Pu — up,0)q, < CC(q) W20 4: -

This completes the proof of Theorem for k> 1.
In the case k = 0, we have that

(Pu—up,0)q, <Ch|qlm,) ¥ |m(Q)
+Chlqlaio | Vela o)
+KCh| flrz@ M 1012,

and, after using the elliptic regularity assumption (Z.8]), we get
(Pu —up,0)q, < CCL(q) h|b|L2q,)-

Finally, let us consider the case k = 0 and f = 0. By the identity (v) of Proposition
211 we have that ITo - n = Pyo - n, and by the identity (vi) of Proposition 2] we
have that IIq = IT""q. This implies that

(Pu —up,0)q, =(c(q—q,), MY —P)q, + (p, (g —Tq) - n)sq
=(c (g —qyp,), ™ —P)a, + (¢ — Pap,an — Padn)aay

by the adjoint equation (Z7d) and the boundary condition (LIdl). As a consequence,
we get

(Pu—up,0)a, <Ch|q|ar ) h|¥a @
+Chlan|ar ooy b el 00N,
and since
lola o) < Clelm @),
by the elliptic regularity assumption (Z.8]), we get
(Pu — up, 0)q, <CE(q)h*|0]L2(q).

It remains to prove Lemma 3.8

Proof. By the adjoint equation (2.7h), we have that

(Pu — up,0)q, =(Pu —un, V- )a,
=(u—up, V- IIY)q, — (Pou — up, (IItp — ) - n)aq,
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by the identity («) of Corollary B.@with (o, ¢) := (¥, u—wuy). By the error equation
B2al) with v := I, we get
(Pu — up,0)q, =(c (@ —q;),IY)q, + (u—Up, I - n)oq,
— (Pou — up, (TIYh — 9) - n)oq,
=(c(q—q,), MY — ), + (c (a—qpn),¥)a,
+ (u — U, Iep - m)oq, — (Pou — un, (I — ) - n)oq, ,

and, by the adjoint equation (2.7al),

(Pu —up,0)q, =(c(q—q,), I — ), — (¢ — g1, Ve)a,
+ (u — up, I - n)aq, — (Pou — up, (I — 1) - n)sgq, -
By the orthogonality property (ii) of Proposition 2] we get that
(Pu — un,0)a, =(c (g - q4), 1Y =)o, + (g — Mg,P*'Vp — Vo)g,
— (I1q — qp,, Vo)a, + (u—Up, Hep - n)aq,
— (Pou — up, (IIth — 1) - n)oq,.
If we denote by T the last three terms of the above right-hand side, we see that,
after some simple algebraic manipulations, we can write T' = 2?21 T;, where
— (up — up, (I — ) - n)oq,,
— (Pou — u, (Il — ) - m)oq,,
—(un —u, Y - n)sgq,,
— (I1q — g, Vy)a,
By the definition of the numerical trace @y, (I4al) and (L), we have that

Ty=— > (ip —up,Tp-n — Potp - n)ey,

KeQy

=— Y 7 {IIg-n—Pyq-n,Tp-n—Pyp-n)ey,
KeQy,

by Proposition
It remains to show that 75 + T5 + Ty = 0. By the definition of the projection

PB; (m)a
Ty = = (Pou—u, =9 - n)oq,
— (Pou—u, = - n)sq,
= (Pou—u, v -n)oq,.
By the definition of the numerical trace uy, (L4al),
—(Up —u, ¥ - n)og
— (up —u, % -n)oa,
<Pau —u, %Mo,

- 2
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Next, we show that T, = 0. Integrating by parts, we obtain
Ty =(V - (Ilg — q;),¢)a, — (g — g,) - n,9)aq,
=(V-(qa—-4q1),Pp)a, + (g — q) - n,Pay)aq,
— (g — q3,) - 1, ) o0,
by the identity («) of Corollary Bl with (o, () := (g—q,, ). By the error equation
B2D) with w := Py,
Ty =P, (@y — qn) - m)oq, + ((Ilg — q) - n,Pa)oq,
— ((I1q — g;) - m, 9)oq,
=(Paw, (@), — q1) - )oq, + ((TIg — q) - n, Pay)aq,
—((Ilg — gq;,) - », Pop)aq,,

by the definition of the projection Py, (), the definition of the projection P,
(2:2D)), and the definition of the numerical trace q,,, (L4D). Hence

