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SUBSEQUENCE CONVERGENCE IN SUBDIVISION

DETER DE WET

ABSTRACT. We study the phenomenon that regularly spaced subsequences of
the control points in subdivision may converge to scalar multiples of the same
limit function, even though subdivision itself is divergent. We present differ-
ent sets of easily checkable sufficient conditions for this phenomenon (which
we term subsequence convergence) to occur, study the basic properties of sub-
sequence convergence, show how certain results from subdivision carry over
to this case, show an application for decorative effects, and use our results
to build nested sets of refinement masks, which provide some insight into the
structure of the set of refinable functions. All our results are formulated for a
general integer dilation factor.

1. INTRODUCTION

In this paper we consider univariate subdivision schemes with a general integer
dilation factor, i.e. for an integer p € Z, p > 2, called the dilation factor, and a
bi-infinite complex-valued sequence a = (a; : j € Z), called the (subdivision) mask,
we define the subdivision operator S, , by

(1.1) (SapC); = D ajpici, jeZ, ceM(Z),

where, as throughout this paper, M (Z) denotes the set of complex-valued bi-infinite
sequences and Zj denotes ZjeZ' Subdivision plays an important role in the
construction of curves and surfaces in CAGD (see e.g. [9]). We shall only con-
sider masks in My (Z), which denotes the set of sequences a € M (Z) for which
supp(a) = {j € Z: a; # 0}, called the support of a, is finite.

For a given initial sequence ¢ € M (Z), we recursively define

A0 = ¢ " = Smpc(r_l), reN.

We call this process the subdivision scheme (Sq 5, ¢).
We say that the subdivision scheme (S, ,,c) converges if there exists a nonzero
function ® € C(R), called the limit function of the subdivision scheme, such that

J (r)
® (E) 4

The following necessary condition for subdivision convergence is known (see [3]
Proposition 2.1] for the case p = 2 and [7,, Proposition 1] for the extension to p € Z
and the multivariate case).

(1.2) sup -0, 7r— o0

JEZ
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Theorem 1.1. Forp € Z, p > 2, and a € My (Z), suppose there exists a sequence
c €1°(Z) such that the subdivision scheme (S, ,c) converges to ®. Then the sum
rules

(13) Za’ijrl:l? l€{07...,p—1},
J

hold for the mask a.

During numerical experiments with masks not satisfying the requirements of
Theorem [[LT] it was detected that sometimes the subdivision algorithm “converges”
to two or more limits. To make the meaning of this clear, consider the following
example, which is a modification of [I0, Example 2.2].

Example 1.2. Let p = 2 and let the mask a be given by

3 1 3 1
an = Qa4 = — a1 = ar = —— ao = — aQq = ——.
0 4 4 9 1 5 4 ) 2 ) 9 3 )
Observe that »_ az; # 1 and ) asj11 # 1. We take the initial sequence ¢ = 4,
with ¢ denoting here and elsewhere the Kronecker delta sequence, i.e.

(1.4) So=1and 8, =0, j#0.

As can be seen from Figure [[Ta), which shows the fourth iteration of subdivi-
sion, the subdivision algorithm is divergent and appears to oscillate between two
functions on consecutive control points. In Figure [[T(b) , we show separate plots
connecting the odd-indexed points and even-indexed points, respectively, of the
eighth iteration of subdivision. We see that the two functions thus obtained seem
to be scalar multiples of one another, with the one built from the even indices being
minus three times the other one.

20

-1.0 -1.0
0

FIGURE 1.1. Plots of (a) S36 and (b) (S56) e = 0,1, in Example [[.2

2-4e’

In this paper, we study this phenomenon that regularly spaced subsequences of
the control points in subdivision may converge to scalar multiples of the same limit
function. This we term subsequence convergence, of which we will give a formal
definition after establishing further necessary notation and preliminary results.



SUBSEQUENCE CONVERGENCE IN SUBDIVISION 975

Further notation. Throughout this work, x shall denote the characteristic func-
tion of [0,1).

We write sup; for sup,cz. We let Z, = N U {0} denote the set of nonnegative
integers. For x € R, |x] denotes the largest integer < x and [z] denotes the
smallest integer > x.

For m € N, Z,, denotes the set {0,...,m — 1}. We shall use the facts that

Lo ={jm+1: jE€ELp, 1 €L} and Z={jm+1:j€Z1€ln},

which allows us to partition sums into appropriate double summations and vice
versa.

For j,m € Z, j mod m denotes the remainder in Z,, when j is divided by m,
that is )

jmodm—j—m{lJ, j,m € Z.
m

We let the set of functions from R to C be denoted by M (R). The support of
a function f is the set {x € R: f(z) # 0} and is denoted by supp (f). The set
of functions in M (R) with compact support is denoted by My (R), while M, (R)
denotes the set of functions in M (R) that vanish left of the origin. We set M (R) =
My (R) (1 M; (R).

For nonzero a € My (Z), we define lal = min{j € Z: a; #0} and tat =
max {j € Z: a; # 0}. We let My (Z) denote the set {a € M, (Z)\ {0} : lal = 0}.
Let A denote the backward difference operator defined by (Ac) ;=6 —¢-1,] €L,
¢ € M (Z), and by A>®(Z) we mean the subspace {c € M(Z): Ac €1>*(Z)} of
M (Z).

Fora € M (Z) and k € C, ka denotes the sequence defined by (ka)j = ka;, j € Z.

We shall sometimes exploit the one-to-one correspondence between Laurent poly-
nomials and compactly supported sequences in our proofs. To this end, we define
the following operators.

Definition 1.3. For a sequence p € My (Z), define the Laurent polynomial P by

(1.5) 7 (2) :ijzj, zeC\{0}.

Definition 1.4. For a Laurent polynomial P, let [P] € My (Z) denote the coeffi-
cient sequence of P, i.e. for j € Z, [P]j equals the coefficient of 27 in P.

