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FAMILIES OF ELLIPTIC CURVES OVER CUBIC NUMBER
FIELDS WITH PRESCRIBED TORSION SUBGROUPS

DAEYEOL JEON, CHANG HEON KIM, AND YOONJIN LEE

ABSTRACT. In this paper we construct infinite families of elliptic curves with
given torsion group structures over cubic number fields. This result provides
explicit examples of the theoretical result recently developed by the first two
authors and A. Schweizer; they determined all the group structures which occur
infinitely often as the torsion of elliptic curves over cubic number fields. In
fact, this paper presents an efficient way of constructing such families of elliptic
curves with prescribed torsion group structures over cubic number fields.

1. INTRODUCTION

The characterization of all torsion groups of elliptic curves E over a number field
is certainly an important research problem. Mazur [8] determined all torsion groups
of elliptic curves over the rational number field Q: The torsion group E(Q)iors of
an elliptic curve E over Q is isomorphic to exactly one of the following 15 types:

W 7Z/NZ, N=1,...,10,12,
7)2Z.®ZJ)2N'Z, N' =1,... 4.

Each of these groups in ({I]) occurs infinitely often as a torsion group F(Q)¢ors of
E over Q. In other words, for each of the groups in (I]) there are infinitely many
absolutely nonisomorphic elliptic curves with such a torsion group structure over
Q. This is mainly due to the fact that the modular curves X;(NN) parametrizing
elliptic curves with such a torsion structure are rational and hence have infinitely
many Q-rational points. Kubert [7, Table 3] found an explicit parametrization for
an infinite family of elliptic curves E with such a torsion group structure over Q
for each of the 15 types in({).

Recently, the first two authors and Schweizer [3] determined torsion group struc-
tures of elliptic curves over cubic number fields by determining the modular curves
X1(N) having infinitely many points defined over cubic number fields. In detail,
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they proved that if K varies over all cubic number fields and F varies over all el-
liptic curves over K, the group structures which appear infinitely often as torsion
groups E(K )iors are exactly the following 25 types:

@ Z/NZ, N=1,...,16,18,20,
Z/)2Z&7/2N'Z, N' =1,...,1.

In fact, there are infinitely many cubic number fields K and elliptic curves F with
E(K)tors = Z/NZ if and only if X;(N) is a triple cover of the projective line P!,
and similarly with the modular curve X;(2N,2) for the torsion Z/27Z @ 2NZ.

The main goal of this paper is constructing explicit examples of the theoretical
result in [3]. As a matter of fact, there is no computational machinery developed
for calculating torsion groups of elliptic curves over cubic number fields. Also even
though the subject of the torsion of elliptic curves over number fields of higher order
has been studied by Kamienny and Mazur [4], Merel [9], Parent [11] 12], Zimmer
et al. [10} [16], and Jeon et al. [2], [3], there has been little known for the examples of
elliptic curves with a certain torsion group over number fields of higher order. For
achieving our main goal, it suffices to find examples corresponding to the following
ten types:

@) 7/NZ, N =11,13,...,16, 18, 20,
7.)27.® 7J2N'Z, N' =5,6,1.

In this paper, for each of the ten groups in [B]), we construct an infinite family of
elliptic curves E with such a torsion group structure over cubic number fields. This
paper also presents an efficient way of constructing such families of elliptic curves
with a prescribed torsion group structure over cubic number fields.

We briefly mention the methods used. Regarding all the cyclic torsion group
cases, we construct such a family by using the defining equations of the modular
curves X1 (N) for N =11,13,...,16, 18,20, which are obtained from the Tate nor-
mal form of elliptic curves; this approach basically follows Reichert’s method [I3].
On the other hand, for the non-cyclic torsion cases Z/2Z & Z/2NZ with N = 5,6,
we use the Kubert families [7, Table 3] and some standard methods, e.g. Theo-
rem 221 Finally, the last noncyclic case corresponding to Z/2Z & Z/14Z is a very
hard task to deal with since no standard techniques can possibly be applied to
this case. A completely new approach was therefore needed to solve this case. So
far, there has not been even a single example found for an elliptic curve E with
E(K)tors = Z/2Z & 7Z/14Z. 1In this work, by resolving the moduli problem for
X1(14, 2), we construct an infinite family of elliptic curves that have Z/2Z & Z/147Z
as their torsion groups over cubic number fields.

