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THE STRUCTURE OF BALANCED MULTIVARIATE
BIORTHOGONAL MULTIWAVELETS
AND DUAL MULTIFRAMELETS

BIN HAN

ABSTRACT. Multiwavelets and multiframelets are of interest in several ap-
plications such as numerical algorithms and signal processing, due to their
desirable properties such as high smoothness and vanishing moments with rel-
atively small supports of their generating functions and masks. In order to
process and represent vector-valued discrete data efficiently and sparsely by
a multiwavelet transform, a multiwavelet has to be prefiltered or balanced.
Balanced orthonormal univariate multiwavelets and multivariate biorthogo-
nal multiwavelets have been studied and constructed in the literature. Dual
multiframelets include (bi)orthogonal multiwavelets as special cases, but their
fundamental prefiltering and balancing property has not yet been investigated
in the literature. In this paper we shall study the balancing property of mul-
tivariate multiframelets from the point of view of the discrete multiframelet
transform. This approach, to our best knowledge, has not been considered so
far in the literature even for multiwavelets, but it reveals the essential structure
of prefiltering and the balancing property of multiwavelets and multiframelets.
We prove that every biorthogonal multiwavelet can be prefiltered with the bal-
ancing order matching the order of its vanishing moments; that is, from every
given compactly supported multivariate biorthogonal multiwavelet, one can
always build another (essentially equivalent) compactly supported biorthogo-
nal multiwavelets with its balancing order matching the order of the vanishing
moments of the original one. More generally, we show that if a dual mul-
tiframelet can be prefiltered, then it can be equivalently transformed into a
balanced dual multiframelet with the same balancing order. However, we no-
tice that most available dual multiframelets in the literature cannot be simply
prefiltered with its balancing order matching its order of vanishing moments
and they must be designed to possess high balancing orders. The key ingredi-
ent of our approach is based on investigating some properties of the subdivision
and transition operators acting on discrete vector polynomial sequences, which
play a central role in a discrete multiframelet transform and are of interest in
their own right. We also establish a new canonical form of a matrix mask,
which greatly facilitates the investigation and construction of multiwavelets
and multiframelets. In this paper, we obtain a complete criterion and the
essential structure for balanced or prefiltered dual multiframelets in the most
general setting. Our investigation of the balancing property of a multiframelet
deepens our understanding of the multiframelet transform in signal processing
and scientific computation.
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1. INTRODUCTION AND MOTIVATION

Multiwavelets and multiframelets are derived from refinable function vectors via
a multiresolution analysis and are of interest in several applications such as signal
processing, numerical algorithms, and computer graphics. In order to process and
represent vector-valued discrete data efficiently and sparsely by a discrete multi-
wavelet transform, a multiwavelet must be either prefiltered or balanced in advance,
due to the discrepancy of its approximation properties between the function setting
and the discrete vector data setting. Balanced or prefiltered orthonormal univariate
multiwavelets have been studied and constructed in the literature. The reader is
referred to [I1, 3 4} 4] [T5], 18] 19] 20] and the references therein for a comprehensive
discussion on the background, motivation, and literature on balanced multiwavelets.
Later in this section, we shall give a detailed explanation of the importance of the
balancing property of multiwavelets and multiframelets from the point of view of a
discrete multiframelet transform instead of the traditional function setting.

Recently there has been a growing interest in the study and construction of
framelets and multiframelets; see [2 6} [7, 10, 1T, 12 13} 16l 17] and the many
references therein. For example, tight and dual multiframelets have been charac-
terized in [7) [16] [I7] and a unitary extension principle has been given in [16] [17]
for constructing dual framelets from scalar refinable functions. More recently, an
oblique extension principle has been proposed in [6] (also cf. [2] and [5, 11} 13]) for
constructing dual multiframelets with high vanishing moments from refinable func-
tion vectors. A multiframelet includes a multiwavelet as a special case by allowing
redundancy into a wavelet system. As demonstrated in [2] [6] (11l [[3], multiframelets
have more freedom in their design and the redundancy in a multiframelet is a de-
sirable feature in several applications such as signal denoising and numerical algo-
rithms. In order to process and represent vector-valued discrete data efficiently and
sparsely by a discrete multiframelet transform, the multiframelet must be similarly
either prefiltered or balanced in advance. Except for some introductory discussions
in [11I] on univariate dual multiframelets, this fundamental issue on the balancing
and prefiltering property of a multivariate multiframelet has not been addressed
so far in the literature. Moreover, to our best knowledge, all approaches in the
literature to studying the balancing property of a multiwavelet are from the point
of view of the function setting. In this paper, instead we shall study the balancing
and approximation properties of multivariate multiframelets from the point of view
of a discrete multiframelet transform. We shall see in this paper that it is more
natural to study and understand the balancing property of multiframelets from the
point of view of a discrete data setting than the function setting. Our results not
only generalize the results in the literature (e.g., [I} B} @l 11} 14 15} I8, 19l 20])
on balanced biorthogonal multiwavelets to multivariate dual multiframelets, but
also shed a new light on understanding the balancing property of (bi)orthogonal
multiwavelets.

Before proceeding further, we first recall some notation and definitions. We say
that a d x d integer matrix M is a dilation matriz if lim,, ., M ™" = 0; that is, all
the eigenvalues of M are greater than 1 in modulus. An M-refinable function (or
distribution) vector ¢ = (¢1,...,¢,) satisfies the vector refinement equation

(1.1) ¢ =|det M| > axp(M - —F),

kezd
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where a = {ag}peza @ 29 — C™" is called a (matriz) mask with multiplicity r for
¢. For a sequence u = {uy}peza : 24 — C"*7, its (formal) Fourier series 1 is
defined to be

(1.2) W) = uge " £eRY
kezd
where k-¢ denotes the inner product of the vectors k and ¢ in R?. If u is finitely sup-

ported, then 4 is a matrix of 27-periodic trigonometric polynomials in d-variables.
Now the refinement equation in (LLI]) can be rewritten in the frequency domain as

(1.3) d(MTE) =a(€)o(¢), €eRY,
where MT denotes the transpose of the matrix M. For f € Li(R%), its Fourier
transform f is defined to be f(€) := [o, f(x)e ™ ¢dz, ¢ € R?, which can be
naturally extended to tempered distributions. A wavelet function vector ¥ =
(¢1,...,1,)T is generally derived from a refinable function vector ¢ via 1[)(M Te) =
b(€) (&) for some r X r matrix b of 27-periodic trigonometric polynomials in d vari-
ables with some desirable properties.

In this paper we are interested in investigating the balancing property of MRA

dual multiframelets. Let {¢',... 9L} be a finite set of 7 x 1 function vectors in
Ly(R%). We say that {11, ..., 9L} generates an M-multiframelet in Ly(R9) if

{5 == |det M2 (M7 - —k) : jeZ,keZ 0=1,...,L}

is a frame in Lo (Rd), that is, if there exist two positive constants C; and Cs such
that

L
(L4)  Cillf13, ey S DD D WA P < CallflF ey Y f € La(RY),

=1 jEL keZ?
where |(f, w§7k>|2 ={f, f)k>( f,k, f) is the square of the ¢5 Euclidean norm of the
row vector (f, f,k> in R™". For an n x r matrix g and an n’ X r matrix h of
functions in Ly(R?), the inner product (g, h) is an n x n’ matrix defined by

(15)  (g,h) = /Rdg(x)dex, g € (La(RY)™T € (Ly(R)W T

If both {¢!,..., ¢} and {¢!,... 4"} generate M-multiframelets in Ly(RY) and
satisfy

L
(L6) L) =S S Wg) Y fig€ La(RY),

(=1 j€Z keZa
where
¢ p = det MP/2yf (M - —k)
and
Py = | det MP/29H (M7 - —k),

then we say that ({1',..., 0"}, {4}, ..., ¥L}) generates a pair of dual M-multi-
framelets in Ly(R?). By (LG), every function f € Ly(R?) has the multiframelet
representation:

L
(1.7) F=Y 3> (F 0 vk

=1 jEZ kezd
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with the series converging absolutely in the Lo norm.

Biorthogonal multiwavelets consist of a particular family of dual multiframelets.
We say that ({1, ..., %"}, {@Zl, e ,1/~)L}) generates a pair of biorthogonal M -multi-
wavelets in Lo(R?) if it generates a pair of dual M-multiframelets in Ly(RY) and
satisfies the biorthogonality condition:

(1.8) (W 0% ) =8 0b—jpdhi e, 4§ €L, kK €L 0,0 =1,... L,

where I, denotes the r x r identity matrix and § denotes the Dirac sequence such
that dop = 1 and 0 = 0 for all k # 0.

Let a, bAl, . ,EZ and é, 51, R bL be r x r matrices of 2m-periodic trigonometric
polynomials in d variables such that they satisfy
- T
(1.9) Pegi i0© Pag, 55&) = Lnr,
where m := | det M| and
a(€+2my)  al€+2my) oo al§ + 2mym—1)
P(E+2m0) BUE+2mm) o BU(E+2mm 1)
(1.10) Pdﬁ...bAL &) = . . . .
[ ’ ’ ’ ] . . . .
bE(E+2m0) BE(E+2m) oo BE(E+2mmo1)
with {v0,...,Ym-1} = Tpr and v = 0, where I'j;r denotes a complete set of

representatives of the distinct cosets of the quotient group [(MT)~1Z%)/Z¢ with
0elyr.

A pair of dual M-multiframelets is generally obtained from a pair of refinable
function vectors in Lo (Rd). Suppose that ¢ and (5 are two compactly supported
r x 1 M-refinable function vectors in Lo(R?) such that

2 2 — T 2

(L11)  $(MTE) =al&)(6),  S(MTE) =a(€)(&)  with (0) §(0) =1.
Define wavelet function vectors b, ..., " and dual wavelet function vectors P,
9t by
PHMTE) = b (€)H(€) and
(1.12) ~ o
PHMTE) = b (€)o(€),  EeRY L=1,... L
Now one can directly verify that (9] implies that
Z (f, bj1.0)(Djs1.k:9)
kezd
(1.13) ) L )
= > (£ Giad bk g) + D D (F )Wy g) Vi€Z, f,g€ Ly(RY).
kezd =1 kezd
Note that all ¢, !, ... L, (;NS, 1@1, e @[NJL are compactly supported function vectors
in Ly(R?). If all o, ... o% and ¥',... ¥’ have at least one vanishing moment;
that is,
(L14)  B(0)4(0) = - = BE(0)d(0) = 516(0) = - = b (0)6(0) =,

by [10, Theorem 2.3], the inequality on the right side of () holds. Similarly, the
inequality on the right side of (L4) also holds when #!,... 9 are replaced by
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YL, ... L, respectively. Now it is not difficult to deduce that if ([J) and (TI4)

hold, then ({¢!, ..., ¢}, {1;1, ... ,’(ZJL}) generates a pair of dual M-multiframelets

in Ly(R9). For more details, see [I1, Theorem 3.4] and [2, (5 6] [7, (10, [L3} 16}, [17].
If in addition L = |det M| — 1 and é, ¢ satisfy the biorthogonality relation

(1.15) (6,0(- — k) = 6L, ket

then ({y', ..., =Y, {4, ..., ¥F}) generates a pair of biorthogonal M -multiwavelets
in Ly(RY). In this case, since L = |det M| — 1, the matrix P[a,ﬁ,...,ﬁ] in (CI0)
becomes a square matrix of 27-periodic trigonometric polynomials in d variables.
For a positive integer x, throughout this paper 1I,; denotes the set of all polyno-
mials in d variables of total degree no more than x. To have a sparse multiframelet
representation in (7)), an important property of a multiframelet is its order of

vanishing moments. We say that {1[)1, ey zZL} has k + 1 vanishing moments if
(1.16) /‘M@$%@dx:0 Ve=1,...,L and hell,.
Rd

When f agrees with a polynomial of degree no more than « inside the support of
the function vector 1/);{ o by (LIG), we see that the wavelet coefficient (f, 1% w) =0.
In other words, if f can be well approximated by some polynomial of degree no

more than k inside the support of 1/1?7 %> then the notion of £+ 1 vanishing moments

of ¢, ..., ¢F guarantees that the (high-pass) wavelet coefficients (f, J’fﬁ will be
negligible. So, for a smooth function f, the multiframelet representation in (L.7)
is sparse, which is one of the most desirable features of wavelets and framelets.
For the scalar wavelet case (that is, the multiplicity of all wavelet function vectors
is 7 = 1), this desirable property of vanishing moments guarantees that a similar
desirable property holds for the discrete wavelet transform in the discrete data
setting. In other words, for a discrete datum u which takes sampled values on the
integer lattice of a polynomial with degree no more than x, the output high-pass
wavelet coefficients of u, after applying a discrete wavelet transform, are identically
zero. However, as we shall see later, for multiplicity r > 1, this desirable property
of wavelets for the function setting is not automatically carried over to the discrete
multiframelet transform for discrete vector data. In order to overcome such a
difficulty, either a prefilter is required for a given multiframelet or a multiframelet
has to be designed in advance to possess some extra balancing property (see [1L [3
4, [11], [14), (15, [18, 19, 20]).