Ty =(Paw, (@, — @) - n)aq, = (Pay, (q;, — q) - n)oa =0,

by the adjoint equation ([27d) and the equation (I3d) for gj,.
This completes the proof. O

3.3.3. Proof of Theorem 2.8: Superconvergence of uy. To prove this theorem, let
us begin by estimating || Pyu — Uy, ||2L2(e) for each face e of each simplex K. For the
face ef., we have that, by definition of the projection P, (22,

| Pow —n || 2(eg,) =IIPu — Un || 22(e7)
< Pu—up[[z2(er) + lun — Un [|L2(e,)
r+1/2

<|| Py — oy + C =K ,
<IPu —up, (| 22(e3,) + - | f e (i)

by Proposition and the identity (v) of Proposition 2l By using a classical
inverse inequality, we can conclude that

R h’r‘—‘rl
il || Pou — T [| 12 (ep,y <C (||]P’U—uh|L2(K) + ;; f|H7‘(K))-

Now we consider the error in the faces e of K which are different from the face
.. By the error equation ([B.2al), we have that, for all v € Pp* (K),
(un — Pou,v - n)ax\ey. =(c(q—qp),v)x — (Pu—up, V- v)k
— (Uun — Pou,v - njer..
Taking v := Z given by Lemma B2l with 2z = 4, — Pyu, we obtain that

1/2 —1/2
= an e + b Pu — |2 i)

+ 1 an — Poullz2ey) )

| @n — PoullL2om\eq) < C (h

and using the estimate for the error in e,

1/2 ~
hil? || in — Pou IL20rver) < C (IIPu—up | 2(x) + b || @ — @y |12
h?”-‘rl

+ L f ) ) -
TK
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As a consequence, we get
[Pou—p [[22(8,m) < C (I1Pu—un |[r2(0,) + Rl @ — an L2
+ R f |7 ()5

where k := maxgeq, 1/(Tk hx). The result now follows from Theorems 2.6]
and 24 (i). This completes the proof of Theorem 2:§

3.3.4. Proof of Theorem 29 The error estimate for uj. By the definition of u},
[23al), we have that

lw— w2y <IT =T (2 r) + 16— @n ]2 (i),

where % is defined in (2.9D) and @ = u — . We estimate each of the two terms of
the right-hand side separately.

We begin by estimating the second term. Since, by Poincaré’s inequality, we
have

@ —tn llp2c) < Chi | V(@ = an) |L2(x),
it is enough to estimate the error in the gradient. To do that, we note that, by the
definition of @y, ([2:9d), we have

(a V(a—up), Vw)g = —(w, (@ — q3,) - n)ok Yw E?SH(K).
Then
IV (P —ap) 1220y =(a@ V(@ —an), V(PP a —ap)) i
+ (@ V(P*Ha — @), V(P* i — 4y)) i
= — (P*"a — @y, (g — Gy) - m)ox
+ (@V(P* i — @), V(P a — ap)) k.

Let us estimate the first term of the right-hand side. For any arbitrary w €
PHL(K), we have

(w, (@ —qy) m)ox = (w, (@ —q,) -n)ox + (w, (g, —qp) Mok
3

1,
i=1
where

Tl :(VUJ, q-—- qh)K7
T :(wa V- (q - qh))Kv
Ts =(w, (g — qn) - m)ox-
By using Cauchy-Schwarz inequality, we get that
Ti <[|Vwllr2(xia) 1 — an 22 (5c0)-

By using the definition of the Raviart-Thomas projection II*", (23]), and by using
its commutativity property, we get that, for any r € [0, k],

Ty =(w, f =Pflx + (w,V-(IT"q — q;,)) x
< w ||L2(K) (h}( | f |HT'(K) + h;(1|| q-—q, ||L2(K;c))
< Vo llrzcay (W f Lo + 1@ — @ |l p2(xe))
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by Poincaré’s inequality. Finally, by the definition of the numerical trace g, (I.4h]),
T5 =||w ||L2(eTK) | (g, — @) -m ||L2(cTK)
r+1/2
<Cllwlleaier) P2 L L,
by Proposition and identity (v) of Proposition 2.1 Applying a simple inverse
inequality, we get
T3 <C || Vwllz2(sa) B3 | F L)
As a consequence,
(w, (g — ah) ‘n)ox < C| Vw ||L2(K;a) (|| q—q ||L2(K;c) + hrK-H | f |H"‘(K)) .
This implies that
I V(P — ) || 2 sy <V (PFHa — @) | L2 ()
+C (|| q— a2 (ki) + hrKH | f |HT(K)) 3
and so,
| PP — i || 2(psa) SCR |V (PFY 0 — @) || p2(q,)
+C (hlla—apllz2@ue) + 02| flaran)
<P (la | +ulm@,),

by Theorem and the well-known approximation properties of P*+1.
Let us now estimate the error w — uy. We begin by considering the case k > 1.
In this case, since @ — Uy = P(u — uy), we get