Observe that P is actually a polynomial if p € M (Z), while, for nonzero Laurent
polynomials P and @,

(1.6) TP =TT+ TQRIT  and  [[PQI] = [[P]| + [[Q]].
We will also make frequent use of the following operator and its properties.

Definition 1.5. For a Laurent polynomial P and m € N, define P{™ to be the
Laurent polynomial given by

P™ (z)=P(z™), zeC\{0}.
Note that P{" = P. Also, provided P # 0, we have
(1.7) Hp<m>ﬂ —m[P]]  and HP<W>H =m|[P]].

The next lemma states some further properties of this operator, which can easily
be verified.
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Lemma 1.6. Suppose P and Q are Laurent polynomials and m,n € N. Then the
following identities hold:

(1.8a) (P(m>)("> _ (P<">)<m> _ pimn),

(1.8b) (PQ)(™ = plmgim).

(1.8¢) [pQ<m>L =S 1P Q. JEZ.
k

Elementary polynomials. The following class of polynomials will prove useful
in various proofs. Define, for a given m € Z,, the polynomial FE,, by

1 & . 1 5 .
(1.9) E,(z=——)» 2Z/=— (z - e23m/(m+l)) , z € C,
m+ 1 4 m+1 -

Jj=0 Jj=1

where the second equality follows from the fact that the first equality yields
1 — zmtl

1.10 E,(2)= ———F—, C\ {1}, Z..
(1.10) (= gy O, mezs

Note that F,, (1) =1, m € N, and that Fy is the constant polynomial 1. It is also
easy to verify that the following identities hold for p € N:

(1.11a) EY B,y =Ep1, meN;
r—1 < j>
(1.11b) [[E =By, reN
§=0
k
(1.110) Epk—lEévZLZ_l = Lpr_1, ke {0,1,...,7“}, r e N.

Refinement pairs. In the study of subdivision, an important role is played by
so-called refinable functions. For our purposes, the following definition will suffice.

Definition 1.7. We say that (a, ¢) is a p-refinement pair if, for some integer p > 2,
sequence a € Mo (Z), and function ¢ € L' (R)\ {0}, the refinement equation

(1.12) ¢=> a6 (p-—j)
JEZ
is satisfied.

In this case, ¢ is said to be a p-refinable function. We call p the dilation factor
and a the (refinement) mask. We also sometimes call a the mask corresponding to
¢ or call ¢ the refinable function corresponding to a. The polynomial A = %’&‘ is
called the (refinement) mask symbol.

Remark 1.8. Henceforth, we use the conventions A = 1@, A = 1@, A}, =

T =

1
P
B= %'5\, etc., but only for the Roman capitals A and B.

From [5] Theorem 2.1, Corollary 2.2, and Theorem 3.1] we have the following
necessary conditions for the existence of a p-refinement pair.

Theorem 1.9. Suppose (a, @) is a p-refinement pair. Then the following assertions
hold:

(a) If (a,%) is a p-refinement pair, then 1» = K¢ for some real constant K.
(b) A(1) =p™ for some m € Z.
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(c) If, in (b), we have m > 1, then there exists a function ¢ € L* (R) such that

(p~™b, 1)) is a p-refinement pair, where, with a proper choice of scale, we
have dimw =¢ p.p.

(d) ¢ is finitely supported, with
_ Jal  ta?
(1.13) o) =0, xg[p_Fp_l]

By virtue of points (b) and (c) of Theorem [[L9] we shall henceforth assume,
without essential loss of generality, that A(1) = 1, i.e. }°;a; = p. In this case

we have, again from [5], that ffooo ¢(x)dx # 0. We call a refinable function ¢

a normalised refinable function if [* ¢(x)dz = 1. In this case we call (a,¢) a
normalised p-refinement pair.

. . . . . lal

It can easily be checked that if (LI2) holds, then it follows with ¢ = ¢ ( + p%l)
and b; = aj4jay, j € Z, that ¢ = Y10 bp(p - —j). Thus we shall henceforth
assume that Ja] = 0, TaT = N with N € N, so that the mask symbol A is a
polynomial of degree N with A (0) # 0.

The following can also be shown (see [6l Lemma 1.9]).
Lemma 1.10. If both (a,$) and (b, d) are p-refinement pairs, then a = b.

A well-known example of a refinable function is provided by Ns, the cardinal
B-spline of order 2, which is given by
(1.14) Ny(r) = max{0,1 — |1 —z|}, zeR.
It is known (see e.g. [§]) that, for p € Z, p > 2, the function Nj is p-refinable with
mask a®? = p {(Ep_l)z}

Basic results for subdivision. For p € Z, p > 2, suppose that a,c € M (Z).
Note from (L8c) that the definition (II)) is equivalent to S, ¢ = pATP  so that,

by repeated use of (L8al) and (L8],

(1.15)

— r—\<P> f—\<p71> r—1 & r

C(T) =pA C(Tfl) _ pQAA(m C(T72) =...=p H A<pJ> ra(l’ >’ r e N.
7=0

In the special case ¢ = §, ([.I5) becomes
r—1 )

(1.16) Sio=p [[A¥7,  ren
=0

The link between the subdivision algorithm and refinable functions is borne out
by the following result, which is given in [3| Theorem 2.1] for the case p = 2. It is
extended to the general integer multi-dimensional case in [4, Section 3], but we once
again use the formulation of 7, Proposition 2] restricted to the univariate case.

Theorem 1.11. Suppose, for p € Z,p > 2, a € My (Z), and ¢ € 1> (Z), that
(Sa.,p, ) converges to a function ®.. Then there exists a unique compactly supported
continuous function ¢ such that (a, @) is a p-refinement pair and such that ¢ satisfies
the partition of unity property Zj ¢ (x —j) =1, x € R. Furthermore,

(1.17) e =3 0 (—J).