This paper is organized as follows. We begin with the necessary basic notions in
Section 2l Section [J] presents infinite families of elliptic curves with torsion groups
in [B) except the case Z/2Z & Z/14Z, and in Section F] we show our result for the
final case Z/27Z @ Z /147 with great detail.

2. PRELIMINARIES

We recall some classical results on elliptic curves in this section, and we can refer
to [IL, Bl 7} [I4] for details.
The general normal form of the cubic defining an elliptic curve passing through
P =1(0,0) is
E:y? 4+ aixy + asy = 25 + agaz? + ay.
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From the calculation of the derivative ¢’ in the relation
(2y + a1z + a3)y’ = 3% + 2a02 + a4 — ary

we see that the slope of the tangent line at P is a4/a3 on E, so F is not singular
at P if and only if a3 # 0 or a4 # 0.

Assume that E is nonsingular. Then P is of order 2 if and only if a3 = 0 (and
therefore a4 # 0), i.e., F has the following equation:

y2 +a1xy = z3 + a2x2 + aygx.
If ag # 0, then by the admissible change of variables
(z,y) = (X,Y + a3 asX),
the curve E becomes
Y24 (ay + 203 ag) XY +a3Y = X3 + (ag — ara3 tay — a3 2a3) X2,
which can be rewritten as
E' 9?4+ ayzy + asy = x° + asz’.
We have
—P =(0,—a3), 2P =(—az,a1as —a3)
by the chord-tangent method [0, Chapter III]; thus 3P = O (O denotes the point
at infinity) if and only if —P = 2P, which implies that P is of order 3 if and only
if ag = 0. Assume that P is not of order 2 or 3, that is, as # 0 and a3 # 0. Under
the change of coordinates
(z,y) = (X/u?,Y/u?) with u = a3 as,
and letting b = —az a3 and ¢ = 1 — ag_lalag, we obtain the Tate normal form of
an elliptic curve with P = (0,0) as follows:
E=E(b,c):y*+ (1 —c)zy — by = 2> — b,

and this is nonsingular if and only if b # 0. On the curve E(b,c) we have the
following by the chord-tangent method:

4)  P=(0,0),

2

4P = T(r—l),rQ(c—r—l—l)); b=cr,
rs(s—l),rs2(r—s)); c=s(r—1),
6P = (—mt,m*(m+2t—1)); m(l—s)=s(l—r), r—s=t1-s).
By using the Tate normal form, Reichert [13] calculated defining equations of
the modular curves X;(N) for N = 11,13, 14,15, 16, and 18 as follows:

Theorem 2.1. For N = 11,13,14,15,16, and 18 the modular curves X1(N) are
given by the following equations:

(i) Xi(11): V24V =U3-U?,

(i) X;(13): V24 (U3 -U%2-1)V -U?+U =0,
(iii) X:(14): V2=U3+U? - 8U + 16,
(iv) X1(15): V24 (U + 1)V =U3+U?,
v) X1(16) : (U3 —2U2 —U+1)V2+ (2U? - 1)V - U? +U =0,
(vi) X1(18): (U2 =20+ 1)V2+ (-U3+U-1)V+U3-U?=0.
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In fact, the final formula for X (14) given in [13] is V2 +(U+1)V = U?—U, which
is birationally equivalent to the above formula. We point out that regarding the
formula for X;(16) the original formula given by Reichert [I3] is not quite correct,
so we calculated the formula for X;(16) as given above.

In fact, the condition NP = O in E(b,c) gives a defining equation for X;(N).
For example, 11P = O implies 5P = —6P, so

Tsp = T_6P = T6P,
where 2, p denote the z-coordinate of the n-multiple nP of P. Equation (#) implies
that
(5) rs(s —1) = —mit.

Without loss of generality, the cases s = 1 and s = 0 may be excluded. Reversing
the substitutions made for calculating 6P, i.e., m = s(lljsr), t = =2, Equation (&)
becomes

r? —dsr 4+ 3s%r — $3r 4+ s =0,
which is one of the equations of X;(11), called the raw form of X;(11). By the
coordinate changes s = V/U + 1 and r =V + 1, we get the following equation:
ViV =U-U>

The following well-known theorem [6l Theorem 4.2] provides us with the condi-
tion for the divisibility of a given point on E by 2, and this result is very useful for
studying torsion subgroups of the form Z/2Z & Z/2NZ.

Theorem 2.2. Let E be an elliptic curve defined over a field k of charateristic
# 2,3 given by

Y’ = (z—a)(z—f)(z—7)
with o, B,y in k. For (x2,y2) in E(k) there exists (x1,y1) i E(k) such that
2(z1,y1) = (z2,y2) if and only if vo — v, T2 — B, and xo — 7y are squares in k.

