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FUNCTION CLASSES FOR SUCCESSFUL
DE-SINC APPROXIMATIONS

KEN'ICHIRO TANAKA, MASAAKI SUGIHARA, AND KAZUO MUROTA

ABSTRACT. The DE-Sinc formulas, resulting from a combination of the Sinc
approximation formula with the double exponential (DE) transformation, pro-
vide a highly efficient method for function approximation. In many cases they
are more efficient than the SE-Sinc formulas, which are the Sinc approximation
formulas combined with the single exponential (SE) transformations. Function
classes suited to the SE-Sinc formulas have already been investigated in the
literature through rigorous mathematical analysis, whereas this is not the case
with the DE-Sinc formulas. This paper identifies function classes suited to the
DE-Sinc formulas in a way compatible with the existing theoretical results for
the SE-Sinc formulas. Furthermore, we identify alternative function classes
for the DE-Sinc formulas, as well as for the SE-Sinc formulas, which are more
useful in applications in the sense that the conditions imposed on the functions
are easier to verify.

1. INTRODUCTION

The Sinc approximation formula, expressed as

N
(1.1) flo)y= Y f(kh)S(k,h)(x),
k=—N

is an interpolation formula to approximate a function f on the real line R based on
sampled values {f(kh) | —N < k < N} at a finite number of equally-spaced points
on R, where N € N and h > 0. Here S(k, h) denotes the Sinc function defined as
sin[w(z/h — k)]
m(z/h—Fk)

The formula ([ITl) is known to achieve very high accuracy if f is a well-behaved
function decaying sufficiently rapidly as |z| tends to infinity. Numerical methods
based on this Sinc approximation, initiated by McNamee, Stenger and Whitney
[2], have been developed and applied to various scientific computations in the last
three decades. They are now accepted under the name of Sinc numerical methods
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The formula (II]) can be adapted to approximations on general intervals with
the aid of appropriate variable transformations x = t(t). When f is approximated
on an interval I C R, the formula is modified to

N
(1.3) Fla)m Y f(kh) Stk h)(6 ()
k=—N

with a transformation function v : R — I. This approach works if 1 is chosen
appropriately so that the transformed function f(v(-)) satisfies certain conditions,
say, about the decay rate.

As for the transformation function (t) we can employ an appropriate double
exponential (DE) transformation such as

(1.4) Ypg1 : (—00,00) — (—1,1), ¥pg1(t) := tanh((7/2) sinht),
(1.5) Ypg2 : (—00,00) — (—00,00), Ypga(t) := sinh((7/2)sinht),
(1.6) Ypgs : (—00,00) — (0,00), Yprs(t) := exp((w/2) sinht),
(1.7) YpEsg 1 (—00,00) — (0,00), Ypra(t) := exp(t — exp(—t)),
(1.8) ¥pEs : (—00,00) — (0,00)

)=
» YpEs(t) := log(exp((m/2) sinh ) + 1).
)

The formulas (3] with ¢ = ¢pg; (i = 1,...,5) are called the DE-Sinc approxima-
tion formulas.

The DE transformations were originally proposed for numerical integration by
Takahasi and Mori [12], followed by subsequent extensions and generalizations [3];
Yprs mentioned above was proposed recently in [4]. Use of DE transformations in
the Sinc approximation is due to Sugihara [8] [10].

On the other hand, use of single exponential (SE) transformations has been
advocated by Stenger [5[6]. Formulas (L3 with SE transformations 4 are called the
SE-Sinc approximation formulas, where the explicit forms of the SE transformations
as well as the SE-Sinc formulas are given in Section Historically, the SE-Sinc
approximation formulas preceded the DE-Sinc formulas by twenty years.

It is understood in general terms that the SE-Sinc formulas are applicable to
larger classes of functions than the DE-Sinc formulas, whereas the DE-Sinc formulas
are more efficient for well-behaved functions. Rigorous error analysis has been
done for the SE-Sinc formulas and certain classes of functions suited to the SE-Sinc
formulas have been identified by Stenger [6]. For the DE-Sinc formulas, on the other
hand, Sugihara [§ [I0] made an error analysis that led to an observation that the
DE-Sinc formulas are nearly optimal in a certain mathematical sense. It must be
said, however, that no theorems exist that describe precisely those function classes
for which the DE-Sinc formulas are successful.

The first objective of this paper is to identify the function classes suited to
the DE-Sinc formulas in a way compatible with the existing results for the SE-
Sinc formulas. The DE-Sinc formulas are applicable to more restricted classes of
functions, but more efficient for such functions. It may be said that the essence of
the present results is already implicit in [8] [[0] and the contribution of this paper
is to tailor the implicit observation there to explicit statements that are compatible
with the corresponding results for the SE-Sinc formulas.

Our theorems for DE-Sinc formulas, as well as the existing theorems of Stenger
for SE-Sinc formulas, involve some conditions that are not convenient to verify from
a practical point of view. To be more specific, the theorems require certain estimates
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of the function f over complex regions, although approximations are sought on real
intervals. To make the theoretical analysis more useful in applications, we present
another set of theorems that describe alternative function classes for the DE-Sinc
formulas, as well as for the SE-Sinc formulas. The point is that the theorems do not
involve upper bound conditions over complex regions but refer only to conditions
on the real intervals on which the approximations of f are considered.