It is the purpose of this paper to investigate the balancing property of a multi-
variate multiframelet from the point of view of a discrete algorithm using only the
condition in (L9). This point of view will enable us to understand the essence of
the above-mentioned difficulty facing most multiwavelets and multiframelets. This
in turn will give us an overall better picture about both prefiltering of multiwavelets
and balanced multiframelets.

In order to present the discrete multiframelet transform, we first recall two linear
operators acting on discrete vector data—the subdivision and transition operators,
whose properties will play a central role in our study of the balancing property of
a discrete multiframelet transform.

By (/(Z%))™*" we denote the linear space of all sequences u : Z¢ — C"*" that
is, u = {uk }peze with each uy being an n x r matrix of complex numbers. In many
applications, instead of a function f, information is often recorded in the discrete
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form, that is, a sequence u € (£(Z?))"*" which could be obtained by sampling
an underlying continuous function f. In order to have a similar multiframelet
representation in (7)) for a discrete data, a fast multiframelet transform is used
in the literature, which we shall discuss in detail as follows. For a dilation matrix
M and a finitely supported sequence u : Z% +— C"*", the subdivision operator
Sunt : (L(ZY)™T s (U(Z1))™ " and the transition operator Ty ar @ (£(Z4))""
(£(Z4))™*" are defined to be

[SU)M’U]j = |det M‘ Z VgUj— Mk,
kezd

[Ty, mv]; = Z vkuk—MjT,
kezd

(1.17) j ez, ve Uzt .

In the frequency domain, one can easily verify that (ILI7) is equivalent to

Suarv(§) = | det Mp(MT&)a(8),
(1.18) m(MTf) = |det M|7! Z (& + 2my)a(€ + 2777)T
yellyr

)

where I'j;r denotes a complete set of representatives of the distinct cosets of the
quotient group [(M7T)~1Z4)/Z® with 0 € T ;.

Let a, bAl, ...,bl and @, b',...,bY be r x r matrices of 2r-periodic trigonometric
polynomials in d variables such that (L9) is satisfied. We now discuss a discrete
multiframelet transform, which consists of two parts: the multiframelet decomposi-
tion transform and the multiframelet reconstruction transform. For an input data
vl 1 Z% s C'*7 at a given fine scale j, the multiframelet decomposition transform
computes the coarse-scale low-pass wavelet (or framelet) coefficients v/~ and the

high-pass wavelet coefficients w/~1¢ ¢ =1,..., L, from v7, by
(1.19) vTli= T&’Mvj and w/ "M .= T Mvj, {=1,...,L.
From v/~ and w?~%¢ ¢ = 1,..., L, the multiframelet reconstruction transform can

perfectly reconstruct the original signal v/ by
L
(1.20) v = Sa !+ Sy ppwd T
r=1
The perfect reconstruction of the original signal v/ by the multiframelet reconstruc-
tion transform in (L20) is guaranteed by the condition in (I9) and can be easily

verified using (LC9) and (II])) as follows: By (ILI8)) and (LI9)), it follows from (L9)

that the Fourier series of S, 09 ™1 + Zngl SbQij*l’g is given by

L
| det MJui—! (MT€)a(€) + | det M| Y wi~ 1 (M7 (€)
{=1
—~ —T L :\7TA
> vI(E+2m) A€ +2m) a(€) + Y BHE+2m) V(S
Yel T =1
S i€+ 2m9)0, = 01 (©).

Yelyr
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Hence, (L20) holds. In fact, the above argument also shows that (L) is a necessary
and sufficient condition for the perfect reconstruction in (L20) of the multiframelet
transform. One can recursively apply the above multiframelet decomposition trans-
form in (LI9) many times so that one obtains v/~" and wi—ml qpi—(m=1.t"
wi= ¢ =1,..., L, from which the original data v’/ can be perfectly reconstructed
by the (multilevel) multiframelet reconstruction transform using (L20).

In many applications, a datum v is given as a sequence of scalar numbers, that
is, v : Z% + C. However, the input datum v’ in (LI9) is a sequence of 1 x 7
vectors, that is, v/ : Z¢ — C'*". Thus, we have to convert a scalar sequence v into
a vector sequence v7. In the following, we discuss this conversion process in detail.
We say that a mapping E : £(Z%) — (£(Z%))**" is a vector conversion operator if E
is a linear operator such that F is one-to-one and onto. Thus, a vector conversion
operator F is always invertible. In dimension one, a natural choice of a vector
conversion operator E is given by

(1.21) [B]k := (Upky Urkt1s - - Urktr—1)s kel ve oz

Namely, one groups r numbers at r consecutive positions of a sequence v into a 1 xr
vector. For a general dimension d, one chooses a d x d integer matrix N such that
|det N| =r. Let Qn = {wo,w1,...,wr—1} denote a complete set of representatives
of the distinct cosets of the quotient group Z?/[NZ9]. A natural choice of a vector
conversion operator E, : £(Z%) > (£(Z%))'*" associated with N and Qy is given by

(122) [E.,-’U]k = (UNk+w0;UNk+w1; ey UNk_H,JT_l), ke Zd, v € é(Zd)

We call E, in ([22) a standard vector conversion operator. For dimension d = 1,
(T22) becomes ([L2I) if N =r and w; = j for j =0,...,r — 1. For the scalar case
r = 1, one simply chooses N = I; and therefore, the standard vector conversion
operator F is the identity mapping.

Now a (multilevel) discrete multiframelet transform with a given vector conver-
sion operator F consists of the following steps:

(1) Data conversion: For a given input scalar sequence v € £(Z%), applying the
given vector conversion operator F, one obtains a vector input sequence
vl = Ew.

(2) Decomposition: Applying the multiframelet decomposition transform in
(CI9) n times on the input data v7, one obtains low-pass wavelet coefficients
v3~™ and high-pass wavelet coefficients wi—™¢, wi = (=1L qpi=LE p —
1,..., L.

(3) Processing on wavelet coefficients: Do some required processing (such as
thresholding and quantization) on the original wavelet coefficients v7=" and
w =™t w? T to obtain after-processing coefficients 97" and @/ ~™¢,
T

(4) Reconstruction: Applying the multiframelet reconstruction transform in
(C20) (replacing v and w by ¥ and w) n times on the after-processing
wavelet coefficients %7~ and w7 ™, ..., %'~ ¢, one obtains a reconstructed
vector sequence 9.

(5) Data inversion: Applying the inverse of the vector conversion operator E,
one obtains a reconstructed scalar sequence ¥ := E~1¢7.

If we have 9/ ~" = v¥~" and @/ ~%*¢ = w/ =% (that is, no processing on wavelet
coefficients), then we must have the perfect reconstruction & = v. In order to have
a sparse representation of the original data v, it is desirable to have most high-pass
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wavelet coefficients w? =", ... wi~1* negligible. Now we describe the balancing
property of a multiframelet transform.

Let E be a given vector conversion operator. Let d, bAl, ...,bland a, b',... bL
be r x r matrices of 2w-periodic trigonometric polynomials in d variables such that
(L9 is satisfied. In the following, we introduce the notion of balancing order from
the point of view of a discrete multiframelet transform. We say that the discrete
multiframelet transform in (CI9) and (L20) has k+1 balancing order (with respect
to a given vector conversion operator F) if

(i) TamE(IL;) € E(IL;). In other words, for every polynomial input data
v € I, the output low-pass wavelet coefficient T prE(v) is still some
vector polynomial sequence in E(Il,) and therefore, E~'T5 p E(v) is still
a polynomial in II,.

(ii) TI;Z’ME(H,{) =0 forall £=1,..., L. That is, for a polynomial input data
v € I, all the output high-pass wavelet coefficients The, o E(v) must vanish.
In other words, there is no leakage of information from the low-frequency
part to the high-frequency part.

The property 15 p E(I1;) C E(IL,) in item (i) is very important for a multilevel
multiframelet transform for two reasons. First of all, this property guarantees that
all the low-pass wavelet coefficients 773, F(v) € E(Il,) for all n € N and v € IL,.
Consequently, after data inversion, E‘ngf wE W) € II,, for all v € II,,. Secondly,
combining with item (ii), this property guarantees that all the high-pass multilevel
wavelet coefficients TEZ,MTZ?,ME(”) =0forallneN,¢=1,...,L and v € II,.

If item (ii) holds, then we say that the high-pass filters b'.¢ = 1,...,L, have
k41 discrete vanishing moments with respect to the vector conversion operator E.
Generally, the identity T}, ,,v = 0 for all v € (IL;)!*" is not true when r > 1. We
shall present a necessary and sufficient condition in Corollary for Tye v =0
for all v € (IL,;)**".

To our best knowledge, the balancing property of a biorthogonal multiwavelet
is often defined from the point of view of the function setting (see [11 [3] [, [15] [18]
19, 20]). Our definition of the balancing order here is not only more natural and
general, but also weaker than other known related notions. We obtain a complete
criterion and the essential structure of the balancing and prefiltering property of
a multiframelet transform under the most general and natural condition in (L9,
since (L) is the necessary and sufficient condition for the perfect reconstruction of
a multiframelet transform in (LI9) and (L20). Beyond (9], we do not require the
existence of the refinable function vectors ¢, ¢ € (Lz(R%))"*! satisfying (III) and
the vanishing moment condition in (LI4) for the wavelet function vectors ¢!, ..., %
and ¢!, ... ¢, Our criterion is also applicable to masks satisfying ([J) such that
1 is not an eigenvalue, or 1 is a multiple eigenvalue, of a(0) or 8(0). Nevertheless,
in sections 4 and 6 we shall present some connections of our notion of a balancing
order to other related known notions of balancing order in the literature.