3. TORSION SUBGROUPS OVER CUBIC NUMBER FIELDS

In this section, we construct infinite families of elliptic curves with prescribed
torsion groups given in ([B]) except the case Z/2Z & Z /147 over cubic number fields.
For obtaining such families except the case Z/20Z, we basically use Theorem 211
For the case Z/20Z, we first find a defining equation for X;(20) by applying Re-
ichert’s method [I3] as follows:

Proposition 3.1. A defining equation of the modular curve X1(20) is given by the
following equation:

X1(20): VEUP +V3U? — (V3 —4V? 44V — 1)U =V +3V3 -3V 4+ V = 0.
Proof. In order to calculate the equation of X7(20), we set

9P = —11P.

For this we find the z-coordinates of nP with n = 9,11. Let N, and D, denote the
numerator and denominator of the xz-coordinate, respectively.

Top : Ny = 2mtt + (9m — 5)mt3 + (12m? — 16m + 4)mt>

+(=13m? + 6m3 4+ 8m — 1)mt + (=3m> + m?* + 3m? — m)m,
D, = (m—t2—1+2t)2%
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z11p ¢ Ny = —3mt® — (16m — 9)mt® — (29m? — 39m + 10)mt?

—(23m3 — 57m? + 35m — 5)mt> — (8m* — 36m?> + 41m? — 14m + 1)mt?
—(m5 —10m* + 19m? — 12m? + 2m)mt — (—m® + 3m* — 3m3 + m?)m,
D, = (t3 —t2 4+ 2mt + m? — m)2.

From the equality z9p = x_11p = x11p, We obtain

m(m —1+t)(m? —m+3mt — t +t2)(t + m + m5 + 35> — 20t5 + Tm*t + 20m3¢>

+33m?2t* — 5m*t* — 20mt® + 44mt* + 5t5m + t°m? — 54mt® — 47m*¢* — 35¢4

+21#% — 4m? — Tt2 + 6m3 — dm* + 34mt? + 24m>t — 22m3t — 10mt + 5t7) = 0.

Without loss of generality, we can exclude the case that the first three factors
are equal to zero. Then the raw form of X;(20) is given by

5t7 + (5m — 20)t% + (m? + 35 — 20m)t> + (—5m? + 44m — 35)t!
+(21 — 54m + 33m?)t3 + (=7 — 47m?2 + 20m3 + 34m)t>
+(24m? + 1+ Tm* — 10m — 22m3)t + m + 6m>® — 4m? — 4m* + m> = 0.

Transforming this equation birationally by means of the transformation
VR UVE-V +1 t_ujV—1MV+U)
U+1 ’ U+1 ’
we obtain the following defining equation of X;(20):
X1(20) : VEUR 4 V3U? — (V3 —4V2 44V — 1)U =V +3V3 —3V2 4V =0.

d

3.1. The case E(K)tors = Z/NZ with N =11,13,...,16,18,20.

Theorem 3.2. For each N = 11,13,...,16,18,20, choose t € Q such that the
corresponding polynomial fn(x) in Table [ is irreducible over Q. Let oy be a zero
of fn(x). Let E be an elliptic curve defined by the equation

yv* 4+ (1 —cn)ay — byy = 2 — bya?.

Then the torsion subgroup of E over a cubic number field Q(«y) is equal to Z/NZ
for almost all t.

Remark. In the above theorem, there are indeed infinitely many values ¢t € Q
such that the polynomial fy(z) is irreducible over Q by Hilbert’s irreducibility
theorem.

Proof. We first prove this theorem for the case N = 11. From the formula in (i) of
Theorem 2] we note that the points (U, V) = (a,t) satisfy

VitV =U°-U?

which is a defining equation of X;(11). Also the coefficients b and ¢ of E(b,c) can
be expressed by the following:
VV+1D)U+V) VU+V)

b= YTy
U ¢ U

Substituting U = oy and V' = t, we obtain the curve E over Q(«) that contains a
point of order 11. But, in fact, this curve E over Q(ay) has no other torsion points
for almost all ¢ since Jeon et al. [3] determined all the possible torsion structures
that occur infinitely often over cubic fields.
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TABLE 1. Polynomials fx(z) and Coefficients by, cy

Polynomials fx(z) and Coefficients by, ¢

fu(@)=a%—2? -2 —t
by, — HekD(aite)
Hartt)

