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ERROR ESTIMATES FOR RAVIART-THOMAS
INTERPOLATION OF ANY ORDER
ON ANISOTROPIC TETRAHEDRA

GABRIEL ACOSTA, THOMAS APEL, RICARDO G. DURAN, AND ARIEL L. LOMBARDI

ABSTRACT. We prove optimal order error estimates for the Raviart-Thomas
interpolation of arbitrary order under the maximum angle condition for tri-
angles and under two generalizations of this condition, namely, the so-called
three-dimensional maximum angle condition and the regular vertex property,
for tetrahedra.

Our techniques are different from those used in previous papers on the
subject, and the results obtained are more general in several aspects. First,
intermediate regularity is allowed; that is, for the Raviart-Thomas interpola-
tion of degree k > 0, we prove error estimates of order j 4+ 1 when the vector
field being approximated has components in WJ+1:2 for triangles or tetrahe-
dra, where 0 < j < k and 1 < p < oco. These results are new even in the
two-dimensional case. Indeed, the estimate was known only in the case j = k.
On the other hand, in the three-dimensional case, results under the maximum
angle condition were known only for k = 0.

1. INTRODUCTION

The Raviart-Thomas finite element spaces were introduced in [21], 23], and ex-
tended to the three-dimensional case by Nédélec [20], to approximate second order
elliptic problems in mixed form. After publication of that paper there has been an
increasing interest in the analysis of these spaces and on the approximation prop-
erties of the associated Raviart-Thomas interpolation operator. This interest has
been motivated by the fact that, apart from the original motivation, these spaces
(or rotated versions of them in the two-dimensional case) arise in several interest-
ing applications, for example in mixed methods for plates (see [7, 8, 14]) and in
the numerical approximation of fluid-structure interaction problems [5]. Also, it
is well known that mixed methods are related to non-conforming methods [3] [19];
therefore, the Raviart-Thomas interpolation operator can be useful in some cases
to analyze these kinds of methods (see for example [I] where a non-conforming
method for the Stokes problem is analyzed).
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The original error analysis developed in [20, 2] 23] is based on the so-called
regularity assumption on the elements and therefore, the constants arising in the
error estimates in those works depend on the ratio between the outer and inner
diameter of the elements. In this way narrow or anisotropic elements, which are
very important in many applications, are excluded.

For the standard Lagrange interpolation it is known, since the pioneering works
[, 17, 22] and many generalizations of them (see [2] and its references), that the
regularity assumption can be relaxed to a mazimum angle condition in many cases.

Error estimates for the Raviart-Thomas interpolation under conditions weaker
than the regularity have been proved in several papers. In [I], the lowest order
case k = 0 was considered and optimal order error estimates were proved under
the maximum angle condition for triangles and two suitable generalizations of it for
tetrahedra, called the regular vertex property and the mazimum angle condition. In
[9], error estimates for tetrahedra in the case k = 0 were proved under a condition
which, as we will show, is equivalent to the regular vertex property. Also in [9] the
authors obtained error estimates for general degree k but under the assumption
that the approximated vector field is divergence free. In [I6], similar results were
obtained for prismatic elements and functions from weighted Sobolev spaces.

It is not straightforward to extend the arguments given in [I] to higher order
Raviart-Thomas approximations. In [I2] it was proved that the maximum angle
condition is also sufficient to obtain optimal error estimates for the case k = 1
and n = 2 and in [I5] that result was generalized to any k& > 0. Also in [I5],
error estimates for any k£ > 0 and n = 3 were proved assuming the regular vertex
property.

The error estimates obtained in [15] require “maximum regularity”. To be pre-
cise, let IIxu be the Raviart-Thomas interpolation of degree k of u on a triangle 7.
Then, it was proved in [15] that

(1.1) Hu_HkuHL2(T) h§<+1|u|Hk+1(T),

where we have used the standard notation for Sobolev seminorms, « and hr are
the maximum angle and the diameter of T' respectively, and the constant C is
independent of T. However, an estimate such as (I} but with k replaced by
j < k, only on the right hand side, cannot be proved by the arguments given in
[15], and therefore a different approach is needed. Let us remark that this kind of
estimate is important in many situations. In particular, the lowest order estimate

u—Igul[L2(r) < .C hrlalg ()
sin a
is fundamental in the error analysis for the scalar variable in mixed approximations
of second order elliptic problems. In particular the inf-sup condition can be obtained
from this estimate (see for example [11, [13]).

The maximum angle condition was originally introduced for triangles. For the
three-dimensional case, two different generalizations have been given. One is the
Kiizek maximum angle condition, introduced in [I§]: the angles between faces and
the angles in the faces are bounded away from 7. Another possible extension is the
regular vertex property introduced in [I]: a family of tetrahedral elements satisfies
this condition if for each element there is at least one vertex such that the unit
vectors in the direction of the edges sharing that vertex are “uniformly” linearly
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(a) (b)

FIGURE 1. Two important families of elements.

independent, in the sense that the volume determined by them is uniformly bounded
away from zero.

These two conditions are equivalent in two dimensions but not in three. Indeed,
the Kfizek maximum angle condition allows for more general elements. This can
be seen in the following way: consider the two families of elements given in Figure
[0l where hi, ho and hs are arbitrary positive numbers. Both families satisfy the
Kiizek condition, but the second family does not satisfy the regular vertex property.

Essentially these two families of elements give all possibilities. Indeed, the family
of all elements satisfying the Kifzek condition with a constant i) < 7 (i.e., angles
between faces and angles in the faces less than or equal to 1) can be obtained
by transforming both families in the figure by “good” affine transformations (see
Theorem [Z2] for the precise meaning of this). This result was obtained in [I] in the
proof of Lemma 5.9. For the sake of clarity we will include this result as a theorem.
On the other hand, the family of all elements satisfying the regular vertex property
with a given constant (see Section 3 for the formal definition of this) is obtained
by transforming in the same way only the first family in the figure. Therefore, to
obtain general results under the Kfizek maximum angle condition (resp., regular
vertex property) it is enough to prove error estimates for both families (resp., the
first family) in Figure [l with constants independent of the relations between hy, ho
and h3.

The error estimates in [I5] for the general RT}, were obtained by assuming the
regular vertex property, and the arguments given in that paper cannot be extended
to treat the more general case of elements satisfying the Kfizek condition. On the
other hand, as we have mentioned above, the arguments in [I5] cannot be applied
to obtain error estimates for functions in H?*!(T)"™ with j < k. For these reasons
we need to introduce here a different approach.