The structure of the paper is as follows. In section 2, we shall investigate a
vector conversion operator E and a closely related vector polynomial space Py ,,.
The space P, will play a central role in our understanding of the balancing order
of multiframelets and the approximation order of refinable function vectors. As we
have seen, a multiframelet transform in (ILI9) and ([L20)) is built on the subdivision
operator and transition operator. In order to understand the balancing order of a
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multiframelet, in section 3, we shall study several basic properties of the subdivi-
sion operator and the transition operator acting on a vector polynomial space Py .
This serves as our basis for understanding the essence of the balancing property of
a multiframelet. Next in section 4, based on the results in previous sections, we
shall present the main results on the prefiltering and balancing property of a dual
multiframelet and a biorthogonal multiwavelet. In this paper, we obtain a complete
criterion and the essential structure for balanced dual multiframelets in the most
general setting by requiring only the natural condition in ([L9). Our results in this
section not only enable us to generalize some known results on a balanced biorthog-
onal multiwavelet to a dual multiframelet, but also provide a better picture for us
to understand the prefiltering and balancing property of a multiframelet. In fact,
from every given compactly supported multivariate biorthogonal multiwavelet, one
can always build another (essentially equivalent) compactly supported biorthogonal
multiwavelet with its balancing order matching the order of the vanishing moments
of the original one. More generally, we show that if a dual multiframelet can be pre-
filtered, then it can be equivalently transformed into a balanced dual multiframelet
with the same balancing order. We prove that every biorthogonal multiwavelet can
be prefiltered to have the highest possible balancing order, while we notice that
most available dual multiframelets in the literature cannot be simply prefiltered
with high balancing orders and they must be designed to possess high balancing
orders. In section 5, we shall present some auxiliary results and a new canonical
form of a matrix mask in high dimensions. Such a canonical form of a matrix mask
greatly facilitates our investigation and constriction of multiframelets as well as
many problems related to vector subdivision schemes and refinable function vec-
tors. Finally, in section 6 we shall connect our notion and results on the balancing
property of dual multiframelets in the discrete data setting with other definitions of
balancing orders in the literature for orthonormal and biorthogonal multiwavelets
in the function setting. Some advantages of our notion and results in this paper on
balancing orders of multiframelets in the discrete data setting will be mentioned in
section 6.

2. THE VECTOR CONVERSION OPERATOR AND THE VECTOR POLYNOMIAL SPACE

In order to understand the balancing property of a discrete multiframelet trans-
form, in this section we study various properties of the vector conversion operator
E and the vector polynomial space P, ,.

To present the definition of the space P, ,, let us recall some necessary notions.
Let Ny := NU {0}. For z = (z1,...,74)T € R? and p = (u1,...,ua)? € Ng,
we denote p! = pql---pg!, |z| = |z1| + -+ + |zq] and x# = 2 -2k Let
0; denote the differentiation operator with respect to the jth coordinate. For
pw= (1., pa)T € Nd, 0 := (d1,...,04)T and 9" is the differentiation operator
94" --- 9", Throughout this paper, we shall use the following notation:

(2.1) F©) =g@©+0(eglI"*h),  £—0

to mean 9" f(0) = 9*¢(0) for all |u| < k and p € Ng.

The vanishing moments in (I.I6]) and the balancing order in section 1 are closely
related to the notion of sum rules. For an r xr matrix a of 2w-periodic trigonometric
polynomials in d variables, we say that @ has k + 1 sum rules (or satisfies the sum
rules of order k + 1) with a dilation matrix M (e.g., see [8,[9]) if there exists a 1 x r
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vector ¢ of 2w-periodic trigonometric polynomials in d variables such that
2.2) 9(0) 20 and
2.2
JMTEaE + 2my) = 6,9(€) + O([€]|**), €0, v € Ty,
where I'j;r denotes a complete set of representatives of the distinct cosets of the
quotient group [(MT)~1Z4]/Z% with 0 € T'y;r. By the Leibniz differentiation for-
mula, it is not difficult to see that the equations in ([22]) depend only on the values
o"9(0), |pu| < k and pu € N&. See [3, [8] for more details on the definition of sum
rules in the time domain.

Let £o(Z%) denote the linear space of all finitely supported sequences on Z.
For y = {yr}reze € (Lo(Z4))**" and a positive integer x, as in [8, [0], we define a
subspace P, , of (IL;)**" by

(2.3) Puy={h*y : hell},

where

(2.4) hxy:= Y h(-—ky,  hell,.
kezd

Denote II := |J7 , IL,, the set of all polynomials in d variables. For a vector poly-
nomial g € II'*7, it is evident that the vector polynomial g is uniquely determined
by its restriction g|z« on the integer lattice Z9. Therefore, throughout the paper,
g € II'*" means either a vector polynomial with domain R¢ or a vector polynomial
sequence g|ze with domain Z?, which can be easily distinguished from the context.

The following result shows that the space P, ,, only depends on the values 0/(0),
ul < k.

Proposition 2.1. Let y : Z¢ — C'™¥" be a finitely supported sequence on Z*. Then
(—i0)" .

hxy = [h(- —i0)j](0) = Zd(ﬁ“h)(-) i)
(2.5) NENO(_)H
= > (@ m)(=i0g )=,  hel
neNd M
and for h € II,
(2.6) 0" (h xy) = (0"h) *x y, ve Ng and

(hxy)(-—k)=h(-—k) xy, k e RY.

Consequently, for any k € Ny, the space Py, is contained in (1L,)'*" and is in-
variant under both differentiation and shifts in R%. If §(0) # 0, then dim(P, ) =
dim(I1,,).

Proof. By the definition of hxy in (Z4), we have [h*y|; = >, c7a h(j —k)yx. Since
h € II is a polynomial, using the Taylor expansion of h at the point j, we deduce

that
(—k)"

w!

h(i—k)= > (2"h)()

peNg

. hell

Consequently,

(2.7) hoxyly= > h(Gi =k = Y (0*0)E) D we

keZd HeENG keZd

h eIl

(k)"
p
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On the other hand, by §(§) = > ,.cza yre "€ we observe that (_i‘?)u;&(O) =

Y kezd yk(fﬂL,)“ Now from (27), it is straightforward to see that (28] holds, since

by the Taylor expansion of i, we have

h(z—id) = (auh)(x)(_;‘?)“ and
neNg

W —id) = > x—?(&“h)(—z’@), zeRY B eIl
peng

Note that 0 here only acts on the frequency variable £, not on the time variable x.
By (Z3)), we see that 0" (h xy) = (0"h) x y for all v € Nd and h € II. Therefore,
P,y is invariant under differentiation. Similarly, by (23)), we have (h*y)(- — k) =
h(- — k) *y for all k € R? and h € II. So, P, , is invariant under shifts in R%.
If g(0) # 0, then it is easy to verify that the mapping h € II,, — h*xy € P, , is
one-to-one, since (Z5]) and h*y = 0 will force h = 0. Consequently, dim(P, ,) =
dim(I1,) if §(0) #£ 0. O

Due to Proposition [ZT] as long as (&) is xth differentiable at £ = 0, then we can
always define a space P, , := {h*y : h €Il.} using the definition of h*y in ([2.1)
instead of (Z4). In other words, in order to define the space P, ,, it is not necessary
to require that § be a 1 x r vector of 2m-periodic trigonometric polynomials.

The following result connects the vector conversion operator E, in ([22) to a
vector polynomial subspace P, ,.

Proposition 2.2. Let N be a dxd real-valued invertible matriz and let wg, . .., w,_1
€ R Let y € (€o(Z4))1*" be a finitely supported sequence satisfying

(—i0)" (N~ "wp)" (N twp_y)*
0 = (),
In other words,

JO =Y +0o(¢I),  £=0

with V(€)= (N 'wo§ (N Tong | N o€,

(2.8) |ul < &, p € N§.

(2.9)

Then for any nonnegative integer k,
B (h) = h(N-)xY = Trsn(hx YY)

(2.10)
= (h(N - +wq), ..., h(N - +w,_1)), h e I1,,
where }/’W(f) = Y(NTE) = (eiwo€ eiwr€  eiwr-1€)  Consequently,

(2.11) {(h(N Hwo), (N - 4wi), . AN - Hweo1)) 2 b€ H,{}
. ={h*xy : hell,} =P.,.

In particular, for the vector conversion operator E,. in (L22), we have E,.(Il;) =
Py for every k € Ny, where Y is defined in (2.9).

Proof. Since N is invertible, it is easy to see that the set on the left side of (21T
agrees with

{(h(-+ N~Ywg), (- + N7Yon), . (- + N 7Y, 1)) < he T},
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Therefore, using a Taylor expansion, for h € II,, we have

h(-+ N~ 'w;) = Z (3uh)(.)(N_ wj)" _ Z (5uh)(_)(N_ wj)“.

| |
peNd H |u| <k s

On the other hand, for any sequence y satisfying (2.8)), by (23] or [9, (2.13)], for
h € 11, we deduce that

hay= 3 @ n) 2

|
neENG H

(Nile)u (Nilwr_l)u)
/J/' N M'

§0) = >~ @ m))(

lul<K

= (h(-+ N 'wp), ..., h(- + N 'w,_1)).

By BI), we have h(N-) x Y = Ty, s n(h + YY), Consequently, we conclude that
(ZI11) holds. O

We shall see that the converse direction of Proposition is also true. In order
to do so, we need an auxiliary result. For a square matrix U (&) of 2m-periodic
trigonometric polynomials in d variables, we say that U is strongly invertible if U €3
is invertible for all £ € R? and the inverse of U (£) is also a matrix of 27-periodic
trigonometric polynomials in d variables.

In order to understand the space P, , better and to prove the converse direction
of Proposition 2.2] we need the following technical result, whose proof will be given
in section 5.

Lemma 2.3. Let § and § be two sXr (s < ) vectors of functions that are infinitely
differentiable at the origin. Suppose that §(0) and 5(0) have the full rank s. Ifr > 1,
then for any nonnegative integer n, there is a strongly invertible r X r matriz U(f)
of 2m-periodic trigonometric polynomials such that

(2.12) O"9(0) = *[G()U(MI(0),  |ul <n,pe NG,
or equivalently, §(€) = y(€)U(E) + O(|€[), € — 0.

Conversely, for any y € (£o(Z%))'*" with §(0) # 0 and for any nonnegative
integer k, we show that there always exists a vector conversion operator F such
that E(II,) =P

Ky

Theorem 2.4. Let k € Ny and y € (bo(Z%))*" with §(0) # 0. Then there exists a
strongly invertible r x r matriz U(§) = >} cza Ure ™€ of 2m-periodic trigonometric
polynomials in d variables such that the following vector conversion operator

(2.13) E = Cyo E, : 6(Z%) E (0(z0) > &% (g(z4)) >

satisfies E(Il,) = P, where E, is the standard vector conversion operator in
([C22) and the convolution operator Cy is defined to be

Copw:=w*U := Z w._,Up
kezd

for w € (U(Z4))1*". Moreover,

(2.14) E(h) = h(N-) xy = Trsn(h*y™),  hell, with yN(€) :=g(NT¢).
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Proof. If r = 1, then the claim holds with U = 1. Thus, we assume r > 1. Let Y
be defined in (29). By Proposition 22] we have E,(Il,) = P, y. Since Y (0) # 0
and §(0) # 0, by Lemma [Z3] there is a strongly invertible matrix U such that
(2.15) (€)=Y ©UE) +Oo(El**h),  ¢—0.
Therefore, for h € I1,;, by (ZI0), we have
E(h) = Cy(E.(h)) = Cy(h(N-)*Y) =h(N-)« Y U = h(N-) vy = Tr,s.n(hxy™)
and

E(Il,) = Cy(E, (1)) = Cu(ﬂ’ y) = {(h*Y)*U hell.}

={hx(Y*U) : I} =

That is, we have E(Il,;) = Py .

In order to show that E is a vector conversion operator, since E, is a standard
vector conversion operator, it sufﬁcAes to show thzit Cy is one-to-one and _onto.
Denote V(&) = Y cpa Viee ™€ := U(£)7!. Since U is strongly invertible, V is a
matrix of 2r-periodic trigonometric polynomials. By U ({)V(f) = I, we deduce
that ), cza Uj £ Vi = 0,1, for all j € 7%, Now we verify that
(2.16) Cy(Cpw)=(Cyw)*V=(w*U)*V=wx (U*V)=w YwelZ))*.

In fact, by calculation, for j € Z%, we have

[(Cow) V] = > [CowljxVi =Y wj—r-nUnVi

kezd kezd
= E Wj_p E Up_ Vi = g Wj—nOplr = wj.
nezd kezd nezd
Hence, ([2.10) is verified and consequently, Cyy is one-to-one and onto. O

To further study the vector polynomial space P
fact later.

«,y» we need the following simple
Lemma 2.5. The following statements hold.

