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SUPERCONVERGENT DISCONTINUOUS GALERKIN
METHODS FOR SECOND-ORDER ELLIPTIC PROBLEMS

BERNARDO COCKBURN, JOHNNY GUZMAN, AND HAIYING WANG

ABSTRACT. We identify discontinuous Galerkin methods for second-order el-
liptic problems in several space dimensions having superconvergence properties
similar to those of the Raviart-Thomas and the Brezzi-Douglas-Marini mixed
methods. These methods use polynomials of degree k > 0 for both the po-
tential as well as the flux. We show that the approximate flux converges in
L? with the optimal order of k + 1, and that the approximate potential and
its numerical trace superconverge, in L2-like norms, to suitably chosen pro-
jections of the potential, with order k + 2. We also apply element-by-element
postprocessing of the approximate solution to obtain new approximations of
the flux and the potential. The new approximate flux is proven to have nor-
mal components continuous across inter-element boundaries, to converge in L?
with order k 4+ 1, and to have a divergence converging in L? also with order
k+1. The new approximate potential is proven to converge with order k42 in
L2. Numerical experiments validating these theoretical results are presented.

1. INTRODUCTION

In this paper, we uncover a large class of discontinuous Galerkin (DG) methods
for the following second-order elliptic problem:

(1.1a) cqg+Vu=0 in €,
(1.1b) V-g=f inQ,
(1.1c) u=g ondQp,
(1.1d) g-n=qy on 0y,

with optimal convergence properties for the approximate flux and superconvergence
properties similar to those of the classical mixed methods of Raviart-Thomas (RT)
[15] and Brezzi-Douglas-Marini (BDM) [5]. Here 2 C R? is a polyhedral domain
(d>2), f € L*R), and ¢ = ¢(x) is a symmetric d x d matrix function that is
uniformly positive definite on € with components in L>°(Q2). Some of our results
require the domain 2 to be convex.
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To describe our results, we need to introduce some notation. We denote by
Qn = {K} a triangulation of the domain  of shape-regular simplices K and set
00y, :={0K : K € Qp,}. We associate to this triangulation the set of interior faces
& and the set of boundary faces & ;? . We say that e € &' if there are two simplices
K+ and K~ in Q such that e = 9Kt NOK ™, and we say that e € éaha if there is
a simplex in ), such that e = 9K N 9Q. We set &, := & U &Y.

We assume that the approximate solution (q,,un) € V) x W), satisfies the
formulation

(1.2a) (cqy,v)a, — (un,V-v)a, + (Un,v-n)oq, =0,
(1.2b) - (qha vw)Qh + <ah 'n7w>59h = (f7 W)Qm

for all (v,w) € Vp, x Wp,, where

(1.2¢) Uy, is single-valued on &},
(1.2d) the normal component of g, is single-valued on &,
and
(1.2e) Up=g on 0Qp,
(1.2f) g, m=dqn on Iy.
Here, we have used the notation
d
(O','U)Qh = Z(Ui7vi)9h Vo,ve Hl(Q}L),
i=1
Cwoyi= 3 [ (@ulads,  YGweH ),
Ke, VK

omion, = 3 [ vy mu)dr V(w0 € L0%) x P00

The outward normal unit vector to K is denoted by n. Finally, if S represents a
given space, we are writing S(Qy) := [S(Q;,)]¢ and
S(Qh) = {w :Qp — R, w|K S S(K) VKe Qh},
S(th) = {w : 00y, — R, w‘g)[( S S(@K) VKe Qh}

Note that we are not assuming that the approximate solution under considera-
tion is determined by the above equations, but only that it satisfies them; see,
for example, the equations defining the approximate solution of the discontinuous
Petrov-Galerkin method [4].

We are now ready to discuss our results. For a long while, no DG method using
the choice of spaces

(1.3) Vi X Wi, =V, x W), = V5 x WE

where
Vi ={veL*Q): vlgeP"K) VK e},
WE={weL*Q): w|gecPK) VKecQ}

was known to provide an approximate flux g, converging with the optimal order
k+1; here, P*(K) stands for the set of polynomials of degree at most k defined on K,
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and P*(K) for R%valued functions whose components belong to P¥(K). Indeed,
in the unified analysis of DG methods for second-order elliptic problems, [2], it
was shown that the approximations u; and g, given by consistent and stable DG
methods using the spaces ([L3) converge in L? with order k+ 1 and k, respectively,
for any k > 1; see also [7], where the performances of representative DG methods
are compared.

In [§], DG methods using the spaces ([3]), which do not fit in the above-
mentioned unified analysis, were thoroughly studied. Those methods are obtained
when the numerical traces on éa,i are chosen as follows:

(1.4a) up =fun} — Cr2- [wn] + Co2 [a,],
(1.4b) g, ={a,} +Ci2- [q,] + C11 [ua],

and the penalization parameter Cas is taken to be strictly positive. We are using
the standard notation for the averages {-} and the jumps [-]; see [2].

For these methods, it was shown [§] that if C1s is of order one, and Cy; and
1/Cyqy are of order 1/h, then u; and g, converge in L? with order k + 1 and k,
respectively, for any k& > 1. The same orders of convergence were proven to hold if
we set Cap = 0, that is, for the so-called local DG (LDG ) method; see also [2].

Better orders of convergence were obtained for the approximate flux if C7; is
decreased and Cag is increased. Indeed, it was shown [§] that if Cq; and Cag are of
order one, then u;, and g, converge in L? with order k+1 and k+ 1/2, respectively,
for any £ > 0. In spite of this better convergence property, these DG methods
have not been paid too much attention since they are very difficult to implement
(precisely because Caa # 0). On the other hand, in [I2], an LDG method (Cae =
0) with those same orders of convergence was obtained which employed C7; of
order one; it used Cartesian grids, tensor-product polynomial local spaces and a
special choice for C12. Until recently, no DG method was known which provided
an approximate flux converging with order k£ + 1. The first DG method with such
a property, the SF-H method, was recently identified in [9].

The SF-Hmethod is one of the local DG-hybridizable (LDG-H) methods in-
troduced in [I0]. The LDG-H methods are characterized by the fact that their
numerical traces on any given interior face are given by

N Tt . T~ _ 1
(1.5a) up, :(7T+T+>uh + (77 +T+>uh + <7T+T+) la.],
T Tt T
1.5b g, = —— g — g, -
o) = o (= e (o ) Tl

where 7% are nonnegative constants. The main interest of these methods is that
they can be implemented very efficiently in spite of the fact that in this case the
coefficient Coo = 1/(7~ +771) is different from zero; see [10]. The distinctive feature
of the SF-H method is that on each simplex K, 7 is equal to zero except on a single,
arbitrarily chosen face of K. Thanks to this choice, it is possible to show [9] optimal
convergence properties, for the approximate flux, as well as convergence of order
k + 2 of the approximate potential, and its numerical trace superconverge to some
projections of the potential. As a consequence, a postprocessing of the approximate
solution, u} , could be constructed which provides an approximation of the potential
converging with order k + 2 in L2.
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The fact that similar properties hold for the hybridized version of the RT and
that of the BDM mixed methods is no coincidence. In fact, the SF-H method was
actually discovered by exploiting the similarities that hybridizable DG methods
and the hybridized versions of classical mixed methods have, as made evident in
the framework proposed in [I0]. Since, thanks to that framework, the SF-H could
be seen as a DG method in between the RT and BDM methods, an extension of the
analysis of the hybridized versions of the RT and BDM method was used to (both
devise and) analyze the SF-Hmethod and to obtain for it the above-mentioned
convergence and superconvergence properties.