C11 = —,;

13

fis(z) =ta® — (t+ D)2’ + o+ 2 — ¢

af (ae—1)(of —au+t) (of —af+1)
t2(af —ai+t)

af(at—l)(af—at-‘rt)

C13 = t(aZ—ai+t)

14

fua(z) =2+ 22 —8xr —t2 + 16
_ 8(3ay—t—4)(0; —20; —2t+8) (0] +201; —2t—8)

by = (o —4)3 (a2 — 20, —21—8)2
_ 8(Baz—t—4)(a;+20;—2t—8)
€14 = at(ar—4)2 (a2 —2a,—2t—8)

15

fis(x) =23 + 22 —tx — 12 — ¢

a(ad+tal —ta,—t*)(ad+ta? —t?)

(aZ+ai—t)(af+ai+taZ+tar—t2)2
a(ad+tal—ta,—t?)

5 = T Far—t) (adtar+iad Har—12)

bis = —

16

fie(x) = 26203 + (=2t2 + 2t — Da? + (—t2 + V) + 12 — ¢
o t(t=D o (ar—t) (t2ar o —t)
(tar+ar—t)3
t(t—1)a (ar—t)
C16 = “(ayto,—1)2

18

fis(@) = (=t + a3+ (#2 — 1) + (=2t +t)o +t2 — ¢
t(ar—t)(a24t)(a? —tas+t)
(aF—t2+t) (af+toy —t2+1)2
t(ar—t)(a—tay+t)
€18 = ~(GZ—t2+11) (a? Ttar 12 +1)

big = —

20

foo(x) = 223 + 322 — (3 — 42 + 4t — D)z — t* + 33 — 3t2 + ¢
(2=t 1) o +t2 —t2+1) (t=1D)a +t2—t) (t2a, +13 —t41)

bao = (tar+12—1+1)(az+1)2
Con = (=D +t2—t) (#2as+t3 —t+1)
20 = (tae+82—t4+1) (o +1)

The other cases can be proved by using the formulas of Theorem 2.1 and Propo-

sition 3.]] and applying the same method as the case N = 11.

3.2. The case E(K)tors = Z/27Z & Z/10Z.

Theorem 3.3. Choose t € Q such that the polynomial f(x) = 823 — 822 + 1 — 2
is irreducible over Q. Let oy be a zero of f(x). Let E be an elliptic curve defined

by the equation

where

y? 4+ (1 — c)xy — by = 2° — ba?,

(a2 —=3a;+1)2
_ (2042 =3 +1)

a2 —3a+1

h— at3(2at2—3o¢t+1)
C =
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Then the torsion subgroup of E over a cubic number field Q(oy) is equal to
Z/2Z & Z/10Z for almost all t.

Proof. We first note that the elliptic curve F defined as above satisfies the parame-
trization given in [7, Table 3] for having Z/10Z as its torsion subgroups. We thus
have that P = (0,0) is a torsion point on E of order 10. By the coordinate change

r—rand y —y+ 5 lx—i—b the curve F becomes
— 1) —4b b(c—1 b?
(6) R I Gl ik 31 22 + (62 )x+z.

Since 5P is a Q(ay)-rational point of order 2, the right hand side of (@) should
have a linear factor and a quadratic factor over Q(cy). By a simple calculation,
one can show that the quadratic factor splits over Q(y/8c; —8a? 4+ 1), and this
implies that F has two more 2-torsion points over Q(v/8ay3 — 82 + 1). In fact,
Q(v8ay® — 8ay2 + 1) is equal to Q since oy satisfies 8o —8a? + 1 = t2. Therefore,
E has the torsion subgroup Z/27 @ Z/10Z over Q(a). O

3.3. The case E(K)iors = Z/27Z O Z/127.

Theorem 3.4. Choose t € Q such that the polynomial f(x) = x* —4a*+ 62 — 3 —t*
is irreducible over Q. Let ay be a zero of f(x). Let E be an elliptic curve defined
by the equation

Y2+ (L= oy — (c+ Ay = 2 — (c+ *)a?

