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RATIONAL SZEGO QUADRATURES ASSOCIATED
WITH CHEBYSHEV WEIGHT FUNCTIONS

ADHEMAR BULTHEEL, RUYMAN CRUZ-BARROSO, KARL DECKERS,
AND PABLO GONZALEZ-VERA

ABSTRACT. In this paper we characterize rational Szeg$ quadrature formulas
associated with Chebyshev weight functions, by giving explicit expressions
for the corresponding para-orthogonal rational functions and weights in the
quadratures. As an application, we give characterizations for Szeg6 quadrature
formulas associated with rational modifications of Chebyshev weight functions.
Some numerical experiments are finally presented.

1. INTRODUCTION

Szegd quadrature formulas approximate integrals over the complex unit circle
T := {z € C: |z| = 1} and are the analogs of Gauss quadrature formulas that
approximate integrals over an interval I := [—1,1]. That is,

[ feraut) = 38,

where p is a positive measure on T, respectively I.

Gauss quadrature formulas are optimal in the sense that nodes z; € I and
weights A; > 0 are chosen such that the quadrature formula is exact for all functions
f € Py, _1 that are polynomials of degree up to 2n — 1 and it is not possible to
construct a quadrature formula of this form that is exact for all polynomials of
degree 2n. They have a maximal domain of validity. Therefore, the nodes have to
be chosen as the zeros of the nth polynomial orthogonal with respect to the inner
product (f,g) = | f(2)g(z)du(z). These zeros are all simple and in I.

On the unit circle, one needs to define a positive definite Hermitian inner product
(f,9) = [ f(2)g9(2)du(z). The nth orthogonal polynomial with respect to this inner
product has all its zeros inside the open unit disk, and thus, they are not very
useful as nodes of a quadrature formula. Here, the para-orthogonal polynomials are
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producing the nodes that are needed. Para-orthogonal polynomials are orthogonal
to all polynomials of lower degree, except the constants. All their zeros are simple
and on T. These para-orthogonal polynomials have one free parameter 7 € T.
When using the zeros of the nth para-orthogonal polynomials, then there exist
positive weights such that the quadrature formula is exact for all f € R,,_1, that
is, the space of all Laurent polynomials of degree at most n — 1, again a space of
dimension 2n — 1. Like for Gaussian formulas, this space is a maximal domain of
validity since it is not possible to have an n-point quadrature formula with distinct
nodes and positive weights that is exact in a space of Laurent polynomials of a larger
degree neither for the positive or the negative powers of z. The Szegé quadrature
formulas were first studied by Jones, Njastad, and Thron [25] in connection with
the trigonometric moment problem.

The Joukowski transform is a map between the unit circle and the interval [—1, 1].
It implies a relationship between the Szegé and the Gauss quadrature formulas.
In fact, this was already studied by Szegd [28, Section 11.5] and Geronimus [21],
Chapter 9]. For 7 = 1, a 2n-point Szegd formula results in an n-point Gauss
quadrature formula and for 7 = —1, a (2n + 2)-point Szeg6 formula can be related
to an n-point Gauss-Lobatto formula, having two extra nodes in the endpoints of
the interval. Also Gauss-Radau formulas can be obtained taking (2n + 1)-point
Szeg6 formulas and 7 = 41, which fixes one of the endpoints of the interval; see
[1]. For other values of 7, the quadrature on the interval is not optimal; see [2].
Szego-Lobatto and Szegé-Radau formulas on the unit circle were recently discussed
by Jagels and Reichel [24].

This theory has been generalized in a sequence of papers by Bultheel et al. to
the case where the (orthogonal) polynomials in the previous theory are replaced
by (orthogonal) rational functions having prescribed poles outside the closed unit
disk. If all these poles are at infinity, the polynomials reappear as a special case.
For a comprehensive survey see [5]. See also [6] for a survey.

So the Szegd quadrature formulas are replaced by rational Szeg6 quadrature
formulas. If £,, is the space of rational functions of degree n at most whose poles
are at {1/ay : k=1,...,n} and L, is the space of rational functions of degree n
at most whose poles are at {ay : k = 1,...,n}, then the rational Szegd quadrature
formulas are exact in the space R,,—1 = L1+ L(,,—1)«- The nodes are the zeros of
the nth rational para-orthogonal function that depends, as in the polynomial case,
on a parameter 7 € T.

A relation between orthogonal rational functions on the interval and on the unit
circle has been discussed in [I6] and [32]. Rational Szegs-Lobatto and Szegs-Radau
formulas have been recently studied in [7].

Gauss-Chebyshev quadrature formulas are associated with a measure that is
generated by one of the Chebyshev weights. These weights are among the rare
examples where a translation to the unit circle gives explicit expressions for the
orthogonal polynomials. This is also true for the orthogonal rational functions,
which have been under investigation with respect to rational Gauss-Chebyshev
quadrature; see e.g. [15], [I7], [I8], [20], [29] and [30]. To get more general cases
where explicit expressions are obtained, a technique of rational modifications of
these Chebyshev weights are considered in [14].

In this paper we will continue in this line of developments by considering the
construction of explicit expressions for the para-orthogonal rational functions and
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for the weights in rational Szeg6 quadrature formulas that result from Chebyshev
weights as they are translated into the unit circle. As an application, characteri-
zation results for Szegd quadrature formulas associated with rational modifications
of these Chebyshev weights are obtained.

The outline of this paper is as follows. After giving the theoretical preliminaries
in Section 2] in Section B] we give explicit expressions for the orthogonal rational
functions on the unit circle, associated with Chebyshev weight functions. Next, in
Sections M and Blwe characterize rational Szegd quadrature formulas associated with
Chebyshev weight functions, respectively, Szegd quadrature formulas associated
with rational modifications of Chebyshev weight functions. We conclude with some
numerical examples.

2. PRELIMINARIES

Suppose p is a positive bounded Borel measure on [—m, 7], and consider the
general framework of the approximation of integrals on the unit circle T in the
complex plane, i.e., integrals of the form{1]

(1) L(f) = f /f e

As usual, estimations of I, ( f) are produced when replacing f(z) in () by an
appropriate approximating (interpolating) function L(z), so that I,,(L) can now be
easily computed. Let A := C[z,27!] denote the complex vector space of Laurent
polynomials in the variable z. We then set A, , := span{z?,..., 29} for p,q € Z,
with p < g. Because of the density of A in C(T) = {f : T — C, f is continuous}
with respect to the uniform norm (see e.g. [13, pp. 304-305]), it seems reasonable
to approximate f(z) in () by an appropriate Laurent polynomial. This way, the
so-called “quadrature formulas on the unit circle”, or “Szegd rules”, introduced
in [25] (see also [22], [23] Chapter 4] and [27]) and of the form

(2) L(f) =Y Nf(z), % €T, j=1,....n, z #zifj#k,

appear as the analogue on T of the Gaussian formulas when dealing with the esti-
mation of integrals with respect to a measure supported on an interval [a,b], with
—00 <a<b< +oo (see e.g. [19)).

Consider now the Hilbert space L4(T) of measurable functions ¢ for which
ST 1(e?)[2du(8) < +oo. Then the inner product induced by y is given by

(3) <¢w#:/w¢@%w«ﬁmmm,¢weLﬂm-

—T
In this paper we will deal with the more general framework of orthogonal rational
functions (ORFs). Suppose a sequence of complex numbers A = {ay,as,...} CD
is given, and define the Blaschke factors

C(z) =

%a k:1727"'7
1—aiz

and Blaschke products
Bo(z) =1 , Bk(z) = Bk_l(z)ck(z) s k= 1,2, NN

I The measure p on [—, 7] induces a measure on T for which we shall use the same notation .
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The space of rational functions with poles in {1/a7,...,1/a,} is then defined as

En = span {Bo(Z), ey Bn(Z)} )

where we set £_1 = () to be the trivial subspace. This way, the ordinary polynomial
situation is recovered by taking oy, = 0 for every k =1,2,.. ., so that (x(z) = z and
Bk(z) = Zk.