In this paper, however, we do not exploit the hybridization framework intro-
duced in [1I0]. Instead, we rely on an approach based on trying to rewrite the
general formulation ([L2) as that of the Raviart-Thomas method. This approach
was introduced in the study of the local conservativity properties of the continuous
Galerkin method; see [I1]. In our setting, this approach allows us to conclude that
the convergence and superconvergence properties under consideration hold for any
method satisfying the formulation (L2]) when, roughly speaking, the normal com-
ponent of g, — q;, is small enough, or, when the approximate flux g, is close to
being in H(div,2). We then prove that this condition is satisfied by DG (L.4]) and
LDG-H (L3 methods for several choices of the parameters defining their numerical
traces. We thus refine the error estimates obtained for some of the DG methods
considered in [§], and extend the results obtained for the SF-H method in [9] to a
large class of LDG-H methods. In Table[I] we denote by e} the face of the simplex
K at which 7 is a maximum.

TABLE 1. Examples of conditions guaranteeing the optimal con-
vergence of g, and the superconvergence properties of uy, and uy,.

method  positivity condition boundedness condition

C11,| C12 | bounded
DG C11,C2 >0 and Crr ~ 1/Cy

LDG-H 7>0 T|ar\e;, bounded

The paper is organized as follows. In Section2] we state and discuss our two main
results, namely, the optimal convergence of the approximate flux, Theorem 2.1} and
the superconvergence properties of uj, and @y, Theorem 23] We also introduce the
postprocessed approximations g} and uj and obtain optimal convergence results
for them; see Theorems and [Z.4] respectively. All these results are proved in full
detail in SectionHl In Section Bl we provide several examples of methods for which
these theorems hold, and in Section Bl we give numerical evidence confirming the
theoretical predictions. We end in Section [6] by sketching some extensions and by
providing some concluding remarks.

2. THE MAIN RESULTS

In all the theorems of this section, we only assume that the following inclusion
conditions hold on the spaces of test functions:

(2.6a) V, DV},
(2.6b) Wy, O W5,
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for some nonnegative integer k. No condition is imposed on the spaces of trial
functions V', and Wj,.

2.1. Optimal convergence of q,. To state our results, we need to introduce
some notation. Given a function o € H(div, ;) and an arbitrary simplex K € Q,
the restriction of I} o on K is defined as the only element of P*(K) + = P! (K)
satisfying

(2.7a) (II%o — o) -n,u)e =0 Vi € Pt(e) for all faces e of K,

(2.7b) (I} o — o,v) =0 Vv e PHK).

Given a function n € L?(9€y,), and an arbitrary simplex K € , the restriction
of P4n to a face e of K is defined as the element of P*(e) that satisfies

(2.8) (Pon—mn,m)e =0, Ve Pe)

Note that, on the interior faces, Pgn is in general double-valued. Finally, we set,
for any 7 € L*(09y,),

1/2
|72 sin) = ( > hi ||T'n|2L2(aK)> :

KeQy,

We are now ready to state the first of our main results.

Theorem 2.1. For any method of the form ([L2) satisfying the inclusions (26l) for
k>0, we have

lqa—ap 2@, < C (lg =T q L2 0) + Ok) »

where

Or = g, — I qy, |l 22() + I P5(@, — 1) l2(sm)-

Note that if the approximate flux g, is given by the RT method, then O = 0 and
the above result gives the classic error estimate. Note also that if V7, is included
in the space of fluxes of the corresponding RT method, g, = II}"q;, and

Or = |P5(a@, — an) lr2(s:n)-

Thus, optimal convergence properties for g, can be obtained provided the normal
component of g, — q,, is small enough, that is, provided g, is “close” to being in
H(div, Q).

We can easily compute a new approximation of the flux, g7, which converges with
the same order as q;, and belongs to the space H(div,2). This new approximate
flux is obtained in an element-by-element fashion by using a slight modification of
the Raviart-Thomas projection we describe next. It has been used in the framework
of Darcy’s flow, see [3], and also for the Navier-Stokes equations, see [13].

On each simplex K € ), we define the function qj as the only element of
PH(K) + x PF(K) satisfying

(2.9a) ((gy, —qp) m,p)e=0 Vi € P¥(e) for all faces e of K,
(2.9b) (g} —q,,v)k =0 Yv e PFHK).
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Given a function ¢ € L%(2) and an arbitrary simplex K € Qy,, the restriction of
P‘C to K is defined as the element of P*(K) that satisfies
(2.10) (P¢C—¢w)k =0, Vwe PYK).

The main properties of the new approximation q; are gathered in the following
result.

Theorem 2.2. For any method of the form (L2)) satisfying the inclusions ([28]) for
k > 1, we have that

q;, € H(div,Q),
g —ajllz) <O (la—T1"q || L2(0) + ©Ok)
IV (a—ai) Iz = I f = P*f 2 an)-
Note that this last inequality implies that
IV (q—a;)ll2@) < C R f | eea,)
provided f € H*1(Qy,).
2.2. Superconvergence of uy,uy. To state the results of this subsection, we need

to introduce some notation and a key hypothesis on the domain. We define (1, ¢)
to be the solution of the so-called adjoint problem

(2.11a) cp+Vop=0 in ©,
(2.11b) V=60 inQ,
(2.11c) $p=0 on 0Qp,
(2.11d) Yp-n=0 on 0Qy.

We assume that the following elliptic regularity result holds:

(2.12) 19 e an) + 1 V6 llrresaan) < Cer 10 a0,

for r € [0,r]. If the domain € is convex, this property holds for r = 0.
Finally, we set, for any n € L?(9);,),

1/2
|0 |L2(8050) = ( Z hr ||7I||2Lz(aK)> :

KeQy,
We are now ready to state our second main result.
Theorem 2.3. Assume that Q is such that the elliptic regularity result (212) holds
with r = 0. Then, for any method in the general form ([([L2)) satisfying the inclusions
@3) for k > 1, we have
IP*~ (= un) |20, < Ch (g =TI q |l z2() + Ok)
|P5(u—n) |L2(gm) < Ch (Il =TT q || 2() + O) -
As was shown in [I] for the RT method (and in [5] for the BDM method), the
above superconvergence results can be used to obtain a new approximation for u,

uj, which converges faster than uj. To construct it, we use a slight modification
introduced in [9] of the postprocessing proposed in [16} [17] and [14].
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On the simplex K, we define the new approximation of u, uj, as the function of
PEH1(K) given by

1
2.13 =, — d
( a‘) uh Up, + ‘K| /Iv( Up ax,

where 1y, is the polynomial in P! (K) satisfying
(2.13b) (a Vi, Vu)g =(f,w)k — (w,q), -n)ox  Yw € PET(K).