978 DETER DE WET

The next result shows that to check subdivision convergence for all initial se-
quences in [*° (Z), it is sufficient to consider the initial sequence §. The result was
first proved for p = 2 in [3, Proposition 2.2] and the extended multi-dimensional
proof is given in 7, Lemma 4], which we once again only state in one-dimensional
form.

Theorem 1.12. Forp € Z, p > 2, and a € My (Z), the subdivision scheme (Sq p, ¢)
converges for all ¢ € 1°° (Z)\ {0} if and only if (Sq,p,d) converges.

We generalise Theorems [[LTT] and [[.T2] to the case of subsequence convergence in
Lemma and Theorem 331
A mask a is said to be a positive mask if it satisfies

aj >0, ]6{0,,N}

In this special case we have the following subdivision convergence result (see [6]
Theorem 2.26]):

Theorem 1.13. Suppose, for dilation factor p € Z, p > 2, that the mask a is
positive, the sum rules [L3) hold for a, and tat > p. Then, for any ¢ € A*(Z), the
subdivision scheme (Sq p,c) converges to the function ®. € C(R) defined by (ILID),
where ¢ is the normalised p-refinable function corresponding to the refinement mask
a.

Definition of subsequence convergence. We now return to the study of sub-
sequence convergence in subdivision as discussed in the introduction. We have the
following formal definition.

Definition 1.14. For m € N, we say that the subdivision scheme (S, p,c) has
m-subsequence convergence to ® under K if there exists a function ® € C' (R)\ {0}
and a vector K € C™ satisfying Z?:ol K; =1 such that

Ko (M) L

(1.18) max sup - o i

— 0, r — Q.
V€L, j

In this case we write (Sq,p,c) KB, We call K the subsequence convergence
vector (SCV).

Note that the definition (II8]) has the equivalent formulation

J r
Kj mod mq) <]7> _C; )

which perhaps expresses the notion more clearly.

(1.19) sup — 0, r — 00,

J

Remark 1.15. Subdivision convergence is equivalent to 1-subsequence convergence,
since for m = 1, one obtains K; meam = Ko = 1, j € Z, in which case ([I9)
becomes (L2Z). This shows that m-subsequence convergence is a generalisation of
the concept of subdivision convergence.

Remark 1.16. Our concept of subsequence convergence must not be confused with
the concept called “subconvergence” which is considered in [I1], Section 3]. There
the convergence of only a subsequence of the iterations of the subdivision scheme are
considered, whereas we consider all iterations but take a subsequence of the entries
of every iteration. Symbolically, “subconvergence” considers the convergence of
c8) where {ri : k € Z+} C Z is a strictly increasing sequence, while our concept
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)

. T
of “subsequence convergence” considers the convergence of cgn
chosen integers m and <.

; for appropriately

Returning to Example[[.2] we see that it appears that 2-subsequence convergence
occurs with Ko = % and K = —%, since Ko = —3K; and Ky + K; must equal 1.
This will be shown to indeed be the case by Theorem

2. GENERALISED BERG-PLONKA FACTORS

In our analysis, an important role will be played by certain polynomial factors,
which are generalisations of the factors considered for the case p = 2 by [1l 2.
Although we shall not make use of this fact in this paper, these factors correspond
to refinable step functions and also play an important role in the analysis of the
regularity of a given refinable function (see [6l Sections 2.2, 3.1, and 3.2]).

Definition 2.1. For p € Z, p > 2, we say that a polynomial P is a p-GBP (gener-
alised Berg-Plonka) factor if there is an integer k € Z, such that P = P, can be
iteratively obtained as follows:
(1) Po=E,_;1.
(2) Forl=1,2,...,k, P, is obtained by replacing z by 2P in P,_; or in a proper
polynomial factor of degree at least 1 of P,_;.

We say that P is a p-GBP factor of level k if k is the smallest integer such that
P = Py, where Pj; can be obtained in the algorithm above. For instance, the factor
% (1 + z4) is a 2-GBP factor of level 2, since its shortest possible derivation is

1(1+z)—>1(1+22)—>%(1+z4).

2 2
Example 2.2. In Definition 2] an important special case is obtained if we form
P, by replacing z by 2P in P,_1 for every [ = 1,...,k, in which case it follows
k

inductively that P = E1§111>. If a p-GBP factor is not of this special form, we shall
call it a nontrivial p-GBP factor.

We show some nontrivial 2-GBP factors in Figure 2.1 which depicts the deriva-
tion of all 2-GBP factors up to level 2 and the 2-GBP factors of level 3 with real
coeflicients. Although we do not show the calculations here, it is interesting to note
that there are an additional eighteen 2-GBP factors (each with at least one complex
coefficient) of level 3, yielding a total of twenty-six 2-GBP factors of level at most
3.

Remark 2.3. GBP factors have a useful equivalent formulation, which was noted
in the proof of [II Theorem 3.4] for the case p = 2. Namely, P is a p-GBP factor if
and only if there are an integer k € Z, and polynomials ¢;,7; : 1 € {0,...,k} with
deg (1) > 1,1 € {0,...,k}, such that the following identities hold:

(21&) qoTo = Epfl;
(21b) qir] :ql,1T1<€>1, l= 1a2,"'ak;
(2.1c) Qi = P.

To see the equivalence of this definition, note that ¢;r; = P, for [ = 0,1,...,k,
with 7;_; representing the polynomial factor of P,y in which z is replaced by z?
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k=0 1(1+2)

k=1 5 (1+2%) =35 (14142) (1 -12)

k:—2{ T (1+42%) (1 —i2) 3 (1+12) (1 —142?)
N L1+2Y) =3 (1+v22+22) (1- V22 +22)

/\

k;3{ 114+ V222 +24) (1— V22 + 22 (14 V224 22) (1 - V222 +2*)

—_

1

2
(1+2%)
FIGURE 2.1. A graphic illustration showing the derivation of the 2-
GBP factors up to level 2 and those of level 3 with real coefficients.
There are eighteen other 2-GBP factors of level 3.

