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A CLASS OF POLYNOMIAL VOLUMETRIC BARRIER
DECOMPOSITION ALGORITHMS FOR STOCHASTIC
SEMIDEFINITE PROGRAMMING

K. A. ARIYAWANSA AND YUNTAO ZHU

ABSTRACT. Ariyawansa and Zhu have recently proposed a new class of opti-
mization problems termed stochastic semidefinite programs (SSDPs). SSDPs
may be viewed as an extension of two-stage stochastic (linear) programs with
recourse (SLPs). Zhao has derived a decomposition algorithm for SLPs based
on a logarithmic barrier and proved its polynomial complexity. Mehrotra and
Ozevin have extended the work of Zhao to the case of SSDPs to derive a
polynomial logarithmic barrier decomposition algorithm for SSDPs. An alter-
native to the logarithmic barrier is the volumetric barrier of Vaidya. There is
no work based on the volumetric barrier analogous to that of Zhao for SLPs
or to the work of Mehrotra and Ozevin for SSDPs. The purpose of this paper
is to derive a class of volumetric barrier decomposition algorithms for SSDPs,
and to prove polynomial complexity of certain members of the class.

1. INTRODUCTION

Ariyawansa and Zhu [5] have recently proposed a new class of optimization prob-
lems termed stochastic semidefinite programs (SSDPs). SSDPs may be viewed
as an extension of two-stage stochastic (linear) programs with recourse (SLPs)
[7, 8, @ 17, 20]. Alternatively, SSDPs may be viewed as an extension of (deter-
ministic) semidefinite programs (SDPs) [11, 23] 24], 25]. See [5] for details on these
relations and an application of SSDPs. Zhao [26] has derived a decomposition
algorithm for SLPs based on a logarithmic barrier and proved its polynomial com-
plexity. Mehrotra and Ozevin [18] have extended the work of Zhao [26] to the case
of SSDPs to derive a polynomial logarithmic barrier decomposition algorithm for
SSDPs. The work of Mehrotra and Ozevin [I8] takes the viewpoint that SSDPs are
extensions of SLPs and utilizes the work of Zhao [26].

An alternative to the logarithmic barrier is the volumetric barrier of Vaidya [21]
(see also [2, [3] []). Tt has been observed [10] that certain cutting plane algorithms
[16] for SLPs based on the volumetric barrier perform better in practice than those
based on the logarithmic barrier. The authors know of no work based on volumetric
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barriers analogous to that of Zhao [26] for SLPs or to the work of Mehrotra and
Ozevin [18] for SSDPs.

The purpose of this paper is to derive a class of decomposition algorithms for
SSDPs based on a volumetric barrier, and to prove polynomial complexity of short
step [, 13] and long step [3] [13] members of the class.

While there is no work based on volumetric barriers for SLPs analogous to the
work of Zhao [26], Anstreicher [4] has proved important results on volumetric bar-
riers for SDPs. The present paper utilizes the work of Zhao [26] for SLPs, the
work of Anstreicher [4] for SDPs, and the relationship of SSDPs to SLPs and SDPs
described in [5], to derive volumetric barrier decomposition algorithms for SSDPs.

We begin by introducing our notation and then defining a SSDP in primal and
dual standard forms. We let RT denote the set of positive real numbers. All vectors
in this paper are column vectors. We use superscript “T” to denote transposition.
The *" unit vector is denoted by e;. Let R™*™ and R™V™ denote the vector spaces of
real m xn matrices and real symmetric n x n matrices respectively. For U,V € R*V"
we write U = 0 (U > 0) to mean that U is positive semidefinite (positive definite),
and we use U = V or V X U to mean that U — V = 0. For U,V € R™*" we write
U eV := trace (UTV) to denote the Frobenius inner product between U and V.
For A € R™*™, we use ||A||2 to denote the spectral norm of A. We use det(A) to
denote the determinant of A € R™*".

Following [5], we define a SSDP with recourse in primal standard form based on
deterministic data 4; € R™V™ for 4 =1,2,...,mq, b € R™ and C € R™V"1; and
random data T; € R™Y™ and W; € R"Y"2 for j = 1,2,...,my, d € R™2, and
D € R™V"2 that depend on an underlying outcome w in an event space {2 with a
known probability function P. Given this data, a SSDP with recourse in primal
standard form is

minimize CeX + E[Q(X, w)]
(1) subject to A; e X = b;, 1=1,2,...,m,
X = 0,

where X € R™VY™ g the first-stage decision variable, Q (X, w) is the minimum of
the problem

minimize D(w)eY
(2) subject to Tj(w)e X + W;(w)eY = d,
Y > 0,

where Y € R"2V"2 is the second-stage variable, and
3) E[Q(X.w)] = | Q(X.w)Plde).
Q

Also following [5], we define a SSDP with recourse in dual standard form based
on deterministic data 4; € R™V™ for i = 1,2,...,mq, b € R™ and C € R™V™;
and random data d € R™2, W; € R"2V"2 for 4 = 1,2,...,mq, T; € R™V"2 for
i=1,2,...,m9, and D € R"2V"2 that depend on an underlying outcome w in an
event space (2 with a known probability function P. Given this data, a SSDP with
recourse in dual standard form is

maximize b'y +E[Q (y,w)]
mi
(4) subject to Z yiAi = C,
i=1
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where y € R™! is the first-stage variable, @ (y,w) is the maximum of the problem

maximize d(w)Tx
mi m2
(5) subject to Zini(w) + Zxﬂ}(w) =< D(w),
i=1 i=1

where x € R™2 is the second-stage variable, and
(©) BIQ )] = [ Q) P(d).

See [5] for a justification for referring to problems (I)-(B]) and {)—(©) as primal and
dual problems respectively.