(1) For any given complex numbers c,,, |p| < k and p € N¢, there is a 27-
periodic trigonometric polynomial ¢ such that 0*¢(0) = ¢, for all |p| < k.
(2) For adxd real-valued matriz N and a 27-periodic trigonometric polynomial

01 there is a 2mw-periodic trigonometric polynomial 02 such that

() = AN +O(llg[*h), €=
(3) Let M be a d x d dilation matriz. For a 27-periodic trigonometric polyno-
mial ¢ with ¢(0) # 0, there exist 2m-periodic trigonometric polynomials cl
and ¢ such that cAl(O) = cA2(0) =1 and

(M7 w1y _ 50O
———=+0([l¢]") = &(0)=—>—
c'(§) 2(MT¢)
Proof. Tt is straightforward to prove items (1) and (2). To prove item (3), since
¢(0) # 0 and ¢ is a 2m-periodic trigonometric polynomial, it is well known that
o(&) = TI;Z,[e((MT)77¢)/é(0)] is a well-defined C* function with ¢(0) = 1.

Choose ¢ and ¢2 to be 2m-periodic trigonometric polynomials such that cAl(f) =

(2.17) é(€) = &(0) olel*), €.
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B(&) + O(|E]"+Y) and €2(€) = 1/(€) + O(|€]"+1) as € — 0. It is evident that
(ZT17) holds. O

The following result is implicitly given in [9, Lemma 3.3] and will be used fre-
quently in this paper. For the convenience of the reader, we present a complete
proof here.

Lemma 2.6. Let N be a d x d invertible real-valued matriz. Let y, 4 : Z¢ — CH¥7
be two finitely supported sequences on Z with §(0) # 0. Then Pry C Pry if and
only if there exists a 2mw-periodic trigonometric polynomial ¢ such that

(2.18) y(€) = e(NEYE) + O(fl¢]I* ), €= 0.
In particular, Py 3 = P,y if and only if 2I8)) holds with ¢(0) # 0.

Proof. By item (2) of Lemma [2] it suffices to prove the claim for N = I;. So, in
the following, we assume N = I;. By Proposition 1] we see that h * ¢ € Il for
all h € II,,. Moreover, we have {h*c : h € II,} = I, if and only if ¢(0) # 0. If
[2I8) holds, we conclude that

Peyg={h*xcxy: hell,} C{hxy: hell,} =P.,.

Now we prove the converse. If r = 1, then by §(0) # 0, we have P, , = I,
and we can simply take a 27-periodic trigonometric polynomial ¢ such that é(§) =
9(€)/9(&) +O(J|€]|"1) as € — 0. Now all the claims follow easily for the scalar case
r=1.

Suppose r > 1. By Lemma [Z3] there is a strongly invertible 7 x r matrix U(€)
of 27-periodic trigonometric polynomials such that

(2.19) JOUE) = (1,0,...,0) + O(lE[I**), €= 0.

Since U is strongly invertible, the linear mapping (£(Z%))"*" — (£(Z%))**" defined
by u + u % U is one-to-one and onto (see the proof of Theorem ). Now it is

easy to see that Py ; C Py if and only if P2 C Py 5, where §(€) == (&)U (€) and

y(€) :== §(&)U(€). By [ZI9) and Proposition 21} we deduce that
(2.20) Prog={h*g : hell,}={(ho0,. ..0) : hell,}.

By Proposition 2] again, we see that P, . is a subspace of (IL;)"*" and P, . C
Prg = A{[h,0,...,0] : h ell.} if and only if

g€ = O(IE™Y), €= 0,0=2,....r with (§1(€),52(8), .., 5(E)) == 5(E).

Take ¢(€) = 51(5). Then it follows from the above relations that gj(f) =&y +
O(JJ€||"+1) as &€ — 0. Since U is strongly invertible, we conclude that (ZI8) holds
with N = I. O

In the next few sections, we shall see that the balancing order of a multiframelet
transform is closely related to the vector conversion operator E and the vector
polynomial subspace P, ,. We shall see later that in order to have the balancing
property of a multiframelet transform, it is very natural to require E(Il;) = P, ,.
For the scalar case r = 1, by §(0) # 0 and (2.1), it is easy to see that P, , = IL,.
Therefore, regardless of the choice of the sequence y, E(Il,;) = P, , is always true
for the identity conversion operator E. However, for multiplicity » > 1, P, , has
the same dimension as the linear space II,, and therefore, it is a proper subspace of



BALANCED BIORTHOGONAL MULTIWAVELETS AND MULTIFRAMELETS 931

the vector polynomial space (II,;)'*". The vector polynomial space P, , also plays
a critical role in the study of the approximation properties of refinable function
vectors and sum rules of matrix masks; see [§, [9] for more details on the vector
polynomial space Py 4.

3. SOME PROPERTIES OF THE SUBDIVISION OPERATORS
AND TRANSITION OPERATORS

In this section, we shall study various properties of a subdivision operator S, as
and a transition operator T, ps in ([LIT) acting on a general vector polynomial
space P .

Since the balancing property of a multiframelet transform is closely related to
the action of the subdivision operator and the transition operator on the space
E(II.), by the connection of the spaces E(II;) and P, , in Proposition and
Theorem [2.4] it is of interest and importance to study the properties of the sub-
division operator and transition operator acting on the space P, ,. We address
this issue here. The results in this section will serve as our basis for understanding
the notion of sum rules, (discrete) vanishing moments, and balancing orders of a
multiframelet transform.

For a transition operator T3, s acting on a space P,
the following result.

.y, following [IT], we have

Proposition 3.1. Let u : Z% — C"*" be a finitely supported sequence of r X r
matrices on Z¢. Let y € (Lo(Z3))'*" be a finitely supported sequence of 1 x r
vectors on Z. Then for any nonnegative integer r,

(3.1) Tur(hxy)=h(M-)x*y, h e Il,,

where 1 is a finitely supported sequence of 1 x r vectors on Z¢ such that

s PR & "
(3-2) y(MTE) = g(&)a) +Oo(lg**),  ¢—o.
As a consequence of [BIl), we have
(1) TumPr,y = Pu g with y satisfying B2). If in addition Q(O)ﬂ(O)T # 0, then
the restricted mapping Tu)M\fpw : Pry = Pry is one-to-one and onto.

(2) Tunr(h#y) = 0 for all h € 1L, if and only if G(E)a(€) = O(lE]**) as
&—0.

(3) Fory € (Lo(Z4)™>™ with §(0) # 0, Ty mPry C Py if and only if there
exists a 2mw-periodic trigonometric polynomial ¢ such that

(33) O =AM +O0(g|), €0,
Moreover, Ty pPry = Pry if and only if B3) holds with ¢(0) # 0.

Proof. By the definition of the transition operator T, as in (LID), for h € II,,, we
have

Tunt(hxy)ly = > (hxynan = Y. > hlk - n)ynte—az; "

kezd k€Z neZd

= > > Mg+ )yt

ke€Z neZd
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By the Taylor expansion of h(M-) at the point j, we have

—17.\p
(O +K) = TG+ 37 0) = 3 )] S
pENG '
Hence, we have
1
(34) [Tun(hxy)l; = [0 () D D~ vnThrn Tk), hell,.
lul<r kezd neza '

Denote #(¢) == §(¢)a(€) . By the assumption that (M7 €)= §(€)a(€) +O([l¢]*+)
as £ — 0, we have
3(&) = 9(MT) T OUMITYITE) +O([€]) = o(MT)~'€) + O([l€][*1), € — 0.
That is,

> ke =3 wpe DT L O]

kezd kezd

=Y we™MTEEL O, g,

kezd

Now for |u| < k, we deduce from the above relation that

(—ia)“ s —ik- 5} ’
£=0
)

m y(0) [
| S

kezZ kezZ

Since 0(&) = g)(«f)a(ﬁ)T, we have v = ZnGZd yan. Hence,

( Z’Uk ZUI@

kezd

kezd kezd
lk)
E § ynun-i-k - 4
keZd nezd ph

By [B4) and (Z3]), we conclude that

[Tupr(hxy)ly = Y 10" (h(M))](j)

lu|<K

So, (B1) has been verified.

By ), it is evident that item (1) holds. If 3(0) = Q(O)Q(O)T # 0, by Propo-
sition 211 then dim(Py,) = dim(P, ;) = dim(Il,). Since Ty mPry = Px g, the
restricted mapping Tu,M|g>w : Pry — Py must be one-to-one and onto.

For h € 1I,;, by B1), we have T, pr(hxy) = h(M-) *y. So, Ty a(hxy) =0 for
all h € I, if and only if

> [0 (M)

lu|<k

§O0)=h(M)*x5=0 Vhell,,
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and therefore, if and only if (_Z‘?)u 9(0) = 0 for all |u| < &. In other words, Ty, as(h*
y) = 0 for all h € II, if and only if g(MT¢) = Q(é)ﬁ(ﬁ)T = O(||&||"*t) as € — 0.
So, item (2) holds.

By (m)a we have Tu,Man,y = :Pﬁ,ﬁ with ﬁ(f) = g((MT)ilf)ﬁ((MT)ilg)T By
Lemmal26] P, ; C P, , if and only if (B3]) holds for some 27-periodic trigonometric
polynomial é. Hence, item (3) is verified. It also follows from Lemma that
Prg = Pr,y if and only if [B3]) holds for some 27-periodic trigonometric polynomial
¢ with ¢(0) # 0. Thus, item (4) holds. O

Recall that I'),r is a complete set of representatives of the distinct cosets of
[(MT)~'Z1/Z% with 0 € T'p;r. Denote by Qs a complete set of representatives of
the distinct cosets of Z¢/[MZ%] with 0 € Q.

In order to study a subdivision operator S, »s acting on a space P
the following result, which generalizes [9, Proposition 2.2].

.y, We need

Lemma 3.2. Let M be a d x d dilation matriz and u : Z% — C™*" be a finitely
supported sequence of r x r matrices on Z*. Let h € II'*" be a 1 x r vector of
polynomial sequences in d variables. Then the following are equivalent:

(1) Suah is a1l x r vector of polynomial sequences; that is, Sy prh € TIT<7.

(2) Zkezd (a”h)(—M‘lﬁ — k)ug+ vk = Zkezd(auh)(_k)uMk Jor all B € Qn
and p € Ng.

(3) [/@“h)(—i@)zﬁ](O) = [(8“h)(—i6)&5](0) for all B € Qpr and p € N&, where
ub(€) = Zkezd U,B+Mk€_i(Milﬁ+k)'§-

(4) [(0*h)(—iM~10)a)(27y) = 0 for all v € T p;r\{0} and p € N¢.

Moreover, if any of the above holds, then Sy, prh = h(M ™) x u,
(3.5) Syt (0”h) =[(0"h) (M~ )] xu  VveN,
and

Sumt(h(-— k) =h(M™ - —k) xu
for all k € R4,

Proof. By the definition of the subdivision operator S, ps in (II7), it is easy to
deduce that

(3.6) [Suarhlgsnr; = |det M| > W(M ™' (B+Mj)—M "' B=k)ugsnr, B,j € Z
kezd

Now we see that S, ph € I if and only if Y, pa h(- — M™'8 — k)ugyay is
independent of 8. Since

yn
ha— M7 —k) = 3 (0"h)(~M 15— k),
HENG H
we deduce that
_ x# _
S h(-—=M7T'B—kugian = Y i D (@*h)(~M 7B = k)ugsnk-
kezd peNg T kezd

Thus, > cza h(- — M~ — k)ugiay is independent of 8 if and only if item (2)
holds; that is, Y, cya (O"h)(—M ' — k)ugq sk is independent of 3. So, (1) < (2).
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To prove (2) < (3), it suffices to show that

(3.7) 9(=i0)u?)(0) = 3" g(~M71B — Kugpae, g €7, 5 ez
kezd
Since g(—i0) = ZMGN% 0+ g¢(0) (72?)H, we deduce that
— 78 K . -1
=010 = 3 3 g [ e 0|
peENE kezd ' -
_M-13 _ L\~
- Z Z aMQ(O)MWHMl«
kezd peNg e

By g(x) = >, eng 0"9(0)x" /!, we now see that (B.7) holds. So, (2) < (3).
To prove (3) < (4), we show that for g € TI'*",

(3.8) lg(—id)uP](0) = g(~id)ud(0) V B € Qs
if and only if
(3.9) lg(—id)(@(MT)™ - +20y))(0) =0 Vv € Tpyr\{0}.