N

for 1 =1,2,...,k. Also note that, since E,_1 (1) =1 and

a(W)r(D)=aq-1 ()r () =aq-1 (Dr-a (1), 1=12..k
it follows inductively that P, (1) = 1 for [ = 0,1,...,k. Thus without loss of
generality we can always choose the g, 7 such that

(2.2) a)=r)=1, 1=0,1,... k

The next lemma establishes some useful properties of GBP factors, which we
shall employ later.

Lemma 2.4. Forp e Z, p > 2, suppose that P is a p-GBP factor of level k. Then
P can be expressed in the form

R
(23) P: EpflT,
where R is polynomial satisfying R (1) = 1. Furthermore, the function W, given by
W = Ey_1/R, is a polynomial satisfying W (1) = 1.

iy P .
Proof. By rewriting (2.1D) as ¢; = ¢;—1—-+, we obtain from (2.Ia)-(2Id) that

@) (o) r]iml < >k—1 PP k=1, .(p)
(24) P = qk—lrkp_l = qk_zrkzj_zrk_l — .= qorop H ;a_l = Ep—l H ’f“—l
B =1 =0

Defining R by

k—1
(2.5) R=T]n
=0

we see that R is a polynomial, while ([24) shows that (Z3]) holds. From the as-
sumption (Z2)) it follows that R (1) = 1.
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We also have, by consecutively using (LI11D), (2Tal), (L8D), (I8a), 2.Ib), and
@3, that

pl pl pl l l+1
Epe1 = E;S—1> = qé >7"§ =To qo H dp 7’0
1=0 1=0
k—2 1 k—2
pk—l P pkfl 1
= ToQé ) <(I07"(<)p>) = Toq(g ) H (Q1T1)<p )
=0 =0
k—3
k—1 pk—2 pl pl+1
— rod gl T o
1=0
k—3
k—1 ph—2 1
= ToQé >7"1q1< > (CI27“2)<p >
1=0
k—1 k—1—1 k-1 k—1—1
p p
= :quf |
1=0 =0

k—1—1
sothat W = E_/R = Hf;ol ql<p ) is a polynomial. To complete the proof of
the lemma, we observe that W (1) = E,x_; (1) /R(1) = 1. O

Remark 2.5. In Lemma 2.4] for the special case P = E (v 1> which was mentioned
in Example [Z2] we have ¢ = Ey for [ =0,...,k in (m) @Id), so that

!
rl:E<p> 1=0,....k,

p—1

which by (ZF) and (LIID) yields R = E,«_;, which yields W = E,«_1/R = Ej.

3. BASIC PROPERTIES OF SUBSEQUENCE CONVERGENCE

We proceed to obtain some basic properties related to subsequence convergence.

Lemma 3.1. Suppose, for a,c € My (Z) and p € Z, p > 2, that (Sqp,c) R,
Then the following statements are true:

(a) @ is compactly supported, with

(3.1) @ (z) =0, I€<¢C¢,¥+TT)

(b) If (Saprc) 255 &, then & = and K = K.

mnK

(c) For any n € N, (Sgp,¢) —> n® , where the vector K™ e C™
given by (K(n))z = % i mod ms ¢ € Lmn.-

d) If m =nl, with [,n € N, n > 2, then one has (Sq.p,C LK 1g if and only
P n

if Ki = Kimodl, © € Zpy,. In this case, K, = nk;, i € 7.

Proof. (a) From (LI0), (I6), and (7), after recalling also Jal = 0, we obtain, for
reN,

—1
(3.2a) TC(T)T Zp Tat +p" fet = ——Tat + p" Tct

7=0
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and
r—1

(3.2b) [0 ] =D p dad+ 97 ded = p" el
=0

Suppose now that = & [ici, TfT —i—TCT] and let the sequence {j,.: r€Z;} C R

be such that ]% — x as r — oo. Then there is an mteger R such that i% ¢
{ici, Lot —|—TCT] if r > R, so that also j,. & {p e L, = TaT—i—p Tct| whenever

r > R, which, by ([B2al) and (3.2h), yields cg-r) = 0,7 > R. But then (IIS),
together with the fact that ® € C (R), yields the desired compact support property

BI) of @.

(b) Suppose that (S, p,c) % 1t follows from ([CI9) by the triangle in-
equality that

sup ‘Kj mod m(I) (L) - Kj mod m(i) (i) ‘ — O, T — 0,
i p P

'

from which we conclude by the continuity of ® and @, together with the fact that
the set { S =/ Z+} is dense in R, that K;® = INQCi),z € Zy,. Together
with the identities Zi:o i =1= Z?:Ol K;, this yields

=) Kd=> Kd=9.

1€%0m, 1€
Since ® # 0 by definition, there exists an zg € R such that ® (z() # 0. Furthermore,
since
KIL‘@ (1‘0) = KZQ (1‘0) = KZQ (1‘0) , 7€ Zm,
we obtain K; = f(i, 1€ Lo,
(c) Suppose n € N. Then we obtain, for r € Z,

mnj +i> G

1
_Ki mod mn(I) (
n

Zrenza;j(n Slle pr mnj+i
m (nj +k) +i (r)
= znel%,},f IIcIé%X SUP ‘K (km+1i) mod m(I) (T - m(nj+k)+i
B mj+i\ o
= gl (%) .

which yields the desired result by (IL.I8)) after noting also that

mn—1 m—1n—1 m—1
E Kz mod m = § E K(z-i—mk) mod m § K;=1.
1=0 k= 0 =0

(d) Assume m = nl, with I,n € N, n > 2. Now first suppose that (S, p,c) LE,

%CI). Then by the result (c), we have (Sq p, ¢) —> @, where K| = KZ mod I, % €
Zy,. Now from (b) we have K = K', so that K; = —Kl mod 1, 1 € Zm, from which
we obtain