We define the substar conjugate of a function f as f.(z) = f(1/Z), and the
super-star conjugation of a function f,, € L, as

fa(2) = Bn(2) fnx(2).

Note that f.(z) = f(z) whenever z € T. Furthermore, for a given polynomial
P.(z) = Zz o k2" of exact degree n, the super-star conjugate? is given by Pi(z) =
> h—oCnk #2". Consequently, define

k
mo(z) =1, m(z H 1-wjz2), k=1,2,...,

and let P, represent the space of polynomlals of degree less than or equal to n.
Then, we equivalently have for every k = 1,2, ... that

and

- (2men)

For a fixed natural number n we obtain a set of orthonormal rational functions
{xx(2)}}_, by orthonormalizing the basis {By(z)}}_, (in this order) with respect
to the measure y and inner product given by (3)). Note that x,(z) = > p_, axBx(2)
is uniquely determined if we assume the leading coefficient a,, to be strictly positive.
Repeating the process for every n, an orthonormal system {xx(2)}72, is obtained,
so that xn € L,\Ln—1, Xn L Ln—1 and (Xn,Xn)p = 1 for every n > 0. We now
have the following lemma.

Lemma 2.1. Let x,(2) = ng € L, \ Lyn—1. Then P, has exactly n zeros in
D:={zeC:|z] <1}.

Proof. Since all the zeros of x,, are in D because of [5, Corollary 3.2.2(3)], a zero of
P, that is not a zero of x,, is only possible if it cancels a zero of 7,. Suppose there
exists an a € D such that 1/@ is a zero of P,, with multiplicity m > 1. For the
special case in which a = 0, we say that P, has a zero at infinity with multiplicity
m iff P, € P,,_,,. Hence it follows that there are at least m indices j € {1,...,n}
for which a; = a.

Whatever the choice of the sequence of ay, is, it should always hold that y, €
Ln\ Ln—1. Now take all o, that are different from « fixed, and consider « variable.
Note that y, depends continuously on «, as do P, and m,. So let us make this
explicit by writing x»(z,a) = P,(z,a) /7, (2, a). Since P, (z, «) is of the form

P, (z,a) = (1 - az)mlsn,m(z,a) with  Pr_m € P,

2In literature, this is also referred to as the reversed or reciprocal polynomial.
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we obtain for a — ay,,
1—az)mP,
Xn(z,an) = lim (1= a2)" Pom(z )
a—ay, 7Tn(Z, OZ)

_ (1 _a_nz)milpn—m(zaan) € L1,

7Tn71(Z, an)

contradicting our assumption that x,(z,«) € L, \ L,—1 for all possible choices of
a € D. (]

Next, consider for every n,p,q > 0 the sets

Ln* = {f : f* Gﬁn}v
P(z)

Log=Ly Lp={fg:f€eL ,geﬁ*}z{i
p,q q P q P Wq(z)ﬂ';; (Z)
and R,, = L, . Following the ordinary polynomial situation (see [25]), we say that
a sequence of functions ¥, (z) € L, is para-orthogonal whenever ¥, (z) L L,,_1 N
Ly (o), where L, (0n,) = {f € Ly, 1 f(an) = 0}, and (U, (2),1) - (Vi (2), Bn(2))p #
0. Furthermore, ¥, (z) is called “kp-invariant” iff there exists a s, € T so that
Uk (z) = K, Up(2) for every z € C. Note that the concept of k,-invariance is usually
defined in literature for &, € C\{0}. However, there can only exist ky-invariant

rational functions whenever x,, € T. Indeed, if ¥,,(2) = f"ézg € L, is ky-invariant,

: P S ]P)p+q}

then U¥ (z) = ?Ez; = KZP?Z()Z ). Consequently, it remains to prove the statement for
ordinary polynomials. If P,(z) = Y_;_, ckz¥, with ¢, # 0, is k,-invariant, then it
holds that ¢y = P(0) # 0, €, = knco and ¢y = kncp,. Consequently, k, = % = 21,
which implies that |c,| = |cg|, and hence, that x,, € T.

Kn-invariant para-orthogonal rational functions for p are characterized in [3] as

(4)  U,(2) =TU,(2,7) = Cp [pn(2) + Ty (2)] € Ln; n > 1, C,, € C\{0},

where 7, = Cg—:" € T, and ¢,(z) is an nth orthogonal rational function for u.
Furthermore, it is proved in [7, Theorem 2.4] that it suffices to compute ¢,_1(2)
for the computation of ¥, (z).

The following result, proved by Bultheel et al. (see [B, Chapter 5]), is an extension
of a well-known characterization for Szegé quadrature formulas (see [25]) to the
rational case.

Theorem 2.2 (Rational Szeg$ quadrature). Let n > 1 and 7, € T. Then,
(1) O, (z,7m), given by @), has exactly n distinct zeros on T,

(2) there exist positive numbers A1, ..., A, so that
(5) L) =Y Nf(z) = Luf) = [ f()du(®), Vf € R,
=1 -
where z1, ..., z, are the zeros of U, (z,1,),
(3) Rn—1 is a mazimal domain of validity, i.e., there cannot be exactness in
Lp—1n, norin Ly ,_1. O

A connection between quadrature formulas on the unit circle and the inter-
val [-1,1] is given in [I]. If o(z) is a weight function on [—1,1], we obtain a
weight function on T by setting p/'(8) = w(f) = o(cosf)|sinb| (see [28]), where
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i/ denotes the Radon-Nikodym derivative of the measure p with respect to the
Lebesgue measure. In the special case in which o(z) is a Jacobi weight function,
ie, o(z) = (1—2)*(1+x)?, with a, 8 > —1, the corresponding weight function on
T is given by

w(®) = (1—cos@)a(lJrcoso)ﬁ|17COS29}%
= (1-cosf)*(1+cosf)’, a=a+3>-L b=p+1>-1

Finally, if a,b € {0, 1}, the so-called Chebyshev weight functions appear. Therefore,
we set

(6) wi() =1, wy(h) =sin®6, ws(d) =1—cosh, wy(h) =1+ cosh.

In the remainder of this paper we shall be concerned with rational Szeg6 quadra-
tures associated with the Chebyshev weight functions w(f) = w;(0), ¢ = 1,...,4
given by ([@). We start in the next section with giving explicit expressions for the
corresponding ORFs.

3. ORF's ASSOCIATED WITH CHEBYSHEV WEIGHT FUNCTIONS

As it is known, few measures give rise to explicit expressions for orthogonal
polynomials and even less for ORFs; generally, the computation of such a family
proceeds by using a recursive process (see e.g. [5, Theorem 4.1.1]).

It is well known that the so-called Malmquist basis, given by

2Bn_1(2)

™) /(=1 end 90() = T

, n>0,

is an orthogonal basis for the Lebesgue measure du(6) = w1(0)d0 = df (see e.g. [5l,
p. 51]). Recently, explicit expressions are derived in [I6] for ORFs associated with
the weight functions w;(0), i € {3,4}, given by ([@). Let Q,(z) be defined as

’

B, _1(2) —1- |04k\2
e =1+ ——— for zeT.
e >

We then have the following theorem ([I6]).