By @(€) = Ypeq,, uP (MT€), for v € Ty, we have
a(MT) e+ 2my) = Y aB()e B
BEQM

Putting these relations into a matrix form, we have

(3.10) (@((MT) €+ 2m9))er, = (€72 ) ser, p pean (P (€)) peay -

Hence, we have
(9(=i0) (a(MT)"1++277)(0)) oy = (€77 ser, r pean(9(~i0)uP (0)) ,p, -

Since | det M|~Y/H e 7) cp 1 seq,, is a unitary matrix, it is now easy to deduce
that ([B.8) is equivalent to ([B.3). Since g(—id)(f(MT)~1))(0) = g(—iM~19)f(0),
by ([B9), we conclude that (3) < (4).
If any of (1)—(4) holds, by ([B:8), we see that S, prh = h(M 1) x u, since
h= Y YD RO B Mg = Y A~ B = A
BEQN keZd kezd

If item (2) holds for h, then it is straightforward to see that item (2) also holds
with h being replaced by 9¥h. Consequently, (B8] holds. Similarly, noting that
h(- = k) = Y, ena 0 h() 5=, we see that Sy a(h(- = k)) = H(M~"- —k) xu. D

vl

For a finitely supported sequence u : Z¢ — C, by Lemma (B.2), we see that
Su,mIl,; CII, if and only if
(3.11) A€ +2my) = O(¢I*), €= 0, v € Tar\{0}.
Similarly, by Lemma (3.2]), we see that Sy, a1, C II,; if and only if S, ampn € I,
n=1,...,N for some p1,...,py € I, such that span{d*p, : n=1,...,N,u €
N¢} = II,.

For a subdivision operator S, s acting on a space P, ,, we have the following
result.
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Proposition 3.3. Let u : Z% — C"*" be a finitely supported sequence of © X r
matrices on Z1. Let y € (Lo(Z4))Y*" be a finitely supported sequence of 1 x r
vectors on Z. Then for any nonnegative integer r, the following statements hold:

(1) Su,mPuy € (I, VX7 if and only if
(3.12) GMTEUE +2my) = O(JElI*HY), €0, v € Tyr\{0}.
(2) If BI2) holds, define j(€) := G(MTE)a(E). Then SumPry =Py and
Sun(h*y) =|det M|™'Ss, gk = det M| (M ™1) % [Sy, Y]
=h(M~") % g, h € 1.
If in addition §(0)u(0) # 0, then mapping Sunmlp, , : Pry = Pry s one-
to-one and onto.
(3) SumTom(h*y)=hxy for all h € 11, if and only if
POR-wav/ AN N “
(3.13)  §(©o(&) a(€+2my) = 6,9() + O(llEl*™), €0, y €Ly

Proof. Denote §(€) := §(MTE)i(€). To prove items (1) and (2), we first show that
we always have

(3.14) Suni(hxy) = |det M|™'Sg, \,y.mrh = Sy ah, h eIl
In fact, by the definition of the subdivision operator in (LI7), we deduce that

[Supi (b y)]; = [ det M| Z (h* y)euj—nk

kezd
= |det M| Y > h(k = n)ynu;_uk
k€Z neZd
= |det M| Y > h(k)ynth—as(c—n)
k€Z neZd
Z h(k)| det M| Z YnUj—Mk—Mn
kezd nezd
= > h(k)[Su,mylj—aik = | det M| [Ss, 00k

kezd

Since Sy y(€) = |det M|jH(MTE)a(€) = | det M|j(€), we now see that (I is
verified. In particular, by @BI4), Sy mPry = Symll.. By Lemma and in
particular (3.I1)), we conclude that S, yP.y = Sy m1l, C (IT,)1*" if and only if
J(E+2my) = O(||€]" 1) as € — 0 for all y € T'y;r\{0}. That is, Sy asPry C (IL)1%7
if and only if (3I2) holds. So, item (1) is verified. Item (2) is a direct consequence
of (BI4) and Lemma32 If 4(0) = §(0)a(0) # 0, by Proposition 21} then we have
dim(Py ) = dim(Py ) = dim(II,;). Now it follows from S, arPx,y = Ps g that the
restricted mapping SUVM|g>n)y : Pry = Pr g is one-to-one and onto.

To prove item (3), by B1)), we have T, p(h *y) = h(M:) x g, h € II, with
g(MTe) = Q(f)@T + O(||€]|"T1), € — 0. Therefore, Sy p Ty ar(hxy) = hxy for
all h € I, if and only if
(3.15) Sup(h(M-) % §) = h*y, h € 11,.

Now by items (1) and (2), (BI3) holds if and only if
GOMTEYAE +2my) = §(E)5(E) alE +2m7) = O, € = 0,7 € Tayr\{0}
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and

HITE)A(E) = §(©)0(©) a€) = §(6) + O, €~ 0.
Therefore, (310 holds if and only if (BI3]) holds. Hence, item (3) is verified. O

Lemma 3.4. Let u € (£Lo(Z4)™" and y,§ € (bo(Z4)*" with 4(0) # 0. Then
SumPry = Pwg if and only if

(3.16)  G(MTEa(g +2mv) = 5,8 )y(&) + O(lElI**h), €0,y €Tyr
for some 2m-periodic trigonometric polynomial ¢ with ¢(0) # 0. In particular, for
y € (Lo(Z) X" with §(0) # 0, Su,mPry = Py if and only if

[E(MTEFMTE[Cal€ +2m7)] = 6,[e(€)g(&)] + OIEN*),

(3.17)
g — 07'7 S FMT

for some nonzero constant C and some 2w-periodic trigonometric polynomz'alé with
¢(0) # 0.
Proof. 1f (816) holds, then it is evident that (312]) holds and

(3.18) y(€) = §(MTEae) = e(€)y(e) + Ollg™*), & —0.
So, by item (2) of Proposition B.3] and Lemma 2.6, we conclude that S, Py, =
Peg =Pry

Conversely, if Sy arPr,y = Pwy, then by items (1) and (2) of Proposition B3]
we conclude that (3I2) holds and Sy p Py = Pr,y. Since Sy pPry = Py g, this
implies that P, 5 = Px 5. Since 7(0) # 0, by Lemma [Z6] there must exist a 27-
periodic trigonometric polynomial ¢ with ¢(0) # 0 such that ([BI8]) holds. Now it
is straightforward to see that (312 and (BI8) are equivalent to (3.14).

We now prove the second claim. By what has been proved, Sy amPx,y = Py if
and only if

(3.19)  Gg(MTEa(E + 2my) = 6,¢(6)5(E) + O(lIEN™HY), € =0,y €T yr
for some 27-periodic trigonometric polynomial ¢ with ¢(0) # 0. Since ¢(0) # 0, by

Lemma 25, (ZI7) holds. Take ¢ = 2 and C = 1/¢(0). We see that ([B.19) holds if
and only if (3I7) holds. O

We mention that 3I7) (or (BI9])) is equivalent to saying that the mask Ca(€)
(or the mask 4(£)/é(0)) satisfies the sum rules of order x + 1 in ([2.2)) with a and ¢
being replaced by C and éj (or by 4/¢(0) and cAQQ with ¢2 in @I7)), respectively.
More precisely, we have the following result:

Corollary 3.5. Let u € ({o(Z4))™*" and y € (bo(Z4))**" with §(0) # 0. Then the
following are equivalent:

(1) @ has k+1 sum rules with the dilation matriz M and the vector sequence y
in BI10) with C =1 for some 2w-periodic trigonometric polynomial ¢ with

¢(0) # 0.

(2) @ satisfies BI9) for some 2rm-periodic trigonometric polynomial & with
¢(0) =1.

(3) 9(0)(0) = §(0) and SurrPay = Py

(4) 9(0)a(0) = §(0) and there are polynomials h, € I, n = 1,..., N, such
that Sy vt (hn*y) € Puy foralln =1,..., N and span{0"h, : p € N n=
1,...,N} =1I,.
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4. BALANCING AND PREFILTERING PROPERTY OF DUAL MULTIFRAMELETS

Based on the results in previous sections, we shall discuss in this section the pre-
filtering and balancing property of multivariate dual multiframelets and biorthog-
onal multiwavelets from the point of view of discrete algorithms using transition
operators and subdivision operators.

For dual multiframelets, we have the following main result in this section.

Theoreim 4.1/.\Let M denote a d x d dilation matriz and k € Ny. Let a, bAl7 ..., bL
and a,b',...,bL be r x r matrices of 2m-periodic trigonometric polynomials in d
variables such that (LX) is satisfied. Let E : ((Z%) — (L(Z1)'*" be a vector
conversion operator. Let y € (£o(Z%))**" be given by Proposition such that
Pry = E(Il.). If the associated multiframelet transform has k£ + 1 balancing order
with respect to the vector conversion operator E, then

1) there is a 2m-periodic trigonometric polynomial ¢ such that

—T
(4.1) g&)aE) =e©uMre +o(lgl<),  e—o.
2) The high-pass filters BAl, ..., bl have K+ 1 discrete vanishing moments with

respect to y:

— T

(4.2) GOV =o(EN ), =0, £=1,...,L.

3) Sa.mTam(h*y)=hxy for all h €11,.
4) TamPry = Pry. That is, (1) holds with ¢(0) # 0.
5) SamPry =Pry.

Conversely, items 1) and 2) together imply that the multiframelet transform has
k~+1 balancing order with respect to the vector conversion operator E. Moreover, if
L =|det M| — 1 (this is true for a biorthogonal multiwavelet), then the associated
multiframelet transform has k + 1 balancing order with respect to E if and only if
item 5) holds.

Proof. First, we show that the multiframelet transform has s + 1 balancing order
with respect to E if and only if items 1) and 2) hold. Since E(II,;) = P, ,, by
item (2) of Proposition Bl TBZ’ME(HR) = BZ,M:Pmy =0foral ¢=1,...,Lif
and only if item 2) holds. Similarly, by item (1) of Proposition Bl we see that
TayME(HK) = T[LMTP,{)y = TPK)Q with

(4.3) HMTE) = §E)(E) -

Hence, T3 mPx,y C Py if and only if Py, 5 C Py .. Since §(0) # 0, by Lemma [2.0]
we conclude that T5 s Pxy C Pr, if and only if (&I]) holds. Therefore, the mul-
tiframelet transform has k + 1 balancing order with respect to F if and only if
items 1) and 2) hold.

Suppose that the multiframelet transform has x + 1 balancing order. Then
items 1) and 2) hold. We now prove items 3), 4) and 5). From the relation in (9],
we deduce that

[?J(&), 0,... 7O]P[a7§f,m)§£](€) P[&,ﬁ7,..,ly/i] (f) = [7)(5)7 0... 70]
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By calculation, the above relation is equivalent to

L —T _
GOE) (€ +2m) + 3 GOME) P(E+2m) = 5,5(6), 7 €Ty
=1

Now by item 2), it follows from the above relation that

(44)  §OE) al€ +2m7) = 6,9(E) + OE[), € 0,7 € Tppr

Thus, by item (3) of Proposition B3] we conclude that item 3) holds.