. 1. ,
Kimodi = —K(i mod 1) mod 1 = EKi mod | = K, 0 € Ly,

S|
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Conversely, suppose that K; = K; mod 1, ¢ € Zm, which has the equivalent formula-
tion K; = Ky, ¢ € Zy, k € Z,,. From this identity, together with m = In and the
assumed m-subsequence convergence of (S, p, c) to @, we obtain

nk;— <I> <ZJ +Z> —c(r)
n

g p ) o
l(nj+k ;
= max sup max | K;® —(nj+ JFi —CE().+k)+.
1€L; j k€L, pr nj !
mj + 1k +1 (r)
= rlré%( gé%x sup ‘thk‘b (77" ~ Conjtikti
= max sup |K;® M —M =0, rooo
L p" mat ’ '

This, together with the identity

G

EM
HM\

;ZKHM ZK =1,

=h

yields (Sq,p, ¢) %(I) with K; = nkK;, i € Z;, thereby completing the proof of
the lemma. ([

[

The next lemma shows that, as in the case of normal subdivision convergence,
it is sufficient to consider the initial sequence 9.

Lemma 3.2. If (Sg,p,0) mE, @, then, for any initial sequence ¢ € 1% (Z)\ {0},

one has (Sqp,c) i, ., where ®. and ¢ are related by (LIT).

Proof. As before, let N = faf. From the assumption (Sq p,9) K, ¢, it can be
shown inductively that

(33)  (Spo); = _(Sid),_a, JEL rELy, ceM(Z),
!
with the inductive step following from the definition (LIJ).
Given any initial sequence ¢ € [*° (Z) in the subdivision algorithm, we obtain by
use of (LI7) and (33) that the identity
(3.4)

Kiq)c (%j_z) (Sr )ijrz = Z ( 1¢ (mj h - l) (Sr(s)mﬁrz pTl)

l

holds for j € Z, r € Z4, and i € {0,...,m — 1}.
If we define, for r € Z4,j € Z, the constants u,. j,v,; € Z by

) . 1
(35) g = || -n = |

p p
it follows from (II6), (T6), (C7), and LemmalBT|(a) applied to the initial sequence
4, after recalling also 191 = 0 = |4/ and Taf = N, that the equalities

mj +i .
(36) ¢( P _l>:0_(5 Nmjaizprts  LELN{pry, - v}
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hold for ¢ € {0,...,m — 1}. Note from [B.5) that we have 0 < v, ; — p,; < N for
J € Zifr >log, (m — 1), from which, together with (3.4, (3.6]), and (LIS)) applied
to the initial sequence 4, we find that, for any € > 0, the inequalities

mj+1 .
‘Kiq)c (T) - (Sac)ijri

Vr,j

< Z le| [ Ko

l=pr,;

mj 414 ”
( pr - l) - (Saé)quLifp"'l
Vr

Y lale< (N +1) el e

l=pr,;
hold for j € Z and i € {0,...,m — 1} by taking r large enough. This shows that
m,K
(Sap,c) — . O

The next result extends another well-known property of standard subdivision
convergence to the case of subsequence convergence, namely that the limit function
must be refinable if one starts with the delta sequence.

Theorem 3.3. If, for some k € Z,, the subdivision scheme (Sa,,0) has pF-
subsequence convergence with limit function ¢, then (a,d) is a p-refinement pair.

Proof. By application of ([LIG]), we obtain
Sitl = p [ AV) = pAWD TS, rez,
j=0
which by (8d) is equivalent to

(3.7) (S5719), Zalsaml, jE€Z, rely.

k . k
By assumption we have (S, ;,9) LALN ¢ for some K € cr". Since Zfzal K; =1,
there is an index i € {0, Pt = 1} such that K; # 0. Let now « € R be fixed and
choose a sequence {j, : r € Z;} such that ;7 — pl~*xr as r — oo and let € > 0 be
given.

We have, by use of B1), that, for r € Zy, r > k,
K, <¢ (p .7:;:1) Z ¢<p i ))
(o5 - 19,
Zal ( Sa0) ph (G —pr—kiy+i — z’¢(pk G- _ﬁ:_kl) —H)) :

Together with the definition (T.I8]) of subsequence convergence, this yields the ex-
istence of an integer R > k such that

(3.8)
¢(p3::1rZ> Z ¢(pjr+l )

\Y,
=

<€+Z|al\5:C’5, r>
1
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where

(3.9) C=1+> |a < oc.
l

According to Lemma[31(a), ¢ is compactly supported, so that ¢ € C (R) implies
that ¢ is uniformly continuous on R. Hence there is a 7 > 0 such that

(3.10) lp(z) —d(y) <e, wyeR, |z—-yl<T
Since lim, oo p;zﬂi = lim, 00 (p - {H) = z, there is an integer R’ such

that 7 > R’ implies ‘% — x} < %. Thus
k- .
D Jr 1
‘(;—T—O —(pac—l)‘:p
Since also 7 < 7, we now have, by (.10), for r > R/,

pri+i
pr+1

—z| <, leZ, r>R.

(3.11) ‘d? (p JTTILZ) —¢(z)|<e
and
(3.12) ’¢ (%—l) —¢(px—1)| <e, leZ.