In this paper we complete the error analysis for the Raviart-Thomas interpolation
of arbitrary order k > 0. We develop the analysis in the general case of LP-based
norms, generalizing also in this aspect the results of previous papers. Our arguments
are different to those used in previous papers. The main point is to prove sharp
estimates in reference elements.
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Let us explain the idea in the two-dimensional case. Consider the reference
triangle 7 which has vertices at (0,0), (1,0) and (0,1). A stability estimate on
T can be used to obtain the stability in a general triangle by using the Piola
transform. Afterwards, error estimates can be proved combining stability with
polynomial approximation results.

The original proof given in [21] uses that

HHku”Lz(f) < C”“HHl(f)-

In this way, the constant arising in the estimate for a general element depends on
the minimum angle, and so the regularity assumption is needed. The reason for
that dependence is that the complete H'-norm appears on the right hand side.
Therefore, to improve this result one may try to obtain sharper estimates on T for
each component of 1Iu. Denote with u; and Il ju, j = 1,2, the components of u
and its Raviart-Thomas interpolation, respectively, and consider for example j = 1.
Ideally, we would like to have the estimate

HHk.luHm(f) < CHulHHl(f)-

However, an easy computation shows that if, for example, u = (0,23), then IIyu =

%(:61, x9) and therefore the above estimate is not true. In other words, even for a

rectangular triangle ZA“, IIj;,1u depends on both components of u. Now, the question
is: which are the essential degrees of freedom defining I ;u?

To answer this question one can try to “kill” degrees of freedom by modifying u
without changing II ju. A key observation is that if r = (0, g(z1)), then IIj ;r =
0 (we will give the proof of this result for appropriate reference elements in the
three-dimensional case). Therefore, if v = (uj(x1, z2), us(x1, z2) — uz(x1,0)), then
II;1v = II; 1u. But the normal component of v on the edge ¢, contained in the
line {xo = 0}, i.e. wy, vanishes, and so do all the degrees of freedom defining
IT; associated with that edge. Moreover, if we now modify the second component
defining w = (u1(x1, x2), uo(x1, x2) — u2(x1,0) — x2cr), for some o € Py_1, we still
have that wy vanishes on ¢y and that I yw = I ju (because we are modifying
v by adding a vector field belonging to the Raviart-Thomas space of order k).
But, as we will see, it is possible to choose « in such a way that the degrees
of freedom corresponding to integrals over T also vanish. Of course, it will be
necessary to estimate some norm of a. We will give the details of the proofs in the
three-dimensional case. It is easy to see that the same arguments can be used to
complete the arguments explained above for the two-dimensional case.

The new contributions of this paper can be summarized as follows:

e We prove error estimates under the maximum angle condition with order
j + 1 if the approximated function is in W/tLP(T)" n = 2 3, where 0 <
j<kand1<p<oo.

e Under the regular vertex property we obtain estimates of anisotropic type
also for general £k > 0 and 1 < p < co. We also show that this kind of
estimate is not valid under the maximum angle condition.

Let us finally mention that the interpolation error estimates of anisotropic type
are necessary when one wishes to exploit the independent element sizes hq, ho and
hs to treat edge singularities in elliptic problems or layers in singularly perturbed
problems. The dilemma is that such estimates hold, as we show, only for tetrahedra
with the regular vertex property, but it seems to be impossible to fill space by using



ERROR ESTIMATES FOR RAVIART-THOMAS INTERPOLATION 145

these types of elements only. An anisotropic triangular prism (pentahedron) can,
for example, be subdivided into three tetrahedra, from which only two satisfy the
regular vertex property while the third is of the type of the element at the right hand
side of Figure 1. The only known way out so far is discussed in [16]. These authors
use pentahedral meshes or tetrahedral meshes which are obtained by a suitable
subdivision of a pentahedral mesh. Pentahedra based on a regular triangular face
satisfy the regular vertex property by construction. For the approximation on
tetrahedral elements they use a composition of two interpolation operators in order
to avoid the above-mentioned insufficiency with the tetrahedra which do not satisfy
the regular vertex property. This approach has been restricted to prismatic domains
so far.

The rest of the paper is as follows. In Section 2 we introduce notation and
give some preliminary results on the conditions on tetrahedra that we will work
with. Then, we prove stability in LP(T)? for the Raviart-Thomas interpolation
of arbitrary degree for functions in W?(T)3. These stability results are proved
in Section 3 for elements satisfying the regular vertex property, and in Section
4 for elements satisfying the maximum angle condition. The estimates obtained
under both hypotheses are essentially different but the results are sharp. Indeed,
in Section 5, we show that anisotropic type stability estimates cannot be obtained
for the larger class of elements satisfying the maximum angle condition. Finally,
in Section 6, we derive the error estimates from the stability results and standard
approximation arguments.

2. NOTATION AND PRELIMINARY RESULTS

In this section we recall some known results involving geometric properties of
certain degenerate tetrahedra. Most of these results were proved in [I] and [2].

Given a general tetrahedron T C R3, py will denote an arbitrary vertex and,
for 1 < i < 3, ¢;, with [|¢;|| = 1, will be the directions of the edges sharing
Po and h; the lengths of those edges. In other words, T is the convex hull of
{Po} U{po + hili}1<i<s.

We will use the standard notation for Sobolev spaces W*?(Q) of functions with
all their derivatives up to the order k& belonging to LP(Q2), denoting by | - [[w.r ()
the associated norm. The same notation will be used for the norm of vector fields
u e WkP(Q)3. As is usual, we use boldface fonts for vector fields.

With Py (T) we denote the set of polynomials of degree less than or equal to k
defined over T' C R3. The Raviart-Thomas space of order k is defined as

RT), = P(T)’ + (a1, 22, 23)Pi(T),
and for u € Wh?(T)? the Raviart-Thomas interpolation of order k is defined as
IIu € RT such that

(2.1) /Hku~npk = /u~np;C Vpr € Prp(F), F afaceof T,
F F

(2.2) / Myu-pr1 = / u-pr—1 Vpr_1 € 'Pkfl(T)S.
T T

In the rest of the paper the letter C' will denote a generic constant that may
change from line to line.

Now we introduce the different conditions on the elements that we will use. The
first one, called the “regular vertex property”, was introduced in [I].
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Definition 2.1. A tetrahedron T satisfies the “regular vertex property” with a
constant ¢ > 0 (written RVP(¢)) if T has a vertex pg, such that if M is the matrix
made up of ¢;, 1 < i < 3, as columns, then |det M| >¢.

One can easily check that a regular family of tetrahedra (with the usual definition
of regularity given for example in [10]) verifies the regular vertex property. On the
other hand, simple examples such as that at the left hand side of Figure[lshow that
arbitrarily narrow elements are allowed in the class given by RVP(¢) for a fixed €.