Here a = ¢! and PET(K) is the set of polynomials in P¥1(K) with zero mean.
We are now ready to state the result.

Theorem 2.4. Assume that Q) is such that the elliptic reqularity result (ZI2) holds
with r = 0. Then, for any method of the form ([[L2) satisfying the inclusions (2.6
for k > 1, we have that

lu=ukllz2, < Ch (Ilg =T qllr2@) + 1 || F = PEfll2 ()
+| V(P — u) 2, + Dy,

where

Dy, = Op+| Pf%“(ah = ai) lr2&m)-

Note that for the RT method, ®; = 0 and we recover the corresponding result
for that method; see [16] [17] and [14].

3. EXAMPLES OF SUPERCONVERGENT DG METHODS

In all the examples considered here, we take DG methods whose spaces are given
by (L3). As a consequence, we immediately have that

1/2
1 ~
§q)k =0 = ( Z hr || (@, — ) - n||2L2(8K)> :

KeQy,

We are going to show for some DG methods and some LDG-H methods that we
have

< C (lulprriqay) + 1@l + 1 F le@,)) B
By our main results, this implies that, for k£ > 0,
la = anllzz@) < C (Jularsi,) + 1 alme@, + 1 flar@,) B

la —aj |20y < C (| ulmrsern) + @ lar @, + 1 f @) B
and for k > 1,

lu—uj 2@ < C (|ulgre ) + 1w lmrre,) + 1@l @) + 1 las@n) B2
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3.1. DG methods. We begin by considering the methods studied in [§]. Those
are DG methods whose numerical traces on the interior faces are given by (L4).
On boundary faces, we take

Q
(3.14a) g, =" on Iy,
g, +Cii(up—g)n  on 0Qp,
(3.14D) G = up + C22(q, -m—aqn)  on 0,
9 on 9Qp.

The result will be stated in terms of the quantities Cy = maxees, Ciile and
C,;; = mingeg, Cijle, for ¢ = 1,2, Also, we write ap ~ by, for positive quantities
ap and by, depending on the triangulation 25, when there is an arbitrary but fixed
constant ¢ such that by, /c < ap < cby,.

Proposition 3.1. We have

P, < C(Julgrera, +1q |Es+1 () T |flae o)) R
provided
(Z) ‘ Cl? | < C7
_ 1 1
it)  Cag~ Coy ~ = ~ =,
(i) 2~ Cn~ 5o~ e

(iii)  Cp1 < C,
for some constant C.

Note that, in particular, we can take C1; = 1/Ch constant on &. If such a
constant is uniformly bounded, the DG method is optimally convergent in gq;,. This
result improves the error estimates in [§], which predicted an order of k+1/2 if such
a constant is independent of h. Of course, the DG methods under consideration
are difficult to implement given that Cas > 0. However, this is not the case for the
LDG-H methods we consider next.

3.2. The LDG-H method. For the LDG-H method (see [10]), we have

(3.15) a4, = qp, + 7(up — Up) m,

where 7 is a nonnegative, piecewise constant, double-valued function on the interior
faces of the triangulation and single-valued on boundary faces. We require 7|sx # 0
for each element K. The function @y, is an unknown on interior faces and on 9y
and is equal to P5g on 0Qp. We state our result in terms of some quantities we
define next. For each K € Q, let e}, be an edge in which 7|sx is a maximum. Let

Tr be the maximum value of T|5K\e;<. Then we set T := maxgeq, Tk. We also
define 7 = minkeq, 7ley. -

Proposition 3.2. We have that

®p < C (lulgrrin + 1y + 1 Flae@n) B
provided
(Z) T< Cl,
T
/i -<C
(ZZ) T 2,

for some constants Cy and Cs.
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The SF-H method [9] is a particular LDG-H method obtained by taking 7 = 0
on 0K \ e} and 7 > 0 on e}.. With this choice, we get 7= 0 and 7 > 0, and, as a
consequence, Proposition 3.2/ holds with C; = C; = 0. In fact, in [9], it was directly
shown that

5 k
| @ —an) - mllzzor) < CRE2 1S Leey,

where C' is independent of 7|sx, which immediately implies that
O < CR™ [ f lax ()

independently of the values of 7, provided f € H*(£y,).

4. PROOFS

To prove the theorems of the previous section, we proceed in several steps. We
begin by introducing the main tools of the analysis, namely, the error equations
and some suitably defined projections.

As is traditional in the analysis of finite element methods, we begin by obtaining
the error equations. From the definition of the exact solution (1) and the general
form of the methods under consideration ([L2]), we easily obtain the following error
equations:

(4.16a) (c(@—ap),v)a, — (u—un V- -v)q, + (u—"1Upv- n)so,no0, =0,
(416b) - (q — 4y, Vw)Qh + <(q - ah) : n7w>39h\691\1 =0,
for all (v,w) € Vj, x W,

4.1. Some properties of gj. To obtain error estimates for g7, we begin by gath-
ering properties of the function g} — IT;;" g in the following lemma.

Lemma 4.1. Assume that the inclusion property ([2.6D) for the space Wy holds.
Assume also that the property (L2d) of single-valuedness of the numerical trace q,,
holds. Then

(i) ( HRT q) - n=0 on oy,
(ii) ¢ w g € H(div, ),
(iii) V ( —1II;" ) =01n Q,
(iv) q HRTq e vk,

Proof. Let us prove property (i). We have that, on any face e lying on 9Qy,

a;, - = P5(@), - n) by property (23,
=P%¥(gy) by the Neumann boundary condition (L2f]),
=TI"q-n by the definition of the projection II;" (Z.7a)).

Property (ii) follows by the definition of the projection II;T, the definition of
g;,, and by the fact that the normal component of the numerical trace for the flux

is single-valued, (L2d).
Next, let us prove property (iii). By the inclusion property (2.61), we can rewrite
the equation (L2h) as follows:

(V-qj,w)q, = (f,w)a, for all w € WZ
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As a consequence, we have that
(V- (g — I} q),w)q, =0 for all w € W,

and since V - (g5 — II"q) € W¥, (iii) follows.

Property (iv) is a direct consequence of property (iii) and the fact that, for
each simplex K € Q, g — I1}"q|x € P*(K) 4+ = P*(K), which follows from the
definitions of the projection IT}}" (Z7) and the function g}, (29). This completes

the proof.
O

We are now ready to obtain an estimate of g}, — IT;}" g,.