We now examine the SSDP ({@)-(@) when the event space 2 is finite. Let
{@®, W® i=1,2,.. my), (T 1i=1,2,...,my),D®)) : k=1,2,..., K} be
the possible values of the random variables (d(w), (W;(w) : i =1,2,...,m), (T;(w) :
i=1,2,...,mz),D(w)) and let p := P((d(w), (W;(w) : i =1,2,...,mq), (T;(w) :
i=1,2,...,m),D(w)) = (d®, (WF i =1,2,...,my),(TH :i=1,2,...,my),
D) )) be the associated probability for & = 1,2,..., K. Then problem {@)—(@)
becomes

K
maximize bTy + Zka(k) (v)
k=1

my
subject to Z YA = C,
i=1

where y € R™ is the first-stage variable, Q(®)(y) is the maximum of the problem

maximize (d®))Tz*)

(8) mi mo
subject to Zini(k) + ink)Ti(k) < D),
i=1 i=1

where z(F) € R™2 is the second-stage variable, for k =1,2,..., K.

We notice that the constraints in () and (§]) are negative semidefinite while the
common practice in the SDP literature is to use positive semidefinite constraints. So
for convenience we redefine d*) := p,d® for k =1,2,..., K, and rewrite problem

[@—@) as follows:

K
minimize bTy + Z Q(k) (v)
k=1
ma
subject to ZyiAi —-C >0,

i=1
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where for k =1,2,..., K, Q¥ (y) is the minimum of
minimize (d®))Tz®)

(10) mi m2
subject to Z ini(k) + ink)Ti(k) — D™ »0.
i=1 i=1

In the rest of this paper our attention will be on problem (@)—(I0Q), and from now
on when we use the term stochastic semidefinite program (SSDP) in this paper we
mean problem (@)—(0).

The paper is organized as follows. In the next section we state some mathemat-
ical preliminaries. In §3] we introduce a volumetric barrier for the SSDP ([@)—(I0).
In §4] we show that the set of barrier functions for positive values of the barrier
parameter comprises a self-concordant family [I9]. Based on this property a class
of volumetric barrier decomposition algorithms is presented in §5l A convergence
and complexity analysis of this class of algorithms is presented in §6l And the last
section contains some concluding remarks.

2. PRELIMINARIES

In this section we introduce some further notation, and in order to make this
paper self-contained, state some results from linear algebra and matrix calculus
which we borrow from [4] (see also [12] [14], [15]).

Proposition 1. Let A, B € R"*"™. Then
(1) trace(AB) = trace(BA);
(2) if A is symmetric, then trace(AB) = trace(ABT);
(8) if A and B are positive semidefinite, then Ae B >0, and Ae B =0 if and
only if AB =0;
(4) if A= 0 and B> C, then Ae B> AeC(C.

Let A € R™*™ and B € RFX! respectively. Then we define the Kronecker
product A ® B € R™>*nl of A and B as the matrix whose (i,7) block is a;; B for
1=1,2,....m,j=1,2,...,n. We also define

A®,B:=-(A® B+ B® A).

1
2
For a matrix A € R™*"  we use vec(A) € R™" to denote the vector formed by
“stacking” the columns of A one atop another in the natural order. We have
Proposition 2. Let A,B,C,D € R"*™. Then

(1) (A® B)(C ® D) = AC ® BD;

1

(2) (A®s B)(C ®s D) = §(AC ®s BD+ AD ®, BC);

(3) (Ae B)T = AT @ BT;

(4) if A and B are nonsingular, then A ® B is nonsingular, and (A® B)~! =

A ' B~
(5) vec(ABC) = (CT @ A)vec(B);
(6) if A and B are positive semidefinite, then A ® B is positive semidefinite.

We end this section by stating the following matrix calculus results.
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Proposition 3. Let X € R"*™ be nonsingular, and det(X) be positive. Then
0

6{[;ij In det(X) = [Xil]ji

and

0

—— X'=—X"lee] X7,
8l‘ij

fori,j=1,2,....,n.

3. A VOLUMETRIC BARRIER FOR SSDPs

In this section we formulate a volumetric barrier for SSDPs and obtain expres-
sions for the derivatives required in the rest of the paper.

3.1. Formulation. In order to define the volumetric barrier problem for the SSDP
@)—(0Q), we are going to make some assumptions. First we define

Fio = {yeR™MiSi(y) =) yidi — O - 0k
i=1
i=1 i=1
Fa = {yeRm: FO(y) £0, k=1,2,...,K};
]:0 = ]:1 ﬂ]:g

Then we make
Assumption 1. The set F{ is nonempty.

The set F; is nonempty under Assumption [Il The logarithmic barrier [I9] for F;
is the function f; : 71 — R defined by

fl(y) = —1In det(sl(y))a Vyeflv
and the volumetric barrier [19, 2] for F; is the function V; : F; — R defined by
1
Vi(y) := 3 In det(V3fi(y)), Vy € Fi.

Also under Assumption [l F, is nonempty and for y € Fo, F*)(y) is nonempty
for k = 1,2,..., K. The logarithmic barrier [T9] for F*)(y) is the function fQ(k) :
F*)(y) — R defined by

£ (g, 2®)) = —In det(S (y,2®)), Va® e FE(y), y € Fo,

and the volumetric barrier [19} 21] for F*)(y) is the function VQ(k) : F®)(y) - R
defined by

1
V(.2 M) = Sl det(Vi 0 f57 (0, 2)), Vae® € FO(y), y € Fo.

Next we make

Assumption 2. For each y € Fy and for k& = 1,2,..., K, problem () has a
nonempty isolated compact set of minimizers.
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We now define the volumetric barrier problem for the SSDP ([@)—(I0) as
K
(11) minimize (s, y) = by + > pr(p.y) + perVi(y),
k=1

where for k =1,2,..., K and y € Fy, pi(p,y) is the minimum of
(12) minimize (d®))Tz®*) + MCQVQ(k)(y,x(k)).

Here c¢; := 225,/n; and cp := 45071% are constants, and g > 0 is the barrier
parameter.