If we take r > max {R, R'}, we have from (8.8), (8.9), 311, and BI2) that
|¢<w> = o (pr =)
]

k- 3 k - .
:>¢(x)—¢(p g:+41rz)+¢(p ][JZ)—Zamb(]Lﬂ—z)
+Z ( (pjr+z—l>—¢(px—l)>|
oo (S b (255 E (2 )

p]r"'l
+ 3l o ( —l>—¢(px—l)‘
Ce 1
<e |K|+Z|al|5 C’s(l+|K|)

Since € > 0 is arbitrary, we deduce that ¢ () = Y, a;¢ (px — ) for any given x € R,
which, together with the compact support of ¢ and the fact that ¢ is not identically
zero, yields the desired result. O

4. SUFFICIENT CONDITIONS FOR SUBSEQUENCE CONVERGENCE

One trivial set of conditions which yields subsequence convergence occurs in the
case of “stretched” masks, as formulated in the following theorem.
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Theorem 4.1. Forp e N, p > 2, and m € N, if the masks a and a are related by
Ajm+1 = 5laj7 j € Z7 le va

and the subdivision algorithm (Szp, ) converges to a function ¢, then (Sq p,0) K,

¢ (E)’ with I € C™ gien by K; = 62’; 1€ Ly

Proof. Set, as usual, c(") = Sg 0 and e = Sg 0. We show by induction that

(4.1) D =8d0, e, 1€y,
for r € Zy. For r = 0 we obtain, for | € Z,,, C;%H = Ojml = 0105 = 61650).

Supposing now that ([@I]) holds for a given r € Z,, we obtain, for j € Z and
l € Zp,

m—1
(r+1) _ (r) _ (r)
Cim+l = Zajm+l—pkck - Z Z Ajm+1—p(km+n)Cpm+n
k

k n=0
= () ()
= Z Z a(j—pkymti—pnOnCy = Za(j*pk)mﬂékr
k n=0 k

=Y by =6,
k

which completes the inductive step.
Denoting (;5( ) by f, we obtain, from (@) and the convergence of (S;,,d) to

m

¢, that
max sup |6, f (mj “) — )| = maxsup |5, (f ("” “) —é”)‘
€L j 2 €L j p"
mj (r)
=sup |f <—> —C;
j pr J
:sup’qb (i> —é;r) — 0, r — 00,
j p"
which completes the proof of the theorem. O

Example 4.2. In order to illustrate Theorem 1] for p = 2, consider the mask
with symbol

A(z):%(l—l—z?’)z, z€C,

which was also considered in [I0, Example 2.1]. In the notation of Theorem 1] we
have here m = 3 and A = (E1)2. Since (Sg,2,0) converges to No, Theorem F.T] tells
us that (S,2,0) has 3-subsequence convergence to No (3), i.e. the linear B-spline
with knots {0, 3, 6}, with subsequence convergence constants Ko = 1, K1 = K3 = 0.
This is illustrated in Figure [£.11

This elementary case is well known (see e.g. [10]), although the notion of sub-
sequence convergence has not, to our knowledge, been formally defined before. We
are of course interested in less elementary cases, as for instance in Example [[.2]
which is not covered by Theorem 41l In order to derive such less trivial suffi-
cient conditions for subsequence convergence to occur, we shall make use of the
GBP-factors of Section [2l This leads us to the following result.
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1.0 1.0
0.8 0.8
0.6 [ [ 0.6
04 04
0.2 0.2
0.0 (Y1) A—
0 1 2 3 4 5 6 0 6

FIGURE 4.1. Plots of (a) 526 and (b) (S86) e=0,1,2, in Example 42

3-+e’

Theorem 4.3. For dilation factor p € Z,p > 2, suppose the mask symbol A
satisfies A = PB, where P is a p-GBP factor of level k and B is some polynomial.
Let the polynomials R, W be as in Lemma 241 and let the mask symbol A be defined

by
(4.2) A=E, |B.
kK

Then, if the subdivision algorithm (Sg p,c) converges to ®, we have (Sqp,c) ==
D, with the function ® defined by

(4.3) ®=p*> [R]; P (- —j)
J
and K € CP* given by

k-1
(4.4) K=Y |w]]B") . i=0,1,...,p" 1.
1 §=0

i—pkl

Proof. By Lemma [3.2} it is sufficient to consider the initial sequence ¢ = §; hence,
letting ¢ denote the limit of the subdivision scheme (S5 p,d), we have to show that

k
(Sa,p;9) LELN ¢, where ¢ is defined, in accordance with (£3]), by
(4.5) ¢=p"Y [R];0(-—7),
J

while K is as in (4.4).
From ([.I6) we obtain

(4.6) Ssis=p [[AW),  ren
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By using (LI6]), (Z3), (L8h), (L8a), (L11h), and ([@2), we now obtain, for r €
N, r >k,

r—1 ] J+1
TR Wy RV
S0 =p E,”{ ) B(¥)
7=0
R®" k1 P J r—1 P J
-y E§_1 B() E§_1>B<P )
Jj=0 j=k
R®Y [y [
=7 E§_1 B(’) E§—1 ) g
7=0 3=0
(v")
R(Pr> k=1 p? ; r—k=1 p? 3
=7 Es_l B{¥) Epf—l B(¥)
=0 =0
B k-1 r—k—1 (")
—p ”;‘1 [18%) ) | RE) AlP)
=0 =0

where, by noting (&0]) and the definition of W, the polynomials U and V' are defined
by

k-1
(4.7) U=p"w]] B()
j=0
and V, = RWF) gk

We thus find, by also using ([L8d), that, for j € Z and i € {O, 1,....pF = 1},
(525)pkj+i = Z [U]pk(j—l)-‘ri V],
1
= Z [U]i_pkl [Vr]jH
1

=Wl [STRET]

(4.8) =D Ul D (S57%6) 41y (Bl
l n

a

Let A = — |p~"deg (U)] . Using @), (@7), [@5), and (@), we obtain
k . .
Pyt r
K¢ (T) — (826) pr i

S Wl 1A, (¢ (pkj'j L) = (550 )
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- Pkt (i1
S (5 () -5 (3
n =X

7 .7+l r—k
+ ’¢ <prk - ”) - (S 6)j+l7p7'*kn ) :
We have, for I € {),...,0} and i € {O,l,...,pk - 1}, that

pkj+i j+1 i—pl PP PPN A+
pr —-n- pr—k: -n = pr < pr = pr—k

— 0

independently of 7, 7,1, and n as r — oo and thus, by the uniform continuity of qg,
~ koo - ~ .