1@ = || 2y < [ Pu—un |21y < C€%(q) B2

by Theorem Note that by Theorem 4, P*~1v, is independent of the value of
the local stabilization parameters 7. This implies that the same is true for u; and
so, we get that

17 =T [| 2 k) < C €50 (q) b7
It remains to consider the case k = 0 and f = 0. We have that
1

1 ~
u—up = [ u(z)dr— - Uple
K0 2

:W K(u — P ) (z) dx

1 1
+— [ Plu(z)dx — = —/Pa(Plu) dry
|K| K d e;:K |e| e

-3 2 o [Potu—Plw)ay

ecOK

1 1 ~
7& Z M/e(uhpau)d’y

e€OK
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Since, for any function w € P1(K), we have that

Powdy =
|K\/ ||/‘”

we readily obtain that
||ﬂ*ﬂh ||L2(K) SCH u— Pl”LLHL2(K) + Chg \u — P1u|H1(K)

eEBK

+ Chy || U — Pou || L2(oK),
and so,

1% = || 220,y <CB? (Cul(q) + |uln2a,)) -

Since, by Theorem 24 ), is independent of the value of the local stabilization
parameter 7, so is U, and so

1% — n || 2c) <Ch* (Co(q) + | ulmz(a,)) -
This completes the proof of Theorem

4. NUMERICAL EXPERIMENTS

In this section, we carry out numerical experiments to validate the theoretical
convergence properties of the SF-Hy method.

To do that, we use uniform meshes obtained by discretizing Q = (-1, 3)x (-1, 3)
with squares of side 27! which are then divided into two triangles as indicated in
Figure[I} the resulting mesh is denoted by “mesh=[".

0.5

-0.5
-0.5 0.5

FIGURE 1. Example of a mesh with h = 1/23.
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The test problem is obtained by taking 9Qyx = (), ¢ = I and choosing g and f so
that the exact solution is u(z,y) = cos(mx) cos(my) on the domain 2. The history
of convergence of the SF-H method with

T =1/h =2,

on the “mesh=[”, is displayed in Table [l for polynomials of degree k = 0, k = 1
and k = 2. We observe optimal convergence rates of the quantities |[u — un| r2(q)
and [|q — qul|z2(q) for k = 0,1,2 as predicted by Theorems and 271 We also see
that ||[Pou — Apllr2(e,n) and |lu — uj || p2(q) superconverges with rate O(h**2) for
k = 1,2 just as predicted by Theorems 2.8 and These results do not guarantee
that these quantities are superconvergent if £ = 0 and f # 0. Since we do not
observe superconvergence, we can conclude that the theoretical results for such a
case are actually sharp.

TABLE 5. History of convergence of the SF-Hj; method.

mesh | flu—unlip2(q) | la—anlipz) | IPow = Anllpzee, ny | e = uillL2(q)
k 14 error order error order error order error order
1 dle+1 - A7e+1 - .28e-0 - .22e-0 -
2 .36e-0 1.54 .78e-0 1.12 .92e-1 1.61 .5T7e-1 1.96
0 3 .12e-0 1.50 .41e-0 0.94 .35e-1 1.37 .19e-1 1.57
4 .53e-1 1.29 .21e-0 0.97 14e-1 1.21 .79e-2 1.27
5 24e-1 1.13 .10e-0 0.98 .69e-2 1.15 .36e-2 1.14
[§ 12e-1 1.05 .53e-1 0.99 .32e-2 1.12 17e-2 1.10
1 .21e-0 - .23e-0 - .3le-1 - 2le-1 -
2 43e-1 2.27 .12e-0 0.94 .75e-2 2.02 .40e-2 2.38
1 3 .78e-2 2.47 .3le-1 1.94 .10e-2 2.96 .53e-3 2.91
4 17e-2 2.19 .79e-2 1.99 .12e-3 3.00 .68e-4 2.98
5 42e-3 2.05 .20e-2 2.00 .15e-4 3.01 .85e-5 2.99
[§ .10e-3 2.01 .50e-3 2.00 .19e-5 3.00 .1le-6 2.99
1 .68e-1 - .89e-1 - T2e-2 - .8le-2 -
2 .38e-2 4.12 9le-2 3.29 4le-3 4.12 .40e-3 4.35
2 3 .32e-3 3.58 .12e-2 2.96 27e-4 3.93 .25e-4 3.97
4 .32e-4 3.31 .15e-3 2.98 .18e-5 3.96 .16e-5 3.99
5 .37e-5 3.12 .19e-4 2.99 1le-6 3.98 .10e-6 4.00
6 .45e-7 3.01 .23e-5 3.00 .70e-8 3.99 .63e-8 4.00