We will now show that (I2)) has a unique minimizer for each y € Fy and for
k=1,2,..., K by utilizing:

Theorem 1 (Fiacco and McCormick [I1I, Theorem 8]). Consider the inequality
constrained problem
minimize f(z)

(13) subject to g;(z) >0, i=1,2,...,m,

where the functions f,g1,...,9m : R™ = R are continuous. Let I be a scalar-valued
function of x with the following two properties: I(x) is continuous in the region
R = {x : gi(x) > 0,i = 1,2,...,m}, which is assumed to be nonempty; if {xs}
is any infinite sequence of points in R® converging to xp such that gi(zp) =0 for
at least one i, then limg_yo I(21) = +00. Let s be a scalar-valued function of the
single variable r with the following two properties: if r1 > ro > 0, then s(r1) >
s(ra) > 0; if {ri} is an infinite sequence of points such that limy_,oo 1, = 0, then
limg o0 8(rk) = 0. Let U : ROXRY — R be defined by U(z,r) = f(z)+s(r)(x). If
([@3) has a nonempty, isolated compact set of local minimizers and {ri} is a strictly
decreasing infinite sequence, then the unconstrained local minimizers of U(-, 7))
exist for ry, small.

Lemma 1. If Assumptions [l and 2 hold, then for eachy € Fo and k =1,2,..., K,
the Problem ([I2)) has a unique minimizer for p small.

Proof. For any given y € Fy, V2(k)(y7 () is defined on the nonempty set F*) (y).
The positive definite matrix Sék)(y, (M) can be factored into the product of three
matrices: a unit lower triangular matrix L, a positive definite diagonal matrix M,
and the transpose of L, such that Sék)(y,x(k)) = LMLT. Let m; denote the j-th
diagonal element of M viewed as a function of z(®) € F®)(y), for j = 1,2,... ny.
Then m is continuous for j = 1,2,...,ny [22]. Then the constraint Sék) (y, ) =0
can be replaced by the constraints: mj(x(k)) >0, j7=12,...,n9 [22]. So (I0)
can be rewritten in the form of ([3]). Therefore, by Theorem [I] local minimizers of
[I2) exist for each y € Fy and k = 1,2,..., K for u small. The uniqueness of the

minimizer follows from the fact that VQ(k) is strictly convex. O

By Lemma [I] problem (IIJ) is well defined, and its feasible set is Fp.

3.2. Expressions for partial derivatives of np with respect to y. In order to
compute the derivatives of 17 we need the derivatives of pg, k =1,2,..., K, which
in turn require the derivatives of Vz(k) and fQ(k) for each £k = 1,2,..., K. Some of
these computations are lengthy and it is convenient to drop the superscript (k).
We do so when it does not lead to confusion.
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Also, we make

Assumption 3. Matrices Ti(k), i = 1,2,...,my are linear independent for k =

1,2,

Let 7 € R"*M2 be the matrix whose i'" column is vec(T}) € R" for i =

1,2,

...,mgy. Then the Hessian matrix H := V2_ fa(y, z) can be represented in the

form (See also [1].)

H:=V2 foly,z) = T[Sy ® S5 !|T.

Note that by Proposition 2land Assumption[3, H is positive definite. We have (See

also [M].):
oVa(y, _ _ _
—E(i_x) = —(THT'TT) e (Sy TSy @557
= —Pe(8,?Ti8, @, 1),
fori=1,2,...,mo, and
oVa(y, _ _ _ _
(14) % = —(TH™'TT)e (S, 1WiS2 ' ®, Sy 1)
= —Pe(S; W8, w, 1),
fori=1,2,...,mq, where

P=P(Sy) = (8,2 @8, YT (TT(S; @ Sy HT) 177 (S, /* @ S5 /%)

is the orthogonal projection onto the range of (52_1/2 ® 52_1/2)7';

2

0
= — = Y Y _ Y
g0 Va(y,z) =2Q"Y + R 27,

V2, Valy, x)

where

VZ:CV2 (yv x)

QY = (TH'TT) o (S5 'T,8; ' W;8; " @, S371),
RY = (TH'TT) o (S5 1,55 ®, S5 'W;557),

T = (TH'T") e (S;'T,S; ' @4 S5 )TH T (Sy ' W,y @, 551);
2

- — 20QYT 4 RYT _ 9TV
May‘/z(yw) Q" +R ,

where

QY = (THTT) o (S5 ' WiSy ' T8, @, S371),

RS = (TH'T") e (S5 ' WiSy @, S5 1155, %),

TZ_;{;U = (TH'T")e (32—1Wi52—1 Ry Sz_l)TH_lTT(SngjSQI ®s 52_1)§
2

0x0x

Vi Valy z) = Va(y, z) = 2Q** + R — 2T,

where

and

(15)

= (THMTT) @ (S5 ' T35, 155 @5 8371,
R#2 = (TH 'TT) o (S ' T:8;" @, Sy ' 15857,
TiF = (TH'TT) o (83 T3Sy @y Sy NTH T T (S 11555t @5 S5 0);

2

V?;yvz(y,l‘) = m

Va(y, x) = 2Q¥ + RYY — 2T,
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where
V= (THTT) e (Sy ' WSy "W, 85" @, S5,
Riy = (TH™'TT) e (Sy WiSy | @, 5, W;S, ),
TV = (TH'TT) o (Sy ' WSy ' @, Sy VTH I TT(S; ' W85 @4 85).
Now we define ¢ : RT x Fy x F*)(y) = R by

iy, o) = d'x + peaVa(y, ).
Then by (I2]) we have

,Y) = min Y, T
prliy) = min okl y, )

and

ok y) = k(1 Y, @)=z = wr(pt, Y, T),

where Z is the minimizer of (IZ). We notice that Z is a function of y and is defined
by

0
16 _ _~ = U.
(16) 2 Or(p, Y, @)|z=z =0

Now we are ready to calculate the first and second order derivatives of p; with
respect to y. We have
0 0 Ox
v — - J— Ppp— =
vP (1Y) (504 0.2) + gron(y2) - 50 )lo=s

L | M PN R M
- p) Prlt, Y, =z aIQOk: mY, T=T ay =7

= %@k(ﬂayvx”w:i

= Mc2vy‘/2(y7x)|x:i
= uc2VyVa(y, 7)

and

V2,0e(,y) = Vy(Vypr(p,y)
= vy(/w2vyv2(i‘/=j))

= /J’C2v12/yv2(y7 i‘) + /J/CQViVy‘/Q(y, i‘) T
= ,LLCQV72!yV2(y, i') + ,LLCQVyvi‘/Q(ya j) T
= peaVe, Va(y, @).