Lemma 4.2. We have
i — TG gy 2 < Chi*IIPE @) — an) -l c2om).
Proof. If we set d := g}, — II}" q;,, then on the simplex K € €y, the function § is
the element of P*(K) 4 = P¥(K) satisfying the equations
(8,v) =0, Vo e P UK), ifk>1,
(6-n,w) = (PE((q), — q;) -m),w)e Vw € Pk(e), for all faces of K.

The result now easily follows; see [6]. This completes the proof. d
4.2. Optimal convergence of g, and gj. Here we prove Theorems 2] and

Let us begin by proving Theorem 221 The fact that g}, € H(div, Q) follows from
(ii) of Lemma E1] and the fact that II;"q is also in H(div, ). The estimate of its
divergence follows from (iii) of Lemma [l Indeed, by such a property,

IV-(a—ai) 2 = IV (@—I7q) |2

|| f - Pkf ||L2(Qh)7

by a well-known property of the projection IT}"; see, for example, [6]. To prove the
remaining inequality, we proceed as follows. We use the following notation:

1/2
0|22 () =(c v, 0)g) >,

By the first equation defining the method (T2al),

(cqp,v)a, = (up, V- v)q, — (Up,v-n)aq, for all v € V), N H(div, Q).

As a consequence, since the numerical trace Uy, is single-valued (L2d), we obtain
that

(cqy,v)a, = (up, V- v)q, — (Un, v n)sq for all v € Vi N H(div, ).
This implies that, for all v € V}, N H(div, ),
(c(g—qp),v)0, = (u—un, V- v)g, — (u—"1Unv N)oay,

by the Dirichlet boundary condition on the exact solution (LId) and on the ap-
proximate solution ([2€).

We claim that we can take v = IT}}"q — g}, in the previous equation. Indeed, by
property (iv) of Lemma [T the function IT}" g — gj belongs to VZ, and by property
(ii) of Lemma 1L it also belongs to H (div, ©2). Hence, it belongs to V N H (div, Q)
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and so to V;, N H(div, ), by the inclusion property (2.6a). As a consequence, we
get that

(c(q—qy) IL"q — g})a, =0,
by properties (i) and (iii) of Lemma 1]
This implies that
" q = g7 l|72 0y = (¢ (D" — @), T q — q})a,
= (c(gh — an) T q — gj))a,,
and so,
T g — @hllz2@use) < 1T a = dllz2(@use) + a7 — nllz2(@yse)
< M7 — allz2(,ie) + llah — T @nll 22 (9450)
+ 110" gy, — a@nll2(@y:e)
< T q — qll 2,00 + C 1 PE@5 — a1) LL2anim)
+ 115 s, — anll2@nse)s
since, by Lemma [£.2]

1/2 k-~
lgh — TG @y 2 < Chi*IIPE (@) — an) -l c2om).
This implies that
la —ap 20 < C (115" a — qllz2(0,) + Ok)
by the triangle inequality and the definition of ©j. This completes the proof of
Theorem
Let us now prove Theorem [2.11 Since
la—anlrz,) < lga—aj 2@, + 1@ — I q), 2 + |l I q, —aqy, 222,
we only have to use Lemma and the first inequality of Theorem 2] to obtain
our estimate. This completes the proof of Theorem 211

4.3. Superconvergence of P*~1u;, in Q. Next we prove the first superconver-
gence estimate of Theorem
We begin by noting that

== (Pk_l(u — uh), 9>Qh
= (P u —up), V- )a,
= (u—up, V- -II}T 19h)q, -

By the inclusion ([2.6a)), we can take v = II3* ;4 in the error equation (EI6a) and
obtain

En = (c(q—aqn), IG5, 9)g,
= (c(q—q,), IGL,¢ — ¥)a, + (c (@ —qn). ¥)a,
= (c(g—q), IGL Y —¢P)a, — (@ — a4, Vo),
by the adjoint equation ([2ITal). Hence

4
h — ZTH
1=1

[1]
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where

Ty := (c(q —q,), 119 — ¥)a,,
Ty = —(q - II}"q, V)q,,
Ty := —(II;"q — g5, V§)a,,

Ty: = —(q, — g5 Voo,

Let us estimate each of these terms. Since k > 1, we have that
Ty | <Chllg—aqpllez) e @)
By the definition of the Raviart-Thomas projection, (2.7h]),
Ty = — (¢ —M;"q, Vo — P'Ve)q,,
we obtain, since k > 1,

| T2| < Chllq -1}l L2,

Ol H2(02,)-
By properties (i), (ii) and (iii) of Lemma [4.1]
T3 =—(II;"q — g3) - m, P)oq, = 0,
by the adjoint equation (ZIId). Finally, by the definition of g}, (2.99),

T, = —(q}, — q,, Vo — P'Vo)q,

and so

| Ty | < Chllay = apllezn ol a2 @)
Finally, by Lemma [£.2]
| Ty| < ChOl¢llazc,)-
This implies that
En< Ch (lq - q | r2@) + Ok) 110 1l2(0n)
by the elliptic regularity estimate ([2I2)) with r = 0. This completes the proof of
the first estimate of Theorem 2.3

4.4. Superconvergence of P’guh on &,. Here, we prove the second estimate of
Theorem 23] We begin by the following simple result.

Lemma 4.3. For any method of the form ([[L2) satisfying the inclusion (2.8al) for
the space V', we have that

1/2 ~ _
il 1P =) 22y < C hlla = aullzace) + CIPF (w = wn) |20
for any face e of OK and any simpler K € Q.

Proof. Thanks to the inclusion property (2.Gal), from the error equation ([AI6a]) we
can deduce that

(Ph(u—1n),v-n)ox = —(c(q—a,),v)x + (P* Hu—uy),V-v)g YvePK).
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If we now choose a v € P*(K) such that

v-n=Pu—1ay) on e,
v-n=0 on 0K \e,
(v, Vw)g =0, vw € PFL(K),
(v,v°)g =0, Yo°© € ®(K),

where
&, (K)={veP"(K):V-v=0, v n|sgx =0},
see [6], we readily obtain that
IP5(u—n) 122y = —(ela — an) vk + (P (u—up), V- )k
The result now follows by noting that
1/2 k ~
hil|vll k) + 10l 2(x) < Chiyl™ || Pa(u —n) [ L2(e),

which in turn follows from a scaling argument. O

The second estimate of Theorem [2.3]follows from the above result, Theorem 2.1
and the first estimate of Theorem 231

4.5. Superconvergence of uj}. It remains to prove Theorem 24l To do that, we
follow [9]. By the definition of u}, (2I3al), we have that