Despite the presence of anisotropic elements, the regular vertex property arises
as a natural geometric condition if one looks for Raviart-Thomas interpolation error
bounds. Indeed, looking at the vertex placed at pg, one can see that the family
of elements satisfying RVP(¢) has three normal vectors (those normals to the faces
sharing pg) that are uniformly linearly independent (see [I] for more details), a
reasonable condition, since the moments of the normal components of vector fields
are used as degrees of freedom in the Raviart-Thomas interpolation. Strikingly,
as was shown in [I], the uniform independence of the normal components can be
somehow relaxed and error estimates valid uniformly for a wider class of elements
can still be obtained for Il (and for II; as we will show). More precisely, we will
prove error estimates under the maximum angle condition defined below, which was
introduced by Kiizek in [I8] and is weaker than the RVP.

Definition 2.2. A tetrahedron T satisfies the “maximum angle condition” with a
constant ¢ < m (written MAC(v))) if the maximum angle between faces and the
maximum angle inside the faces are less than or equal to .

Let us mention that the estimates obtained under RVP are stronger than those
valid under MAC. Indeed, in the first case, the estimates are of anisotropic type
(roughly speaking, this means that the estimates are given in terms of sizes in
different directions and their corresponding derivatives). On the other hand, we
will show that these kinds of estimates are not valid for the more general class of
elements verifying the MAC condition.

The definition of the maximum angle condition is strongly geometric. In order
to find an equivalent condition, more appropriate for our further computations, we
introduce the following definitions. In what follows, e; will denote the canonical
vectors.

Definition 2.3. A tetrahedron T belongs to the family F; if its vertices are at O,
hier, hoey and hzes, where h; > 0 are arbitrary lengths (see Figure 1a).

Definition 2.4. A tetrahedron T belongs to the family F if its vertices are at 0,
hiei + hoes, hoey and hzes, where h; > 0 are arbitrary lengths (see Figure 1b).
Note that elements in F, satisfy MAC(%) but they do not fulfill RVP(c) for any

C.

Lemma 2.1. Let T be a tetrahedron satisfying MAC(v). Then we have
(1) If a < B < v are the angles of an arbitrary face of T, then v > % and

B, € [(m—)/2,9).
(2) If po is an arbitrary vertex of T and x < ¢ < ¢ are the angles between
faces passing through po, then ¢ > & and v, ¢ € [(m —)/2,¢].

Proof. See [1§]. O
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For a matrix M € R3*3, || M|| will denote its infinity norm. The arguments used
in the following theorem are essentially contained in the proof of Theorem 7 in [I8],
page 516]. We include some details here for the sake of clarity.

Theorem 2.2. Let T be a tetrahedron satisfying MAC()). Then there exists an

element T € F1 U Fy that can be mapped onto T' through an affine transformation
F(X) = MX + ¢ with |[M||,||M~t|| < C, where the constant C depends only on 1.

Proof. Given a tetrahedron T' we denote with p;, i = 0,1, 2, 3, its vertices and use
the obvious notation for its faces and edges. Let pop1p2 be an arbitrary face of T
and ps its opposite vertex. We can assume that the maximum angle v of the face
PoP1P2 is at the vertex pg. Then from Lemma 2.1] we have

siny > m := min {sin T ; w,sinw} .
Let t1 and to be unit vectors along the edges pop1 and pop2. We can also assume
that the angle w between the faces pop1p2 and pop1ps3 is not less than the angle
between pop1p2 and popaeps (otherwise we interchange the notation between the
vertices p; and ps). Then, again from Lemma 2] we have

sinw > m.

Now consider the triangle pop1ps and choose k € {0,1} so that the angle £ at the
vertex py is not less than that at the vertex p;_p. Using again Lemma 2] we
obtain

siné > m.

We now take tg as the unit vector along pxps and define My as the matrix made
up with tq,t2 and t3 as its columns. Since the columns of M, are unitary vectors,
we have ||Mp|| < 3. Also, the adjugate matrix of M has coefficients with absolute
value bounded by 2 and therefore, ||M; || < 6/|det Mp|. Then, to obtain the
desired bound for ||M; || it is enough to show that |det My| is bounded below by
a constant which depends only on .

Consider the parallelepiped generated by the vectors tq,to and tz. Let z be
its height in the direction perpendicular to t; and ts and y the height of the face
generated by t1 and ts in the direction perpendicular to t;.

Since ||ti]] = 1 we have

. . . . . . 3
| det My| = zsiny = ysinwsiny = sinsinwsiny > m?,

as we wanted to prove.

Obviously, the same properties are satisfied by the matrix M; made up of to, —tq
and tg as its columns.

Now, if & = 0, define hy = |pop1|, h2 = |pop2| and hs = |pops| and take
T € F, with vertices at 0, hieq, hoey and hzes; while if k = 1, define hy = |pop2|,
hs = |pop1| and hs = |p1p3| and take Tc Fo with vertices at 0, hie; + hoeo, hoes
and hges. Then, for any case, we have that X — M;X + pg maps T onto T. O

As mentioned above, the regular vertex property is stronger than the maximum
angle condition. Indeed, the following theorem shows that, under RVP(¢), the
reference family in the previous theorem can be restricted to Fi.
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Theorem 2.3. Let T be a tetrahedron satisfying RVP(¢). Then, there exists an
element T € Fy that can be mapped onto T through an affine transformation
F(x) = MX + po with |M||,||M~Y| < C, where the constant C depends only
on ¢. Furthermore, if h;,i = 1,2,3 are the lengths of the edges of T sharing the
vertex pg, we can take T € F1 such that, for i = 1,2,3, h; is the length in the
direction e;.

Proof. Let pp and ¢; be as in the definition of RVP(¢) and h; be the length of the
edge of T with direction /;.

Take M as the matrix made up with ¢; as its columns. Since |det(M)| > ¢ and
¢; are unitary vectors, then it is easy to check that ||M|| < C and || M| < C with
a constant C' depending only on a lower bound of | det(M)| and therefore on ¢.

Then, if T is the tetrahedron of F; with lengths h; in the directions e;, the affine
transformation F(X) = MX + po maps T onto 7. O

Remark 2.1. It is not difficult to see that the converses of Theorems and
hold true. Namely, the family of elements obtained by transforming F; U F» (resp.
F1) by affine maps X — MX+c, where | M|, ||[M || < C, satisfies MAC(1)) (resp.
RVP(¢)) for some v (resp. ¢) which depends only on C.

Let us mention that error estimates for the Raviart-Thomas interpolation were
obtained also in [9] by Buffa, Costabel and Dauge. In the next section we will
compare the results in [9] with ours. In order to do that we recall here their
assumption on the elements. Let T be the tetrahedron with vertices at (0,0,0),
(1,0,0), (0,1,0) and (0,0,1).