Thus the objective of this paper is twofold:

(1) To identify function classes for DE-Sinc formulas in parallel to Stenger’s
results for SE-Sinc formulas.

(2) To relax the conditions for easier verification, both for DE-Sinc formulas
and for SE-Sinc formulas.

This paper is organized as follows. In Section 2] we review Stenger’s theorems
for the SE-Sinc formulas by way of comparison with our results. In Section B we
present our theorems of error estimates for the DE-Sinc formulas as the main result
of this paper. Similar error estimates for the DE-Sinc and SE-Sinc formulas are
derived under weaker assumptions in Sectiondl Sections[l, [l and [1 are devoted to
the proofs.

2. FUNCTION CLASSES FOR SUCCESSFUL SE-SINC APPROXIMATIONS

This section is a review of some relevant results on the approximation formulas
based on single exponential transformations.
The single exponential transformations are given by the following functions:

(2.1) Ysg1 : (—00,00) = (=1,1),  tgg1(t) := tanh(t/2),
(2.2) Yspe 1 (—00,00) — (—00,00), tgma(t) := sinht,
(2.3) Yse3 : (—00,00) — (0,00), Ysma(t) := expt,

(2.4) sgg 1 (—00,00) — (0,00), sga(t) := arcsinh(expt).

The formulas (I3) with ¢ = ¢sg; (1 = 1,...,4) are called the SE-Sinc approxima-
tion formulas.

In the theorems below, functions suited to the SE-Sinc formulas are specified
with reference to complex regions. For d > 0 we define a strip region Dy as

(2.5) Dy :={z€ C||lmz| <d}.
Then we define Dgg;(d) as the image of D, through ¥sg;; that is,
Dsgi(d) := {z = Yspi(w) | w € Dg} (i=1,...,4).

Figures [ to [ illustrate these regions together with their boundaries 0Dgg;(d).
Theorems 2.1 to 24 below give asymptotic error estimates for the SE-Sinc for-
mulas with mathematical rigor.

Theorem 2.1 (Stenger [6]). Assume that f is holomorphic on Dsgi(d) for d with
0 < d < m and satisfies

Vz € Dspi(d) : |f(2)] < Chl(1 — 227
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for constants C1 > 0 and B > 0. Then there exists a constant C, independent of
N, such that

N
sup | f(x) = Y f(¥sei(kh)) S(k, h)(dsm " (x))

—l<z<1 k—_N

where h = \/wd/(BN).

SC\/NGXP(—\MTdﬁN) ,

3i 3i

1 2 3 4

FIGURE 2. Region Dgg2(1) and its boundary 0Dgga(1)

FIGURE 3. Region Dggs(1) and its boundary 0Dggs(1)
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FIGURE 4. Region Dgg4 (1) and its boundary 0Dsg4 (1)

Theorem 2.2 (Stenger [6]). Assume that f is holomorphic on Dsga(d) for d with
0 <d<7/2 and satisfies

1
for constants C1 > 0 and B > 0. Then there exists a constant C, independent of
N, such that

Vz € Dspa(d) = |f(2)] < Cy

N
sup (f(z) = D f(@swa(kh)) S(k,h)(Ysme ™ (x))
—oo<r<oo k=—N

where h = \/7d/(BN).

Theorem 2.3 (Stenger [0]). Assume that f is holomorphic on Dsgs(d) for d with
0 < d< /2 and satisfies

SC’\/Nexp(—\MrdﬁN) ,

Vz € Dsps(d) : [f(2)] < Ch (1+22)8

for constants C1 > 0 and 5 > 0. Then there exists a constant C, independent of
N, such that

2P ’

N
sup |F(@) = DT f(sma(kh)) S(k, ) (s~ (2)
<zr<oo k=N

where h = \/7d/(BN).

Theorem 2.4 (Stenger [6]). Assume that f is holomorphic on Dsga(d) for d with
0 <d<7/2 and satisfies

<CVN exp(f«/wd6N> :

2 B
Vz € Dgpa(d) @ |f(2)] < Cy <m> exp(—/fz)

for constants C1 > 0 and B > 0. Then there exists a constant C, independent of
N, such that

sup (@)~ 3 Flwspa(kh) Sk, h)(bspa (x))

0<z<oo P

where h = \/7d/(BN).

< CVNexp (—\/ﬂ'dﬁN) ,
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3. FUNCTION CLASSES FOR SUCCESSFUL DE-SINC APPROXIMATIONS

In this section, we present our theorems for the error estimate of the DE-Sinc
formulas. Recall the transformation functions ¢pg; (i = 1,...,5) in (CA)—-(TI):
i (—00,00) = (—1,1), tpgri(t) := tanh((7/2)sinht),
Ypr2(t) := sinh((7w/2) sinh t),
Yprs(t) == exp((m/2) sinht),
¥pE4(t) := exp(t — exp(—t)),
Yprs(t) := log(exp((w/2) sinht) + 1).