1 ~ -
w—ujllre) < o=l [ (w—un)dz |2y + |0 — Un [ r2(x),
K| Jk
where u stands for v minus its average on K. Then
= |2y = | PO (w = un) 2y + 1@ — @ [l 22
< IPPu—un) 2y + 1@ — U [l 22y
since k — 1 > 0. This implies

lw—up |22, < C Mg =TI qllL2) + Or) + | U — Un || 22(0,)-

It remains to estimate the second term of the right-hand side. Since, by Poincaré’s
inequality, we have

| —tn |22y < Chi || V(@ —Un) |2 k),

it is enough to estimate the error in the gradient. To do that, we note that, by the
definition of uy, (2.130), we have

(@ V(i —n), Vg = —(w, (@ —qy) -n)ox  Yw € PgTH(K).
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Then

IV (PEHE =) [122(s,0) = (@ V(@ — ), V(PEHa — 1))
(@ V(P*'u —a), V(P* 1 — 1))
— (P* 0 — @y, (g — @) - m)ok
(
—{

+

a (Pk+1u — 17) V(P’““ﬂ - ﬂh))}(,
P10 — i, (@ — @) - m)ok
+ (aV(P*ly — ), V(PP — ) ) k.-

Let us estimate the first term of the right-hand side. For any arbitrary w €
PHL(K), we have

(w, (@ —qy) -m)ox = (w, (@ —q,) -M)ox + (w,(q), —qy) Mok

s

where
Ty = (Vw,q — q)k,
T =(w,V-(q—aqn))k
T5 = (w,(gn — Gp) " M)ok-
By using the Cauchy-Schwarz inequality, we get that
T < || Vwlzzxa) | g = @i lL2(xc0)-
By using the definition of the Raviart-Thomas projection II}", we get
Ty = (w, [ =P ) + (0, V- (g — q;))x
<Nwlirzy (1 f =P*f ez + Chglla — an |22 (ke
< C|Vwllriay (he IIF =PEflleao + 1a — an 2 (xie))
by Poincaré’s inequality. Finally,
Ty <||wllzzom) IIP5 (@ — @) - 1) |20,
and, after applying a simple inverse inequality, we get
Ty <C|| Vollzgea i 1P5 (@n = @) - ) o).
As a consequence,
(w,(@=an) mox < C|Vwllrakia) (g = anllz2ixe
+hiZ1IPE (g = @n) 1) |l L2cor)
+hic || f = PP fllrer)) -
This implies that
IV (P**Ha —an) [ L2 ()
<Ol —an lzgcie) + 1 IIPE ((an — @) - 1) 2o
+hic |1 f=PEf Il + VP u— ) || 2 (k)
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and, by Poincare’s inequality,

IPE54a = || r2(0a) < Ch (O +1P5@h — 1) lz(sm + lla — T dl| 2o
+h | f—Pkf lz2n) + | V(PF 1y — ) \|L2(Qh)) .
This completes the proof of Theorem 2.4

5. NUMERICAL EXAMPLES

In this section, we carry out numerical experiments to validate the theoretical
convergence properties of the LDG-H method.

To do that, we use uniform meshes obtained by discretizing Q = (-3, 3)x(—1, 3)
with squares of side 27! which are then divided into two triangles as indicated in

Figure [I} the resulting mesh is denoted by “mesh = [”. The test problem we

FIGURE 1. Example of a mesh with h = 1/23.

consider here is obtained by taking 9Qyx = (), ¢ = I and choosing g and f so that
the exact solution is u(z,y) = cos(rz) cos(my) on the domain Q. It is the same as
that considered in [9] where the SF-H method was studied.

In order to see the effect of 7 on the orders of convergence of the errors, we
begin by considering three cases: 7 = 1 (Table ), 7 = h (Table B)), 7 = % on
et and 7 = 1 on OK\e} for all K € Q,, (Table ). Since these three choices of
7 satisfy conditions (i) and (ii) of Proposition B2l we expect to see the order of
convergence predicted by Theorems 1] and 2] that is, & + 1 for ||q — gy, z2(0)
and ||q — qj;||z2(q), provided k& > 0, and the orders of convergence predicted by
Theorems and 2.4 that is, k + 2 for ||Pou — Up||z2(e,;n) and |lu — uj |20,
provided k£ > 1. We can see in Tables 2l B and @] that these orders of convergence
are actually achieved in full agreement with the theory.

It is interesting to note that in all these experiments, the error of the postpro-
cessed flux g is actually smaller than that of the original flux g;,. This shows that
the postprocessed flux not only maintains the order of convergence of the original
flux, but actually produces a slightly better approximation. These results are sim-
ilar to those obtained in the framework of approximations for the Navier-Stokes
equations in [13].
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It is also interesting to see that, unlike for the two other choices for the parame-
ters 7, for the second choice the order of convergence of the approximate potential
is not k + 1, but only k.

Finally, note that although Theorems and 2.4 do not say anything about
superconvergence when k = 0, our numerical experiments show that it is not rea-
sonable to expect it. Indeed, we see in Table ] that for 7 = 1, superconvergence
does not occur for the quantities ||[Pou — Up||z2(e,;n) and [|u — ujl|2(q), where
instead of the definition (2.I3D)), we use

* ~ 1 =~
U = U+ § Unle;
ecOK

see [9]. The same thing happens, see Tablel] for 7|c; = ;;; and 7 =1 on 9K \ e}
for all K € Q. However, see Table[3] if 7 = h we do observe superconvergence. To
find out if this occurs because we are taking 7 constant, we choose 7|gx to be h on
one edge of 0K, 2h on the second edge, and 3h on the last edge. The results, see
Table Bl show that we no longer see superconvergence if k& = 0.

We end with an experiment devised to verify that the condition (i) of Proposition
is necessary. We choose 7 = % so that such a condition is not satisfied and see
in Table [@ that the order of convergence of ||q — q;,||2(q) is not & + 1 but only k.
Note that for k = 0, ||q — q} | 2(q) converges with order one. However, if we take
Tlox to be 1/h on one edge of 9K, 2/h on the second edge, and 3/h on the last

edge, the convergence is lost.

6. CONCLUDING REMARKS

In this paper, we have used the RT projection and simplices to obtain Theorems
2.1 and In a forthcoming paper, we consider general second-order elliptic
equations and show how to use the BDM projection to obtain similar results.

7. APPENDIX

Here we are going to provide detailed proofs of Propositions [B.1] and 3.2l which
contain the estimate of

1/2
O = ( Z hi 1@, —ay) - n”QL?(BK))

KeQy

for the DG and LDG-H methods, respectively. To do that, we begin by obtaining
an energy. We then particularize it to each of the two methods under consideration
in order to deduce the estimate we seek.