2
where ¢ = _Wiggf;) Then the torsion subgroup of E over a cubic number

field Q(av) is equal to Z/27 & 7./127 for almost all t.
Proof. From [T, Table 3] we see that the Tate normal form
Pt (1= oy — (c+ Ay = 25 — (e + )a?

defines an elliptic curve having a Q-rational point (0,0) of order 6. The coordinate

+ (C D x+ (+e) +C)

changes given by r — x and y — vy yield the following form:

3c2+3c—1 3 — 2
(7) y? =2 — c—|—4c z? chx_'_c—Fz—l-c.
By substituting ¢ = 102_2k into (), the cubic polynomial of the right hand side of
([@ splits as follows:

2(k —1)2 2(k —5) (k —5)(k —1)2

8) 2= = S G 7/ ~ " .
®) v (“L (k+3)2(k—3)> <x+ G-3)k+3) ) \" 1k 3k -3y
Note that the elliptic curve defined by (8) has the point P = (0, —62;' <) of order

6. By Theorem 2.2] for a number field K, there exists a K-rational point @ with
2Q) = P if and only if both kz and k+3 are squares in K. Set k = 2I%2 4 3; then

% = % and & k+3 = ﬁ;é are squares in Q ( égjr;) and ¢ = HIJF# Thus the
elliptic curve defined by y2 + (1 — ¢)ay — (¢ + )y = 2% — (¢ + ¢?)2? with ¢ = 141;—52
contains Z/2Z®7/127 as its torsion group over the field Q ( l2+1) Now we need

to find an [ such that [ generates a cubic number field Q(I) and §2+3
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Q(1); the latter condition is equivalent to (12 — 1)(I2 + 3) being a square in Q(I).
Consider the following equation:

(9) Y2=(X?-1)(X*+3)=X*+2X2-3.
Substituting X = —*5 and Y = (Ii—%)z, @ becomes
(10) y? =2 — 42% + 62 — 3.

Since oy is a zero of f(x), the point (z,y) = (o4, t) satisfy ([I0). Then the point

(X,Y) = (3%, (at‘lftmz) satisfies (9). Thus we can take [ to be 5, and then

(Oét—l)(ﬂét—2)2
a?(a?—3as+3) "

c=— The result follows as desired. O

4. MODULI PROBLEM AND THE CASE E(K)ors = Z/27 ® 7. /147

Let X;(2N,2) be the modular curve belonging to the congruence subgroup
I'1(2N)NT'(2). When K is a number field, the K-rational points on the curve
X1(2N,2) parametrize elliptic curves E over K such that E(K )iors contains a sub-
group Z/27Z ® Z/2NZ. There are forgetful maps from X;(2N,2) to X;(2N) which
send (F,P,R) to (E,P) where P (resp. R) is a K-rational 2N (resp. 2) torsion
point.

In order to find the elliptic curves with noncyclic torsion groups Z/2Z ®Z/2NZ
as their torsion subgroups over K, we use forgetful maps from X; (2N, 2) to X1(2N).
For example, in the case N = 3, consider the forgetful map X;(6,2) — X1(6). It
follows from the Tate normal form that there is a canonical bijection P* — X (6)
which sends t — (Ey, P,), where

By + (1 +tay+ (t -ty =2+ (t —t*)z?, P =(0,0).
Viewed as a modular function, ¢(z) has the following g-expansion [5]:
1
§(1 — 8¢ + 24¢% — 24¢® — 40¢* + 144¢° 4 - - -).

Meanwhile, the curve X;(6,2) has genus 0, and thus its function field over Q is
equal to Q(f), where f(z) is the Hauptmodul for "1 (6, 2) with the g-expansion

Comparing g-expansions of t(z) and f(z), we obtain t = %. Thus we see that

fF=9
Efy2+(1+t)$y+(t—t2)y:$3+(t—t2)x27 Wheret:m
gives a family of elliptic curves which have torsion subgroups E;(Q)iors = Z/2Z &

7/6Z.

Now, in order to settle our problem, we need to construct the forgetful map
from X1 (14,2) to X;(14) by following the above method. But the situation is quite
different from the previous case. Note that X;(14,2) (resp. X1(14)) has genus 4
(resp. genus 1). Since the modular curve X;(14,2) has genus greater than 0, the
function field generators for the curve are not uniquely determined. Since X;(14) is
an elliptic curve over Q, it is parametrized by modular functions. The modularity
of X;(14,2) is heavily affected by the choice of function field generators and the
modular parametrizations.