Definition 2.5. A tetrahedron T satisfies the condition BC'D with a constant ¢;
(written BC'D()), if there exists an affine transformation Fr mapping T onto T
with the following property:

There exists a local Cartesian system associated to T' such that, if X are the
canonical coordinates of a point in T and x7 are the coordinates of Fr(X) in the
local system, then

XT = Aﬁ + Po
for some pg € R? and a matrix A € R**3 which can be written as A = BD = DB
with | BJ, 1B B, 1571 < a1.

We will show by the following two lemmata that the BC'D condition is equivalent
to the RV P.

Lemma 2.4. If an element T satisfies BCD(¢1), then it satisfies RV P(¢) for a
constant ¢ depending only on ¢;.

Proof. With the notation introduced in Definition 25l and denoting by x the co-
ordinates of Fr(X) in the canonical system, we have x = Cxyp, where C is an
orthogonal matrix. Therefore, x = CBDX + Cpg with ||B||,||B~!|| < ¢;. Observ-
ing that X = DX transforms 7 into a tetrahedron in the family F; we conclude
that the map C'Bx + Cpy satisfies the properties of the map in Remark 2.1 Con-
sequently, T satisfies the regular vertex property with a constant depending only
on ¢j. O

Lemma 2.5. If an element T satisfies RV P(¢), then it satisfies BCD(¢1) for a
constant ¢, depending only on c.
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Proof. Suppose that T satisfies RV P(¢). According to Theorem there exists a
transformation mapping T onto T which, in canonical global coordinates X and x,
can be written as x = M DX+ po with | M|, |[M || < C and D = diag(ha, ha, h3).
Moreover, we can assume without loss of generality that hy > ho > hs.

Now using the QQR-decomposition M = @QR, where (Q is an orthogonal matrix
and R is upper triangular, we obtain x = QRDX + pg. Therefore, if we introduce
the local coordinates xr = Q7 x we have x7 = RDX + QT po.

Let us check that this local coordinate system satisfies the conditions from
Definition It is easy to see that B := R has the desired properties since
1Bl = Rl = Q" M]|| < QM| < |M]| < Cand | B! = |[R7]| = [M~'Q| <
Il < C v v v

On the other hand, if BD = DB we have B = D™'RD. Then, the entries of B
are given by l;ij = rihj/h; if j > i, and b;; = 0 if j < 4. Since hy > hy > h3 and
|R|| < C we have max;; |bi;| < max; |ri;| < C, ie. |B|| < C. In the same way we
obtain the boundedness of B~* = D"*R~'D from the boundedness of R~ O

3. STABILITY UNDER THE REGULAR VERTEX PROPERTY

The goal of this section is to prove the stability in LP for the Raviart-Thomas
interpolation of arbitrary order of functions in W1?(T)3, for families of elements
satisfying the regular vertex property. Throughout this section, the reference ele-
ment 7 is defined as the tetrahedron with vertices at (0,0,0),(1,0,0),(0,1,0) and
(0,0,1).

The main result of this section is the following theorem.

Theorem 3.1. Let k > 0 and T be a tetrahedron satisfying RVP(¢). If po is
the regular vertex, £;,i = 1,2,3 are unitary vectors with the directions of the edges
sharing po, hi,i = 1,2,3, the lengths of these edges, and hr the diameter of T', then
there ezists a constant C' depending only on k and ¢ such that, for allu € WtP(T)3,

1<p< oo,

ou; .
87; + helldivul| 2y (1)

LP(T)

1wl oy < C [ Tl + Sy
4,7

Let us mention that a similar result was proved in [9]. There the authors assume
the condition BC'D mentioned in the previous section (see Definition [ZH]). As we
have seen in Lemmata 24 and 25 this assumption is equivalent to the RVP(c).
Nevertheless, our result is stronger since the estimates given in [9] for general degree
k were proved only for divergence free vector fields u.

Coming back to our error analysis let us mention that Theorem Bl will follow
from Theorem 23] once we have proved error estimates for elements in the family
Fi. ~

First we will prove appropriate estimates in the reference element 7T'. This is the
object of the next two lemmas. Afterwards, estimates for elements in F; will be
obtained by scaling arguments.

We denote with F; the face of T normal to n;, with n; = (-1,0,0),ny =
(0,—1,0),n3 = (0,0,—1) and ny = %(1,1,1). We will use the same notation

for a function of two variables than for its extension to T as a function independent
of the other variable, for example, f(xo,x3) will denote a function defined on F; as
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well as one defined in T (anyway, the meaning in each case will be clear from the
context). In the same way, the same notation will be used to denote a polynomial
pi on a face and a polynomial in three variables such that its restriction to that face
agrees with py. For example, for p;, € Pk(ﬁ4) we will write pg(1 — 22 — 23, 22, T3).
In what follows, ﬁkﬂ-u denotes the i-th component of ﬁku.

Lemma 3.2. Let f € LP(F}), g € LP(F), and h € LP(Fs). If
u(xla I2, x3) = (f(x27 1[}3), Oa 0), v(xla I2, ng) = (0, g(xla 1'3), 0)3
and
W(.’El, T2, 1'3) = (07 0, h(xlv 1‘2)),
then their Raviart-Thomas interpolations are of the same form; namely, there exist
q; € Pp(F;), i =1,2,3, such that
Meu = (q1(72,73),0,0), v = (0, q2(z1,73),0),
and

ﬁkw = (07 Oa Q3($1, x2))

Proof. Let us prove for example the first equality; the other two are obviously
analogous. Since divu = 0, we have that divIIyu = 0 and therefore, from a well-
known property of the Raviart-Thomas interpolation (see for example [7} [13]), it

follows that Tlyu € Py (T)3.
On the other hand, now using (Z1]) for i = 2,3, and that us = us = 0, we have

/A ﬁk,iupk =0 Vpr € Pr(F;), i=2,3,
F;

and then, taking p = f[k,iu, we conclude that f[k iu|ﬁ =0 for i = 2,3. Therefore
f[k ;u = xz;r; for some r; € Py_ 1(A) and so, now _using [22) and again that us =

uz = 0, we obtain that, for i = 2, 3, Hk ;u=0in T as we wanted to show.
6Hk iua

Finally, since div Hku =0, it follows that = 0 and so, Hk,lu is indepen-
dent of z7. O

Lemma 3.3. There exists a constant C depending only on k such that, for all
u = (u1,usz,uz) € WHP(T)3,

(1) eatllg < C(Iuilyis + Idival,g ), i=123

Proof. From the previous lemma we know that, if
v = (u1,ug — uz(z1,0,23), uz — uz(w1, 22,0)),

then ﬁk 1a= ﬁk 1V.
Let a, 8 € Pe_1(T) be such that

(3.2) /A(vg —x9a) pr—1 =0 and /A(’Ug —x38)pr—1 =10 Vpp_1 € Pk,l(f).
7 T

Observe that those a and S exist. Indeed, it is easy to prove uniqueness (and
therefore existence) of the solution of the square linear systems of equations defining
them.