(8) Qulz) = 1+2

Theorem 3.1. Leti € {3,4} be fizred and set v; = (—1)"~1. Next, define

4 - )\ Bar(2)
9 X @) (5) = ¢ 2( _b(w) n-11%)

(9) D) =all) 427 (2 0) 51

where

(10) as) _ Vianl(Vi) , bs:) =y + ]._ﬂ 7(17’)

(1 - via)QY +1 n-1(vi)

and Q) = Qn(vi) (note that this way, Xﬁi)(w) = Xr(f)/(yi) =0). Then the sequence
of rational functions {qﬁgf)(z)} o where

(11) o) =1 and ¢ (z) =
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forms a set of ORFs with respect to w;(0) = 1 —wv; cosf. Furthermore, the sequence
()}, with X (2) = ¢ 6 (2), where

7 2 1 NE 1- n 2 1-—- 1&n 2
(12) ‘CE)) =  and C'Ezl) =y ( . ‘Ck | )( VOZL om0,
2 T (bgf) — an) (1 — anbgf))
forms a set of orthonormal rational functions with respect to w;(0). a

So far, explicit expressions for ORFs associated with the weight function wy(6)
in ([B) are still not known (as indicated in [I6]). So, in the remainder of this section
we will deal with this open problem.

Note that
2241

2z

wo(f) = sin?6 = (1+cosh)(1 —cosfh) = <1+ ) (1 —cosf)

1 1 .
= §|z+1|2(1—cos9):§\z+1\2w3(9), z=éb,

Hence, suppose qﬁf}rl is a rational function with poles in {0, y,...,a,} that is
orthogonal on the unit circle with respect to the weight function ws(6). Further,

let ¢£?) be a rational function with poles in {a1,...,a,} that is orthogonal on the
unit circle with respect to the weight function wa(6). Then for n > 0, it follows
from [I4] Theorem 6] that there exist constants u,, t, and v, so that

(13) (2 + 1262 (2) = (unz +1a)8301 (2) + va (1 = T2 9y )3 (2).
We now have the following two theorems.

Theorem 3.2. Suppose

CL+ — Bn-1(1) a- = Bp_1(=1)
(14) 57 R
bto= 14Qn =, b = 14Qn s

where QS) and stl) are defined as before in Theorem 3.1l Next, let

2= (dn,en, frgn)", y=(—a",a",—a"(b" +2),a” (b” +2))7
and
1 1 at at
A= 1 -1 —a~ a”
10 1 atot at(t+1) |’
0 -1 —a b a (b +1)
and assume
data (bta” —b"a™)
VTR O —4ata " [at(b” +1)+a (bT +1)]
(15)  z=A"y= on (a* +a")2+4ata (b* +b +btb) ’

—22ata” (b b7 )+ (aT +a")(at —a7)]
where o, is given by
(16) on=(at+a")?—4ata"bTD .
Define XT(LZ) by
B,_1(2)

1—anz

(17) XP(2) =dn+enz+2° (fu + gnz +2°)
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and set
X2(2)

D=1 and qsf’(z):m'

oo
Then the sequence of rational functions { %2)(2)} forms a set of ORFs with
n=0

respect to wo () = sin® 6.

Proof. (The computations are cumbersome; therefore, we will only give the outline
of the proof.) From Theorem Bl and (3] it follows that for n > 0, qﬁg)(z) should
be of the form

X7 (2)

where X\ is given by ([7)). For the sake of simplicity, we may as well assume that
C,, = 1. Furthermore, we should have that ¢$f) € L,. Consequently, it must hold
that X,gg)(j:l) = X7(12),(:|:1) = 0. This leaves us with a system of four equations
in the four unknowns d,,e,, f, and g,. Solving this system for the coefficients
dp, €n, frn and g, then gives (I5). The analytic solution of ([IH), given by the second
equality in (IH)) and (8], has been computed with the aid of Maple 18 ([

0 (2) = Cn C #0,

Theorem 3.3. The sequence {Xﬁf (2)}22,, with X(Q)( )=nh (;5(2)( ), where

1

—2(1 — |, |?)(1 — a2)?
(18)  lhol* =, Jhaf’ = U lon ) e

T(fr + gnon + 02)(fno2 + Grom +1)

n >0,

and (;5%2)(2) is defined as before in Theorem 3.2, forms a set of orthonormal rational
functions with respect to wo () = sin® .

Proof. The expression for n = 0 is easily verified; so, we continue for n > 0. First,
note that

dz ;
.2 _ 2 2 _if
Hence, we have that
1 dz
(@B = g [P @B -0
wo 1 )T z

- _h_” [ [ (dn + enz)Bni(2) » (fn + gnz + 2°)Bn-1(2) >
- [ [ e

r 2
hn _/(dn+en) ne(2) o fn+gnz+z dz]
T

3

I Z—ap

hn [
= I /T(dnz—i—en ' ( dz+/G ]

:—Z—?/T ()der/TG(z)z].

3Maple and Maple V are registered trademarks of Waterloo Maple, Inc.
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Clearly, F,, is analytic in D := {z € C : |2| < 1}, so that

(2.B,) = /G 2)ds = —n /f”gn”z
wa 4i Z— Qy
hnﬂ {fn+gnz+z } nﬂ(fn+gnan+a%)
= ———Resq—"— ¢ =— .
Z— Qp 2
Finally, suppose st) is of the form
D(z) =) arxBe(2)
k=0
Then it is easily verified that <X,(12), Bn> = L, with
wo "
B (fn Gty + 1
an (2)*(an)_ (fnog —2|-ga "2_2)
(1= lom[?)(1 = a3)
Consequently,
|h |2 _ 2<1_ |an‘2)(1_a%)2
" (fa + gnan + a2)(faad + Fuan +1)
which ends the proof. O

Finally, we will also need the following lemma.
Lemma 3.4. It holds that
dp + ene # 0,
where € € {£1}, and d,, and e, are defined as before in Theorem B2

Proof. Suppose d,, + epe =0 for a fixed € € {£1}. We then have that
dp +enz =en(z—¢).

Since at and a~, given by (I4), are different from zero, and X, 5 )( ) =0, we also
have that
(fn + gnz + 22) = (Z - 6)(2 - fne)

Consequently,

XT(LQ)(Z) =(z—¢) {en + 23(z — fne)?ni;_(z)} =(z— ) X,(2).

Note that for z € T it holds that

Bh_1(2) 1 1
2Pn—-1

S — 2 n - Jn 1 n — 9
Zl—oTnz {z< +Q(z)+1_an> fe< +Q(z)+1_an>}

where Q,,(z) is defined as before in (§]), so that
xP'a = (1) = 0 [a"[1+b")—fucb?] = 0
x?'(-1) = =0 T[40 )+ frebT] = 0

— 1 _ 1
& {fne - e @{f{‘€ L C
) ot = 72

X(2) =

(an)
)
—
> P
:\
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Furthermore, since o,, € D, we have that 0 < {ﬁ} < 00. From () and (I4)
we then deduce that 2 < R{b"}, R{b~} < oo, so that

1 1 1 1
_2_%{b_++b__} _m{b—+} sce{b_} -0,
This is a contradiction, and hence, d,, + e, e # 0. ([

4. RATIONAL SZEGO QUADRATURES ASSOCIATED
WITH CHEBYSHEV WEIGHT FUNCTIONS

The aim of this section is to characterize rational Szeg6 formulas I,,(f), given
by (@), associated with the Chebyshev weight functions w;(0), i = 1,...,4, given
by (@). Therefore, we will derive explicit expressions for the associated para-
orthogonal rational functions ¥, (z,7,) by means of () along with the results
provided in the previous section. The zeros {z;}]_; of ¥, (2,7,) are the nodes
we need for I,(f). First, let us consider the reproducing kernel function for £,
associated with a general measure p, namely

k=0

The following Christoffel-Darboux formula has been proved in [5, Theorem 3.1.3]:

(2)x541(€) = Xnt1(2)xnr1(§)
1= Cnr1(2)Cnr1(§)

Moreover, the following well-known expression for the weights in a Szeg6 quadrature
formula has been proved for the rational case in [5, Theorem 5.4.2]:

1
> h—o IXk(25)]
We are now able to prove the following proposition.