1
Note that we use the fact that Vi Va(y,z) = V,Va(y, 2)|e=z = ———d by (16,
HC2

which implies V,VzVa(y,Z) = 0. Similarly, we have szvg—;Vg(y,a’c) = 0, which
gives us

vgyypk(ﬂ’y) = Vy(Viypk(u,y))
= Vy(ue2Vy,Valy, 1)) .
T
= oV, Va(y,T) 4+ pea V2, VaVa(y, T) - 7

oV, Va(y, ).
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In summary we have

Vyrre(p,y) = MCQVyVQ(’“)(y’ O
(17) viypk(:uﬂ y) = MCQVQ (y7 (I;(k))
szypk(lh y) = Mcgvyyy )(y7 x(k))
and
Vyn(usy) = b+ peVyVi(y) + Z peaVy, V2 (y7 7k,
(18) L F
Vo y) = paVi,Vi(y) + Z uc2v§yv2<k>(y, 0N

where VyVQ(k)(y,f(k)), szVg(k)(y, #)), and szyv(k)( y,2F)) are calculated in
(), [@3) and ([22), respectively.

4. CHARACTERISTICS OF 7): A SELF-CONCORDANT FAMILY
4.1. Self-concordance of n(y,-).

Definition 1 (Nesterov and Nemirovskii [19, Definition 2.1.1]). Let G be an open
nonempty convex subset of R", and let F be a C3, convex mapping from G to R.
Then F is called a-self-concordant on G with the parameter a > 0 if for every
x € G and £ € R", the following inequality holds:

ID*F(2)[¢,€.¢]] < 207V2(D?F(x)[8,€)*?.

An a-self-concordant function F on G is called strongly a-self-concordant if F' tends
to infinity for any sequence approaching a boundary point of G.

We note that in the definition above the set G is assumed to be open. However,
relatively openness would be sufficient to apply the definition. See also [19] Item A,
Page 57]. We now show that pg(u, -) is p-self-concordant on Fy, for k =1,2,..., K.
It is clear that Fy is open.

Theorem 2. For any fized pn > 0, pg(u,-) is p-self-concordant on Fy, for k =
1,2,..., K.

In order to prove Theorem [2] we need some intermediate results which we now
obtain.

Proposition 4. Let (y,x) be such that Sao(y,x) = 0. Then we have
(19) 0= QYW =< Ving(y,a:).
Proof. (See also [4].) Let & € R™, £ # 0. We have
£TQvE = ZQ Vet =TH 'T o (Sy BS;'BS; @, 551) = Pe (B*>®, 1),

i
where B := B(£) :== > 1", &W; and B := S, 1/QBS /2 Gimilarly, we have
€TRYWE =TH T o(S;'BS; ' @, 5, 'BS;") = Pe(B® B)
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and

TTwe = TH'T e(S;'BS; @, Sy ) TH T (S, 'BS; ' @, 557)
= Pe(B®,I)P(B®,I).

Since I, P and B? are all positive semidefinite, we immediately have Q¥ = 0
from Proposition [Tl and Proposition Bl In addition, P is a projection implies that

(20)  (Be.DP(Be.D)<(Bo,D(Be, D)= (B e,])+(BoB)
We conclude that

Pe(Be, DP(Bo,1)< s Pe((B 0, 1)+ (BoB),

1
which is exactly £TTYY¢ < 5 ET(QY + RY)¢E. Since ¢ is arbitrary, we have shown
1
that TYY < 3 (QY + RYY), which together with Q¥¥ = 0 implies
0= QW =V}, Va(y, ). O

Proposition 5. For any £ € R™, let B := 52_1/2(22111 iWi)SQ_Im. Let (y,x) be

such that Sa(y,z) = 0. Then

1 _
§rQuve > WHBHS,
(21) 2
e |Bllz < Vany(€TQUE)2.
Proof. Let A1, Az, ..., A\, be the eigenvalues of B with corresponding orthonormal
eigenvectors vy, va, ..., Un,. Without loss of generality (scaling ¢ as needed, and

reordering indices), we may assume that 1 = [A\;| > [Xg| > -+ > \,,,. Then B2®, T
has a full set of orthonormal eigenvectors v; ® v; with corresponding eigenvalues
(1/2)(A7 + A3), for i,j = 1,2,...,my (See also [I5, Theorem 4.4.5]). We have

na

TQure = P.%Z()\f+/\?)(vi®vj)(vi®vj)T
ij=1
1
- Iy e Pwe ).