Now define w = (v1,v2 — z2c, v3 —xgﬁ) Since (0, zoa, 238) € RT(T) it follows
that Hk 1V = Hk 1w and therefore Hk u= Hk 1W.
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Taking into account that wa|z = 0 and ws|p, = 0 and the equations (B.2)), it
follows that IIw is determined by the equations

/Aﬁk,Ika—l = /JUlPk—l Vpr_1 € Pr_1(T),
T T
[ﬁk,zwpk—l =0 Vpr—1 € Pk—l(f)a
T
(3.3) [ﬁk,BWPk—l = 0 Vp1ePpa(D),
T
/A I wp, = /A wipy  Vpi € Pr(FL),
F1 Fl
/A ﬁk,Qka = 0 vpk € Pk(ﬁQ),
Iy
/A ﬁkswpk = 0 Vp € Pu(F3),
F3
[ (T w + T ow + T, sw) pj, = [ (w1 +wy +w3)pr,  Vpi, € Pr(Fy).
F4 F4

Now, for py, € Pi(T), we have

/diva;C = —/W~Vpk+/ W - npg,
T T aT

1
- W'Vpk+—/(1U1+w2+1U3)pk+/ W - Ny,
frome 5 .

F, OT\Fy

but, from the definition of w, we have

0
/w Vpk——/ 8pk and /AAW~npk:—/Aw1pk.
L1 8T\F4 Fy

Therefore, for all py € Py (j:)7

1 Opx
3.4 — = d .
(3.4) /3 F4(w1+w2+w3 Dk = / IVka+/ wy 57— D1y +/I31 w1 Pk

But

)

divw = divv — div (0, z2a, x38) = divu — div (0, z2cr, x33).
So, using (B4), (B3], and standard arguments, we obtain
||Hk,1u||Lp(f) = ||Hk,1w||Lp(T)
< C (Il + 1divall gz + 1div (0,220, 258) 1 0 7)) -
Then, to obtain B for ¢ = 1, it is enough to show that

(3.5) Idiv (0, 2act, 23)| oy < Clllu gy + divull o 7).
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For py € Px(T) we have

0

/A(U,Uz — xoa,v3 — x33) - Vpy,
7

= —/AdiV(O,Ug—x2OC,U3_x3ﬂ)pk
T

+ /acf [(va — waa)ng + (v3 — x3B)n3] pr.-

Now we take py(x1,z2,23) = (1 — 21 — 29 — x3)pr—1 with py_1 € ’Pk,1(f). Then,

since p = 0 on Fy, (vy — x2a)ng = 0 on 8f\F4 and (v3 — x38)ng =0 on BT\F4,
it follows that, in the last equation, the boundary integral vanishes. Then,

/A(l — 1 — x9 — x3) div (0, v2 — z2a,v3 — 230) pr—1 = 0.
T

That is, for all p,_1 € Pkfl(f),
/A(l —x1— 29 —x3)div (0, xo, £30) pr—1 = /

T T

(1—xz1—x9—x3)div (0, v2,v3) Pr—1-

Therefore, taking pr—1 = div (0, z2a, z30) and applying the Holder inequality we
obtain

[(1 — a1 — 23 — x3) |div (0, 220, 23 8) [?
7

< C||div (0, va, v3) HLP(:F) Idiv (0, z2cv, x3ﬁ)||Lp/(f).

But, since all the norms on PkA(f ) are equivalent, we conclude that
(3.6) [div (0, z2c, 2308) || 1o 77y < Clldiv (0,v2,03)[| 1o (77)-

Now, observe that div (0, va, v3) = div (0, uz,us) and
It (0,2, w3) oy < C (1divull oz + s, ) -
Then, (33]) follows from (B.4).

Clearly, the estimates for ﬁk72u and ﬁkﬁgu can be proved analogously. ([

From the previous lemma and a change of variables we obtain estimates for
elements in Fj.

The Raviart-Thomas operators on the elements T and T will be denoted by ﬁk
and I, respectively. Analogous notation will be used for variables and derivatives
or differential operators on T and T whenever needed for clarity.

Proposition 3.4. Let T ¢ F1 be the element with vertices at 0, hiey, hoes and
hses, where h; > 0. There exists a constant C' depending only on k such that, for

U = (G, G, d3) € WY2(T)3 and i = 1,2,3,

ot

5. + hl|div |

L»(T)

3
an,iﬁ”m(ﬂ < C ||aiHLp(T)+Zhj
j=1
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Proof. Let 1 € WP(T)3 be defined via the Piola transform by

1 hi 0 O
ux) = detBBu(X)’ x = Bx, with B= 0 hy O
0 0 hs
It is known that (see for example [13| [21])
. 1
. (%) = —— BII
(3.7) i(X) = o BILu(x)
and
— 1 —
(3.8) divu(x) = Bdiv u(x).

Consider for example ¢ = 1 (the other cases are of course analogous). Using ([B.)
we have

el - e
k1t Le(Ty  hhhE k1t Le(T)
h1h2h3 — .
< 0 (I 1||W1P(T>+||dwuu’;,,@)
D Pl Jior 3 ||P
< C|llml?, +Zh LP(T)—l—thdlquLp(f)
as we wanted to show. O

We are finally ready to prove the main theorem of this section.

Proof of Theorem Bl To simplify notation we assume pg = 0. From Theorem [2.3]
we know that, if T ¢ JF1 is the element with vertices at 0, hieq, hoes and hses,
there exists a matrix M such that the associated linear transformation maps T onto
T. Moreover, Me; = £;,i=1,2,3.

Now, given u € W'2(T)3 we define 1 € WP(T)? via the Piola transform;
namely,

1 i~ ~
detMMu(x), x = MXx.
Using Proposition 34 after the change of variables x — X we have

u(x) =

|| ||P _ ou —
II —_ p h® A2 ||d L.
My < oyt | 10, Z o RS ey B
- 5 NG
where hz is the diameter of T" and % denotes the vector (%, %, %) . But,
J J J J
ou ou 1 —

3.9 U et M M! di = diva(x
(3.9) o5, (% ivu(x) e u(x),

and hg < [|[M~1||hy. Therefore we arrive at

Tl oy < CUMIPIM TP | [l o, +Zh"

+ hip||divull], o

9 |l o)

and recalling that ||M|,||M || < C with C depending only on ¢, we conclude the
proof. O
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4. STABILITY UNDER THE MAXIMUM ANGLE CONDITION

In this section we prove a stability result weaker than that obtained in the
previous section but which is valid for families of elements satisfying the maximum
angle condition.