(19) Koz, €) = Xt

3
Y
—

(20)

Proposition 4.1. Let {z;}7_; and {\;}]_; represent the set of nodes and weights
of a rational Szegd quadrature formula Bl) for p, and suppose x,(z2) is the corre-
sponding nth orthonormal rational function. It then holds that

2 *
(21) oAl el | oxalz)  oatz) )L

i T—lonl? | (x5) (27) Xn(z))

Proof. From (I9) and (20) it follows that

(22) )\]_1 = le Kn—l(Z, Zj) — (Xn) (Zj)Xn/(Zj) _X—TL(ZJ)XYL(Z]) .
ZZE’ZH‘J _Cn(zj)Cn(Zj)
The statement is now easily verified by taking into account that (,(z) = 1/(.(2)
’ — |l 2
and Cn(z) = zllzl_anJPCn(Z) for z 6 T |:|

We start with the Lebesgue measure du(6) = wq(0)df = df. From ) and (1) it
follows that, up to a multiplicative factor,
Vn(l) (Zv Tn)

WM (2, 7,) =
woAT n(2)

’ ZaTnETv
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where
(23) Vi (2,7) = 2 ()1 (2) + " ()7 (2)
and
(24) p () = 7
Moreover, for this special case it is well known that (see [4])
(25) A§.”:L(l), j=1,...,n,
@ (+")

with @, (z) given by ([8). Indeed, let XS)(z) =k, %1)(2) with ¢§Ll)(z) given by ()
2

and |k,|? = % for n > 1. Then it follows from Proposition 1] that

1oyl

(1) _
A= 2

z](-l) ‘zj(-l) —ay,

(=) B (217) [ERE)

J
X - knon kan—l(zj('l))Qn(Z§1)) o k‘n@2§l>anl(Z§1))
(lfoz—nzﬁl))2 (17a_nz§1>) (17(1,”2](-1))2
—1
2 )

_ 1- |an|2 « ‘kn| @n (Zj ) _ 1-— |an‘2
o 2 1 (1 - )"

e (s | B e

Thus, we have the following theorem.

Theorem 4.2. Let n > 1 and 7,, € T. The nodes of an n-point rational Szegd

quadrature I,(f) for I,,(f), given by @) and (@), are then the zeros of Vrgl)(z,m)
given by 23) and ([24), while the weights are given by (25]). O

Next, consider the weight functions w;(f) = 1 — v; cos6, with i € {3,4} and
v;i = (—=1)*"!. From (@) and Theorem [B.1] it follows that, up to a multiplicative
constant,

V?El)(szn)

U (2,7,) = G—wPm ()’ i=34, zmeT,

where

(26) Vi (2,1,) = pi (2)mn—1(2) + 1022\ ()71 (2)
and

(27) pgi)(z) = a,(f)(l —Wnz) + (1l — b?)z)

Explicit expressions for the weights can be deduced as well from Theorem B
and (2I). Suppose z; = zJ@ # v; for every j € {1,...,n} and fixed i € {3,4}.
Next, let

’

T = X3 (2)) [(Quar (27) + 1) (1 — viz) + 2vi25] + 2 (X,(f)(zj)) (1 —vizj).
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, 12
Then, with \; = )\gz) and | given by ([I2), it follows that

w1 Lofaleal | e e @)
e D () o (5.
n én (Z]) on (Z])
2 - N .
2% (i) Xfll)( )
_ ozl el | mmeE X5 me tee
" 1 — |2 23 B () (i) X (z) 22X 0 (%)
(-viz)o i G2 (zvi)?
2 (4) X0 ()
= c(i) Zj |Zj _ an‘ Z?an (Z]) N By(z5) )
T e | meor () e
2
B Y S 2 et
= e ;
(1= lom|?) |2 — wil

Lo P @) - 506 (FG) |
-0 @t + 1)}

|z _O‘n‘g

@2

1
(1 —fanl?) [z; — il

—_ _ 2
X {2§R [szS)(zj)Xg“ (zj)} - ‘X,@(zj)] (Qn1(z) + 1)} .
Here, the last equality is due to the fact that for z € T, and for every f(z) that

is analytic in a small annulus containing the complex unit circle, it holds that (see
e.g. [31 Lem. 3.3])

T dz  dz dz 22

(28) (m)/_ﬁ_ﬁ.dz_ Iz

From (@) we deduce that

_2(z- bﬁf))_Bn_l(z) 2 B 1 @
1 -,z z  Bnoa(z)  L—p)  1-agz

so that for z € T it holds that

(29) =XV'(2) = (X)) —a?) <1+Qn(z)+ A T )

PR ORI

z(bg)fan) >
(=0 (z—an) )
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Consequently,
2
2 |2 — am

(1 = lan?) |25 = wil*
J

)\j =lc

{

x| (IX0 () = 200D XD (2)}) [1+ Qi (2)]

. . 2 N
508 = an) (X0 - X0 )

12R :
(2 — b)) (2 — )

Finally, we have that

@ |
i i) v (i z—bn i
IXOEP - 2R{aP X0 (@) = |- | —laPP,
i ) v (i — b 522z — b B, _
XPEP - a XD () = |2 | g (P2t ) Bl
Z— 1—a,z
and]
p(i)(z-)
(30) 2B 1(2) = —Tp A0
J J (3)* ]
pi (%)
where pgi)(z) is given by (1), so that
(31)
(]
Al — Cn (‘z-—b(i)|2—|a(i)|2‘z-—a |2) (14 Qni1(z))]
i = 1 i~ On n' | 125 = Qn n+112;
T (A=) |z - vl

1-— bgf)zj _ 0= Pgl)(zj)

+2R{ (08 — ay) " Ta e
% T On pi (%)

Whenever z; = v; for a certain j € {1,...,n}, computing A; by the aid of (2I)

requires two times the application of ’'Hépital’s rule to compute ng) (vi), Xsli)*(yi),
(X,(f)*) (v;) and Xg)/(l/i). This gives rise to tedious calculations along with an

inappropriate expression for computational purposes. Since z; # z for j # k,
there can be at most one index j for which z; = v;. Therefore, A\; can then be
computed as follows:

(32) A = /W w;(0)do — Zn:)\k = — Zn:)\k.

4There are no 7, € T and v € T\ {v;} so that pgi)*('y) = 0; hence, the right-hand side of (30
is well defined. A proof for this statement is given in the Appendix.
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Note that there exists an index j so that z; = v; iff 7, = f(f((l)((u) From (I
and (28)) it follows that
Gy - O Sy SO
n (Vi) n(vi) %28 Xfl)(z)
= ! lim &/(Z) = -1 M
Bn(Vz)zz_é%’ X() (2) B, (v;) Xv(zi)/l(l/i)
Let

z(bgf) —ap)
(2= b)) (2 — o)

Yn(z)(z) =14 Qns1(2) +
Then it follows from (29) that
X0 (2) = X'(2) (V0 () — 1) + (X0(2) = o) Y (2),

and hence,
(i) (1)
X(i)”(y-) _ —a(i)y-y(i)/(y-) _ a(’) Vi(bn - Oln)(]- — Olnbn ) _ V'Ql (V)
n ) n YViln 4 n (l/‘ _ b(i))g(l/ _an)Q CenAT
= RWe’ | RO >0 and 7 € [0,2n),
where
S{awz}(1 = |ax]?)
(34) Qny1(z) =2i Z |z — ag|* forz € T.
i 7(1) ™
Consequently, there exists an index j so that z; = v; iff 7, = 7(]? D) ) .

We now have proved the following theorem.