4,J

Since P is a projection onto an meo-dimensional space, we have
ma
P= E wuy
1=1

where uy,ug, ..., Un, are the orthonormal eigenvectors of P corresponding to the
nonzero eigenvalues of P. Consider uy for some k, we have

n2

un =Y (v @ vy),

ij=1
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for some constants c;;, for 4,5 =1,2,...,n2, and
ng
1= urlle =Y cij(vi @v))ll2
i,j=1
na
< Y (v @ vy)ll2
i,j=1
n
= > el
i,j=1

Thus there exist i, ji such that
1

o] > =
TkJk TL%

Hence,

1
cTQuue — 5 SO+ (v @ ;) Zulul v; @ v;)
1,7
1 2

=3 DA D (v @) w] (v @ vy)

N =1

1 2

3 STOTHA)D I (v @ v))l[3
,J =1

1

5 2N+ D (vi, @ v, )13
1,7

1

= ) Z()‘? + )\?)|Cikjk ‘2

]

1 9 oy 1
3 LN X
,]
1 2 2
%Z(M“ﬂ
J
LZA%
2n3 -
1 5112
= %Z 1Bl
J

Y

Y

v

Y

—||B]|3.
g 1B11
Let (y,z) be such that Sa(y,x) > 0, and £ € R™!. We immediately obtain

%gTng = 2TH ' TT(S; WSy @, Sy )YTH'TT
(S;'BS;'BS; !t @, 551
+THT. 5 (S;'BS;'BS; ' @, S;1),

Yi
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where B := B(&) := > &W;, and
0
Oy;
= —(S;'WiS; ' BS; ' BS; ! + S;'BSy ' WS, ' BS; + S, ' BS; ' BSy WS, )
®s S5 — S;'BS; ' BS;t @, Sy WSyt

We conclude that the first directional derivative of £TQYY¢ with respect to y, in
the direction &, is given by

(S;'BS;'BS; ' @, S;1)

vV, ETQUEE] = Z §im - fTQWf
= 2P (B ®S NP(B*>®,1)—-3P-(B3®,1)—P-(B?®, B),
where B := S~1/2BS~1/2 and P is defined as before. Similarly, we obtain
VyTRWEE] = 2P-(B®,I)P(B®, B) —4P - (B*®, B), )
V,ETTWEE] = 4P - (B ®@s [)P(B®s I[)P(B®s 1) —4P - (B ®;4 NP(B?>®,I)
—2P - (B®,I)P(B® B).
Combining the previous results, we obtain the third-order directional derivative
of Va(y, ) with respect to y as:
Vo Vely, ) [€,6,€] = 12P-(Be,)P(B*@,I)
—6P - (B* @, 1) — 6P - (B> ®, B)
+6P- (B, )P(B® B)
—8P - (B®s;I)P(B®;I)P(B®,I).
In the proof of Theorem 2lwe need to bound V3, Va(y, x) [€, £, £]. We now obtain
such a bound.

Proposition 6. For any £ € R™, let B := S_1/2(Z L &EW)Sy Y2 Let (y,x) be
such that Sa(y,x) > 0. Then

Proof. (See also [4].) Using the fact that

(22)

(B & DB o, 1) = (B o, 1) + (B @, B,
we can rewrite [22)) as
Vi V2, 2)[6,6,€] = PBo.)P-[12(B?®,I)

yyy —

(24) +6(B ®, B) — 8(B®, I)P(B®I)]
—12P - (B> ®, I)(B ®; I).
From (20) we have
12(B?* 2, 1)+ 6(B®, B) —8(B®, )P(B®I) = 8(B*®, 1)+ 2(B ®, B).

Using the facts that (B2®,I) = (B® B) and (B ® B) = (—B? ®, I), we obtain

6(B2®@,1) = 12(B*®,1)+6(B®,B)—8(B®s;I1)P(B®I)

(25) < 18(B%?®,I).

Let A1, A2, ..., A, be the eigenvalues of B. Then for i,j = 1,2,...,n2, the eigen-
values of (B ®;I) are of the form (1/2)(\; + ;) (See also [I5, Theorem 4.4.5].) We
have

=[IBll2I 2 (B®s 1) 2 [|B|l21
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and
(26) —[|Bl|2P 2 P(B®, I)P = ||B|2P.
Using (25)), (26]), and the face that (B? ® I) = 0, we obtain

IP(B®,1)-[12(B2®, 1)+ 6(B® B) — 8(B ®, [)P(B @, I)]|

27) <18)|BlloP - (B @3 I).

In addition, the fact that (B2 ®,I) and (B®,I) have the same eigenvectors implies
that

—[1Bll2(B? @, I) 2 (B* @5 1)(B @, I) < || Bl[2(B* @, I).
Therefore we have
(28) [P (B? @, I)(B@; I)| < [|B||2P - (B @ 1.
The conclusion follows from (24)), [27)) and 28). O
We can now state the proof of Theorem 2

Proof of Theorem 2l Combining the results of (I9), 1)) and 23), we obtain

which combined with (I7) gives us

V2,,06(9) [6,6,€] | < 30v2ueand/*(V2, Va(y, 2) [€, €))%
= 2#71/2(02MV§y‘/2(y,1') [E,g])S/Q

= 20 A(Vy,m(y) [€.€)*%. O
Corollary 1. For any fized pn > 0, n(p, ) s a p-self-concordant function on Fy.

Proof. 1t is easy to verify that pciVi is p-self-concordant on F;. The corollary
follows from [I9] Proposition 2.1.1]. O

4.2. Parameters of the self-concordant family n(y,-).

Definition 2 (Nesterov and Nemirovskii [I9, Definition 3.1.1]). Let R* be the set
of all positive real numbers. Let G be an open nonempty convex subset of R™. Let
p € Rt and let F, : RT x G — R be a family of functions indexed by p. Let aq (),
as(p), ag(p), as(p) and as(p) : RT — RT be continuously differentiable functions
on . Then the family of functions {F},},,cr+ is called strongly self-concordant with
the parameters ay, as, ag, oy, as, if the following conditions hold:

(i) F, is continuous on RT x G, and for fixed p € RT, F, is convex on G.
F,, has three partial derivatives on G, which are continuous on R* x G and
continuously differentiable with respect to u on R*.

ii) For any u € R™, the function F), is strongly a;(u)-self-concordant.