The estimate obtained here, although uniform in the class of elements satisfying
MAC(v)), is weaker than the estimate obtained in Theorem B.I] under the stronger
RVP(¢) hypothesis. Indeed, in front of each derivative, the diameter hy appears
instead of the length of the edge in the direction of the derivative. However, our
result is optimal. In fact, we will show in the next section that estimates such as
those in Theorem 3.1 are not valid in general under the maximum angle condition.

The main result of this section is the following theorem.

Theorem 4.1. Let k > 0 and let T be a tetrahedron with diameter hr satisfying

MAC(«)). There exists a constant C depending only on k and 1) such that, for all
ue Whr(T)3, 1 < p < o0,

(4.1) ITLgul| oy < C ([ullpe(ry + helVul| o) -

The steps to prove this theorem are similar to those followed in Section 3. Now
our reference element T is the tetrahedron with vertices at 0, e; + ez, ey and ej3.

For n; = (1,0,0),ny = %(1, —1,0),n3 = (0,0,1) and ny = %(O, 1,1) we denote

with ﬁz the face of 7' normal to n; and with F5 the projection of ﬁg onto the plane
given by zg = 0.

Lemma 4.2. Let f € LP(Fy), g € LP(F3), and h € LP(Fs). If

u(zy, z2,23) = (f(x2,23),0,0), v(x1,z2,23) = (0,9(x1,23),0),
and
w(x1, 29, 23) = (0,0, h(z1,72)),

then their Raviart-Thomas interpolations are of the same form; namely, there exist
¢ € Pr(F;), i=1,3, and gz € Pp(F2) such that

ﬁku = (q1(w2,23),0,0), ﬁkV = (0, ¢2(1,23),0),
and
ka = (07 Oa Q3($1, x2))

Proof. The proof is similar to that of Lemma We will prove the first equality;
the other two follow in an analogous way.

First, we have that divIIyu = 0 and therefore Il u € Py, (f)3 Then, proceeding
exactly as in the proof of Lemma [B3:2] we obtain that ﬁk73u =0in 7. Analogously,
now using (1)) for i = 4 we have (ﬁk’gu + ﬁk’gu)\ﬁ =0, and so

ﬁk’gu + ﬁk’gu = (1 — X9 — l‘g)?“

for some r € Pr_1(T). Consequently, now using (2:2) and that us = uz = 0, we
obtain ﬁ;mu + ﬁk73u =0in 7. Then, since we already know that ﬁk73u =0, we
conclude that ﬁk72u =0in 7.

Therefore, u = (¢,0,0) for some q € ’Pk(f) but, since div u = 0, it follows
that ﬁk,l is independent of . O
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Lemma 4.3. There exists a constant C7 depending only on k such that, for all
u = (uy,uz,uz) € WHP(T)3,
LP(ﬂ) ’

(4.2) ||Hk,1uHL2(f) < G (”ul”vvl,p(f) + ||diVUHLp(T)> )

8u1
Ol <||u2||W1p(f) + Ha—.’lfl

(44) Msulpg < O (sl + ldivall, )

6’(,&3

(4.3) HHk,2uHL2(f) 8—963

IN

Lr(T) ’

In particular, fori=1,2,3,

3
(4.5) ||Hk,z‘u||L2(f) < Oy ||Uz'||W1,p(f) + Z

j=1

J#i

Ou;

81‘]'

L»(T)

for another constant Co which depends only on k.

-~

Proof. Let v = (u1,us — ua(x1, x1, z3), us — us(x1,x2,0)) and «, f € Pr_1(T) such
that
(4.6)

f(vz — (z1 —z2)a)pp-1 =0 and /f(vs —23B)pr1 =0  Vpeo1 € P (D),
and define
w = (uy,us — ug (21, 21,23) — (1 — x2) v, uz — uz(x1,x2,0) — x30).
Then, since (0, (1 — z2)a, x38) € RT}, it follows from Lemma that
iy 1w = Heaw,

Now, taking into account the definition of w and ([.4]), we have that I, w is defined
by

/Aﬁmwpkq /Awlpkfl Vpr—1 € qu(f),

7 7
/Aﬁk,zwpkq = 0 Vpr—1 € 7’1@71(?)7
7
(4.7) ‘/Aﬁk’gwpkfl = 0 Vpr_1 € 'Pk;fl(f),
7

[ Hpawpr = | wipy  VYpr € Pe(F1),
Py Fy

/A(ﬁk,1w—ﬁk,2W)Pk = [ w1 Pk Dk ePk(ﬁ2)7
B P

2

[ﬁk,swpk = 0 Vpkepk(ﬁs),
F3

/A (ﬁk,zw + ﬁk,gw) Pk

[ (wg + w3) P Vpy € Pk(ﬁl).
F4 F4
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But, using again (€8] we have, for py € Pk(f),

/AdiV(07w27w3)Pk = —/A(wamws)'vpk
7 7
1
+ /A _(wang +w3ng)py + —= [ (w2 +w3)py
OT\Fy V2 Fy
1

4.8 = — Wo + W3 )Pk-
(19) 5 .

Then, it follows from [@7) and (@8] that

IN

1wl ey < C (Il + Idiv (0, wa,ws)l s )

IA

C (It + v ull 7,

+div (0, (21 — xg)a,xgﬂ)HLp(f)) .
Therefore, to conclude the proof of [@2), it is enough to show that
(4.9) [div (0, (1 — 22)a, xSﬁ)HLp(:F) <cC (HulHWl,p(f) + ||diVU-HLp(f))-

But, for all p € Py(T), we have

0= /A(O,wz,w?a) -Vp = —/AdiV (0, w2, w3) + /A(wznz + w3n3)pr-
7 7 aT

Now, taking pr = (1 — 29 — x3)pg—1 with py_1 € Pk_l(f) the boundary integral in
the last equation vanishes, and therefore we obtain

/A(l — xg — 23)div (0, (x1 — @2) v, x38)pk—1 = /A(l — xo — x3)div (0, ug, u3)pr—_1.
T T

Then, [@3) can be obtained with an argument such as that used for [3]). Clearly,
the proof of inequality ([@A4]) is analogous to that of ([2]).
Now, to prove [@3)), take v = (u; — u1(0, 22, x3), ug, us — us(x1,2,0)), a, 5 €

~

Pr_1(T) such that

/A(Ul —ra)pg—1 =0 and /A(Us —238)pr-1 =0 Vpr_1 € Pk—1(f),
7 7

and define
w = (v — 21, v2,v3 — T30).