Theorem 4.3. Let i € {3,4} be fized and set v; = (—1)""'. Further, assume
o € T, for n > 1. An n-point rational Szegd quadrature I,,(f) for 1,,(f), given
by @) and (@), is then characterized as follows:
(1) Denote by {vi,vi, z1,...,2,} the set of zeros of Vrgz)(z,m), given by (28]
and 20). Then {z1,...,zn} is the set of nodes for L,(f).
(2) For every j € {1,...,n} for which z; # v;, the jth weight is given by (BII).
Whenever z; = v; for a certain j € {1,...,n}, the associated weight is
given by ([B2). O

To conclude this section, we consider the weight function wy(#). From (@) and
Theorem it now follows that, up to a multiplicative factor,

Vi (2,7

U (2,7p) = 2 €T

n (2,Tn) (22 — 1)2m,(z) Z,Tn € 1,
where
(35) Vi (2,70) = p§ (2)Tn-1(2) + 10 2*p$ " ()74 (2)
and

(36) P (2) = (dn + en2)(1 = @nz) + 70 (Fr2? + Gz + 1).
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Explicit expressions for the weights can be deduced as well from (2T and The-
orems and B3l Assume ¢ € {£1} and suppose z; = z§2) # € for every
j€e{l,...,n}. Next, let

422 7
T = l@nﬂ(zj) +3- 3 - 1] 5 X80 (z) — X3 ().
j

Then, with \; = )\;2) and |h,|* given by (), it now follows that

2 2)*
)\._1 _ ‘h ‘2 Zj|Zj*Oén‘2 SL)(%J) (bgl) (Z])
J n _ 2 2) % 2)’
Pl | (627) (z) o ()
(2) X2 (z)
‘h ‘2 Zj |Zj — Ocn‘Q (=2 Pl 1)2X (ZJ) Bn(zj)(zfj—l)z
ol agf? 25 Bn(25) p(2) XP'(2;) _ 42 XP ()
(zf.—l)2 n (23-1)2 (z3-1)°
T D () (5.
— |hal? zj |25 = a,|? Z?XT(?)(ZJ‘) );Z((zf))
= n 4 2 2)’ 42; X (25
(1= lanl?) (2 =1)" | FBa(z) T8 X0 (z) = 55
‘2 |Zj - Oén|2

|

(1= lan|?) ‘zQ -1

{2 [5 XX )] - 32 Qo+

‘ 4

From (I7)) we deduce that

ZB(fn + gn? + ZQ)Bn—l(Z)

X7(L2) (Z) - 1—a,z
11—,z .
N n B,_(z) L gn + 22+ en gy an,
z  Bp_1(z) fn+ gnz + 22 1—apz|’

so that for z € T it holds that
ZX,r(LQ)l(Z) — X(2) Z) d + en? :|

(gn +2z+e, 723137?;@)) oz

2
T Qnlz fn + gnz + 22 1— a2

= X(2 (z2) — (dn, + €n2)

ZQGn(Z)
(37) X {3+Qn+1(z)+ (fn+gnz+22)(z_an)}7

Gn(z) = O‘nanQ - 2fnz - (an + gn) + en‘z - an|223Bn—1(z)'



1046 A. BULTHEEL, R. CRUZ-BARROSO, K. DECKERS, AND P. GONZALEZ-VERA

Consequently,

|2 — o
(1—an|?) |22 — 1]

)‘j_l = |hn” 1

x| (IX@ (@)~ 2R{(dn + enz) X2 (5)}) B+ Qi (2)]

2Ga(zy) (1X2 () = (o + ez X0 (=)
(Fa+ 92+ 2)(z; — )

+2R

Finally, we have that
2
- ‘dn + 6n21|2 )

2
XD - M +enn) XD (2)} = |2 LEEE

z—ap

XD (2)]2 — (dn + ,2) X (2)
2

2 3 2
_ fn+gnz+z +mz (fn +gn2‘|;2 )anl(z)
zZ— ap 1—a,z
andd
(2)
s (%)
(38) Z?Bn,l(zj) = —Tné%,
V2 (ZJ)
where péZ)(z) is given by ([B6). Consequently,
P (2))
GTL(Zj) = O‘n.fn?j2 - anz - (an + gn) — Tn€n|Zj — O4n|2 ; . s
@),
Py (%)
so that
B
(39) A= in] .

(1= Jan|?) [2F = 1]

X (|fn + Gnzj + z]2|2 = |dn + enzj|2|zj - an‘Q) 3+ Qny1(2))]

F o2 a0 2,
+2m{en(zj) [M (T + o) P2 ) ] H |

%~ On S ()

Whenever z; = € for a certain j € {1,...,n}, computing A; by the aid of (2I)

again requires two times the application of I’'Hopital’s rule to compute Xsf)(e),

Xg)*(e), (Xg)*) (e) and Xﬁf)'(e). This gives rise to tedious calculations along with

an inappropriate expression for computational purposes. Since z; # 2, for j # k,

51f there are no 7, € T and v € T\ {£1} so that péQ)*('y) = 0, then the right-hand side of (3])
is well defined. At this moment of writing no proof has been found for this statement in general,
but a proof is given in the Appendix for the special case in which n =1 or a, = 0.
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there can be at most one index j for which z; = e. Therefore, if z;, # —e for every
kEe{l,...,n}\{j}, A; can be computed as follows:

(40) A= / 0)do — ZAk = Z)\k

k#J ksﬁj
If, on the other hand, there exist indices j and kin {1,...,n} so that z; = —z;, = 1,
then A; and A, can be computed by solving the following system of equations:

Aj+ Ak = m— zn:/\s,

s=1
(41) S¢{j k}

2
‘Xm) ’+A ‘Xm) )‘ _ A2

S

S¢{J7k}
where we computed ng) (z) with the aid of Maple 10 to find that

ar
(42) ‘X(g) ’ _ l 1-— |0[1|2 z+ 27041—12
L A 2 1—agz
2—(1%
(2)
Note that there exists an index j so that z; = e iff 7, = 7;#(‘;)*((5)). From Theorem
” €

and proceeding as in (33)) it follows that
Do _ -1 X7

¢7(12)*(€) Bn(ﬁ) X,(f (—6)

Let
2*Gn(2)

(fn +gnz + 22)(2 - an)

Y,®(2) =3+ Quia(2) +
Then it follows from (37) that

’

2XP(2) = X' (2) (VP (2) = 1) = ea¥i® () + (XD (2) = (dn + €02)) V2 (2).
It also follows from (1) that
0= X' (€) = (X2 () = (dn + ) ) Y,(e) = ~(dn + €06V, 2 (o),
so that Y7§2)(€) =0 due to Lemma [34] Thus,
X&) = —(dn+ene)eV, ) (e)
¢ (Fn(e) + enBu1(e)ln(e) )

= (dntend) (Lt fo + gne)2(c — an)?

- EQ/n+1(€)

= RPME ee{+1}, R?) >0 and 43 € [0,2r),

where
kn(é) = fnan(6_fn) - (1+gnan)(an+gn) _fn(gn+4€)(1+04%)
ln(é) = ‘6 - Oén|2 [2(gn - O‘n) + 6(3 + fn - gnan)]

+ [|6 — a[*Qu(e) - GQiS{anH (L4 fo + gne)(e — an),
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and with @, (z) and 2Q;,,,(2) given, respectively, by () and (34). Consequently,

)
. . . . 129, e —™)
there exists an index j so that z; = e iff 7, = QBW

Finally we have proved the following theorem.

Theorem 4.4. Let 1, € T for n > 1 and suppose € € {+1}. An n-point rational
Szegd quadrature I, (f) for I,,(f), given by @) and (), is then characterized as
follows:

(1) Denote by {1,1,—1,—=1,21,...,2,} the set of zeros of VTE2)(Z,Tn), given by

@A) and @BQ). Then {z1,...,2n} is the set of nodes for L,(f).
(2) For every j € {1,...,n} for which z; # €, the jth weight is given by (B9).