7.1. The energy estimate. We begin by introducing two projections, denoted by
IT and P, whose use is crucial in our analysis. To define them, for each simplex
K € Qp,, we have to single out a particular face, which we denote by e}-. The precise
way in which we pick this face is not relevant for the study of the DG methods.
When studying the LDG-H methods, we take e}, to be the face of K on which 7 is
a maximum on 0K.
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TABLE 2. History of convergence for 7 = 1.
mesh | [|u — up| 2oy |lla — anllLz)|la — @ llL2 @) |1 Povw — GnllLz (e, ) | 1 — wiillL2 (o)

k| ¢ error order | error order | error order | error order error order

1 |.62e-0 - 1de+1 - .97e-0 - .98e-1 - .16e-0 -

2 |.32e-0 0.96 |.68e-0 1.04 |.51le-0 0.94 |.92e-1 .8e-1 .67e-1 1.23
0 3 |.17e-0 0.94 | .34e-0 0.99 |.25e-0 1.01 |.43e-1 1.10 28e-1 1.26

4 |.84e-1 0.97 |.17e-0 1.00 |.13e-0 1.00 |.2le-1 1.04 12e-1  1.16

5 |.43e-1 0.99 | .86e-1 1.00 |.63e-1 1.00 |.10e-1 1.02 .59%-2 1.08

6 |[.2le-1 0.99 | .43e-1 1.00 [.3le-1 1.00 |.5le-2 1.01 28e-2  1.04

1 |.14e-0 - .24e-0 - .18e-0 - 43e-1 - .35e-1 -

2 |.48e-1 1.59 |.10e-1 1.26 |.58e-1 1.67 |.46e-2 3.23 .34e-2  3.35
1 3 [.12-1 195 |.25e-1 1.98 |[.14e-1 1.99 |.56e-3 3.04 40e-3  3.08

4 |.32e-2 1.98 | .64e-2 2.00 |.36e-2 2.00 |.68e-4 3.03 48e-4  3.05

5 [.80e-3 1.99 |.16e-2 2.00 |.90e-3 2.00 |.85e-5 3.02 .60e-5 3.03

6 |.20e-3 2.00 | .40e-3 2.00 |.23e-3 2.00 |.1le-5 3.01 .74e-6  3.01

1 |[.4le-1 - 46e-1 - .38e-1 - .45e-2 - .75e-2 -

2 |.44e-2 3.23 | .6le-2 291 |.42e-2 3.14 |.30e-3 3.88 .38e-3  4.32
2 3 |.58e-3 293 |.73e-3 3.07 |.52e-3 3.02 |.19e-4 4.00 24e-4  3.98

4 |.74e-4 297 | .89e-4 3.03 |.65e-4 2.99 |.12e-5 4.02 .15e-5 4.00

5 1.93e-5 2.99 |.1le-4 3.02 |.82e-5 3.00 |.73e-7 4.01 .93e-7 4.00

6 |.12e-5 2.99 |.14e-5 3.01 |.10e-5 3.00 |.45e-8 4.01 .58e-8  4.00

For any o € H'(Qy,), the function ITo is the element of V§ defined as follows.
For each K € O, ITo is the element of P¥(K) satisfying

(7.17a)
(7.17b)

Vo e PHEK),
Yw € P*(e) and all faces e # €.

(o —o,v)k =0
(Ml — o) -n,w)e =0

For any ¢ € H'(Qy,), the function PC is the element of W5 defined as follows.
For each K € (,, P( is the element of P¥(K) satisfying

(7.18a)
(7.18b)

Yw e PR,
Vw € PF(ek).

(PC - CaW)K =0
<PC - C7w>e}( =0

These projections are well defined and have optimal approximation properties;
see [9]. Using them, we can get the following result.

Lemma 7.1. For any method of the form ([[L2)) with the spaces as in [[3)), we have

3
ITIqg — 4l[72(0p.e) + Y Ti = (c (TIg — q),TIq — q3)a,,

i=1



18 B. COCKBURN, J. GUZMAN, AND H. WANG

TABLE 3. History of convergence for 7 = h.

mesh |[|u —upll 20y |lla — anllLz)| la — @ llLz @) |1Pow — UnllLz(e, ) | lv — willL2 )
k| £ error order | error order error  order| error order error  order
1 |.13e+1 - 14e+1 - .97401e-0 - 11e-0 - .15e-0 -
2 |.14e+1 -.77e-1| .65e-0 1.12 |.50657e-0 0.94 | .48e-1 1.26 45e-1 1.73
0 3 |.14e+1 -.57e-1| .33e-0  0.99 |[.25224e-0 1.00 | .12e-1 2.03 12e-1 1.94
4 |.14e+1 -.14e-1| .16e-0 1.00 |[.12597e-0 1.00 | .29e-2 2.01 .30e-2 1.98
5 |.14e+1 -.17e-2| .82e-1 1.00 |.62964e-1 1.00 | .74e-3 2.00 T4e-3  1.99
6 |.14e+1 -.13e-3| .41e-1 1.00 |[.31479e-1 1.00 | .18e-3 2.00 .19e-3 1.99
1 .24e-0 - .20e-0 - .16946e-0 - .32e-01 - .26e-1 -
2 |.18e-0 0.37 |.97e-1 1.07 |.55172e-1 1.62 |.36e-02 3.18 24e-2  3.47
1 3 94e-1  0.96 | .24e-1 1.98 |[.13765e-1 2.00 |.43e-03 3.06 27e-3 3.14
4 | .47¢-1  0.99 | .6le-2 2.00 [.34389e-2 2.00 |.53e-04 3.02 .33e-4  3.04
5 |.24e-1 1.00 | .15e-2 2.00 |[.85958e-3 2.00 |.66e-05 3.00 4le-5  3.01
6 |.12e-1 1.00 |.38e-3 2.00 [.21489e-3 2.00 |.82e-06 3.00 .ble-6  3.00
1 .89e-1 - ATe-1 .37e-1 - 44e-2 - .74982¢-2 -
2 | .19e-1 2.27 | .50e-2 3.21 39e-2  3.22 | .26e-3 4.09 .36902e-3 4.34
2 3 | .48e-2 1.96 |.60e-3 3.08 47e-3  3.06 | .16e-4 3.99 .23515e-4 3.97
4 |.12e-2 1.99 |.74e-4 3.02 .59e-4  3.02 | .10e-5 3.99 .14766e-5 3.99
5 |.30e-3 2.00 |.92e-5 3.00 .73e-5  3.00 | .64e-7 4.00 .92393e-7 4.00
6 |.75e-4 2.00 |.12e-5 3.00 9le-6  3.00 | .40e-8 4.00 .57762e-8 4.00
where

Ty = (g, —qp,) -, up — Un)aq,
Ty = <(ah - qh) n,u — Pu>59h7
T3 := ((Poq —IIq) - n,up — un)oq, -

Proof. To prove this result, we begin by recalling the error equations. From the
equations (L2)), it is not difficult to see that

(C (q - qh)vv)ﬂh - (u —up, V - U)Qh, + <(u - ﬂh)ﬂ v n>39h =0,
- ((q - qh)7 vw)Qh + <(q - ah) ’ n’w>69h =0,

for all (v,w) € Vfl x WF. As a consequence, by the definition of the projections IT
and P,