To state our theorems we need to introduce complex regions, Dpg;(d), that are
defined as the images of Dy in (ZA) through the transformation functions ¥pg;;
that is,

YDE1
Ypg2 : (—00,00) — (—00,00),
YpE3 : (—00,00) — (0, 00),
(—00,00) = (0,00),
(=00, 00

wDE4 :
: ) — (0, 00),

YDES

DDEz(d) = {Z:’Q/JDEZ(’LU) |w€Dd} (izl,...,5).

Figures[Bl to @ illustrate these regions together with their boundaries 0Dpg;(d). We
regard Dpg;(d) as a region on the Riemann surface.

We are now in the position to state the main theorems. The proofs are shown
in Section

4i 4i
3i 3i
2 2i
i i
0 — o
—i 3 3
~2i —2i H
3 -3
4 —4i '._,__."'
—4 -2 0 2 4 —4 -2 0 2 4
FIGURE 5. Region Dpgi(1) and its boundary 0Dpg(1)
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FIGURE 6. Region Dpra(1/2)

and its boundary 9Dpg2(1/2)
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FIGURE 7. Region Dpgs(1)
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FIGURE 8. Region Dpg4(1) and its boundary 0Dpg4(1)
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FIGURE 9. Region Dpgs(1) and its boundary 0Dpgs(1)

Theorem 3.1. Assume that f is holomorphic on Dpgi(d) for d with 0 < d < 7/2
and satisfies
(3.1) Yz € Domi(d) : [£()] < Cal(1 — 22)7)

for constants C7 > 0 and B > 0. Then there exists a constant C, independent of
N, such that

TdN

N
up (@)~ 32 Flvoes (1) S(k. ) (o~ () o)

—l<z<1 k—_N

where h = (log(2dN/j3))/N.

<Cexp(
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Theorem 3.2. Assume that [ is holomorphic on Dpga(d) for d with 0 < d < 7/2
and satisfies

1
L+ 22)72
for constants C1 > 0 and 5 > 0. Then there exists a constant C, independent of

N, such that
wdN
< e
Cor(~iotianym)

(3.2) Vz € DDEg(d) : ‘f(2)| <y

N
sup | f(z) — Z f(¢DE2(/€h))S(k»h)(¢DE2_1($))

—oo<r <o h—— N

where h = (log(4dN/3))/N.

Theorem 3.3. Assume that f is holomorphic on Dpgs(d) for d with 0 < d < 7/2
and satisfies

B
. D : < .

(3.3) Vz € Dprs(d) = |f(2)| < C4 1+ Z2)5‘

for constants C7 > 0 and B > 0. Then there exists a constant C, independent of

N, such that

N
sup | f(z) = Y f(vpms(kh)) S(k, h)(¢pes  (x))

0<zr<oo R

N
S OeXp (_ md > ’

log(44N/5)
where h = (log(4dN/j3))/N.

Theorem 3.4. Assume that f is holomorphic on Dpra(d) for d with 0 < d < 7/2
and satisfies

(Niz)ﬂ exp(—f32)

for constants C1 > 0 and 5 > 0. Then there exists a constant C, independent of

N, such that
wdN
< .
< Cexp ( 10g(7rdN/ﬁ)> ’

(3.4) Vz € Dppa(d) : |f(2)| < Cy

sup |f(x) = > f(pra(kh)) S(k,h)(¢opa ' (2))

0<z<oo ke N
where h = (log(wdN/j3))/N.

Theorem 3.5. Assume that f is holomorphic on Dpgs(d) for d with 0 < d < 7/2
and satisfies

2 B
(35) Vz € DDE5(d) : |f(z)‘ <Cy (m) eXp(_ﬂ Z)

for constants C1 > 0 and B > 0. Then there exists a constant C, independent of

N, such that
TdN
< e
<o (i)

N
sup |f(x) = > f(pes(kh)) S(k, h)(¥pes " (z))

0<zr<oo ke —N

where h = (log(4dN/f3))/N.
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4. ALTERNATIVE CLASSES FOR DE-SINC AND SE-SINC APPROXIMATIONS

Our theorems in the previous section involve upper bounds on the behavior of f
over the complex regions Dpg;(d). For instance, Theorem BIlimposes the condition
in @) that |f(2)] < C1](1 — 2%)#| holds for all 2 € Dpg;(d). Such conditions,
however, are difficult to verify in practical situations. It would be nicer if they could
be replaced by conditions only on real intervals, such as |f(z)| < C1|(1 — 22)8| for
all z € (—1,1).

It is in fact possible to establish theorems for the DE-Sinc formulas that do not
involve upper bound conditions over the complex regions Dpg;(d), but refer only
to conditions on the real intervals on which the approximations of f are considered.
To be more precise, such theorems have two types of assumptiond!j:

(1) f is holomorphic and bounded on Dpg;(d), and
(2) f is upper bounded by a certain simple function on the real interval,

under which error estimates similar to Theorems B3] to are obtained.