In particular, item 3) implies that S, pTs, 0 Pr,y = Pry. Since both S,y and
T, v are linear operators, Sq v Ta,mPr,y = Pry and Tg arPry € Pry (this is item
(1) in the definition of x4+ 1 balancing order) will force dim (75 s Ps ) = dim(P ).
That is, we must have T; pPry = Pry. Now we have Py 5 = T5 mPry = Prys
where 7 is defined in (Z3). By Lemma 28, (@) must hold with ¢(0) # 0. Hence,
item 4) holds.

By items 3) and 4), it is straightforward to see that S, pP.,y = Pry. Thus,
item 5) holds.

For the case L = |det M| — 1, in order to show that the multiframelet transform
has k + 1 balancing order if and only if item 5) holds, we only need to prove that
item 5) implies both items 1) and 2). By §(0) # 0 and Lemma B4 we first note
that item 5) is equivalent to

(4.5) [(MTEHMTEOCa(¢+2my)] = 6, [(€)G(E]+O(IE]1"), € — 0,7 € yyr
for some nonzero number C € C\{0} and some 27-periodic trigonometric poly-

nomial é with ¢(0) # 0. When L = |det M| — 1, the matrices P[[LET’”.’EZ] and

55 Are square matrices. Therefore, (L) implies that
a,0%,...,

Pagr..in©OFs5 _5)(&) = Imr
Hen(:e7 we have

(CAMTEHMTE),0,..., 0P, iz (OF 5 5O

(a,

= (CEMTEHMTE),0,...,0).

T

By calculation, the above identity is equivalent to

S CHMTEGMTE)(E +2m7)a(€ +2m7) = CHMTEFMTE),
YEL T

—_— T
ST CMTEGMTEAE + 2m)E(E +2m7) =0, L=1,...,L.
YEL T

By (45) and the above two identities, we deduce that

A —T s
c(€)g(&ale) = Ce(MTE)G(MTE) +O(|lglI"*)  and
— 7T

cOHEE) =0o(ENr, €0
Since ¢(0) # 0, we now see that @) and @2) hold with &(¢) = Cé(MT€)/é(€). O
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In fact, the two 2m-periodic trigonometric polynomials é in @) and ¢ in ({@5)
are related and determined by each other through the following relation:
(46) A& =CaMTE +O(lEl*H), €0 and C=¢0).

In fact, with v = 0 in (@3]), we have
c(e)
c(MTE)
Now by (@I) and the above relation, it follows from (#4]) with v = 0 that

g(MTe)ag) =Cc g€ +odlElh),  g—o.

§() = 3OO a(€) + O(lg]) = ()M E)a(€) + O(llg])

_ —14 é(§> ~ k+1
= OO GO T O, €0
Since 3(0) # 0, it is now easy to see that
—14 é(ﬁ) _ rk+1
c c(g)é(MTg) =1+ 0(|l¢]")

as € — 0. So, (@6) holds. Note that (9) still holds if & and a are replaced with
Ca and C—1a, respectively. Therefore, the appearance of a nonzero constant C' in
([@&D) is very natural, due to the lack of normalization for @ and @ in (L3). Without
loss of any generality, one may assume that C' = 1 and consequently, by @Il and

@A), 5(0)a(0) = §(0) = §(0)a(0); that is, §(0) is a nonzero left eigenvector to

both @(0) and @(0) with the eigenvalue 1.

From the following known result (e.g., [9, Proposition 3.1]), which is a direct
consequence of [9 Lemma 2.2], we shall see that under some mild conditions the
space P, , is generally uniquely determined by the values 0*a(0), || < & or by the
values 9"a(0), |p| < & if @ is a dual mask of a.

Proposition 4.2. Let M be a d x d dilation matriz and denote o := (o1,...,04)7,
where o1,...,04 are all the eigenvalues of M. Let a and a be r x r matrices of
2m-periodic trigonometric polynomials in d variables.

(1) If1 is a simple eigenvalue of a(0) and o=*, 0 < |u| < k and p € N, are not
eigenvalues of a(0), then up to a multiplicative constant, there is a unique
nontrivial solution {0*§(0) : |u| < k} to the system of linear equations
induced by

GMTEaE) = 9(&) + o(lg)*t), ¢ —o.
(2) If 1 is a simple eigenvalue of a(0) and o, 0 < |u| < &k and p € N&, are not
eigenvalues of a(0), then up to a multiplicative constant, there is a unique

nontrivial solution {9"$(0) : |u| < k} to the system of linear equations
induced by

d(MTE) = a©)p(€) +0(l¢" ),  £—o.

In particular, suppose that a has k + 1 sum rules in 22) with a vector y €
(Lo(Z))*¥". Then



940 BIN HAN

(i) if the condition in item (1) holds for a(0), then up to a multiplicative con-
stant the values 0"4(0), |u| < k and the space Py, are uniquely determined
by the values 0"a(0), |u| < K;

(ii) if the condition in item (2) holds for a(0) and if a is a dual mask of a, that
is,

. Fyya—
(4.7) > al+2my)a+2my) =1,
YEL T
then up to a multiplicative constant the values 0*4(0), |u| < k and the space

Py are uniquely determined by the values *a(0), |u| < & via the following
formula:

(48) HERE) = a(MTE +O(E[*), €0,

Proof. Ttem (ii) has been proved in [8] Theorem 3.1] and plays an important role
in the CBC (coset by coset) algorithm for constructing biorthogonal multiwavelets
with arbitrarily high orders of vanishing moments. For completeness, we sketch the
proof here in the frequency domain. By ([@7) and ([Z2]), we can easily deduce that

IO = Y g7l 2l 1+ 2m) = HOAE) +O(ElH). €0

YEL T

Hence, ([@R) holds. By the condition in item (2) for a(0) and [9, Lemma 2.2], up to
a multiplicative constant, there is a unique nontrivial solution {9#§(0) : |u| < &}
to the system of linear equations induced by (£.8).

By Theorem 1] and Proposition B2l we see that the space P, , is generally
determined by either a vector conversion operator E or a mask . Namely, we have
two choices to determine the space Py ,: one corresponds to balanced multiframelets
by fixing E and designing a, and the other corresponds to prefiltering a given dual
multiframelet by fixing & and designing F.

One choice is to fix a vector conversion operator F, for example, taking F = F,.,
the standard vector conversion operator in ([22)). By Proposition 2:2] we have
E(1L,) = P, for some y € (£o(Z4))*" with §(0) # 0. Note that if E = E,, then
i can be taken to be Y in @39). Then by Theorem H.J] the design of balanced
multiwavelets and multiframelets with x + 1 balancing order with respect to the
given vector conversion operator E (often E = E,.) corresponds to designing

(1) a mask @ such that @ has x + 1 sum rules in @3) with C' = 1, where ¢
can be freely chosen to be any 2w-periodic trigonometric polynomial with

&(0) # 05
(2) a mask a such that @) holds with &(€) := ¢(MT¢€)/é(€);
(3) high-pass filters bL,...,bL, b, ... bL such that (C3) and [E2) hold.
The above three conditions can be translated into the function setting as follows:

Proposition 4.3. Assume that there are compactly supported 1 X r function vectors
oL, Gt U i Ly(RY) such that (LX) and (LID) are satisfied.
Suppose that (@) holds with v = 0 and C = 1. We further assume that the
condition on a in item (2) of Proposition is satisfied. Then the associated
multiframelet transform has k+1 balancing order with respect to a vector conversion
operator E satisfying E(Il,) = Py, if and only if
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(1) for some 2m-periodic trigonometric polynomial ¢ with ¢(0) # 0,

— T
(4.9) A& =) +O(JElI*t),  £—0;
(2) all wavelet function vectors 1/;1, ey @L have k + 1 vanishing moments:
(4.10) 3 = O(llel+Y),  €—0,0=1,....L.
Moreover,
—T 2
(4.11) P(&) o(&) =1+0(J¢"*h),  £—0.

Proof. Suppose that the associated multiframelet transform has x + 1 balancing
order. By Theorem AT} items 1) and 2) of Theorem ET] hold.
Since ({3) holds with v = 0 and C' = 1, we must have [@6]) with C = 1. Now

(&I) becomes
T

(4.12) OEaE) =MTOHMTE +O(JEl*F), =0
—T_____ —~ T
Since G(¢) fL(ﬁ)T = $(MTE) |, by Proposition and ([@I2), we conclude that
T

there exists a nonzero constant C' such that Cé(€)j(€) = (Z({) + O(||¢||* ) as
¢ — 0. That is, @E3) holds with ¢(¢) := Cé(€). Therefore, item (1) holds. By @),
we see that

(413)  GUMTE) =B =HOHOME) +O(lEI™). €.

Consequently, by @2) and ¢(0) # 0, (EI0) holds. Therefore, item (2) is verified.

Conversely, suppose that ([@9) and (LI0) are satisfied. Since ¢(0) # 0, by
Lemma [Z5] there is a 2r-periodic trigonometric polynomial ¢ such that é(§) =
EMTE)[E(E) + O(E]™) as € — 0. By [@3) and

—T____ T

6(6) a(e) =oMTe)
it is now straightforward to see that (fI)) is satisfied. By (£3), (EI3) holds.
By [@IO) and &(0) # 0, it is straightforward to see that (@2) holds. Now by

Theorem 1] the multiframelet transform has x + 1 balancing order. R
We now prove (@I1). By (@H) with v =0 and C = 1, it follows from ¢p(M7T¢) =

a(€)o(&) that
MTOHMTE)HMTE) =

(MTE)H(MTE)a(€)e(€)
©)§(©)d(E) +O(lelI*), - 0.

Since M is a dilation matrix, by [0, Lemma 2.2], we must have &(€)j(€)(€) =
¢(0)5(0)0(0) + O(J|€||" 1) as € — 0. As we proved, @) holds with ¢(&) = Cé(€).
Now we get

$(€) B(8) = 6(&) (&) = CUOIES(E) + O(lle]* )
= CHO)H0)H(0) + O(llgI), £ 0.

—T 2
Since ¢(0) ¢(0) = 1, we now see that ([@IT]) holds. O
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The other choice is to fix a mask a and all other filters bAl7 bl a b, ... bE.
Therefore, the space P, , is generally determined by a. More precisely, the mask a
is required to have x + 1 sum rules with a vector sequence y € (£(Z4))**" in ([2.2)
(or @A) with C = 1). Consequently, y is known and the vector polynomial space
Py 1s fixed by the given mask G. By Theorem H.T] prefiltering a given multiwavelet
(e.g., see [14], 15]) or a multiframelet corresponds to designing a vector conversion
operator E such that E(Il,;) = P, ,. More precisely, we have the following result.

Proposition 4.4. Let M be a d x d dilation matriz. Let a, l;i, ... ,gf and C:L, 131, et

bL be r X r matrices of 2m-periodic trigonometric polynomials in d variables such
that ([L9) holds. Suppose that the mask a satisfies the sum rules of order k+ 1 with
a vector sequence y € (Lo(Z4))Y*" in Z2). In order to prefilter the multiframelet
transform so that it has k + 1 balancing order,

(1) one has to design a vector conversion operator E satisfying E(Il,) = Py .
In particular, we can choose E = Cy o E,. in Theorem 2.4, where E,. is the
standard vector conversion operator in (L22) and U is a strongly invertible
r X1 matriz of 2m-periodic trigonometric polynomials such that 2I5) holds.

(2) The two conditions in (&) and [E2)) of Theorem Il are satisfied.

In particular, if L = |det M| — 1 (this is true for a biorthogonal multiwavelet),
then item (1) implies item (2) and item (2) can be dropped. Moreover, if the dual

multiframelet a, bAl7 . ,EE, a,bt,..., bk can be prefiltered to have k + 1 balancing
order (i.e., items (1) and (2) above hold), define

SE) = U(MTEOGOT(E L. &e) =T 1aAT
(4.14) A(§)~ U(M*™¢) (E)U(fz ;oa(g): U(iﬂg)T ©U() |

bE) = DU, () =b(OTE) , =1,..,L

Then &,b',...,bL and 3, bl, ..., bl satisfy
e — )
(4.15) P[alg;ym’gz](f) P[é)g;"”)gi](f) =In, with m:=|det M|,

and their associated new dual multiframelet transform has k + 1 balancing order
with respect to the standard vector conversion operator E,.. That is, the new dual
multiframelet is balanced with k + 1 balancing order.