2 ju K
(ili) For any (p,z) € R x G and any £ € R™,

(Y F (i )€Y — {inas (1)} Vi Fy () €] < cva(n)on () (92, Fulpn, 2)[€.€])

{VaaFu(p, 2)[8 ]} — {Inaz(u) ' V2, Fu(i, 2)[€, €] < 205(1) Vi, Fu(, 2)[€, €]
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Theorem 3. The parametric function n(u,-) is a strongly self-concordant family
with the following parameters:

ar(p) = p, as(p) = as(p) =1, au(p) = p~(micr+maca) (14+K)]Y2, as(p) = i

By Corollary [Il in order to prove Theorem [3] we only need to show that the two
inequalities in Definition B (iii) are satisfied by n(u, ). We first show the validity of
the second inequality in Definition [ (iii).

Lemma 2. For any >0 and y € Fy, the following inequality holds:

Vo0 ()€€ < —Viyn(u,y)[f,ﬂ, V¢ eR™.

Proof. Differentiating (I8]) with respect to u, we obtain

K
V2,01 (y) = 1 VEVi(y) + Y ea(V2, VP (g, 2®) + uv3 Vi (y, 28 - (2
k=

X =

= V2, Vily Z@Vz VP (y, 2),

1
which is exactly —Vfwn(u, y). The conclusion follows since V?ﬂ/n(u, y) is positive
TR Y1

semidefinite. O

For fixed (y,Z) with Sa(y,z) = 0, let T; = S;l/QTngl/Q,i =1,2,...,mq and
W, = 52—1/2ij2—1/ij =1,2,...,m;. We apply a Gram-Schmidt procedure to
{T;} to obtain {U;} with |U;|| = 1 for all i and U; - U; = 0,4 # j. Then the linear
span of {U;,i = 1,2,...,my} is equal to the span of {T;,i = 1,2,...,my}. Let U
be the n3 x ms matrix whose i’ column is vec(U;) and let ¥ = Y2, U2. Then
P = P(S3) =UUT. We have

aVQ (y7 i')

Oys = —P-(W;®,I)=-UU"-(W; ®,1)

= trace(UT(W; ®, I)U)

- % S vee(U) (s @ 1) + (1 & Wo)vee(U)
(29) L

1 & o
- = Zvec(Uk)Tvec(UkWi + W,Uy)

= ——ZUk (UW; + WiUy) = =W - (O _UR) = —W; - .
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Similarly, we have

vy
@

P (W,W; ® I) = trace(UT (W, W; @ I)U)
= Zvec U)T(W;W; @, I)vec(Uy)

= —Zvec Uk vec(Up W; i +WinUk)
= = Z Uy - (UkWin + WinUk)
= —Ztrace U (UsW;W; + W;W;Uy))

= Ztraee(WiUk W;) = trace(W;ZW;).
k=1
Proposition 7. Let (y,Z) be such that So(y,Z) = 0. Then
(31) VyValy, 2)1 (V3 Va(y, 7)) 'V, Valy,7) < ma.

Proof. (See also [4].) Let 20 be the n2 x m; matrix whose i*" column is vec(W;).
Then from (B0) we have

7 = trace(W; EW;) = vec(W;) Tvec(3W;) = vec(W;)T(I @ X)vec(W;).

We can then write Q¥Y =207 (I®@X)20. Also, it follows from 29) that V, Va(y, z)T
—WTvec(X). Hence,

YV, Va(y, 2)T[QY] 'V, Va(y, 7) = vee(E)TW(WT (I @ T)20) W vec(S)
= vec(SV)T (I @ 2V2)w(w"T (I @ ©)Ww) 'y
(I @ 2Y?)vec(x1/?)
< vee(2Y ) Tyec(21/2) = trace(X) = ma,
2
k

since ¥ = >/, UZ, and trace(U ) Uy - Uy = 1 for each k. In addition, Q¥¥ <
VaVa(y, ) 1mphes (VaVa(y,z))~! =2 (Q¥)~". So the result follows. O

It can be easily verified that (B1) is equivalent to the following inequality:
(32) VyValy )]l < \fmaViValy, D)€ €], VE € R™
Now we show the validity of the first inequality in Definition [ (iii).

Lemma 3. For any p >0 andy € Fy, we have

\/(m101 + maco)(1+ K)
W

IVyn' (1, y)TIE] <

V2, ()€, €], VE € R™.

Proof. We have

Vo' (1y) = aVyVi(y) + 3 ea(V, Vo (5, 20) + 12, Vi (y, 28 - (29"

> 1M~

=aVyViy) + Y eV, Ve (y, 2 ) |
k=1
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Anstreicher [4, Theorem 4.4] has shown that
Vi) T (V2 Vi)V, Vi) < ma,
which is equivalent to
(33) VM < fmVEVeIEE, vE e R™
Then we have that for all £ € R™,
Yy (1, ) TIE]l
K

eV Vi) + D eV, Vi (y,27)) €]

=1
< eV, Vily |+Z|c2vv2 y. 2 T(e)|

< ¢m1c1v2 Vily €§+Z\/mzc§VZ’V2 (5,79)¢. ¢

= /me)a v, )¢ + Z V (mac2)es V3, ViP (y, 209 6,

< | (mier + maca)(1+ K)(e1 V3, Vily guzcw Py, 2M)e,€))
- \/Wl+m;c2)“*K)viynm,y)[e,s]. - 0

With Lemma 2] and Lemma ] established, we have that Theorem [3is true.

5. A CLASS OF VOLUMETRIC BARRIER ALGORITHMS FOR SOLVING SSDPs

In §4] we have established that the parametric function n(y,-) is a strongly self-
concordant family. In this section we introduce a class of volumetric barrier algo-
rithms for solving ([@) and (I0). This class, indexed by a parameter v € (0, 1), is
stated formally in Algorithm [T

Our algorithm is initialized with a starting point 4 € Fy and a starting value
1% > 0 for the barrier parameter . We use § as a measure of the proximity of the
current point y to the central path, and 8 as a threshold for that measure. If the
current y is too far away from the central path in the sense that § > 3, we apply
Newton’s method to find a point close to the central path. Then we reduce the
value of p by a factor v and repeat the whole process until the value of u is within
the tolerance e.