We state the theorem for ¢¥pgi(¢) only, while referring the reader to [14] for
the theorems for ¢¥pgi(t) (i = 2,3,4,5). The theorems for ¢¥pgi(t) (i = 2,3,4,5)
can be obtained easily from Theorems 3.2 3.3} [3:4] and B3], respectively, just as the
theorem for ¥pg; (t) below is obtained from Theorem 311 The proof of the theorem
below is given in Section

Theorem 4.1. Assume that f is holomorphic and bounded on Dpg1(d) for d with
0 <d< /2 and satisfies

Vo e (=1,1): |f(z)| < Ch|(1 — 2%)?]

for constants C1 > 0 and 8 > 0. Then, for any € with 0 < € < d, there exists a
constant C¢, independent of N, such that

N
sup | f(z) = > f(¥om1(kh) S(k, h) (Yo~ (@)

—e)N
<C: eXp( m(d <) ) )
—1l<x<1 k—_N

~log(2dN/B)

where h = (log(2dN/3))/N.

Theorems of the same vein can also be established for the SE-Sinc formulas. Such
theorems do not involve upper bound conditions over the complex regions Dgg;(d),
but refer only to conditions on the real intervals on which the approximations of f
are considered.

Here we show the theorem for tgg;(t) only for the same reason as above; see
[14] for the other cases. The proof of the theorem below is given in Section [7l

Theorem 4.2. Assume that f is holomorphic and bounded on Dsgi(d) for d with
0 < d < m and satisfies

Vo e (—=1,1): |f(x)| < Ch|(1 — 2%)?]

IBoundedness of f is not assumed in Theorems [B1] to B8] because it is implied by each of the

conditions (B to (EH).
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for constants C1 > 0 and 8 > 0. Then, for any € with 0 < € < d, there exists a
constant C¢, independent of N, such that

N
sup | f(x)— Y f(¢SE1(kh))S(kah)(1/}SE1_1(33))|

—1<z<1 ke — N
< C.VNexp (*\/W(d* E)BN) ,
where h = \/7d/(BN).

5. PROOFS oF THEOREMS B.1] TO

In this section, we prove Theorems Bl to in turn. The proofs are based on
Theorem [B.] below, which is a well known error estimate for the Sinc formula on
(—00,00) for functions with double exponential decay.

5.1. Fundamental theorems for DE-Sinc formula. As a preliminary we present
here the error estimate for the basic Sinc formula on (—oo,00) for functions with
double exponential decay. For ¢ with 0 < ¢ < 1, we define

Du(e) :=={2€ C||Rez| < 1/e, |Imz| <d(l—¢)}
and also
Ni(f, Da) = lim |£(2)[|dz|
eV JoDy(e)
for a function f on Dy. With these definitions, we introduce a function space

H'(Dy) := {f : Dq — C | f is holomorphic on D, and satisfies N1 (f,Dy) < oo}
Theorem 5.1 ([10], [T, Theorem 5]). Assume that a function f satisfies

(5.1) f e HY(Dy),

(5.2) Vo e R |f(x)] < A exp(—B exp(r]a]))

for positive constants A, B, v and d, where yd < w/2. Then there exists a constant
C, independent of N, such that

sup < Cexp <

—oo<r<oo

_ wdyN
log(rdyN/B) )’

N
fle)= Y f(kh)S(k, h)(x)
k=—N

where
b= log(wdyN/B)
= N )
Proof. A sketch of the proof is given here in view of its fundamental role in subse-
quent arguments. We divide the error into two parts as

(5.3)

(5.4)
N
Csup|f(a) = Y f(kh)S(k D) ()
oco<r<oo k=—N
< sup (f@)— Y fERS(ER) ()| +  sup | Y f(RR)S(E,h)(x)|.
—oo<xr<oo k——o0 —oo<r<oo |k|>N
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The first term on the right-hand side may be referred to as the sampling error and
the second as the truncation error. For the sampling error it follows from (G.1I),
(B3), and an estimate by a contour integral that

fl@)= > f(kh)S(k, h)(@)

k=—o0

(5.5) sup

—oo<r<oo

d rdyN
< _ma _ _ manylv o
= exP( h) ¢ exP( 1og<wdwN/B>>’

where C’ > 0 is a constant. For the truncation error we have from (.2)) and (B3)
that

(5.6) sup | Y fkh)S(k,h)(z)| < Y |f(kh)]
TOOSTLO SN k| >N
- 2Aexp(—Bexp(yNh))  2Aexp(—2mdyN)
Bryexp(yNh) N 2wdy2N
Hence follows the claim. O

The following lemma gives a sufficient condition for f to satisfy the first assump-
tion f € HY(Dy) in Theorem (Il in terms of a dominating function g of f.

Lemma 5.2. A function f holomorphic on Dy belongs to H(Dy), if there exists
a function g on Dy such that

(5.7) Vz € Dq: |f(2)] < lg(2)],

(5.8) Ve e R, Vy € R(ly| < d): [g(z +iy)| < A exp(—B exp(v[z]))
for constants A’, B',~' > 0.