Next we explore the effect of the size of 7k on the quality of the approximation.
In Table B we see that as 7 diminishes the quality of the approximation to u
deteriorates. However, the effect of taking 7 = 1/h? or 7 = 1/h is almost negligible
especially when the grids are not coarse. We also see that the order of convergence
is k+ 1 for 7 = 1/h?,7 = 1/h and 7 = 1, but it is only k for 7 = h. This is in
perfect agreement with Corollary 217

We end with an example where the exact solution is harmonic, that is,c = I, f =
0, and display the convergence rates for k¥ = 0 in Table [l We take 0Qy = () and
choose ¢g and so that u(x,y) = e*sin(y) is the solution. We see that the quantities
[Pou — Anllr2(e,;n) and [lu — u}||2(0) superconverge with the rate O(h?) as our
theoretical results predict.
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TABLE 6. Effect of 7 on the convergence of || u — up, || 12 ().

mesh T =1/h> T=1/h T=1 T=h
k £ error order error order error order error order
1 .61e40 - dle+1 - 21le+1 - .40e+1 -
2 .21e+40 1.50 .36e-0 1.54 dle+1 0.88 42e+1 -0.06
0 3 .95e-1 1.17 .12e-0 1.50 .57e-0 0.97 .43e+1 -0.02
4 .46e-1 1.04 .53e-1 1.29 .28e-0 1.00 .43e+1 -0.00
5 .23e-1 1.02 24e-1 1.13 .14e-0 1.01 .43e+1 0.00
6 dle-1 1.01 12e-1 1.05 .70e-1 1.01 43e+1 0.00
1 .15e+0 - .21e-0 - .35e-0 - .67e-0 -
2 27e-1 2.47 43e-1 2.27 .14e-0 1.34 .54e-0 0.29
1 3 .66e-2 2.06 .78e-2 2.47 .35e-1 1.98 .28e-0 0.97
4 .16e-2 2.00 17e-2 2.19 .88e-2 2.00 .14e-0 0.99
5 41e-3 2.00 .42e-3 2.05 .22e-2 2.00 .67e-1 1.00
6 .10e-3 2.00 .10e-3 2.01 .60e-3 2.00 .35e-1 1.00
1 .33e-1 - .68e-1 - .14e-0 - .28e-0 -
2 .19e-2 4.10 .38e-2 4.12 14e-1 3.31 .56e-1 2.33
2 3 .23e-3 3.07 .32e-3 3.58 .18e-2 2.96 14e-1 1.98
4 .28e-4 3.00 .32e-4 3.31 .23e-3 2.99 .35e-2 2.00
5 .36e-5 3.00 .37e-5 3.12 .28e-4 3.00 .88e-3 2.00
6 .45e-6 3.00 .45e-7 3.01 .35e-5 3.00 .22e-3 2.00

TABLE 7. History of convergence for a harmonic exact solution.

mesh | flu = unll 2y | e = anllp2i0) | 1Pow = Anllp2ce, o | o= uhll 2

k 4 error order error order error order error order
1 17e-0 - .22e-0 - .29e-1 - .23e-1 -