we find that ‘qb (%ﬁ” — n) — ¢ (p,tlk - n)’ — 0 independently of 7, 5,1, and n as

r — oo. By the convergence of subdivision for a, we have

7 j+l_pr_kn r—k
5 ()~ 55

pr—k
independently of j, I, and n as r — oco. Since both ) |[R],| and Z?:)\ ’[U]
are finite constants and not dependent on r, we conclude that indeed (II8]) holds
with m = p.
We also have, by use of ([@4]), Lemma [24] as well as the fact that B (1) = 1,
that the SCV satisfies

pF—1 pF—1 k—

> K=Y 3 |
i=0 i=0 1 j

—0

i—pkl

B0
=0

i—pkl
k—1 k—1
=S \w][B¥| =woI]B¥ @)=1
J j=0 7=0

J
which completes the proof of the theorem. O

We can now verify the results conjectured in Example We have, in the
notation of Theorem [£3] p = 2 and A (2) = % (1 —|—z2)2 (3—2), z € C, so that
P(z)= % (1 + 22), which implies k = 1, while

1
B(z) = (1+22)(3—z):Z(3—z+322—23), z€C,

and Az) =

OO = x| =

(1+z)(1+22)(3—z):%(3+5z+z2—z3), z e C.

To show subdivision convergence for the mask a, we shall again apply Theorem
[43] and also employ Lemma 3.1l Consider the mask symbol

A(z):é(l—kz)z(i’)—z), 2eC.

It is known (see e.g. [10, Example 8.5]) that subdivision for the mask @ converges.
Hence by Theorem [A.3] subdivision for the mask a has 2-subsequence convergence.
By noting from Remark [Z3] that W = Ej, we find

W(z)é(z)zfs(z)zi(3+zz—22), seC.
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Consequently, the SCV is given, according to (4], by
~ o~ 1 1
Ky = [ B} —-(3-1)=-
0 ZI: W —21 4 (3-1) 2
and Ro=Y[WB]  =to=1
7 1-20 4 2
Thus Ky = Ki, which, by Lemma BI(d) with m = n = 2 and [ = 1, implies
that subdivision for the mask a has 1-subsequence convergence, i.e. subdivision for
a converges.
Returning to the mask a, we now have from Theorem 3] that 2-subsequence
convergence does indeed occur. Similarly to what was done above, one obtains
1 3
Ky = WB = _(3+3)==
0 ;[ ]—2l 4( + ) 9
and Ky =Y [WB] :1(—1—1)=—1
l 1-21 4 ) )
as conjectured in Section 1.

Example 4.4. Our next examples illustrates Theorem [£.3] for the case of complex-
valued masks. Let p = 2 and set

1 1
A(c(z):6(2+(1—2i)z+iz2+(2+i)z3+z4) :§P(z)(2+z), z€C,

where P (z) = 1 (1 —4z) (1+142?), z € C, so that, according to Figure 21 P is a
2-GBP factor of level k = 2. The corresponding reduced mask symbol A is given
by
- 1 1
A(z):6(1+z)(2+z):6(2+3z—|—22), z €C.

By Theorem[I.13] the subdivision algorithm (53 ,, J) converges to the corresponding
refinable function ¢. (This function is well known, being considered in e.g. [9]
Chapter 2].) Since P is a 2-GBP factor of level 2, it follows from Theorem 3] that
subdivision with the mask ac has 4-subsequence convergence to the corresponding
2-refinable function ¢¢. In the notation of Remark 2.3l we have here rg = E; and
r (2) = 5% (1 +142), 2 € C, so that

(o = i

(14 (1414)z+1i2%),z€C.
Thus we find that ¢¢ is given by

dc=(1—-8)6+26(—1)+(1+3)(-—2).
To calculate the SCV, observe that

R(z) 2

i € Zy, obtained from (4, now

1
B(z):§(2+z) and Wi(z) =
for z € C. The formula K; = Y, [WBB]
yields the SCV values

. . 9 .
:54—32’ K1:3 z’ Ky— 2 and K3:3 z'
18 9 9 18

(1—142)

i—417

Ko
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0.8
] 04 0.7+ i
. 1 02 0.6 1
K i 0.5 i
|00 0.4 1
K 0.3F .~ :
o] i
L 1702 0.2} N
p 1y {7 D}
2N | 04 0-1:7‘/ "%
I ¥ 00 I I I I I
3 4 0

FIGURE 4.2. Plots of (a) the real parts, (b) imaginary parts, and

a)
(c) magnitudes of (c((cs))4 , 1 € Zy4, in Example {41
i

—0
------- 50@)

(3 -3 e2 -1
----- §io (2 -2)
—— (§ +5i) 0 (2 -3)
——-1p@-—4)

projections of ¢

« + « 2 ticks on z axis

FIGURE 4.3. A further plot to illustrate the structure of the
complex-valued refinable function ¢¢ in Example .4

Note in particular that K; = 2K3. This result is graphically illustrated in
Figure [£.2] where we adopt the notation c((cr) = (Sgc725) , 7 € Z, while Figure
illustrates the structure and refinability of the limit function ¢¢.

5. APPLICATIONS

It is important to realise that normal subdivision algorithms can easily be adap-
ted to make use of subsequence convergence, as one simply uses normal subdivision
and then subsamples the resulting control points to obtain the desired subdivided
curve. It must be noted that in practice one must take extra care at the endpoints
to account for subsequence convergence.

Example 5.1. We now show another novel (albeit less serious) application of
subdivision convergence, namely how it can be used for decorative effects. Fix the
dilation factor at 2 and let, for 5 € (0,1), the mask symbol Ag be defined by

(5.1) Aﬁ(z)zi(1+22)2(,8+(1—,8)z), 2€C,
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and take P = E§2>. It can now be verified that the corresponding reduced mask
ag of Theorem 3] is a positive mask, so that by Theorem [[I3] subdivision with
the mask ag is convergent. Since P is a 2-GBP factor of level 1, by Theorem 3] it
follows that 2-subsequence convergence will occur for the mask ag. It can be easily
checked that the SCV is given by Ko = and K; =1 — (.