Proof. By (B.8) we have

/W (lg( +id)| + lgz — 1d))) da < oo,

d
lim lg(x +1iy)|dy = 0.
r—Fo0 _d
Then, by ([&.7), we see that N1 (f, Da) < N1(g,Dy) < . O

Some comment is in order on the inequality vd < 7/2 in Theorem [EI]l This
inequality condition is natural and inevitable because of the following fact, which
is an immediate corollary of [9, Lemma 4.2].

Theorem 5.3 (Vanishing Theorem). Let A and B be positive constants, and let
and d be positive constants with vd > /2. If a function f on Dy satisfies

f e H(Dy),
Ve e R: |f(x)| < A exp(—B exp(v]z])),
then f = 0.

It should be clear that the above theorem does not affect the proofs of the
theorems and lemmas in this paper.
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5.2. Proof of Theorem [3.1] In the proofs of Theorem 3] to in Subsections
to [.6] we show that the transformed function f = f(¢pg:(-)) satisfies the
assumptions of Theorem [5.1] by demonstrating a dominating function ¢ for f as
described in Lemma

In this subsection we deal with ¥pg;. The transformed function f = f(¢YpE1("))
is holomorphic on D,. Since

1
" | {cosh®((mr/2) sinh ) 12

Vz€Dq: |f(¥pr1(2))] < C

follows from (BI), we can take

1
= {cosh?®((rr/2) sinh 2)}

9(2)

to meet the first requirement (B7) in Lemma We can also show that this
function g(z) satisfies (5.8)) by letting B = 8 in Lemma [5.4] below. Therefore, we
have f(¢pg1(-)) € HY (D) by Lemma 5.2l For the condition (5.2)) in Theorem .11
it follows from the above inequality that, for x € R, we have

e (o) < 4 exp (= exilo))

for a constant A > 0. Therefore, f(¢¥pr1(-)) satisfies the assumptions of Theorem
Bl for B = w3/2 and v = 1. Hence follows the claim of Theorem Bl

Lemma 5.4. Let d be a constant with 0 < d < w/2, and B be a positive constant.
Then the function g(z) := 1/{cosh®((m/2)sinh z)}? satisfies (G.5).

Proof. Let x,y € R and |y| < d. We have
| cosh((m/2) sinh(z 4 iy))[?
= cosh?((7/2) sinh z cos y) — sin?((7/2) cosh z sin y)
> cosh?(((m/2) cos d) sinh z) — sin®((/2) cosh z sin y)
- {1—sin2((77/2) coshdsind) =1/2 (lz] <9),
cosh?(((/2) cosd) sinh ) — 1 = sinh?(((7/2) cosd) sinhz) (|| > 6),
where § = arccosh(1/(2sind)). Hence

2%F (|2 < 9),

1/[sinh(((7/2) cos d) sinh z)]*E  (|z| > §). H

lg(z +iy)| < {

5.3. Proof of Theorem First, the transformed function f(¢¥pgz2(-)) is holo-
morphic on Dy. By [B2]), we have

1
{cosh?((7/2) sinh 2)}8/2 |

Then the rest of the proof is similar to that of Theorem Bl Note that we set
B = (/2 in Lemma (5.4l to show (B.8).

Vz € Da: |f(¥pr2(2))| <C1
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5.4. Proof of Theorem First, the transformed function f(¢¥pgs(-)) is holo-
morphic on Dy. By B3], we have

Cy 1
<9 .

20 | {cosh®((m/2) sinh z)}5/2
Then the rest of the proof is similar to that of Theorem Bl Note that we set
B = (3/2 in Lemma [5.4] to show (0.8)).
5.5. Proof of Theorem [B.4l First, the transformed function f(¢¥pr4(-)) is holo-
morphic on Dy. It follows from ([3.4) that

VzeDy:

Vze€Dy: |f(YpEs(z))

|f(YpEa(2))] < Cy

exp z B
{esz + exll))(exp(*z)) } exp(—fexp - exp(- eXP(—Z)))‘ :

Accordingly, we choose the right-hand side above as g(z) in Lemma[5.2l Then (5.7)
is met. This function g(z) also satisfies (.8). Therefore, we have f(¢Ypgra(-)) €
H'(D,;) by Lemma[E2l As for the other condition (5.2) in Theorem 5] it follows
from the above inequality that, for z € R we have

|f(¢pea(2))] < Aexp(—Fexp(|z]))

for a constant A > 0. Thus f(¢pg4(-)) satisfies the assumptions of Theorem B
for B = (3 and v = 1. Hence follows the claim of Theorem [3.4]

5.6. Proof of Theorem First, the transformed function f(¢pgs(-)) is holo-
morphic on Dy. Since

~ 5
Vz €Dy |f(Wprs(2)| < Cy ( log(exp((7/2)sinh z) 4 1) ))

1+ log(exp((7/2) sinh z) + 1

- exp(—0 log(exp((7/2) sinh z) + 1))

by (B3, we can choose the right-hand side above as ¢g(z) in Lemma[52 Then (57
is met. This function g(z) also satisfies (B.8). Therefore, we have f(vpgs(-)) €
H!(D,;) by Lemma As for the second condition (5.2) in Theorem .11 it can
be shown that

tomesta))] < A exp (-7 exp(la)

holds for z € R with a constant A > 0. Therefore, f(¢¥pgrs(-)) satisfies the assump-
tions of Theorem B for B = 7(3/4 and v = 1. Thus we have proven Theorem
5.0