6. COMPLEXITY ANALYSIS

For fixed p > 0, the function n(u,-) possesses many nice properties. The fol-
lowing proposition follows directly from the definition of self-concordance and [I9]
Theorem 2.1.1].

Proposition 8. For any p > 0, y € Fo and Ay, we denote
1
8= \/;AyTV§yn(u,y)Ay. Then for 6 < 1,7 € [0,1] and any £ € R™2 we have

V2 y + TAY)E < (1—76)726TVE n(p, y)E.
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Algorithm 1. Volumetric Barrier Algorithm for Solving SSDP ([@)—(I0)

Require: ¢ >0, 7€ (0,1),0>0,3>0,y" € Fy and pu° > 0.
y =y p=p’
while > € do
for k=1,2,...,K do
solve ([2) to obtain z(*)
end for

compute Ay 1= —[V7 (1, y)] " V,n(p,y) using (I8)

compute 6(u,y) := \/ %AyTVZyn(u,y)Ay using (18]
while § > 5 do
y:=y+0Ay
for k=1,2,...,K do
solve (I2) to obtain #(¥)
end for
compute Ay := —[V2 (1, y)]"'Vyn(p,y) using (I8)

1
compute §(u, y) = \/ ;AyTVSyn(u, y)Ay using (I8)

end while

M=
end while

We also have the following lemma that describes the behavior of the Newton
method as applied to n(i, -). This lemma is essentially a restatement of [I9, Theo-
rem 2.2.3] for the setting of the present paper.

Lemma 4. For any p > 0 and y € Fo, let Ay be the Newton direction defined by
Ay = ~[V2, (1)) V(. y). We denote

1
§:=0(py) = \/;AyTviw(u,y)Ay-
Then the following relations hold:
(i) If § <2 — /3, then
0
5"

5 2
< | — <
3,y + Ay) < (1_5) <

(ii) If § > 2 — /3, then
0, y) = 0w, y + 0Ay) > pls —In(1+4)],
where § = (14 6)~L.
Depending on the manner in which v in Algorithm [ is chosen, we have two
classes of algorithms: short-step algorithms and long-step algorithms. In the next

two subsections we present the complexity analysis for these two classes of algo-
rithms.

6.1. Complexity of short step algorithms. The i*" iteration of the short-step
algorithms is performed as follows: at the beginning of the iteration, we have p(*~1)
and y(~ on hand and y~Y is close to the center path, i.e., §(p—, y(=1) <
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B. After we reduce the parameter p from p*~Y to p’ := yu~1, we have that
8(pt,y@=1) < 2B. Then a full Newton step is taken to find a new point 3* with
d(ut,y*) < B. We will show that in each iteration after we reduce the parameter
1, one Newton step is sufficient to restore the proximity to the central path. We
assume that we can solve all the subproblems exactly and we fix the value of
v :=1-0.1/y/(m1c1 + mac2)(1 + K). We have the following lemma and the proof
of the lemma follows from [19, Theorem 3.1.1].

Lemma 5. Let v := 1 — 0.1/y/(mic1 + maco)(1 + K) and 8 := (2 —/3)/2. If
6(p,y) < B, then §(yu,y) < 2.

Proof. In order to apply [19, Theorem 3.1.1], we first write the metric defined by
(3.1.4) in [TI9] for our problem as follows: For any 0 < ut < p,

X (15 11 ) o= (1 + Ve + maca)(1+ K)> In ( a ) .

E ut
Let s := 283 := 2 — /3. Since 6(u,y) < k/2, one can verify that u* := yu satisfies
1 61, y)
(7 N< o<1 - 2822
X (13 1, 17) < 5 < -
So by virtue of [19, Theorem 3.1.1], we have d(u*,y) < &. O

By inequality in Lemma [{(i) and Lemma Bl we have that in Algorithm [I we can
reduce the parameter p by the factor v := 1—0.1/+/(mic1 + mac2)(1 + K) at each
iteration, and use only one Newton step for recentering if necessary. So we have
the following complexity result for short-step algorithms.

Theorem 4. Let 8 := (2 —+/3)/2 and v := 1 — 0.1/\/(mic1 + mac2)(1 + K) in
Algorithm . If §(u°, y°) < B, then short-step algorithms terminate with at most
O(y/(mic1 + mace)(1 + K)n(u°/€)) iterations.

6.2. Complexity of the long step algorithms. In the long-step version of the
algorithm, the factor v € (0,1) is arbitrarily chosen. It has potential for a larger
decrease on the objective function value; however, several damped Newton steps
might be needed for recentering.

Suppose at the beginning of the i*" iteration of the algorithm we have a point
y=1 | which is sufficiently close to y(p*~1), where u*~1) is the current value for
the barrier parameter p and y(u*~1) is the solution to () for p := pt~Y. We
reduce the barrier parameter from =1 to p* := v~ where v € (0,1), and we
search for a point y® that is sufficiently close to y(u’). We want to determine an
upper bound on the number of Newton iterations that are needed to find the point
Yy
We begin by defining ¢(u) = n(u,y) — n(p,y(n)), Vu > 0. The function ¢
stands for the difference between the objective value n(u?, y~1) at the beginning
of i iteration and the minimum objective value n(u’,y(u*)) at the end of i"
iteration. Then our task is to find an upper bound on ¢(u).

The next lemma gives us upper bounds on ¢(u) and ¢’ (u), respectively.

Lemma 6. let > 0 and y € Fy, we denote Ay =y — y(u) and define

- 1- _
0= \/;AyTviw(u,y)Ay-
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If5 < 1, then the following inequalities hold:

(34) o) < [1‘5—5 Fn(1 - 5)] "

(35) ¢ ()] < —In(1 — 0)/(mac1 + maca) (1 + K).
Proof.