Proof. When L = |det M| — 1, since & satisfies the sum rules of order x 4+ 1 with
y in Z32), we have Sy pPry = Pr,y. Now by Theorem Bl and E(II,) = Py,
the multiframelet transform has « + 1 balancing order with respect to the vector
conversion operator E. Therefore, by Theorem A1l item (1) implies item (2).
Hence, item (2) is not needed when L = |det M| — 1.

The identity (@I5) can be easily verified by (LJ) and (@I4). Let ¥ be defined
in (Z9) such that E,(II,) = P, y. We deduce from (ZI5) and @I) that as £ — 0,

T

VOU©E) UMTE)™ = (&)ale) TMTE)™ + O(lle]*+)
©IMTOUMTE ™ + O(J|¢]|"T) = (&)Y (MTE) + O(l|¢]I*).

V(©)a(e)

I
[
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By @I5) and [#2), we have

=T =T =T
V(b€ =Y (©UE(E) =gb () +O0(lg)™)
=o(|¢l*th,  €—0,0=1,...,L.

Hence, by Theorem 1] the new dual multiframelet has « + 1 balancing order with
respect to the standard vector conversion operator E,.. O

The convolution operator Cy : (£(Z3))1*" +— (£(Z4))**" in item (1) of Propo-
sition [£.4] is called the prefilter in the literature. The existence of such a prefilter
Cy and a vector conversion operator E in Proposition 4] is guaranteed by Theo-
rem [Z4l However, when L # |det M| — 1, the conditions in ([@1]) and 2] are not
automatically true and are not the direct consequence of (L) and the assumption
that @ has x + 1 sum rules with y in ([@3]). As a consequence, dual multiframelets
generally have to be designed to satisfy (@Il and ([£.2). But when L = |det M| —1,
a dual multiframelet can always be prefiltered with the balancing order matching
the order of the sum rules of a. In particular, for biorthogonal multiwavelets, we
have the following result.

Corollary 4.5. Let M be a d x d dilation matriz and L = |det M| — 1. Let ¢ and
é be two compactly supported v x 1 M-refinable function vectors in Lo(R?) such

that (LII)) and (LIR) are satisfied. Suppose that a, bAl, . ,gz and a,b, ... b are
r X7 matrices of 2w-periodic trigonometric polynomials such that (L) holds. Define
YLl and Y. Y asin (TI2). Ifa has k+1 sum rules withy € (£o(Z%))1*"
in Z2), then ({¢1,..., "}, {01, ..., "}) generates a pair of biorthogonal M-
multiwavelets in Lo(R?) with g/?l, . ,zﬂm having k+ 1 vanishing moments. Let E =

—~
o

Cy o E, as in item (1) of Proposition A4 and define a, bA1 ,ID)/\ and gi 21, .., bE
us in (@IE). Define & and & by 3(6) == D()3(E) and 9(€) i= TET  4(¢). Then

~ 5

SMTE) = M(EE),  HMTE) = a(E)o(c),

PUMTE) = H(€)9(E),  PHMTE) = b (€)o(6),
the new multiframelet transform (more precisely, a biorthogonal multiwavelet trans-

form) has k+1 balancing order, and ({4, ..., ™}, {1, ..., 0™}) generates a pair
of balanced bzorthogonal M- multzwavelets n L2 (Rd) with k+1 balancing order using

the new generators ¢, d),a b bL a, b bl

5. A NEW CANONICAL FORM OF A MATRIX MASK

In this section, we shall develop a canonical form of a multivariate matrix mask.
As demonstrated in [9] [I1] T3], the canonical form of a matrix mask greatly facil-
itates the study of refinable function vectors, vector subdivision schemes, and the
construction of dual multiframelets. Following the lines developed in [I1},[13] for the
univariate setting, in this section we shall introduce a new canonical form of a mul-
tivariate matrix mask with multiplicity greater than one, by adding new features
to the existing canonical form of a matrix mask in [9] 1T}, [13]. The new canonical
form of a matrix mask plays a critical role in the investigation and construction
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of balanced multivariate biorthogonal multiwavelets and balanced multiframelet
transforms.

Recall that U is strongly invertible if both U(¢) and U(€)~! are matrices of
2m-periodic trigonometric polynomials. First, we prove Lemma 23]

Proof of Lemma [Z3l We first prove the case s = 1 by showing that there exists a
strongly invertible r x r matrix V' of 27-periodic trigonometric polynomials such
that

(5.1) JOV(E) = (1,0,...,0)+ O(l|¢|"), €—0.

Denote (§1(€),...,9-(€)) := §(£€). Since g(0) # 0, without loss of any generality,
we may assume 1 (0) # 0; otherwise, we perform a permutation on § first. Choose
2m-periodic trigonometric polynomials éq,¢és, ..., ¢, such that ¢1(€) = 1/41(€) +
O([[€]]™) and é¢(§) = 9e(€) /91 (&) + O([[€]|™), as € = 0, for £ =2,...,r. That is, we
have

¢1(§)71(6) =1+ O([[¢]]")  and

9e(€) — e (&) = O(lIgll™), £€—=0,0=2,...,m

Note that ¢ (0) # 0. Therefore, we have
(1= (6)/a(0) =1~ &()Qu(©)

(5.2)

5.3 E n
o9 with Qu(6) = X ({2 )@ e 0
k=0

Define two strongly invertible matrices Uy and U, by

s 0@ =(y 7O) win = @O 00)
and

R ¢1() . —(1—61(5)/51(@)” 0

65 0a() = (1- &)/ 0) Qul©) 0

0 0 I

Note that det U1 (€) = det Uy(¢) = 1 by (5.3). Therefore, U; and U, are strongly
invertible. Now by (B2) and (B3], it is easy to check (B by taking V(§) :=
U1 (&)Us(§). In fact, by (B2), as £ — 0, we have

HOULE)T(E) = (51(£),0,...,0)U2(&) + O(J|€]I™)
= (¢1()91(6),0,...,0) + O(I€I") = (1,0,...,0) + O([|¢]|").

Similarly, there exists a strongly invertible r x r matrix f/ of 2m-periodic trigono-
metric polynomials such that §(£)V(€) = (1,0,...,0) + O(||¢]|") as € — 0. Now

the proof for the case s = 1 is completed by taking U(€) := V(€)[V(£)]~".

We now prove the general claim. Clearly, it suffices to show the claim with
9(&) = (I5,0). We now prove it by induction on s with s < r. As we just proved,
the claim holds for s = 1. Suppose that the claim holds for s — 1 with s < r. Now
we prove it for the case s. Let ¢ denote the first row of the matrix 3. Since f/(O)
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has the full rank s, we must have ¢(0) # 0. Now by what has been proved, there is
a strongly invertible matrix U; such that

ot = (10U Uy

where * denotes some column vector of 27-periodic trigonometric polynomials and
g is an (s — 1) x (r — 1) matrix of 27-periodic trigonometric polynomials. Since U
is strongly invertible and §(0) has full rank s, we can deduce that §(0) has the full
rank s — 1. Since s —1 < r — 1, by the induction hypothesis, there exists a strongly
invertible (r — 1) x (r — 1) matrix V(¢) such that

YOV(E) = L1, 0) + O(llg]*H), € —0.
Denote Uy (&) := diag(1, V(€)). Then we observe that

HOULOU(E) = (Us(€),0) + O([|¢]I*™),  £—0,

where Ug(f ) is an s X s lower-triangular matrix with all ones in its diagonal and with
all other lower-triangular elements being 2m-periodic trigonometric polynomials.
Consequently, the matrix Us is strongly invertible. Define

U(€) := U1(&)Ua(€)diag(Us (&) ™", Ir—s).
By calculation, it is not difficult to see that (212]) holds with g(§) = (Is,0). O

Let ¢ be an M-refinable function (or distribution) vector satisfying qB(M Tey =
a(&)p(€). For a strongly invertible matrix U, we define

a(&) == U(MTEa(E)U(€)™" and (&) := U(€)d(c).

°

Then we have ¢(MT¢) = a(€)d(€). It is evident that ¢ is compactly supported if
and only if qS is compactly supported. Similarly, a is finitely supported if and only
if @ is finitely supported.

Now we have the following result on the canonical form of a multivariate matrix
mask.

Theorem 5.1. Let M be a d X d dilation matriz. Let a be an r X r matriz of 27-
periodic trigonometric polynomials in d variables with multiplicity r > 1. Suppose
that a satisfies the sum rules of order k + 1 in (Z2) with the dilation matriz M
and a 1 x r vector § of 2mw-periodic trigonometric polynomials. Then there exists
a strongly invertible v X r matrix U (that is, both U and U~Y are matrices of 27-
periodic trigonometric polynomials) such that

2o (@118) a12()\ o Tevarer o1
(5:6) )= (518 29 = vorreueie
has the following property:

(1,1 (6 +2m7) = 6 + O([¢]*")  and

(5.7) . o
a1,2(§ +2my) = O([[E1"7), €—0, v € Iy,

where 31,1, (311,2, &2,1, and 32’2 are 1x1, 1x(r—=1), (r—=1)x1land (r—1)x (r—1)
matrices of 2mw-periodic trigonometric polynomials. If in addition there is an r x 1
vector ¢ of compactly supported tempered distributions satisfying

(5.8) d(MTE) =a(€)(€), £€R? and §(0)p(0) # 0,
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then for any nonnegative integer n, there is a strongly invertible matrix U such that
BO) and BX) are satisfied with the additional properties:

(5.9) a1 () = 1+ O(E]™), a21(6) =0(JE)™),  €—0
and

(5.10) (€)= 1+ O(IE|™) and oe(6) = O(IEI"), €0, 0=2,....r,

B

where ¢(§) := (qoﬁl, ceey QDST)T = U(f)q@(f) Thus, except for ¢?1, all other components
b2, ..., ¢ have n vanishing moments.
Proof. Since §(0) # 0, by Lemma 23] there is a strongly invertible matrix U such
that
§OUE " =(1,0,...,0) + O(f¢[|*h),  €—0.
That is,
(1,0,...,0) = g(MTEUMTE) + O(|¢]|**),  €—0.

Since d satisfies the sum rules of order k+1 in ([22)), we deduce that for v € T'p;r,

as & — 0,

U(MTE) 10 (MT€)a(€ + 2m7)U (€ + 2m7) "1 + O(||€]<*)
a( + 2070 (€ + 277) 1 + O(|J¢]|*+Y)
L(EU(E +2my) ™ + O(Jlg|I*+)
= (6,,0,...,0) + O(J|¢||*1).
That is, we have
(5.11) (1,0,...,0)a(€ 4 21y) = (8,,0,...,0) + O([|€|**Y), € =0,y e€Tyr.

In other words, a satisfies the sum rules of order & with the vector § in (Z.2) being
[1,0,...,0]. Now it is straightforward to see that (B.7)) is equivalent to the relation
in

In addition, suppose that (5.8 is satisfied. By what has been proved, there exists
a strongly invertible matrix U such that

(5.12) GOUE ™ = (L,0,....00 + O(llg]I**),  £—0

and

2oy (@106 @12 _ FasTorae)iie) -t
e = ({18 220~ Gorgueie

satisfies

(5.13) «le,l(£+2m) =6, +0(¢"™)  and
ar2(€+2m) = O([€]"*), € =0, y€Tyr.

Denote

(5.14) (€)= (61(6), ... 6,() = U()(e).