Whenever z; = € for a certain j € {1,...,n} and zi, # —e for every
ke {1,....,n}\ {4}, the jth weight is given by [{@Q). Finally, if there
exist two distinct indices j and k in {1,...,n} so that z; = —z, = 1, the
associated weights are given by (). a

5. SZEGO QUADRATURES ASSOCIATED WITH RATIONAL MODIFICATIONS
OF CHEBYSHEV WEIGHT FUNCTIONS

In this section we will consider a rational modification of a measure p that is a
measure of the form

~ du(0) i
(43) di(0) = 53 z=¢€",
h(2)]
with h(z) a given polynomial of degree m whose zeros cannot be on T. Without
loss of generality, we can assume

m

(44) h(z)zl_[(z—oq)7 oyl <1, ay #0, I=1,...,m.

=1

We will then consider Szegé quadrature formulas with respect to the measure fi.
In this respect, we recall that an n-point Szegé rule (2) for a measure p has maximal
domain of validity A_(,_1),—1 = span{z~("~Y ... z""1} with dimension 2n — 1,
and that the nodes are the zeros of a para-orthogonal polynomial associated with
w; see e.g. [1, 8L O 10, 111 221 24] 25]. We also recall that for k,, € T, k,-invariant
para-orthogonal polynomials associated with u are characterized in [25] as

(45) P, (2) = Cp [pn(2) + Tapp(2)] €Pn , n > 1, €, € C\{0},

where 7, = == € T and {p(2) };Z, is a sequence of Szegé polynomials associated
with p; see e.g. [26], [28].

When du(6) = df, rational modifications of the Lebesgue measure appear such
that Szegd polynomials for [ were earlier considered by Szegd in [28]. Observe
that when m = 1, i gives rise to the so-called Poisson kernel. In relation to
this, Waadeland considered in [33] for the first time Szegé quadrature formulas for
the measure dj(6) = ﬁ, providing one of the first examples of this type of
quadratures in the literature.

Rational modifications of the Lebesgue measure are very suitable in order to
approximate other measures. For instance, the following important result is given

in [26, Theorem 1.7.8]: Let n be a probability measure supported on T, and suppose
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{on(2)}22, is a sequence of orthonormal polynomials associated with 7. For every

n it then holds that
4 do
o lon( @
—m 2 |on(e??)]

dn.(6) = _ — dn weakly when n — oc.

02
2m |pn(e1)]

Consider now the polynomial h(z) given by ([@4) and set o, = 0 for every k > m.
For every n > m we then have that

ﬁZ*% 2T h(z), (e ]2[1*% ﬁlf% ) =h"(2).

So, let x,(z) denote the nth orthonormal rational function associated with . Then
for every n > m, xn(2) = Pul2) with P,(z) € P,\P,_1. Moreover, if n > m, we

and

h*(z)
have that (x»(2), ur(2)), = 0, where uy(z) = hf—éz) withk =0,1,...,n—1, implying
that
" Pn(Z)( z ) " —_du(0) " — du(0)
0= / —— |du(9) = P,(z)zF = / P,(z)z*
_x h*(2) \h*(2) x ()] Jox Ih(2)]?
with z = € and k = 0,1,...,n — 1. Consequently, the numerator of the nth

orthonormal rational function associated with the measure p coincides for n > m
with an nth orthonormal polynomial associated with the measure i given by (@3).

Example 5.1. Take the Lebesgue measure du(6) = w1(0)df = db; see ([@). Then
for every n > m it follows from () that

-1 s o 1 o
Xn(z) = Cp? H?:l (12_()%]2) = CpZ H;rbzl (12—0%72) H;L:erl (lz—c%gz)

= Cp Z7L}::'E?)(Z) ; Cp # 0.

Hence, P,(z) = z"’mh( ) represents the nth monic Szegd polynomial for the mea-
sure dfi(0) = ‘h( )|2 with z = €l (compare with the first approach given in [28, pp.
289-290]; actually, this expression for P,(z) also holds for n = m).

Let us see next what happens with the quadrature formulas. Assume as above
ap =0for k > m and oy € D\{0} for Il = 1,...,m. Let h(z) = [[2,(z — ay) €
P, \Py—1, and suppose n > m. From Theorem we then have that

=N M) = L(f) = [ f@)du(8) , Vf e Ru 1.
j=1 o

Consider now the case in which f(z) = WI;R_M ERp_qfork=0,1,...,2n—

2, and observe that m,_1(z) = 2" "!n%_,(2) for z € T. Taking into account that
k=0,1,...,2n — 2, it then follows that

Zkrf(nfl) Zk:+17n

f(z) = = = —(n—-1)<s<n-1, z€eT.

I )7 P k)
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Hence,
s z5 n N )
f_ﬂ— f(z)dlu’(a) = f_ \h(z)|2 d:u’(a) Z] 1 AJW = Zj:l )\jzj
= [T 2%dp0), z=¢€?, —(n—-1)<s<n-—1,
where 5\j = Ih( )‘2 for j=1,...,n and dji(0) is given by {3]). It follows from The-

orem [2.2] that {zj}”il are the zeros of U, (z,7,) = xn(2) + TnX5(2). Furthermore,

setting xn(z) = f"éz; and

. P.(1/z) _ Bu(2)P;(2) _ Pj(z)
z) = Bp(2)Xn«(2) = Bp(z = = ,
Xn(2) (2)Xnx(2) ( )m(l/z) /D) ()

we obtain that
Pn(z) + 1P (2) _ P (2) + 1, P;(2)

Tn(2) a h*(2)
Thus, we have proved the following theorem.
Theorem 5.2. Let h(z) = [}, (z — aq) with oy € D\{0} for everyl =1,...,m,
and set a, = 0 for every k > m. Further, let n > m and suppose xn(z) = I;Z:((j))
with P, (z) € P,\P,—_1 is the nth orthonormal rational function associated with the
measure . Then for a given 7, € T, I,(f) = Z? 1 ;\f(z]) is an n-point Szeqd

\I/n(Z,Tn) =

quadrature formula for dji(0) = %, if and only if
(1) the nodes {zj}” 1 are the zeros of Pn(z) + TP (2), and
(2) A\ = ‘h( AL where {\;}_, is the set of weights corresponding to the n-
point mtzonal Szegd quadrature for . a

As an application of the previous theorem, we will now deduce characterization
theorems for Szegdé quadrature formulas associated with the measures df(f) =
T;L((Z))‘lif, where z = €' and w;(0) is given by (@) for i € {1,...,4}.

We start with the Lebesgue measure (compare with [12, Theorem 4.2]).
Theorem 5.3. Assume h(z) = [[[“,(z — a;) with oy € D\{0} for every | =
1,....,m. Let 7, € T and set du(Q) An n-point Szegd formula for i and

n > m s then given by

o
|h(ei®)]?"

=> Aif(z),
j=1

where the nodes {z;}_; are the zeros of 2" =" h(z)+7,h*(2) and the weights (A i
are given by
2m

= s J
2 1—]ay|?
() [ =+ g, el ]

In the following theorem we characterize a Szeg6 quadrature formula associated
with a rational modification of the Chebyshev weight functions 1 & cos§.

Theorem 5.4. Suppose h(z) = [}, (z — ) with {oy}]>;, C D\{0}, n > m,
o €T, v; = (—1)"L for fized i € {3,4}, and let
1—v;cosf
dia(9) = —————db.
MO TP

=1

1
.