1
o) = 1) — (s y(p)) = / V(. y(w) + (1 —7)Ay) T Aydr.

Since y(u) is the optimal solution, we have

(36) Vyn(p,y(p) = 0.
Hence,
o(p) = / / AyTV3,n(py(p) + (1 — a)Ay) Aydadr
1,1 12
< ——————dad by Proposition
= /0/0(1—5+a6)2 7 (by Proposition )
5 .
= |——=+In(1-9)]| p.
L —5 +n( )] 7
This proves ([34).
For any p > 0,
(37) ¢ () = 1 (y) =0 (. y() — Vnlp, y(w) Ty (1)
= 7'(wy) = 1" (1 y(pw)-
From Lemma [3 we have that for any p > 0 and y € Fo,
1
(38) V' (1, y) T [V )] 7'V (1,y) - < L (micr+maco)(1+ K).
Applying the Mean-Value Theorem we obtain
1
Wl = | [ 9 Gyt + rBg) Byar
0
<

/ VAYTV2, (s, y () + rAy)Ay-

1657

VI (19 (0) +rAy) TIV2, (. y(0) +7By) =9 (1, y () +7 Ay
Using (B8) and Proposition B and noting that y(u) + 7Ay = y — (1 — 7)Ay, we

have

L =
@' (W] < /0 Oy (micy +mac2)(1+ K) .

1—6+470 w

= —In(1 —8)\/(mic1 + maca)(1 + K).
This proves ([B3)).
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Lemma 7. Let n > 0 and y € Fy be such that 6 < 1, where b is as defined in
Lemma Bl Let p* := vyu with v € (0,1). Then

n(ut,y) —n(pt, y(p™)) < O(1)[(micr + maco)(1 + K)|pu®.
Proof. We have
& (1,y) = 1" (1, y) — 0" (1w, y(w) — Vil (p, () Ty (1)

Since (-, y) is strictly concave in p, the first term 7 (p,y) is negative. We only
need to estimate the other two terms.
First we differentiate (B6) with respect to p to obtain

Y (1) = —[Vo,n(uy ()]~ V' (1, y ().

Hence, from Lemma [B] we have the following estimation:

=V (s y(u) T (1) = V' (s y () T [V oy (s y ()1 (1, (1)

(39) l mic mocCo
M( 101 + )1+ K).

IN

Now we want to estimate 7" (u,y) for any p > 0 and y € Fy. First we observe
that " = Eszl pr(p,y). Differentiating pr(p,y) with respect to g we obtain
P (1, y) = caVa(y, ). Differentiating again we obtain p}(u,vy) = caVzVa(y, ) 7',
We differentiate ([I6]) to obtain

1
7 = —;[v%(y,f)l*lvﬂz(y@

Hence, we have

1 _ 1 _
P, y) = —;C2Vf‘/§(y=$)T[V%V2(y7$)] 'VaVa(y, z).

1
By [, Theorem 4.4] we have —p} (1, y) < ;@mg. Therefore,

K 4

K
1
(40) =" (wy(w) = =D Amy) < Y —camy = —macK.
k=1 k::l'u H

Combining (B9)) and @0Q), we have

(41) ) < e+ 2maen) (1 + K)
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Using Lemma [6l and ([{I]), we have

But) = Blu)+(ut — w)d () + /

m

R
) / & (u)dpudr

(- 6)] = In(1 = §)/mrer + maca) (1 + K) (i — )

IA

noopp
—l—(mlcl—l—ngcz)(l—l—K)/ / ptdudr

ut

%5 +In(l— 5)] w—In(l— 5)\/(m101 +maco)(1+ K)(ut — p)

+(myicy + 2macs) (1 4+ K)lny =t (pu — ).

This proves the lemma since & and v are constants. O

In the previous lemmas we require § < 1. However, & cannot be evaluated
explicitly. In the next lemma we will see that § is actually proportional to ¢, which
can be evaluated.

Lemma 8. For any p > 0 and y € Fo, let Ay := —[V2 n(u,y)] "' Vyn(p,y) and
let Ay = (y —y(n)). We denote

1 - 1 .
5r—¢;AJV@meA% 5r—¢;AMV@meAy

If 6 < 1/6, then

N
&

§<6<

[V

Proof. See the proof of Lemma 9 in [4]. O
Combining Lemmas Ml [7] and [}, we have the following theorem.

Theorem 5. Let 3:=1/6 and~y € (0, 1) be arbitrary in Algorithm[. If 6(u°,y°) <3,
then long-step algorithms terminate with at most O ((mic1+macz)(1+K)n(p°/€))
iterations.

7. CONCLUDING REMARKS

In this paper we have presented a class of volumetric barrier decomposition al-
gorithms for (two-stage) stochastic semidefinite programs (SSDPs) (with recourse).
We have also shown that certain short-step and long-step members of the class
have polynomial complexity in terms of the number of iterations with the com-
plexity bounds depending on K and K, respectively, where K is the number of
realizations. This is important given the fact K can be large in applications.

The complexity of our algorithms and of those in [I8] are similar. Both are
O(VK) for short-step algorithms and O(K) for long-step algorithms.

SSDPs generalize (two-stage) stochastic linear programs (SLPs) (with recourse).
Therefore, it is possible to specialize the class of algorithms presented in this paper
to SLPs. The specialization is a new class of algorithms for SLPs. Indeed, in
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[6] we show that we can go further by showing how appropriate modification of
the techniques utilized in the present paper leads to a class of new volumetric
barrier decomposition algorithms for stochastic quadratic programs with quadratic
recourse.

It would be interesting to assess the computational performance of the algorithms
developed in the present paper. A forthcoming paper will report details of an
implementation and results of computational experiments performed with it.
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