In the following we construct the forgetful map from X;(14,2) to X;(14) which
reflects the correct modularity. For this purpose, we need to consider the modular
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curves XA(N). Let A be a subgroup of (Z/NZ)* that contains —1. We write
XA (N) for the modular curve belonging to the group

{(g S)ESL2(Z) : N|canda€A},

Note that for A = {£1} this is just X;(V). Let A = {£1,+(2N + 1)}. Then
we observe that Xa(4N) is the modular curve corresponding to the subgroup
To(4N) NT1(2N). Conjugating the group I'1(2N,2) with the matrix (§9), we
obtain a birational map, defined over Q, from X;(2N,2) to XA(4N). In the mod-
uli interpretation this corresponds to dividing an elliptic curve with a distinguished
subgroup Z/2NZ & 7Z/27 by the 2-torsion point that generates Z/27 and obtaining
an elliptic curve with a cyclic 4/N-isogeny and a distinguished underlying 2 N-torsion
point.

The first two authors and Schweizer [3] calculate a defining equation of XA (28)
by using the modular forms of weight 2 corresponding to I'a(28) as follows:

(11) (% = 1)(y® — 9y) + (2® +22% — 92 — 2)(y* — 1) = 0.
Note that the defining equation of the modular curve X;(14) is as follows:
(12) X1(14): v +uv+v=1>—u.

Now we construct the forgetful map from X;(14,2) to X;(14) by finding the
corresponding map between the curves defined by the equations in (II]) and ([I2]).
For this purpose, we need to know the g-expansions of modular functions on X (28)
and X;(14).

Yang [I5] developed a method to find the equations of modular curves by using
the generalized Dedekind n-functions. More precisely, he devised an algorithm
to generate modular functions from the generalized Dedekind 7n-functions and then
obtained an equation of modular curves by finding two modular functions satisfying
some conditions of the orders of the pole at infinity. The generalized Dedekind 7-
functions are defined by

NB(%)

(13) Eyr)=q = [] (1 _ q(m—l)N-i-g) (1= qmVo)

m=1

where N is a fixed positive integer, g is not congruent to 0 modulo N, g = 2™,

and B(z) = 2® —x + §.
In particular, the equation of X;(14) in (I2) can be computed by the following
two modular functions:

E5Fs
14 =
(14) B E\E,’
. _E5E6_E§E7_1
 E\Ey, EE; T

Using the infinite product in (I3)), we can obtain g-expansions of u and v as
follows:

11
u = q—2+5+2—|—2q+3q2+2q3—|—2q4—|—q5—2q7—3q8—4q9—4q10+-~-,

4
v o= —————a—6—8q—9q2—10q3—8q4—6q5—q6—|—5q7—|—12q8—|—~-~.
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Also we can get the g-expansions of modular functions z and y which give the
equation in (1) as follows:

= 1—92g+2¢" —2¢° +4¢° — 2¢"° — 2¢ 4 4¢M — 4¢15 — 2¢\T 44" + .- |
2
y = —g—1+2q2—2q4—2q5+2q10+2q11—2q12—4q13—2q14+4q15+---.

Now we are ready to construct the forgetful map. An algorithm for finding such
a map is as follows:

Algorithm.
(1) Put
_ Ny gi(zy)
u= , V=
fo(2,y) 92(2,y)
where fz(x7y)agz(xay) EZ[.’L‘,y] with i = 152
(2) Input the g-expansions of u,v,x, and y in the following two equations:

fi(@,y) = ufe(z,y),  g1(2,y) = vga(z,y).
(3) Compare the coefficients, and set two systems of linear equations.
(4) Find fi(z,y) and g;(x,y) with i = 1,2 by solving the above systems of linear
equations.

Following this algorithm, we obtain the following result.

Proposition 4.1. The forgetful map from Xa(28) to X1(14) is given as follows:
—24 2y
U= — "
3+x+y—ay
- —y —3y? —x —day + xy® — 2% + 2%y

= Soend
YT 4y + 92 + 3z + 22y — 2y? — 222y oenaarray

(15)

Proof. First of all, we need to introduce a defining equation of X;(14,2) which
shows its modularity explicitly. Each point (u,v) on X;(14) corresponds to the
elliptic curve E(b, ¢) with a torsion point P = (0,0) of order 14, where
b — (v—u?+u)(—v—14+u?)(—v+u—1)
(—v—u—14u?)?(u—1)3 ’
(v—1—-u?)(~v+u—1)
(—v—u—1+u?)ulu—1)2"

(16)