Using again Lemma and that (z1a,0,z30) € RT}), we obtain

Hk,gu = Hk72W.
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In this case, it follows from the definition of w that II;w is defined by

/Aﬁk,Ika—l =0 Vpe_1 € Pr_1(T),
7
/Aﬁk,Qka—l = /sz Dk—1 Vpr_1 € Pr_1(T),
7 7
(4.10) /Aﬁk,Bka—l = 0 VYppo1 € P (D),
7

/ﬁk,lwpk =0 VpkEPk(ﬁl),
I

/A (Mg aw — My ow)py, = / (wy —wa)pr, Vpi, € Pe(F),
F2 F2
/A Hk,3ka = 0 Vpk S Pk(ﬁ:;),
F3
/A (Mg ow + yaw)p, = [ (w2 + w3) p Vi € Py(Fy).
F4 F4
But, it is easy to check by integration by parts that, for all p; € Pk(f),
Opg 1 1

4.11 /divO,w,w :—/w——— w + — wWo + w:
( ) o ( 2, W3 )Pk - 26332 \/5 2 2 Pk \/5 17“4( 2 3) Dk

and

. 8pk 1 1
4.12 /dlvw,w,() :—/w—+—/w + — wy — W .
( ) pe ( 1, W2 )pk o 25332 \/5 5, 2 Pk \/5 ?“2( 1 2)Pk

Now, it follows from (@I0), (II) and EIZ) that
||H2,kw||Lp(:F) <C (||w2||wl,p(rf) + ||diV (07w2>w3)”m(f) + ||diV (w1>w270)||Lp(f)>
and therefore, using the definition of w, we obtain

~ (9’11,1
o swlr < c<||uz||W1,p@+Ha—m

Lr(T)
2 P o B
8.133 LP(f) 81‘1 LP(f) 6333 Lp(f)

Then, to conclude the proof of ([@3]) we have to estimate the last two terms in the
above inequality. From the definition of w3 we have, for all py € Py (T),

Opi. Ows
0= W= Aa—Pk-i— _ W3N3Pk,
T 3 T 0%3 aT

but, if we take pp = (1 — x9 — x3)pr—1 Wwith pp_; € Pk_l(f) the boundary integral

in the last equation vanishes, and therefore

0 0 ~
/f(l — xp —T3) (g.;f)pkfl = /f(l — T3 — !Es)a—zzpkq Vpr—1 € Pr—1(T),

from which we obtain

Ous

H d(z3B)
6333

6333

<c‘

Le(T)

Lo (T) '
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In a similar way we can prove
‘ O(z1a)
6.’1,'1 Lp f

and so ([3)) is proved. O

<zl

Proceeding as in the previous section we now obtain estimates for elements in F5.

Proposition 4.4. Let T e Fo be the element with vertices at 0, hie; + hoes, hoes
and hzes, where h; > 0. There exists a constant C depending only on k such that,
for u = (uy, tg,u3) € WHP(T)3 and i = 1,2,3,

3 ~
~ - ou; Bu]
(413) ”Hk,iuHLp('f) <C HU’ZHLP(’f) + Zhj 6‘%1. Lo + hi Z 8I] .
Jj=1 J¢1 »(T)
VE]

Proof. We proceed as in the proof of Proposition[34l Recall that now our reference
element T is the tetrahedron with vertices at 0, e + €2, € and es. Therefore, the
same linear map given by B in Proposition [3.4] maps TinT. Then, ifu € Wl’p( )3
is defined via the Piola transform we have

~ 1
and
(4.15) @V G(R) = v a)
. vu(x) = —mdiva).
Using (£5)) and changing variables we have
~  _||P h1h2h3 ~ _|IP
M| = [l
H L (P A B
hlhghg 8uz ou; P
S hEh% Ié l”LP(T) = 8A]' -
213 T |l Lo () = 1983 e (T)
VE)
3 - 3 -
au; ||” ou; ||
= Clllal®, m+ D 0|5 +hPY |
e ;::1 1075 | o 7 z:: 0%; | Lo (1)
J#i
and therefore (LI3)) is proved. O

Remark 4.1. For i = 1 and ¢ = 3 a better result can be obtained. Indeed, by the
same arguments used in the previous proposition, but now using (£2) and (@),
we can prove the following estimates:

o,

I fH <o | hj
H kit Le(T) il o )+Z oi;

+ ha|diva] 7
L?(T)

Anyway, this clearly depends on the particular orientation of the element and so,
it does not seem to be useful for general tetrahedra.

We can now prove the main result of this section.
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Proof of Theorem 1l From Theorem we know that there exists T' € Fy U F
that can be mapped onto T through an affine transformation X — MX + ¢, with
|M]|,||M~Y| < C for a constant C' depending only on v. To simplify notation
assume that ¢ = 0.

If T € Fi, then T satisfies the regular vertex property with a constant which
depends only on 9 and so (1)) follows immediately from Theorem 31l Therefore,
we may assume that T ¢ F> and has vertices at 0, hie; + hoes, hoes and hses,
where h; > 0. B

Given u € WHP(T)3 we again use the Piola transform and define u € W1?(T)3
given by

1 i~ ~
u(x) = detMMu(X)’ x = Mx.

Then, using that
1 ~
IT =——MII
Fu(x) det M Fa(x),
changing variables and using (£I)) in 7" we obtain

Tty < CIMIPIM P (Il oy + B P Dl )
concluding the proof. O

5. SHARPNESS OF THE RESULTS

In view of the results of the previous sections, it is natural to ask whether the
estimate obtained under the maximum angle condition could be improved. The
goal of this section is to show that this is not possible.

Consider the element T € Fo with vertices at 0, hye; + hoes, hoes and hsesz and
with diameter hy. We are going to show that the inequality

8i‘j +hTHdiVl~1HLp(T) ,

3
(51) o0 gy < C | [Tl poery + D by
; Lr(T)

i,j=1

with a constant C' independent of hi,hy and hg, does not hold for some u =
(’&1,’[)2,113) S Wl’p(f)‘?.

Suppose that (B), with C independent of hi,hy and hg, holds true for all
e WhP(T)3 . Let T be the reference element used in Section @ i.e., T has vertices
at 0, e; + e, e and e3. Then, with U € Wl”’(f)3 we associate u € Wl’p(f)e’
defined via the Piola transform with the linear transformation used in the proof of
Theorem (411

To simplify notation we drop the hat from now on and write u instead of U and
write x; for the variables in T.