2 .87e-1 0.94 .11e-0 0.96 .79e-2 1.84 .62e-2 1.87

0 3 44e-1 0.99 .57e-1 0.98 21e-2 1.90 .16e-2 1.93

4 .22e-1 0.99 .29%e-1 0.99 .55e-3 1.96 41e-3 1.97

5 1le-1 1.00 .14e-1 1.00 .10e-3 1.98 .10e-3 1.99

6 .55e-2 1.00 .T2e-2 1.00 .35e-4 2.00 .26e-4 2.00

5. CONCLUDING REMARKS

The error analysis carried out here for the SF-Hy method also holds for the
hybridized versions of the RT i and the BDMy, methods. We simply have to replace
the local space P¥(K) x P¥(K) by the local space V(K) x W (K) given by Table
[0l use the definition of the local stabilization parameter 7 given in Table [2 and
suitably define the projection (IT,P). Indeed, with such changes, the first four
properties of Proposition 2.J] on which the whole analysis is based, hold. For
this reason, we can consider this analysis to be a unifying analysis of these three
methods.

A study of the optimal way to choose the local stabilization parameter 7 falls
beyond the scope of this paper and will be carried out elsewhere. Extensions of
these results to more general second-order elliptic equations and other boundary
conditions are straightforward. The extension of these results to the case of hanging
nodes, variable-degree approximations and curved domains constitute the subject
of ongoing work.



[1]

2]

[3]

[4]

[5]

[6]

7]

[10]

(11]

[12]

(13]

14]

(15]

[16]

(17)

(18]

A SUPERCONVERGENT LDG-HYBRIDIZABLE METHOD 1915

REFERENCES

D. N. Arnold and F. Brezzi, Mized and nonconforming finite element methods: implemen-
tation, postprocessing and error estimates, RAIRO Modél. Math. Anal. Numér. 19 (1985),
7-32. MR813687(87g:65126)

D. N. Arnold, F. Brezzi, B. Cockburn, and L. D. Marini, Unified analysis of discontinu-
ous Galerkin methods for elliptic problems, STAM J. Numer. Anal. 39 (2002), 1749-1779.
MR1885715|/(2002k:65183)

J. H. Bramble and J. Xu, A local post-processing technique for improving the accuracy in
mized finite-element approzimations, SIAM J. Numer. Anal. 26 (1989), no. 6, 1267-1275.
MR1025087|/(90m:65193)

F. Brezzi, J. Douglas, Jr., and L. D. Marini, Two families of mized finite elements for second
order elliptic problems, Numer. Math. 47 (1985), 217-235. MR799685 (87g:65133)

P. Castillo, B. Cockburn, I. Perugia, and D. Schotzau, An a priori error analysis of the
local discontinuous Galerkin method for elliptic problems, SIAM J. Numer. Anal. 38 (2000),
1676-1706. MR1813251 (2002k:65175)

F. Celiker and B. Cockburn, Superconvergence of the numerical traces of discontinuous
Galerkin and hybridized mized methods for convection-diffusion problems in one space di-
mension, Math. Comp. 76 (2007), 67-96. MR2261012

Z. Chen, FEquivalence between and multigrid algorithms for monconforming and mized
methods for second-order elliptic problems, East-West J. Numer. Math. 4 (1996), 1-33.
MR1393063(98c:65184)

P. Ciarlet, The finite element method for elliptic problems, North-Holland, Armsterdam,
1978. MR0520174|(58:25001)

B. Cockburn and B. Dong, An analysis of the minimal dissipation local discontinuous
Galerkin method for convection-diffusion problems, J. Sci. Comput. 32 (2007), 233-262.
MR2320571

B. Cockburn and J. Gopalakrishnan, A characterization of hybridized mixed methods for
second order elliptic problems, SIAM J. Numer. Anal. 42 (2004), 283-301. MR2051067
(2005e:65183)

B. Cockburn, J. Gopalakrishnan, and R. Lazarov, Unified hybridization of discontinuous
Galerkin, mized and continuous Galerkin methods for second order elliptic problems, Sub-
mitted.