6. PROOF OF THEOREM [A.1]

To cope with the weaker decay condition in Theorem [Tl we first modify the fun-
damental theorem (Theorem [51)) for the Sinc formula on (—o0, 00). To be specific,
we relax the assumption by replacing the requirement of f € H(Dy) in (5] with
the condition that f is holomorphic and bounded on D,;. The resulting theorem
(Theorem [62)), giving almost the same error estimate under milder conditions, will
serve as the basis of our proof, just as Theorem [5.1]did for Theorem[3.} see Table[Il

The following is a key lemma.
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TABLE 1. Fundamental theorems for approximation on (—oo, c0)

DE-Sinc formula SE-Sinc formula
Theorem 5.I]  Theorem Theorem [Z.I] Theorem
feHY(D;) hol/bnd on Dy f€HY(D;) hol/bnd on Dy
double exponential decay on R single exponential decay on R

(“hol/bnd” = “holomorphic and bounded”)

Lemma 61_(“E|, Lemma 5.5]). Assume that a function f is holomorphic and
bounded on Dy for d > 0, and it satisfies

Vz e R: |f(z)] < A exp(—B exp(v|z|))

for constants A, B > 0, and v > 0 with vd < w/2. Then there exists a constant My
such that

sin(y(d — [yl))

: i < —
VeeR,Vy e R(Jyl <d): |flx+iy)] < My exp< B sin(vd)

explrla)).

With this lemma, we can show the following.

Theorem 6.2. Assume that a function f is holomorphic and bounded on Dy for
d >0, and it satisfies

(6.1) VeeR: |f(z)] < A exp(—B exp(v|z]))

for constants A,B > 0 and v > 0 with vd < 7/2. Then, for arbitrary € with
0 < e < d, there exists a constant C., independent of N, such that

_ m(d—e)yN )
log(rdyN/B) )’

N
62)  sw |f@)— > fER)S(E ) @) scsexp<
k=—N

where h = (log(mdyN/B))/(yN).

Proof. By the assumption, f is holomorphic and bounded on Dy_. /5. It then follows
from Lemma that
S sin(ye/2)
VzeDy . : <My —B——+——~
for some Mgy_. /5. This implies f € H'(Dy_.) by Lemma 5.2
The rest of the proof is similar to that of Theorem 511 Just as (5.5) we have

exp(r|Re)

Csup |f(a) = D f(kh)S(k.h)(x)
oco<r<oo k——o0
, w(d—¢e)\ ., w(d —e)yN
< Ceexp (‘ h ) = Cecxp (‘logwva/B))

for the sampling error. For the truncation error we have

2A exp(—2ndyN)
sup f(ER)S(k,h)(z)| < ,
—co<T <00 k|2>:N (kh)S(k, h) () 2wdy? N

the same estimate as in (&.0). Hence follows (G2)). O
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Proof of Theorem A1l The transformed function f = f(¢pgi(-)) is holomor-
phic and bounded on D,. For the condition (G we have

e < A exp (-5 exp(le)

for z € R with a constant A > 0. Therefore, f = f(pg1(-)) satisfies the assump-
tions of Theorem [62 for B = 7/3/2 and v = 1. Hence follows the claim. O

7. PROOF OF THEOREM

We mention here two fundamental theorems for the Sinc formula on (—oo, o)
for functions with single exponential decay. The first is a well-known fact due to
Stenger and the second is a similar statement under a weaker assumption; see also
Table [T

Theorem 7.1 (Stenger [6]). Assume that a function f satisfies

(7.1) f e HY(Dy),
(7.2) Vo € R |f(z)] < a exp(—B]a])

for positive constants «, 3, and d. Then there exists a constant C, independent of
N, such that

N

fl@) = > f(kh)S(k, h)(x)

k=—N

(7.3) sup

—oo<r<oo

where h = \/7d/(BN).

Proof. A sketch of the proof is given here in view of its fundamental role in sub-
sequent arguments. Recall (54]). By the assumption (1)), the sampling error is
estimated as

< CVNexp (—\/ﬂ'dﬁN) ,

(7.4)
- ! 7Td !
sup | f(x)— 3 f(kR)S(k,h)(@)| < C"exp (—7> = ' exp (—\/wdﬂN)
—oco<r<oo e — oo

for a constant C’. By ([2]), on the other hand, the truncation error is estimated as

(7.5) sup | > f(kR)S(k,h)(x)| < D |f(kh)
TOOSTLO LIS N |k|>N
< Z—(z exp (—SNh) = %Z exp (—\/wdﬁN) .
Hence follows (73)). O

To cope with the weaker decay condition in Theorem 2] we need to modify the
fundamental theorem above to the following form.