A simple computation shows that from inequality (5.]) we obtain

3
1 .
||Hk,2uHLp(f) < Ch_2 <Z hiHuinLp(T) + hT”leUHLp(f)) :
i=1
Then, taking hy = hg = h3 (with hy < 1), we would have
HHk,Qu”Lp(:F)

<C (h2HU1HW1,p(T) + ||“2||W1,p(f) + h2||u3||wl,p(f) + HdiVUHLP(f)) )
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and letting ho — 0 we would arrive at
(5.2) I0k20l 7y < C (2l gy + Idivul g ) -

However, we are going to show that there exists u € Wl’p(f)?’ for which inequality
(2) is not valid. In fact, in the next proposition we will give, for each k > 0, a
function u € W2 (T)3 such that the right hand side of (5.2) vanishes while the left
hand side does not. We will use the notation of Section @ for the faces of 7.

Proposition 5.1. For k > 0, the function u(zy, 29, x3) = (25,0, —(k + 1)zbx3)
satisfies divu = 0,ug = 0 and Il ou # 0.

Proof. We consider the case k > 1 (the case k = 0 follows analogously). Since
divu = 0 we have II; ju, II; 3u € Py(T).

Now, using that u; = 0 on F} and us =0 on ﬁg it follows from the definition of
I u that

/A I upy, =0  Vpy € Pr(Fy)
Py

and

/A Iy 3upy =0 Vpi € Pi(F).
F3

Then ITj, ;u = 21« and I su = 2308 with «, § € Pkfl(f). Also from the definition
of IT,u we have

/A (Mg u — Iy 0u) pp = /A (u1 — u2) pk Vpi € Pk(ﬁg),
F2 F2

and then, if IT; su = 0, we would obtain
/A vi(a—ab)pr=0  Vpp € Pu(Fa).
I

But taking pr = a(z1, 21, r3) — 2§ in the last equation, we arrive at a(z1, 21, 23) =
x¥, but this contradicts the fact that o € Pr_1(T). Then we have I ou # 0. O

6. ERROR ESTIMATES FOR RT INTERPOLATION

We end the paper giving optimal error estimates for Raviart-Thomas interpola-
tion of any order. These estimates are derived from the stability results obtained
in the previous sections combined with polynomial approximation results.

Let us recall some well-known properties of the averaged Taylor polynomial. For
a convex domain D and any non-negative integer m, given f € WP™TY(D) the
averaged Taylor polynomial is given by

1
@l = o /D T f(y, %) dy,
where

Ty = Y 0oy XY

|| <m
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Then, there exists a constant C, depending only on m and D (see for example
[0, 13]), such that

(6.1) IDP(f = QmA)lrpy <C Y

i1+i2+izg=m+1

am-{-l f
Ox'r Oz Ol

L?(D)

whenever 0 < |5] < m + 1.

As a consequence of these results we have the following approximation result for
elements satisfying the regular vertex property. Given a function f, D™ f denotes
the sum of the absolute values of all the derivatives of order m of f.

Lemma 6.1. Let T be a tetrahedron satisfying RVP(¢) such that po is the regular
vertex, {;,1 = 1,2,3 are unitary vectors with the directions of the edges sharing po,
hi,i = 1,2,3, the lengths of these edges, and hr the diameter of T. Then, given
ue Wmthe(T)3 m > 0, there exists q € Pp(T)? such that,

H d(u—q) omtlu

6.2 -
(62) ol v oek ouk

<C > hhEnd
Lr(T) i1+io+iz=m

L (T)
and analogously for 8(3—;0‘) with j = 2,3. Also,

(6.3) Idiv (u = @)llzo(r) < CRE D™ dival ).

where the constant C' depends only on m and ¢.

Proof. To simplify notation we assume again that pg = 0. From Theorem [2.3] we
know that there exists a matrix M such that its associated linear transformation
maps T onto T, where T is the element with vertices at 0, hie;, hoes and hges.
Moreover, the norms of M and of its inverse matrix are bounded by a constant
which depends only on c.

Now, as in the proof of Theorem B we define 1 € W™+LP(T)3 via the Piola
transform and ~ _ B B B

Qmﬁ = (Qmﬂ/la Qmﬂ/% Qm'a?)) € ,Pm(T)Bv

where @mﬂj denotes the averaged Taylor polynomial of @;.

Using the estimate (G.I]) on the reference element T which has vertices at 0, ey,
e, and e3 and a standard scaling argument, we obtain
a(ﬁ — Qmﬁ)

0%

omtla

< Nptapls |l —
I NP P P e
Then, defining q € P,,,(T)? via the Piola transform, that is,

1
~ det M
[62) follows by changing variables as in the proof of Theorem [B11

On the other hand, since

al\{"/émﬁ = @m—lai\;ﬁv

Lr(T)

Mémﬁ(i)v x = Mx,

q(x)

again using (61 in T and a scaling argument, we obtain
8 (@~ Q)| 7y < CHZ D™V a7

and therefore, (6.3) follows by using the properties of the Piola transform stated in

B3). 0
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We can now state and prove optimal error estimates for elements satisfying the
regular vertex property. Our theorem generalizes the results proved in [I], where
the same error estimate was proved in the case kK = 0, as well as those proved in
[15], where the estimate was proved for any k > 0 but only in the case m = k.

Theorem 6.2. Let k > 0 and T be a tetrahedron satisfying RVP(c). If po is the
reqular vertex, ¢;,i = 1,2,3 are unitary vectors with the directions of the edges
sharing po, hi,i = 1,2,3, the lengths of these edges, and hr the diameter of T,
then there exists a constant C' depending only on k and ¢ such that, for 0 < m <k,
1<p<oo, andu € WmHLr(T)3,

lu —eul| ze ()
omtlu

< C W RERE || —
= 2 L oy oep oy

i1+i2+iz=m-+1

+ thn+1 | D™div UHLP(T)
Lr(T)

Proof. Since m < k, for any q € P,,,(T)? we have
u—Ipu=u—q-—Ii(u—q)
and therefore, applying Theorem [3.I we obtain

[u— HkuHLp(T)

O(ui — gi :
< L fu—alluer + Sm | 22 (a - @)l
iy 7 Lr(T)
Then, taking q € P, (T)? satisfying (6.2) and (6.3) we conclude the proof. O

Optimal error estimates under the maximum angle condition can also be proved.
We state the results in the following theorem.

Theorem 6.3. Let k > 0 and T be a tetrahedron with diameter hrp satisfying

MAC(3)). There exists a constant C depending only on k and < such that, for
0<m<k,1<p<oo, andu € WmHLr(T)3,

Ju — Il ooy < CRETHID™ | oy

The proof is analogous to that of the previous theorem, now using the stability
estimates obtained in Theorem A1l and so we omit the details.
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