In this example, we actually have

1-— K
(5:2) Cg) = Tﬁcér-)&-l = ?;cg-)i-h reN,

as can be verified by induction. The relationship (5.2 means that if we take a
small number of iterations, say 5 or 6, we obtain a curve which jumps back and
forth between the two curves formed by the even and odd indexed entries of the
curve. This can give rise to interesting patterns. We illustrate this in Figure 5.1(a),
where we subdivide a simple “diamond” shape six times using the mask obtained

forﬂz%

1.0

0.6" o 10_ T T T T
0.5k 0.3l ol 0.6F
0.3+l
0.0 0.0f 0.0f 00 \
_0.5} -0.3f ’
-0.5F 1
-0.31 \
-1.0 . . -0.6¢4 L h L hu . . . L . h . L
-1.0 -0.5 0.0 0.5 1.0 -0.6-0.3 0.0 0.3 0.6 -0.5 0.0 0.5 1.0 0.0 0.3 0.6 0.9

(a) (b)

FIGURE 5.1. Plots of the initial curve and the sixth iteration of

subdivision with 8 = % in Example B for (a) a diamond shape
centered on the origin and (b) the diamond shape shifted right and

up.

Note that the appearance of the resulting shape is not translation independent,
as can be seen from Figure [5.I[(b), where we again use 8 = % and subdivide 6 times
as in Figure 5)(a), but shift the initial curve a } unit right and an § unit up. By
varying the value of 8, one can also control the ratio between the “even” and “odd”
curves according to (5:2)).

Of course one can use the same techniques to construct more complex decorations

based on m-subsequence convergence where m > 2.

An issue that might be of interest for future research is the consideration of
subsequence convergence in the matrix subdivision case as considered in [7] and
the other references listed in the introduction.

6. NESTED SETS OF REFINEMENT MASKS

The results of this chapter allow us to build a nested sequence of sets of refine-
ment masks. Let RM (p) denote the set of all p-refinement mask symbols corre-
sponding to continuous p-refinable functions. Let RM.S (p, k) denote the set of mask
symbols for which the corresponding p-subdivision algorithm has p*-subsequence
convergence. Specifically, RM S (p,0) denotes the set of mask symbols for which
p-subdivision converges.
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It is well known (see e.g. [10]) that RM S (2,0) G RM (2). The following results
give further insight into the nature of the set RM (p) \RM S (p,0).

In view of Theorem B3] we know that RMS (p, k) C RM (p) for any k € Z.
Furthermore, from Lemma B.1l(c) it follows that RMS (p,k —1) C RMS (p, k) for
k € N. Since (E,_1)™ € RMS (p,0) for p € N, p > 2, and m € N, we thus obtain,
forpeN,p>2,

6.1)  0#RMS (p,0) C RMS (p,1)C --- C RMS (p,k) C --- C RM (p).
The next result shows that {RM S (p, k) : k € Z} is a properly nested sequence.
Theorem 6.1. For k € N, the relation RMS (p,k —1) G RM S (p, k) holds.

Proof. Let the dilation factor p € Z, p > 2, be given and let B (z) = %—i— %z, z€C.

k
Define, for k € Z,, A, = E1§111>B. Then Ay is the symbol of a positive mask for
which the sum rules hold, so that Theorem [[L.T3] guarantees the convergence of the

k
corresponding subdivision algorithm. Then for any k € Z, since E1§111> is a p-GBP

factor of level k and the reduced mask Ay is exactly Ay, we know from Theorem
that the subdivision algorithm for Aj; has pF-subsequence convergence to the
associated refinable function ¢, so that A, € RMS (p,k). To show that pF—1-
subsequence convergence does not occur for Ax when k > 1, we first show that the
SCV satisfies Ky # K,x-1. To do so, define

k—1 v
My=T[BY), ken
=0

Then for k € Z, k > 2, it follows that M; = BM,ipjl, from which we deduce by
([L8d) and the definition of B that
2
(6.2) [Mi),; = > [Mia], [Bl,;_, = 3 Ml kEZ k=2
1
Since [B],; = 2([B],;,, and B = M, we obtain, by repeated application of (6.2,
forkeZ, k> 2,

9\ k1 9\ k1
[Mk]p’“j - <§> [Ml]m =2 <§> [Ml]PjH =2 [Mk]p’“j-s-p’“*l ) Jj €z
allowing us, in view also of Remark 2.5l to deduce that

Ko=> [M_p; =2 [Mi] oo _pp; = 2Kpen
J J
for any given k € N. Since it can also be verified that Ky # 0, it follows that Ky #
K k-1, so that by Lemma [3.I(d) we conclude that the subdivision algorithm for
A}, does not have p¥~1-subsequence convergence to p~'¢,. Now suppose that A;, €
RMS (p,k —1). Then there is a p-refinable function v such that the subdivision
algorithm for A, has p¥~!-subsequence convergence to ;. Then by Lemma BJc),
subdivision for A, has pF-subsequence convergence to piy,, which by Lemma [31(b)
means that ¢, = p~ 'y, contradicting the fact that subdivision for A;, does not have
pF~L-subsequence convergence to p~'¢;. Thus Ay &€ RMS (p, k — 1), showing that
Ay € RMS (p, k) \RMS (p,k — 1). With (GI]), this gives the desired result. d
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Using subsequence convergence in subdivision allows us to plot all the p-refinable
functions corresponding to masks in RM S (p, 00) := UkEZ+ RMS (p, k), which, by
Theorem and the uniqueness results Theorem [[9(a) and Lemma [[I0] is a
proper superset of the p-refinable functions that can be plotted by normal subdivi-
sion. An interesting remaining open problem is to determine the nature of the set

RM (p) \RMS (p, ).
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