By replacing y by y+ (Cgl) T+ % in the equation of E(b, ¢), we have the following
form:
2 3, 1,9 2 1 b?
(17) E: y =z -i-Z(C —2c+1-b)x +§b(c—1)x+z.
Note that 7P is of order 2 and the z-coordinate of 7P is as follows:
(—v+u— Du(u? —u—v)
T7rp = — 3 1
(—v—u—-1+u?)(u—-1)
The cubic polynomial in the right hand side of ([I7) is divisible by = — z7p, and
we have a quadratic factor ¢(x). Then the torsion subgroup of the elliptic curve E
defined over the field K = Q(u,v) contains the group Z/27 & Z/14Z if and only if

the quadratic factor ¢(z) splits over K, and it holds if and only if the discriminant
A(u,v) of q(x) is a square in K. Since the denominator of A(u,v) is a square, it is
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equivalent to the numerator of A(u,v), say d(u,v), being a square in K. Note that
d(u,v) is given by

d(u,v) = v®+(8+8u+12u? —20u>)v” + (28 —56u+96u? —132u3 —6u +8u° +6ub) v’ + (56 — 168u+324u> —
372u° —136u? +324u°% —300uS +252u7 —88u8 +121°)v° 4 (70 — 280u+600u? —580u> —584u? +1404u> —1182u’ +
288u" + u'2 4 767u® — 832u° 4 336u'0 — 56u'l)v? + (56 — 280u + 660u? — 540u? — 1096u? + 2560u® — 1668u’ —
1188u” 43288u8 —1908u° —652u'0 — 584112 +108u'3 —4u ' +1248u' )03 + (28 — 168w +432u2 —300u> — 1054u? +
2376u° — 1006u® —2748u” +4368u® — 740u® —3350u'0 +2684u'! + 44412 — 996113 + 53261 —108u'5 +6ulC)v? 4
(8 — 56w+ 156u? — 92u> — 512u* + 1116w’ — 20068 — 2056u” + 243218 4 780u? — 3348u'0 + 1464u'! 4 1508u'2 —
1624613 421201 +41201% — 252018 456017 — 4ut®)v + (1 — 8u — 1202 + 24u? — 100u? + 212u® 4 14u8 — 53247 +
498u® +456u” —1006u!® +128ult +837u'? — 524013 — 24241 43640l — 77Ul — 72617 4 50ul® — 1201 41 20).

Therefore a defining equation of the modular curve X;(14,2) is given by

(18) { w? = d(u,v), ,

v2+uv+v:u — U.

It is enough to show that each point (z,y) on X (28) is sent via the map in (IT)
to a point (u,v) on X;(14) such that d(u,v) is a square.
By using the g-expansions of u and v, we have the followig g-expansion of d(u, v):

1 24 304 2696 18764 109000 549060 2461000
F"'qﬁ"'qﬁﬁ_ 7 PES PES ¢34 PES)

d(u,v) =

Consider the function w(u,v) which satisfies
w(u,v)? = d(u,v).
Using the computer algebra system MAPLE, we can obtain the g-expansion of
w(u,v) as follows:
1 12 80 388 1526 5148 15402 41748 104015

W(u,v) = -+ =5 + —= + —
q20 q19 q18 q17 q16 q15 q14 q13 q12

By using the algorithm to find our forgetful map, we can express w(u,v) as a
function of z and y, say w(z,y). Then w(zx,y) is given by the following:

w(z,y) = (383853934z — 540630262603 + 1379413578y — 123255399692z — 167914xy® — 3142834826422y +
19230671876x2y2 + 694312x2y7 + 492414x2y% + 159008209164x%y2 + 160654162%y® — 106840989252x°y
+ 1589465849162°y2 — 22472013304z y> — 2452354136428y2 — 8449257610423y + 626203542202°y2
+ 2949480a°y% — 19470002°%y” + 7593652842°y? — 1656556762°y5 + 14074756853620y — 4784831510y
+  932698396zy> — 179242zy® —  10900521880x%y® 4+ 1867038484z%y* + 133076830500z y>
— 5353321224 y% + 2186603442162y — 65277977844z 7y — 99647268612z %y — 1242701843422 — 1772873578562° —
6047909042 + 65277977844x7 — 169528920088x5 + 245235413642% — 167914y + 321578392) /(28 — 130978226 +
14284210+3334882%y —59684170622y+1066214497x2y2 —14823522y7 +3355522y8 — 71975886922 — 226502728y +
1671446266720y2 +519629427827 4244641124 y% — 1246874923025y +85767235602°y2 — 22063222 — 187750105423
— 2069563299x7y% — 227757280428y — 523920617223y + 2181375376z°%y? — 1831371z3y% + 140152347
—191371092°y* — 1496954125 y® 4 531049629025y — 609156369y + 14356616zy2 — 335552y — 1853576079925 —
207071073253 + 1910543732%y* — 7419757485z% + 8645284145z%y? — 575703z%y° + 20304995860z7y
— 5205074905z y? 4 227812406125 — 455573989024y — 8833344818x°) .