N O
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Neat, let Q,(z) =n—m+> ", Lloil® g define Q) = [1+Qn(w)] " . Further,

[z2—aq]?

assume agf) = Z/Z”%st) and bgf) =y (1 + st)) An n-point Szegd formula for

i is then given by I,(f) = Z?zl S\jf(zj), where the set of nodes and weights are
determined as follows:

(1) Denote by {v;,v;, 21, ..,2,} the set of zeros of

éi)(z,rn) = rtlem | 0 (g —|—Tna§f)) z} h(z)
+2m {a&f) + T (1 — bg)z)} w

Then {z1,...,2,} is the set of nodes for I,,(f).
(2) For every j € {1,...,n} for which zj # v;, the jth weight is given by

h(z)? (125 = 61 = laf)?)
b |z — l/i|4

« {1 4 Qnii(z) —|—2b£f)9?{{—b£f) + (1 —I—Tnag)) zj]l}] )

)\71 = V,L-

Whenever z; = v; for a certain j € {1,...,n}, the associated weight is
given by X; = X;/|h(z;)|?, where \; is given by (B2). O

Finally, for the remainder Chebyshev weight function we have the following the-
orem.

Theorem 5.5. Suppose h(z) = [[,~,(z — ) with {oy}]~, C D\{0}, n > m,
™ €T, e € {£1}, and let

sin” 0
di(0) = 227
HO= ey
Next, let Qn(z) =n—m+> ", EZ_JZEE and define
+ h(l) - (_ nflh(_l) + _ — _
—_m, a” = (-1) —h(—l)’ bT =2+Qn(1), b~ =2+Q.(-1).

Further, assume x = (dy,, €y, fn,gn)? is the solution of the system given by (@)
and ([{8). An n-point Szegd formula for i is then given by I,(f) = Z;;l i f(z5),
where the set of nodes and weights are determined as follows:

(1) Let {+1+4+1,—-1,—1,21,...,2,} be the set of zeros of
ViP(2,7) = 22 (14 7dy) 2% 4+ (gn + TEn) 2+ fo] h(2)
+2m [Tnfnz2 + (en + Tngn) 2z + T + dn} h(z).

Then {z1,...,2zn} 1s the set of nodes of I,(f).
(2) For every j € {1,...,n} for which z; # €, the jth weight is given by

3= 2|1(2)1? (Idn+enz; | =|fntgnzi+231%)

y - ES
g nfa]22—1]

2R T—,,L(zfnz—ﬁg")z—jp;”(zj)+ensz£}>(zj)}

X |3+ Qnia(z) — ETR
2 (%5
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where p$(2;) = (dn + €nz;) + T (fnz} +Gnzj +1). Whenever z; = € for
a certain j € {1,...,n} and zy, # —¢ for every k € {1,...,n}\ {j}, the jth
weight is given by A; = \;/ |h(zj)|2, where A; is given by @0). Finally, if

there exist two distinct indices j and k in {1,...,n} so that z; = —z, = 1,
the associated weights are given by \j = \;/ |h(zj)\2 and M = A/ |h(z)|?,
where A\; and Ay are given by @) and [@2). O

6. NUMERICAL EXAMPLES

The aim of this final section is to present some numerical illustrations of the
results given in Section 5 in the construction of Szegb-type quadrature formulas
with respect to rational modifications of Chebyshev weight functions.

We start by recalling that the parameter 7,, € T in (@3] can be choosen freely
to fix a complex number A € T as a node of the Szegé quadrature formula. By

setting 7,, = —)\5;(?1)

Proposition 2.8]). Recently, Jagels and Reichel have characterized Szegd-Lobatto
quadrature formulas in [24], i.e. Szegd rules with two prescribed nodes on T.
Suppose z, and zg are two distinct points on T. Let N > 2 be fixed, and as-
sume there exist N — 2 distinct nodes z1,...,2n—2 on T such that z; # z, and
zj # zg for 1 < j < N — 2. Furthermore, suppose there exist positive weights
Al, AQ, )\1, ey )\N,Q so that

€ T, the so-called “Szeg6-Radau rules” arise (see e.g. [10,

Vi€EA (n_gyn_2:

N—2
In(F) = A1 eo) + Aaf () + 3 Aif(2) = [ FEnCz) = 1,(5).
j=1
Then, Iy(f) is called an N-point Szegé-Lobatto quadrature formula for p with

prescribed nodes z, and zg. We now have the following theorem (for the proof,
see [24]).

Theorem 6.1 (Szeg6-Lobatto quadrature). Let z, and zg be two distinct fized
points on T and set a = gn—lenGal ¢ P ogpg = o7 122028) ¢ T Then one of the

a  pn(za) B pn(z5)
following statements holds:

(1) If azo = bzg, we have that an n-point Szegd formula I,,(f) has zo and zg

; _ _pn(za) _ _Pn(zﬁ)
as nodes by setting T, = or(za) — " prien) e T.
(2) If a = b, an (n + 1)-point Szegd formula In41(f) has zo and zg as nodes
. _ -n( a) _ pn(z )
by setting Tni1 = —za% = —z pz(zg) eT.
(3) Suppose az, # bzg and a # b, and denote by I' the circle with center ¢ =
—azz:ziﬁ and radius r = azz:gzﬁ ‘ Let Sn+1 e I'ND, a circular arc that
is proved to be a non-empty set, and set T,42 = —MZi:ZZﬁSnJ,_l — Z‘;:Zﬁ €

T. Then, there exists an (n:l— 2)-point Szegd-Lobatto quadrature formula
whose nodes are the zeros of ®y42(2, Tnt2) = 2pn41(2) + Tni2p1(2) with

Pn+1(2) = zpn(2) + SnJrlp:z(Z)' .
Remark 6.2. In the special case in which 8,1, = pn+1(0) in Theorem [611(3), the

(n+ 2)-point Szegd-Lobatto formula is actually an (n + 2)-point Szegd formula and
consequently, exact in A—(n+1),n+1-
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FIGURE 1. The circular arc I' N D.

In analogy with the real line situation (see e.g. [19]), the set of Szegd, Szegd-
Radau and Szeg6-Lobatto rules we call Szeg6-type quadratures.

Example 6.3. Consider the rational modification of the Lebesgue measure given
by

. de de 0

W) = S smee) B oipE C©

From Example (.11t then follows that the corresponding monic Szegd polynomials
are explicitly given by p,(z) = 2" 2(2? —i/2) for every n > 2. Next, let n = 10,
and suppose z, = 1 and 25 = i. From Theorem we then deduce that

3+ 4i 4+ 3i
a= —; ! and b= —; 1,
where clearly a — b = % # 0 and az, — bzg = g # 0. Consequently, we are

dealing with the third situation of Theorem [l Elementary calculation yields that

I is the circle with center ¢ = 2(—1+1) and radius r = %, and 01, € TND iff (see
also Figure [I])

(46) 811 =c+ T@ig, with — 60y < 0 < —(91, 0y = arctan(?), 01 = g — 0.

Since p11(0) = 0 € ' N D, it follows that the 12-point Szegs-Lobatto formula
associated with 17 is not a 12-point Szegd formula (see Remark B.2]); thus, the
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domain of exactness is A_19,10. Therefore, the nodes in the 12-point Szegé-Lobatto
formula associated with d11 are the zeros of ®12(z,712), given by

®15(2,712) = 211 (2) + T12p11 (),
where
pri(2) = 2p10(2) + d11p70(2) = 2°(2% —i/2) + ou (L + 2%1/2),

and 1o = 3(1 + ')511 +5. Let z;, 5 = 1,...,12, denote the zeros of @12(,2 T12).
We have used Maple 10 with 40 digits to Compute these zeros for the case in which
o1 = -3 4 0= ‘/_ i (that is, ([@8) with § = — arctan(y/7)) and 715 = ‘/_H ‘/_ 1
respectively, for the case in which 6;; = 2(—1+1) (that is, (@) Wlth 0= —77/4
and 712 = 1. The results are given in Table[I] respectively, Table

Finally, since §11 # p11(0), we are dealing with a modified measure so that we can
not use Theorem [5.3] to compute the corresponding weights. Let ¢11(z) denote the
polynomial of degree 11 that is orthonormal with respect to this modified measure.