(C (q - qh)’ U)Qh - (IP”U, — Up, V - v)Qh + <(u - ah)’ v- n>39h =0,
- ((Hq - qh)ﬂ vw)ﬂh + <(q - ZI\h) : n7w>89h, =0,
for all (v,w) € V§ x Wk
Thus, taking v = Ilg — q;, in the above equations, we get
ITIq — g4, 172 (0,.c) = (¢ (TIg — q),TIq — q;), + (Pu— up, V - (TIg — q;,)) 0,
—(u—up, (Ilq — q;,) - M)oq,,
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and Tlom\er, = 1

h‘z
for all K.
mesh | [|u — unll 20y |lld — anllLz)|la — @2 @) |1 Pow — GnllLz (e, n) | 1 — vl L2 (o)
k| ¢ error order | error order | error order | error order error order
1 |.31e-0 - .15e+1 _ dle+1 - .14e-0 - .19e-0 -
2 |.16e-0 0.98 |.88e-0 0.75 |.68e-0 0.69 |.19e-0 -.42 12e-0  0.68
3 |.64e-1 0.72 | .48¢-0 0.88 |.38¢-0 0.86 |.97e-1 0.93 5T7e-1  1.02
0 4 |.52e-1 0.90 |.24e-0 0.96 |.19e-0 0.96 |.49e-1 0.99 28e-1  1.04
5 |.26e-1 0.97 |.12e-0 0.99 | .97e-1 0.99 |.24e-1 1.01 13e-1  1.04
6 |.13e-1 0.99 |.62e-1 1.00 |.49e-1 1.00 |.12e-1 1.00 .66e-2 1.03
1 |.12e-0 - .28e-0 - .22e-0 - .52e-1 - A4le-1 -
2 |.25e-1 2.29 |.12e-0 1.20 | .84e-1 1.38 |.77e-2 2.75 .56e-2  2.87
1 3 |.63e-2 1.96 |.32e-1 1.92 |.23e-1 1.86 |.1le-2 2.88 74e-3 291
4 |.16e-2 1.97 |.83e-2 1.96 |.59%e-2 1.97 |.14e-3 2.92 .94e-4 2.98
5 [.41e-3 1.99 | .2le-2 1.98 |.15e-2 2.00 |.18e-4 2.96 12e-4  3.00
6 |.10e-3 1.99 |.53e-3 1.99 |.37e-3 2.00 |.22e-5 2.98 .15e-5 3.00
1 |.18e-1 - .6le-1 - .52e-1 - .48e-2 - TTe-2 -
2 |.15e-2 3.58 |.99e-2 2.61 |.76e-2 2.76 |.47e-3 3.37 40e-3  4.25
2 3 |.21e-3 2.85 |.13e-2 2.87 |.11le-2 2.82 |.33e-4 3.82 26e-4  3.94
4 |.28e-4 2.92 |.18e-3 2.95 |.14e-3 2.96 |.22e-5 3.93 17e-5  3.99
5 |.35e-5  2.97 | .22e-4 298 |.17e-4 2.99 |.14e-6 3.98 .10e-6  4.00
6 |.44e-6 2.99 | .28e-5 2.99 |.22e-5 3.00 |.86e-8 4.00 .65e-8  4.00

TABLE 5. History of convergence for when 7|gx takes on the values
h,2h,3h on the edges of OK for all K € Q.

mesh | [lu — unll 20 |1g = gnllL2(o) |la — gl L2(q) |1 Pov — nllL2(e,n) | 1u — uhll 20
k| ¢ error order | error order | error order | error order error order
1 |.67e-0 - 1de+1 - .10e+1 - .11e-0 - .16e-0 -

2 |.72e-0 -.10e-0 | .66e-0 1.08 | .52e-0 0.96 |.48e-1 1.24 43e-1  1.86
0 3 |.74e-0 -.45e-1]|.33e-0 0.97 | .26e-0 1.00 |.13e-1 1.93 dle-1 2.03
4 |.75e-0 -.73e-2 | .17e-0 0.99 | .13e-0 1.00 |.48e-2 1.41 .30e-2  1.85
5 |.75e-0 .39e-3 | .84e-1 1.00 | .65e-1 1.00 |.23e-2 1.06 12e-2  1.31
6 |.75e-0 .1le-2 | .42e-1 1.00 | .33e-1 1.00 |.1le-2 1.03 .58e-3  1.04

and, after a simple integration by parts,

ITq — q,,172(0,.c) = (¢ (TIg — q),TIq — q,)0, — (V(Pu —us),TIq — q;,)q,
+ (Pu — up, — v+ up, (TIq — q3) - 1) o0, -
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TABLE 6. History of convergence for 7 = %

mesh | [lu — “hH]ﬂ(Q) lla - Qh||L2(Q) llg - Q;LHL?(Q) | Pow — ahHL2(€h;h) [l — “2”[,2(9)
k| ¢ error order | error order | error order error order error order
1 .29e-0 - d14e+1 -0 |.97e-0 - .98623e-1 - .18e-0 -
2 .15e-0  1.06 | .88e-0 0.68 [.51e-0 0.94 |.23686e-0 -1.26 14e-0 .32
0 3 12e-0  0.14 | .67e-0 0.37 [.25e-0 1.01 |[.23336e-0 .21e-1 13e-0 .12e-1
4 .13e-0 -.84e-2| .61e-0 0.14 [.13e-0 1.00 |.23322e¢-0 .85e-3 .13e-0 .26e-1
5 .13e-0 -.51e-2| .59e-0 .4le-1|.63e-1 1.00 [.23323e-0 -.54e-4 | .13e-0 .63e-2
6 .13e-0 -.15e-2| .59e-0 .1le-1|.31e-1 1.00 [.23323e-0 -.30e-5 | .13e-0 .15e-2
1 .12e-0 - .32e-0 - .22e-0 - .62e-1 - .50e-01 -
2 .23e-1  2.35 |.13e-0 1.26 [.85e-1 1.41 .99%e-2 2.63 .82e-02 2.61
1 3 .bde-2  2.09 | .5le-1 1.37 [.36e-1 1.25 .23e-2 2.10 .19e-02 2.08
4 13e-2 2.02 | .23e-1 1.14 [.17e-1 1.08 .57e-3 2.03 48e-03 2.02
5 .33e-3  2.00 |.1le-1 1.04 |[.83e-2 1.02 .14e-3 2.01 .12e-03  2.01
6 .83e-4 2.00 | .56e-2 1.01 |.41e-2 1.01 .36e-4 2.00 .30e-04 2.00
1 |[.18e-01 - 45e-1 - .38e-1 - .46e-2 - .76e-2 -
2 1.96e-03 4.19 | .12e-1 1.88 |.76e-2 2.32 .58e-3 3.01 43e-3  4.16
2 3 |.77e-04 3.63 | .27e-2 2.16 |.18e-2 2.07 .64e-4 3.18 .33e-4  3.68
4 |.77e-05 3.31 | .66e-3 2.05 |.45e-3 2.01 .76e-5 3.06 3le-5  3.41
5 1.90e-06 3.11 |.16e-3 2.01 |.11e-3 2.00 .94e-6 3.01 .35e-6  3.15
6 |.10e-06 3.03 | .40e-4 2.00 [.28e-4 2.00 .12e-6 3.00 43e-7  3.04