Theorem 7.2. Assume that a function f is holomorphic and bounded on Dy for
d > 0, and it satisfies

(7.6) Vo e R: |f(2)] < a exp(—Bla])
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4%

FIcure 10. W and Z4

for positive constants a and 3. Then, for arbitrary € with 0 < € < d, there exists a
constant C¢, independent of N, such that

N
(77)  sup [f(@) = > f(kh)S(k,h)(x)
k=—N

—oo<r<oo

where h = \/md/(BN).

Proof. The proof is given later. O

< OVNexp (-W) ;

Proof of Theorem The transformed function f(tgg1(+)) is holomorphic and
bounded on D,. For the condition (.0]) we have

(7.8) |f (¥se1(2))| < o exp (=f |z])
for z € R with a constant & > 0. Therefore, f(¢sg1(-)) satisfies the assumptions
of Theorem Hence follows the claim. O

Finally, we prove Theorem by establishing a new lemma (Lemma [Z.5]), which
plays the role of Lemma in the proof of Theorem

We start with the following theorem, a variant of the Phragmén-Lindel6f theorem
[T, Theorem 1.4.1]. As in Figure [I0 (left) we define a complex region W as

W={z+iy|z,yeR, z,y>0, 2> +y*> > 1}

Theorem 7.3. Assume that a function f : W — C is holomorphic on W and
continuous on W. Also assume that

Yw e W : |f(w)| <M
for a constant M > 0. If there exists a real number p < 2 such that
1F (re®)| = O (exp (7)) (r — o0)
holds uniformly with respect to 6 € (0,7/2), then we have
YweW : |f(w)] < M.
Proof. The proof is similar to that of [I, Theorem 1.4.1], and is omitted here. [
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For d > 0 define a complex region Z; (see Figure [I0) as
Zi={z+iy|z,yeR, >0, 0<y<d}

and a mapping z4 : W — Z; as

2
za(w) == ?d logw,

where the logarithm is considered on C\ (—o0,0] with the argument in (—m, 7).
By translating Theorem for W to a statement for Z; through the mapping
zq we obtain the following.

Corollary 7.4. For d > 0 assume that a function f : Z4 — C is holomorphic on
Z4 and continuous on Z4, and that

Vze0Z;: |f(2)| <M
for a constant M > 0. If there exists a real number p < 2 such that
f @ +iy) =0 (exp (exp (o)) (@ — o)
holds uniformly with respect to y € (0,d), then we have
Vze Zq: |f(2)] <M.
The following is the key lemma, which we derive from Corollary [l above.

Lemma 7.5. For d > 0 assume that a function f : Dy — C is holomorphic on Dy
and continuous on Dy, and that

V2eDy: |f(2)| <M
for a constant M > 0. Also assume that
Vo eR: |f(@)] < Mexp(—plal)

for a constant B > 0. Then we have

VxeR,VyER(|y|<d):|f(x—|—iy)§Mexp( ( |y|) )

Proof. We assume = > 0 and 0 < y < d and define F(z) := f(2)w(z) with
w(z) :=exp (ﬁ (1 +i ﬁ) )

exp (5 <1+y2;m> (x+iy)) — exp (5 (17%) :c)

we have |F(z)] < M for all z € 0Z,. In addition, for sufficiently large x, we have

|F(z+1iy)| < Mexp(fz) < M exp (exp (gs ))
with p > 0. Therefore, by Corollary [[.4] we obtain
Vze Z4: |[F(2) < M.

Since

w(z +iy)| =

Finally, we note that

F@] = FEI/w)] < Mexp (<4 (1-5) ).

Thus we are done with the case where x > 0 and 0 < y < d. Other cases, with
x <0 and/or 0 >y > —d, can be treated in a similar manner. O



1570 KEN’ICHIRO TANAKA, MASAAKI SUGIHARA, AND KAZUO MUROTA

With the lemma above we can prove Theorem [[.2]as follows. By the assumptions,
[ is holomorphic and bounded on Dy_. /4. It then follows from Lemma that

there exists a constant M > 0 such that
T |Re z|)
This implies f € Hl(Dd_E/Q) by Lemma 5.2
The rest of the proof is similar to that of Theorem [l Just as for (Z4]) we have

sip  |f@@)— S FkR)S(k.h)(x)| < Clexp <_M>
k=—o00

Vi Dy If(Z)ISMeXP( B

—oo<r <o h

zCéexp( Vr((d—e/2) /d)ﬁN)
§C’;exp(f ﬂ(d—s)ﬂN)

for the sampling error. For the truncation error we have

2 2a\/_
s ng(kh)S(k’h)(x) < 5, P (-ANR) =~z exp (~v/mdBN)

the same estimate as in (). Hence follows (7). This completes the proof of
Theorem

REFERENCES

(1] R. P. Boas, Entire Functions, Academic Press, New York, 1954. MR0068627|/(16:914f)

[2] J. McNamee, F. Stenger, and E. L. Whitney, Whittaker’s cardinal function in retrospect,
Math. Comp., 25 (1971), 141-154. MR0301428

[3] M. Mori and M. Sugihara, The double exponential transformations in numerical analysis,
J. Comput. Appl. Math., 127 (2001), 287-296. MR1808579 (2001k:65041)