We can also express d(u,v) as a function of z and y by using the map in (IH),
say d(z,y). Then one can check that d(z,y) and w(z,y)? define the same function
on XA (28). Therefore we can finally conclude that the map in (I3 is the forgetful
map. O
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In the following theorem, we obtain an infinite family of elliptic curves over cubic
number fields whose torsions are Z/2Z & Z/147Z.

Theorem 4.2. Choose t € Q such that the polynomial
flx) =t —Da® + 4+ 26> =9t — 2)2? —9(t* — ) — 3 — 242 + 9t 4 2
is irreducible over Q. Let oy be a zero of f(x). Let E be an elliptic curve defined
by the equation
y* 4+ (1 — c)xy — by = 2% — ba?,
where b is given by

b = (5+13as — oy + 16t — 12042t 4+ 5ag 212 + a 3t2 — dagt — 13a4t? — a2 — 9t2 — 43 + 40 t3) (=3 —t —
at 4 apt)?(=5 — 120 + 4a® — 25t + ap® + 26042t + 2604 242 + 8Bt — 120452 — 24t + 28apt? — aptt? —
artt —da;? —25t2 + 173 + 6t + 160+t — 8ty — 18t3as? 4 2a 2t* + s t3) (—5t% + Tttar — 302t + o Stt +
6t3 2 — dagtd — 4o 3t — 1565 + a2 + 362 + 8ar 242 + 10a4t2 — a2 — 204342 + 10as 2t — 360t + 3o tt +
12043t — 37t — 10 — Ta 3 — ap? —21ar? —4las) /[(14 8t +4as® — 5t +ap? +6a42t + 3002t + 4oy 3t — 4oy 3t2 —
200t — dagt? — aptt? — aptt + 2042 — 3762 + 55 + 4t? 4+ 200413 — 4ty — 632 — 40383 + s ?t3)? (-1 —
4t — t2 — 3y — 204t 4+ agt? + 2a42t) (8 — 5 — ap + art)3],
and c is given by

¢ = (54 1204 — dag® + 25t — ap? — 26042t — 2604 2t2 — 8ay St + 12a43t2 + 24t — 2842 + att? +
artt 4+ 4042 +25t2 — 173 — 6% — 16043 + 8t oy + 18312 — 204 2t% — a *t3) (=3 —t — ay + oy t)? (5 + 13y —
3 4+ 16t — 12042t + 50 262 + 312 — dagt — 13apt2 — g2 — 9t2 — 413 4+ 40 t3) /[(1 + Soug + 4ay — 5t + art +
6ot 2t + 300 2t2 + Aoy 3t — da3t2 — 20t — dagt? — artt? — aptt + 2042 — 372 + 583 + 4t* + 20043 — 4ty —
6302 — 40433 + a2 t3) (3t — 3t2 — 3 — apt — Bast? + art® + 204 2t2 + 1+ 3o — 204 28) (t — 5 — ap + agt)?].

Then the torsion subgroup of E over a cubic number field Q(aw) is equal to Z /27 &
Z /147 for almost all t.

Proof. Substituting y = ¢ into the defining equation of X (28), we have a cubic
polynomial f(z) as above. For the irreducible cubic polynomial f(z) with a rational
number t and its root a, the point (ay,t) on Xa(28) is defined over the cubic
number field Q(a).

If the point (a,t) is mapped via the forgetful map of Proposition [£1] to a point
Q@ on X;(14), then the elliptic curve E(b, ¢) corresponding to this point @ has the
torsion subgroup Z/27 & Z /147 over a cubic number field Q(cv). (]

Example 4.3. Let t = 0. Then f(z) = —23 — 22% 4+ 9z + 2. If we let @ = «, then
b and c are given by
T3, MO ST 13, %5 6

128 128 64’ 32 32716
Then the cubic equation in (7)) splits over Q(«) as follows:

(162 — 47 + 10a + 5% (20482 — 1190 + 163cx 4 207a?) (4 + 18 — 3o — 2a%)

131072 '

Therefore the torsion subgroup of E(b, ¢) should be Z/2Z @ Z/14Z over Q(«).
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