B. Cockburn and C.-W. Shu, The local discontinuous Galerkin method for time-dependent
convection-diffusion systems, SIAM J. Numer. Anal. 35 (1998), 2440-2463. MR1655854
(99j:65163)

J. Douglas, Jr. and J. E. Roberts, Global estimates for mized methods for second order elliptic
equations, Math. Comp. 44 (1985), 39-52. MR771029 (86b:65122)

L. Gastaldi and R. H. Nochetto, Sharp mazimum norm error estimates for general mized
finite element approximations to second order elliptic equations, RATRO Modél. Math. Anal.
Numér. 23 (1989), 103-128. MR1015921 |(91b:65125)

J. T. Oden and J. K. Lee, Dual-mized hybrid finite element method for second-order elliptic
problems, Mathematical aspects of finite element methods (Proc. Conf., Consiglio Naz. delle
Ricerche (C.N.R.), Rome, 1975), Springer, Berlin, 1977, pp. 275-291. Lecture Notes in Math.,
Vol. 606. MR0520341(58:25010)

P. A. Raviart and J. M. Thomas, A mized finite element method for second order elliptic
problems, Mathematical Aspects of Finite Element Method (I. Galligani and E. Magenes,
eds.), Lecture Notes in Math. 606, Springer-Verlag, New York, 1977, pp. 292-315. MR0483555
(58:3547)

Rolf Stenberg, A family of mized finite elements for the elasticity problem, Numer. Math 53
(1988), 513-538. MR954768|/(89h:65192)

Rolf Stenberg, Postprocessing schemes for some mized finite elements, RAIRO Modél. Math.
Anal. Numér. 25 (1991), 151-167. MR1086845|(922a:65303)


http://www.ams.org/mathscinet-getitem?mr=813687
http://www.ams.org/mathscinet-getitem?mr=813687
http://www.ams.org/mathscinet-getitem?mr=1885715
http://www.ams.org/mathscinet-getitem?mr=1885715
http://www.ams.org/mathscinet-getitem?mr=1025087
http://www.ams.org/mathscinet-getitem?mr=1025087
http://www.ams.org/mathscinet-getitem?mr=799685
http://www.ams.org/mathscinet-getitem?mr=799685
http://www.ams.org/mathscinet-getitem?mr=1813251
http://www.ams.org/mathscinet-getitem?mr=1813251
http://www.ams.org/mathscinet-getitem?mr=2261012
http://www.ams.org/mathscinet-getitem?mr=1393063
http://www.ams.org/mathscinet-getitem?mr=1393063
http://www.ams.org/mathscinet-getitem?mr=0520174
http://www.ams.org/mathscinet-getitem?mr=0520174
http://www.ams.org/mathscinet-getitem?mr=2320571
http://www.ams.org/mathscinet-getitem?mr=2051067
http://www.ams.org/mathscinet-getitem?mr=2051067
http://www.ams.org/mathscinet-getitem?mr=1655854
http://www.ams.org/mathscinet-getitem?mr=1655854
http://www.ams.org/mathscinet-getitem?mr=771029
http://www.ams.org/mathscinet-getitem?mr=771029
http://www.ams.org/mathscinet-getitem?mr=1015921
http://www.ams.org/mathscinet-getitem?mr=1015921
http://www.ams.org/mathscinet-getitem?mr=0520341
http://www.ams.org/mathscinet-getitem?mr=0520341
http://www.ams.org/mathscinet-getitem?mr=0483555
http://www.ams.org/mathscinet-getitem?mr=0483555
http://www.ams.org/mathscinet-getitem?mr=954768
http://www.ams.org/mathscinet-getitem?mr=954768
http://www.ams.org/mathscinet-getitem?mr=1086845
http://www.ams.org/mathscinet-getitem?mr=1086845

1916 B. COCKBURN, B. DONG, AND J. GUZMAN

SCHOOL OF MATHEMATICS, 127 VINCENT HALL, UNIVERSITY OF MINNESOTA, MINNEAPOLIS,
MINNESOTA 55455
E-mail address: cockburn@math.umn.edu

D1vISION OF APPLIED MATHEMATICS, BROWN UNIVERSITY, PROVIDENCE, RHODE ISLAND 02912
E-mail address: bdong@dam.brown.edu

SCHOOL OF MATHEMATICS, 127 VINCENT HALL, UNIVERSITY OF MINNESOTA, MINNEAPOLIS,
MINNESOTA 55455
E-mail address: guzma033@umn.edu



	1. Introduction
	2. The main results
	2.1. The projection (bold0mu mumu hdvips,P)
	2.2. Characterization of the approximate solution
	2.3. A priori error estimates
	2.4. Postprocessing

	3. Proofs
	3.1. Proof of Proposition 2.1: The properties of (bold0mu mumu hdvips, P)
	3.2. Characterization of the approximate solution
	3.3. Proof of the error estimates

	4. Numerical experiments
	5. Concluding remarks
	References