We then have the following Christoffel-Darboux formula in the ordinary polynomial
situation (see also [5, Theorem 3.1.3]):

@11(2) @11 (€) — 2611 (2) P11 (€)
1—z€ '

Ki1(z,€) =
Setting )\;1 = K11(2j,2;) and proceeding as in Section @] it is easily verified that
7= 2R 5B )80 (20) | — 10160 ()
Further, with ¢11(2) = ¢p11(2) we obtain that
Nt =Pyt ppt=2R {ijﬁlll(zj)} — 10|51 (25)[,

so that it remains to determine |c|?. It should now hold that

12

12
ZA:/”LZS_”:M
B A BTy A R e

and hence,
12
3
= & 2
j=1
The resulting weights are given in Tables[Iland 2 for the case in which 011 = — % +

10— \[l and 715 = ‘[H f L3

and T12 = 1.
With these nodes and weights, the integral is computed to within the numerical
precision for

i, respectively, for the case in which d;; = 2(-1+i)

T

/ <451 B Sin(%)) di(0), and for / e*dp(9), k= —10,...,10.

Example 6.4. Consider the rational modifications

dii(0) = Zo1/4p

. i0
1=2,3,4, z=¢e",
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TABLE 1. The nodes z; and weights A; in the 12-point Szegd-

Lobatto formula for the case in which 415

T12

— VTl VTl
— 1 -

— _3 4 107
- 4 + 12

Zj

Aj

[ S et
oS ©oo~ooe wN s

1
0.9638145989 + 0.26657347761
0.8316896358 4+ 0.5552408033i
0.5255107494 + 0.85078696051
i
—0.5936593393 + 0.80471646491i
—0.9584388804 + 0.28529793651
—0.9499460287 — 0.3124140564i
—0.7027746634 — 0.7114125192i
—0.2969879126 — 0.95488123861
0.3024297035 — 0.9531716920i
0.8140918496 — 0.5807361367i

0.4516560678
0.1232452240
1.3564329045
1.3244867113
0.4907276839
0.2935974363
0.3549235398
0.8469595298
1.6733022550
0.8202977524
0.3490662051
0.2928850997

TABLE 2. The nodes z; and weights ); in the 12-point Szegd-

iand

Lobatto formula for the case in which 0,7 = %(—1 +1i) and 72 = 1.

— ==
MHO@OO\IGBCF\%OJ[\DH%.

0.5075944433 + 0.8615961242i
1
—0.5892211604 + 0.8079717966i
—0.9562662716 + 0.2924975517i
—0.9522800017 — 0.3052258155i
—(1+1i)/v2
—0.3052258155 — 0.9522800017i
0.2924975517 — 0.9562662716i
0.8079717966 — 0.5892211604i

Zj Aj
1 0.4833219467
0.8615961242 + 0.50759444331 | 1.1348377814
(1+1)/v2 0.5132214093

1.1348377814
0.4833219467
0.2926150925
0.3518577037
0.8334298010
1.6722343497
0.8334298010
0.3518577037
0.2926150925

1055

where w; () is given by (@), and let

(z — 1/4) sin(z)
8mz

(4—2)sin(1/z)
8mz

sin(z)

fi(z) = . fa(z) = and f3(z) =

For these functions, we have used Maple 10 with 40 digits to compute the absolute
error of the n-point Szegé quadrature formula, i.e.,

en(fy) = a(fy) — In ()],
for n = 8,16, 24 with 7, = 1. The results are given in Tables BHEl

8rz

j: 1a2>37
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TABLE 3. The absolute error e (f1) for the n-point Szegd quadra-
ture formula with respect to the rational modification of the weight
functions w; (9).

1=2 1=3 1=4
n=238 | 4.381892940 x 10~%  6.032565503 x 10~7  7.738268455 x 10~
n =16 | 4.417815525 x 1017  6.151507562 x 10716  7.903210143 x 10~ 16
n=24|1.010117754 x 10727 1.410431794 x 10~26 1.812756380 x 1026
TABLE 4. The absolute error ej;(f2) for the n-point Szegé quadra-
ture formula with respect to the rational modification of the weight
functions w;(6).
1=2 1=3 1=4
n =28 | 5.094348466 x 10~°  9.843173970 x 10>  9.705465650 x 10—°
n =16 | 1.925426989 x 10~ 13 3.815676087 x 10~ 3.801621369 x 10~ 13
n =24 9701673019 x 10724 1.932272042 x 10723  1.92904885 x 1023
TABLE 5. The absolute error Eﬂ(f?,) for the n-point Szeg6 quadra-
ture formula with respect to the rational modification of the weight
functions w;(6).
1=2 i=3 i=4
n=_8 | 1.750776412 x 10~  3.438809772 x 107  3.376229665 x 10~ "
n=16 | 1.766481103 x 10~'6 3.512396863 x 10~16 3.491851390 x 1016
n =24 | 4.039751881 x 10~27 8.056536588 x 10~27 8.033580897 x 10~27

7. APPENDIX

Theorem 7.1. There are no 7, € T and v € T\ {v;} so that pgi)*(’y) =0.

Proof. Suppose there are 7,, € T and v € T \ {v;} so that T»,Lp(li)*(’}/) = 0. Clearly,
it then holds that pgz) (7) = 0 as well. Hence, from (27)) we then deduce that

Therefore,

ai (1 - @)

b, (1)

— 1= , vyeT\{w}

Th = —

1—by

al (v — o)

(47) 0=~ (ly =1 ~ ol P Iy - )
= (ja) e — b)Y + [1+ D2 — [aD 21 + [an )]y + (JaD 2oy, — b))

= (v = 1) [(la P = b))y = (| Paw 0|,y € T\ {uih,
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where the last equality is due to the fact that the equality in ([#7) clearly holds for
~v = v;. Since we assumed 7y # v;, it follows that

ol — b
But from ([I0) we deduce that

@ _ 2R{an} —wi[l1 - vian2QN) + 1)

| 2a,, — b : —v; €R,
n n n |(171/104_n) g’) +1‘2 %
so we again find that v should equal v;. O

Theorem 7.2. Ifn=1 or a,, =0, there are no 7, € T and v € T\ {1} so that
s (7) = 0.
Proof. Similarly, as in the proof of Theorem [[T], we find that there are 7,, € T and
v € T\ {1} so that 7,p$* (y) = 0 iff
(48) 0= (Ifa + 907 +7° = ldu + ety — anl?)

= (v* = 1) [(endn@ + fu)7y* + @y — @ndnow + fn)] . v € T\ {1},

where the last equality is due to the fact that the equality in (@8] clearly holds for
v = =1, and w, € R is given by

@Wn = Gnt foGn + an(‘dn|2 + |en‘2) — dnen(1+ |an|2)

= Ognt gnf_n+0‘_n(‘dn|2 + |en‘2) — endn(1+ |0‘n|2)‘
Since we assumed v ¢ {+1}, it should hold that
Note that for the parameters a*, a™, b and b~, given by (4], we have that
1 — _ 1

at|l—a,|?’ a = a” |14+a,|??

b_ _ b+ + 2iS{an } bT — b 2iS{an }

[1—an|?? T TFan?

at =

With this observation in mind, we computed w,, with the aid of Maple 10 to find
that w,, = 0, so it should hold that

(49) v = 76"7d_"a" + f_"

For the special case in which «,, = 0, it follows from (8] that f, = #5‘2 € R, so
we again find that -+ should equal +1. For n = 1, on the other hand, we have that

L1 _ 1

= —, a = — bt =2+qa" and b =2+4a".
1—0o7 1+0o7

a

We then computed 2, given by [@J) with n = 1, to find that v2 = 1. At this
moment of writing, however, we could not verify whether 72, given by [{@), equals
one for the more general case of o, # 0 and n > 1. (]
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