If we take w = Pu—uy, in the second error equation and add the resulting equation,
we obtain

ITIq — g,,]|72(0,,.c) = (¢ (g — q),Tlg — q},)q, — T,

where

T:= (g —qp) - n, Pu—un)oq, + (u—Pu—up +up, (Ilg — q;,) - n)oq,-
It remains to show that T' =T + 15 + T5.
To do that, we proceed as follows. By the definition of the projection Py,
T =((Poq — qp,) - n,Pu — up)oq, + ((IIg — q;,) - n,u — Pu)aq,
+ <(Hq - qh) ‘N, up — ah>69m

and so,

T = ((Paq — qy,) - n,Pu — u)aq, + ((Pag —qy,) - n,u — Un)aq,
(Pog — @) - m,un — un)oq,

(Ilg — ;) - n,u — Pu)oq, + (@4 — i) - n,u — Pu)aq,
(Ilg — Paq) - n,up, — un)aq, + ((Pag —@y) - m,un — Un)ag,
(

+
+
+
+ (@, — qp) -7 un — Un)og, -



SUPERCONVERGENT DISCONTINUOUS GALERKIN METHODS 21
By the definition of the terms T;, i = 1,2, 3,

T = ((Pag — qp,) - n,Pu — u)sq, + ((Pag — qy,) - n,u — Un)oq,
+((Pog —Gy) - m, Un — un)on, + ((I1g —qj,) - n,u — Pu)oq,
+ T + T3+ ((Pag — @) - v, un — Un)oq, +T1
= ((Poq — IIq) - n,Pu — u)oq, + ((Poq — @) - m,u — Un)ogq,
+ T+ T3+ 1.

The result now follows from the fact that

((Poq — I1q) - n,Pu — u)pq, =0,
see [9] for details, and

((Pog = gy) - i — u)oq, =0,

since the functions (Ppq — q;,) - m and uj, — u are single-valued on all interior faces
and since its product is zero on the boundary faces by ([2e) and (L2f). This
completes the proof. O

7.2. Proof of the estimate for the DG methods. By using the form of the
numerical traces for the DG methods under consideration, (L)) and BI4), we
readily obtain that

0F <h(C > I lanl 72+ D 11 Cua [un] 72

€& ecé}
+h( Y an—a) nllfae + D 1Culun —u) 72
€N e€d9p
1 —
< C hmax{—,C11}T,
Cao

where

1/2 1/2
T= 311037 [an] o) + D 1O Tundl32 o)

eeéd,i eegﬁ
1/2 1/2
+ > G @)l + Y 10— w)3a
ecoQn ecdNp
:Tla

where T} is defined in Lemma [T-1]

To estimate T, we use Lemma [[Il Thus, if we insert the expression of the
numerical traces in the definitions of 75 and T35 and carry out some simple algebraic
manipulations, we obtain

1 — 1
| Ty | < ZT1+C(CH+C—) Z Py — w720k,
=22 KeQy

1 o
| T3] < 1 71+ C(Ca2 + 0—11) Z I(Pog — Tg) - |72 (o).
- KeQy
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and by Lemma [.1] we get

— 1
Ty < | g—-Tg|72q,) + C(Cun + 0722) Z Pu — ullZ2 05
- KeQy,

— 1
+ C(Ca2 + O—) > 1l(Pag — TIq) - n172 ok
=11 keq,
and, by the approximation properties of the projections IL, P and Py, [9], we get
that

1
Ty < C C max{Cy; + =, Ca + =} 2K
02 011

where
2 2 2
C = lulgri o, + 1@ o, + 1 @,
As a consequence, we obtain

02 < C C max{—=——,C11} max{C1; + =—,Coy + — }h2 k42,

022 CQ Cll

This completes the proof of Proposition 311

7.3. Proof of the estimate for the LDG-H methods. We begin by rewriting
©7% as follows:

62 = ei,l + @i,%

where

@z; = Z hi (@, — a5) 'n||2L2(aK\e;()’
KeQy

2 _ -~ 2
Ok = Z hi (@, —an) '"||L2(e;()~
KeQp
We are going to use Lemma [l to estimate Oy ;1 and a scaling argument to bound
O 2.
Let us estimate O ;. We begin by noting that, by the definition of the numerical
trace g, of the LDG-H method [B.I5]), we have that

O7, = > hllr(@—un) I720m\er)

KeQy
< C h7 11,

where

> 172G = un) 22 o)

KeQy,

Next, we estimate T7. By using the form of the numerical traces for the LDG-H
methods (B15) and (28) we have that

1
| To| < 1 T +7 Z [Py — PBUH%%@K)?
KeQy,
1 1 2
1t > 1(Pag —TIq) - mf|72 (o)

| T3] < 1 .
KeQy,
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Therefore, by Lemma [T.1]

Ty <l q—Tgla0, +7 >, [IPu—Poulizom
KeQy,

1
+to > (Pag — Tq) - m|f72 (o),
- KeQy

and we conclude that
7
(_);1 < CC (?2 + ;) th-i—Z7
where

C=lu ﬁ{kﬂ(gh) +lq ﬁqkﬂ(gh) +1f ﬁ[k(gh)-

Let us now estimate Oy 5. Using (4.I6b]) and (TI7) we can easily show for any
K e Qh,

(V- (g, —Hgy),w)k + (@, — 1) -7 — (IIg = Pyq) - n,w)ox =0,
for every w € P¥(K). Therefore, taking w € P*(K) so that
(w,v)g =0, Yve P HK),

(w— (g —qp) n,m)er. =0, Vme ﬂ’k(e%),
we get that
(@, —an) 'nH%Z(e}() = —((g,—qp) 'n7w>8K\e}'< +((IIg—Paq) 1, (q, —q;) - n)ey, -
Hence, since

lwllzzor) < C @y — ap) - nllL2(er)s

we readily obtain
(@, —an) 'n”%2(e}'{) <C (H(Zl\h —qy) - n||%2(8K\e"K) + [|(T1g — Pagq) - nH%?(e};)) :

Thus, summing over K gives

Ok’ < C ( > bl 7@ —un) [20r0eq) + D hicll(Tlg — Pog) 'n|%2(e}})>

KeQy, KeQp,
<ccC (?2 + g) R2k+2 L o |f|%{k(ﬂh) p2k+2

by the approximation properties of the projection II, [9]. This completes the proof
of Proposition
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