[4] M. Muhammad and M. Mori, Double exponential formulas for numerical indefinite integra-
tion, J. Comput. Appl. Math., 161 (2003), 431-448. MR2017024

[5] F. Stenger, Approximations via Whittaker’s cardinal function, J. Approz. Theory, 17 (1976),
222-240. MR0481786

(6] F. Stenger, Numerical Methods Based on Sinc and Analytic Functions, Springer-Verlag, New
York, 1993. MR1226236, (94k:65003)

[7] F. Stenger, Summary of Sinc numerical methods, J. Comp. Appl. Math., 121 (2000), 379-420.
MR1780056//(2001d:65018)

[8] M. Sugihara, Sinc approximation using double exponential transformations (in Japanese),
Kokyuroku, Research Institute for Mathematical Sciences, Kyoto University, 990 (1997),
125-134. MR1608743

[9] M. Sugihara, Optimality of the double exponential formula—functional analysis approach,
Numer. Math., 75 (1997), 379-395. MR1427714(971:41041)

[10] M. Sugihara, Near optimality of the Sinc approximation, Math. Comp., 72 (2003), 767-786.
MR1954967|/(2004a:41026)

[11] M. Sugihara and T. Matsuo, Recent developments of the sinc numerical methods, J. Com-
put. Appl. Math., 164—165 (2004), 673-689. MR2056907

[12] H. Takahasi, M. Mori, Double exponential formulas for numerical integration, Publ. RIMS
Kyoto Univ., 9 (1974), 721-741. MR0347061[(49:11781)

[13] K. Tanaka, M. Sugihara, and K. Murota, Numerical indefinite integration by double expo-
nential Sinc method, Math. Comp., 74 (2005), 655-679. MR2114642 (2006a:65035)

[14] K. Tanaka, M. Sugihara, and K. Murota, Function classes for successful DE-Sinc approxima-
tions, Technical report METR 2007-08, University of Tokyo, February 2007.


http://www.ams.org/mathscinet-getitem?mr=0068627
http://www.ams.org/mathscinet-getitem?mr=0068627
http://www.ams.org/mathscinet-getitem?mr=0301428
http://www.ams.org/mathscinet-getitem?mr=1808579
http://www.ams.org/mathscinet-getitem?mr=1808579
http://www.ams.org/mathscinet-getitem?mr=2017024
http://www.ams.org/mathscinet-getitem?mr=0481786
http://www.ams.org/mathscinet-getitem?mr=1226236
http://www.ams.org/mathscinet-getitem?mr=1226236
http://www.ams.org/mathscinet-getitem?mr=1780056
http://www.ams.org/mathscinet-getitem?mr=1780056
http://www.ams.org/mathscinet-getitem?mr=1608743
http://www.ams.org/mathscinet-getitem?mr=1427714
http://www.ams.org/mathscinet-getitem?mr=1427714
http://www.ams.org/mathscinet-getitem?mr=1954967
http://www.ams.org/mathscinet-getitem?mr=1954967
http://www.ams.org/mathscinet-getitem?mr=2056907
http://www.ams.org/mathscinet-getitem?mr=0347061
http://www.ams.org/mathscinet-getitem?mr=0347061
http://www.ams.org/mathscinet-getitem?mr=2114642
http://www.ams.org/mathscinet-getitem?mr=2114642

FUNCTION CLASSES FOR SUCCESSFUL DE-SINC APPROXIMATIONS 1571

DEPARTMENT OF MATHEMATICAL INFORMATICS, GRADUATE SCHOOL OF INFORMATION SCIENCE
AND TECHNOLOGY, UNIVERSITY OF TOKYO, 7-3-1, HONGO, BUNKYO-KU, TOKYO, 113-8656, JAPAN

DEPARTMENT OF MATHEMATICAL INFORMATICS, GRADUATE SCHOOL OF INFORMATION SCIENCE
AND TECHNOLOGY, UNIVERSITY OF TOKYO, 7-3-1, HONGO, BUNKYO-KU, TOKYO, 113-8656, JAPAN
E-mail address: m_sugihara@mist.i.u-tokyo.ac.jp

DEPARTMENT OF MATHEMATICAL INFORMATICS, GRADUATE SCHOOL OF INFORMATION SCIENCE
AND TECHNOLOGY, UNIVERSITY OF TOKYO, 7-3-1, HONGO, BUNKYO-KU, TOKYO, 113-8656, JAPAN
E-mail address: murota@mist.i.u-tokyo.ac.jp



	1. Introduction
	2. Function classes for successful SE-Sinc approximations
	3. Function classes for successful DE-Sinc approximations
	4. Alternative classes for DE-sinc and SE-sinc approximations
	5. Proofs of Theorems 3.1 to 3.5
	5.1. Fundamental theorems for DE-Sinc formula
	5.2. Proof of Theorem 3.1
	5.3. Proof of Theorem 3.2
	5.4. Proof of Theorem 3.3
	5.5. Proof of Theorem 3.4
	5.6. Proof of Theorem 3.5

	6. Proof of Theorem 4.1
	7. Proof of Theorem 4.2
	References