Clearly, by (58) and (5I2), we have
61(0) = (1,0,...,0)6(0) = §(0)U(0)~T(0)$(0) = §(0)$(0) # 0.
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Without loss of any generality, we can assume that n > k. Since ¢y (0) # 0, as
in the proof of Lemma 23] we can choose 2w-periodic trigonometric polynomials
¢1,...,C such that

1(€)61(8) = 1+ 0(l¢]™)  and

0() = @(©61(8) = O™, §=0, €=2r
Define two strongly invertible matrices U; and Uy as in (5.4) and (5.5). Then we

take a strongly invertible matrix U (€) := [0 (€)Us(€)]7U(€). We now show that U
is a desired strongly invertible matrix such that all the claims in Theorem [5.1] hold.

By (12), as £ — 0, we have
HOT(E) ™ = g(¢ >ﬁ< ) T2 (€) T (€)T) !
= (1,0,...,0)(T1 (&) )T (02(&)™H)T + O(l[¢] ).

By the choice of U; in (54) and Us in (5.5), since we assumed that n > &, we see
that

(5.15)

(5.16)

and
(1,0,..,0)[U2(6) ™" = (Qn(€), (1 —&1(€)/e1(0)™,0,...,0).
That is, by (BI6)), as £ — 0, we deduce that
JEUE) ™ = (Qu(8), (1 = &1(&)/21(0)",0,....,0)+O(|€]*)
= (Qn(f)’ 0,... 70) + O(”§”H+1)
By (5.3) and (B.13]), we see that as & — 0,
Qn(€) = 1/&1(6) + (1 = &1(€)/&1(0))*" /&1 (€) = 1/&1(€) + O([[€]1*™)

—

= e1(E)3n(€)/e1(€) + O(IEN™) = 1(€) + O(lIE]™)-
Since G(MTE) = a(£)p(€), now by (GIF) we have ¢y (MTE) = (&) + O(IIE]")

as £ — 0. Since M is a dilation matrix, it now follows from this relation that

61(€) = 61(0) + O([|€]|") as &€ — 0 (see [9, Lemma 2.2]). That is, by (5.17), we have
HOU© ™ = (91(0).0,....0)+ O™+, €.

Therefore, by ¢1(0) # 0 and the same argument as in the first part of the proof,
() is satisfied. More precisely, we see that @ satisfies the sum rules of order

with the sequence ((51 (0),0,...,0), from which we easily deduce that (57) holds.
By (BI5) and (B.3]), we have

6(6) = Do) 01 (&) T()(©) = [6(&)TTr () Ta(9)]”
:(170""70)T+O(”€”n)a §—0.

(5.17)

That is, (EI0) holds. To prove (59, we can easily verify that qOS(MTg) = Ez({)qﬁ(f)
Therefore, by ([B.I0]), we deduce that

GMTE) = a11(€)o1(€) + O(IEI") and a2()61(€) = O™, €0,
Now it follows easily from (G.I0) that (5.9) holds. O
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To complete this section, following the lines developed in [II], 3], we shortly
sketch the construction procedure of dual multiframelets with high balancing orders.
Let G and @ be given r x r matrices of 27- periodic trigonometric polynomials such
that a a has k4 1 sum rules in (Z2) with y and @ has &+ 1 sum rules with §. Let U

and U be glven in Theorem 51l such that a(€) := U(MT&)a(€)U(€)~! and a({) =

U(MT€)a(€)U(€)~" have the desirable properties as described by Theorem B.1] (for
the part of a, replace a and U by @ and U). Now one constructs r x r matrices
bl,....bL and bl,...,bL such that (@I3) holds and

—T

(1,0,...,0)b¢(6) = O(l¢]|*+Y),

(1,0,...,0)6¢(6) =O(¢™*"), €—0,6=1,... L

Then the dual multiframelet transform associated with zgz, ?')1, . ,ZO)L and zgz, 51,

., bL has k + 1 balancing order. One can also equivalently transform back to a

(or @) from & (or @) by using U (or U). For more details, see [IT] for the univariate
case.

6. CONNECTIONS TO BALANCING ORDERS OF MULTIWAVELETS
IN THE LITERATURE

For the convenience of the reader, in this section we shall connect our notion
and results on balancing orders of multiframelets in the discrete data setting with
other notions of balancing order in the literature for biorthogonal multiwavelets in
the function setting.

In the univariate setting, for a compactly supported orthonormal 2-refinable
function vector ¢ = ((bl, e ¢T) in Ls(R), a notion of k + 1 balancing order for ¢
is introduced in [I8] [19] saying that

B T R L L DE

7=0,...,K

This notion was further generalized in [3] to multivariate biorthogonal multiwave-
lets. For a compactly supported M-refinable function vector (;NS = (¢~)1, ceey ér)T in
Lo(R%) and some points ag, ..., a,._; € R?,  is said to have k + 1 balancing order
(see [3, (3.1)]) relative to the r-tuple [ag, ..., ar_1] if

/Rd (;31 (z)(x — ag)Pdx = /]Rd q?)g(x)(:c —ay)Hdx
(6.2) )
o= [ @ e, <

Denote w; := Naj for j = 0,...,r — 1 and Y (€) := (eiNT'wos | INTTwro1€)
as in ([29)) of Proposition In the frequency domain, noting that [, ¢;(x)(x —

o 1)Pda = iMP e i-1$,(€)](0) (derivative on the variable € only), we see that
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[62) is equivalent to

T

(6.3) B&) =Y +o(glth),  £=0

for some 2m-periodic trigonometric polynomial ¢. We observed that [3] uses the
mapping E : h € I, — (h(- + a1),...,h(- + ay_1)) € IILX"; however, for general
r-tuples [, ..., a,_1], the existence and construction of such a vector conversion
operator are not known in [3]. By Theorem 2:4] we have a desired vector conversion
operator E : ((Z%) — (£(Z%))'*" such that P,y = E(IL,) = E(Il,), since by (ZI0)
and a; = N~ 'w;,

B(R(N)) = (h(N"'(N - +w0)), .-, ANV - iy 1))
- (h('+a0)7"'ah('+ar—l))a h e Il,.

We now show that our notion of balancing order with respect to a vector con-
version operator E satisfying E(Il,) = P, y agrees with the one in ([62), or equiv-
alently (6.3]), for biorthogonal multiwavelets.

Assume that there are compactly supported 1 x r function vectors ¢, ¢!, ..., ¥",
¢, 0, ..., " in Ly(R?) such that (TIT) and (TIZ) are satisfied. As in [3, 4] 18], 19],
for the case of biorthogonal multiwavelets, we also assume that the biorthogonality
condition in (LI5) holds and the mask @ has x + 1 sum rules with y € (£o(Z%))**"
in 232) (that is, (3I7) holds with C = 1 and ¢ = 1). By the biorthogonality
relation in (IIH), we deduce that ¢ and q~5 are compactly supported M-refinable
function vectors in Ly(R?) with stable integer shifts. Consequently, it is known
(see [0, Proposition 3.1]) that the condition in item (2) of Proposition holds
for all & € N for both a(0) and a(0), since 1 is a simple eigenvalue of a(0) and
a(0) and all the other eigenvalues of @(0) and a(0) are less than one in modulus.
Since @ has k + 1 sum rules in ([Z2) with a vector sequence y € (£o(Z%))1*" and
L = |det M| — 1, using (L9 and ([22)), we can easily check that ([@I0) must hold
and (cf. [9, Proposition 2.2])

(6.4) J(E)P(& +2mk) = §(0)H(0)5, + O(|E[*TY),  €—0, kezZ

Now by Proposition [£.3] the biorthogonal multiwavelet transform has x + 1 balanc-
ing order with respect to a vector conversion operator E satisfying E(Il;) = P,y
if and only if (G3]) holds. Hence, in the function setting, for biorthogonal multi-
wavelets, our notion of balancing order recovers that in [3| [4, [I8] [19].

Moreover, by item (ii) of Proposition and item (5) of Theorem HT] (i.e.,
Sa,mPry = Pry), we must have P, = P.y. That is, by Lemma [26] there
is a 2m-periodic trigonometric polynomial ¢ with ¢(0) # 0 such that ¢(€)g(§) =
Y (€)+O(||€]"+1) as € — 0, which by Theorem ETlis also a necessary and sufficient
condition for the biorthogonal multiwavelet to have x + 1 balancing order, since we
assumed in advance that the mask @ has x + 1 sum rules with y € (£o(Z%))1*" in
[22). Now it follows from ([6.4]) that

V(€)d(& + 2mk) = ¢(€)§(€) (€ + 2mk) + O(||€]|"+1)
§(0)$(0)é(£)dk + O(l]I*), €—0, ke z™.
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In the time domain, by a; = N~tw; for j = 0,...,7 — 1, the above relation is
equivalent to

SO hk+aj)di(—k) =Y h(k+N"'wj_1);(-— k)

(6.5) =1 kezd =1 kezd
=(hxY)x¢=(hxcxy)xd=50)p0)h*c,  hell,.

The advantages of our approach are obvious. Even in the special case of biorthog-
onal multiwavelets, we do not assume in advance that a has x + 1 sum rules. Un-
der the most natural condition (L9), which is a necessary and sufficient condition
for the perfect reconstruction in (L20) of a multiframelet transform, our criterion
and results on balancing orders of biorthogonal multiwavelets (or more generally
L = |det M|—1) and dual multiframelets with an arbitrary number L do not assume
any other conditions. On the other hand, all other papers on balanced or prefiltered
multiwavelets in the literature (see [T}, 13} 4], 141 151 18] 19} 20]) assumed that 1) there
exist compactly supported M-refinable function vectors d),qg in Ly(RY) satisfying
(LI and the biorthogonality condition (IIH]); 2) all the wavelet function vectors
must have at least one vanishing moment in (LI4)); 3) the mask @ must have k + 1
sum rules. As we have seen above, these extra conditions in the function setting
put some constraints on the masks @ and a. For example, as a consequence of these
extra conditions, 1 must be a simple eigenvalue of @(0) and a(0) and all the other
eigenvalues of @(0) and a(0) must be less than one in modulus. In the following,
we shall present another example to show that our results apply equally to other
cases which are excluded by the results on balancing orders in the literature even
for the special case of L = |det M| — 1.

In some applications, it may be of interest to consider a more general vector
conversion operator E : (£(Z%))1** v (£(Z%))*" such that E is a one-to-one and
onto linear operator. Similarly, for y € (¢o(Z9))**", we define P, = {h*y
h € (I1,)1*} C (I1,)'*". We point out that the analysis in this paper is applica-
ble in this more general setting and most claims in this paper hold similarly, for
example, for a vector conversion operator E : (£(Z%))'** s (£(Z%))'*" such that
E((I1x)**#%) = Py, for some y € (£o(Z4))**" such that §(0) has the full rank s.
Then Theorem Fl still holds. More precisely, Ts a E((IL;)1*%) C E((IL,)'**) and
TBe’ME((HH)lxs) =0forall £=1,...,L if and only if (@I) and [@2)) hold with
¢ being an s X s matrix of 2m-periodic trigonometric polynomials. We shall ad-
dress the balancing and prefiltering property of multiframelets in the more general
setting as well as their symmetry and orthogonality properties in detail elsewhere.
Here let us present the special case that E : (€(Z4))1*" s (£(Z%))**" is the identity
mapping.

Corollary 6.1. Let M be a d x d dilation matriz. Let a, bAl, ..., b and a, b, ... bL
be r x r matrices of 2mw-periodic trigonometric polynomials in d variables such
that (L) holds. Then the dual multiframelet transform satisfies Ty pr(11,)*" C
(IL )" and TBe’M(HK)IXT =0 for all £ = 1,...,L (that is, the associated multi-
framelet transform has k + 1 balancing order with respect to all vector conversion
operators) if and only if TEZ’M(HN)“’“ =0 forallt=1,...,L; that is,

~

) = o, €=,
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fort=1,... L. If in addition L = |det M| — 1, then it is also equivalent to

Sa,M(Hn)IXT g (HH)IXT;

that is,

a(¢+2my) = O([¢I"*), €0,

for all v € T'p;r\{0}.
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