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POSITIVE TRIGONOMETRIC QUADRATURE FORMULAS
AND QUADRATURE ON THE UNIT CIRCLE

| FRANZ PEHERSTORFER |

ABSTRACT. We give several descriptions of positive quadrature formulas which
are exact for trigonometric-, respectively, Laurent polynomials of degree less
orequal ton —1—m, 0 < m < n—1. A complete and simple description
is obtained with the help of orthogonal polynomials on the unit circle. In
particular it is shown that the nodes polynomial can be generated by a simple
recurrence relation. As a byproduct interlacing properties of zeros of para-
orthogonal polynomials are obtained. Finally, asymptotics for the quadrature
weights are presented.

1. INTRODUCTION

Let | € Ng := NU {0}, v € {0,1/2}, and let 7, = {Zic:o ar cos(k + v)p +
besin(k + v)¢ : ak, by € R}. By T/ := T, 0 we denote the set of trigonometric
polynomials of degree less or equal to [. Further let o be a positive measure on
[0, 277] normalized by 5- 02Tr do = 1. We call a quadrature formula (qf) of the form

1 2

(1) tH(@)do(p) =D net(s) + Ralt)

271— 0 =1
with0 < 1 < o < -+ <, <27, p1, ..., ip, € R, a trigonometric (n—1—m,n,do)
qf if R, (t) =0 for t € Tp,—1—m; n — 1 —m is the so-called degree of exactness. Note

that for n € N, n = 2(R +7), v € {0,1/2}, the trigonometric nodes polynomial

" — it 3 00)/2 v .
Hsin(@ @s) . (not 32 ws)/ H(ew — i) /2
2
s=1 s=1
is from Ty .
Obviously, (@) is a (n — 1 — m,n,do) qf if and only if

2m
1 ) n .
(2) Py /e_”wdo(go) = E pge” hes k=0,...,£(n—1—m),
i
0 s=1
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which is a gf on the unit circle exactly for Laurent polynomials Zﬁ?ﬁ:ﬁ m) dp 2",
dy, € C of degree < n —m — 1, which we call (n — 1 — m,n,do) a Laurent gf also.

In other words, we are looking for a characterization of quadrature formulas which

integrate exactly the first n — 1 — m moments ci, ..., c,—1-y, of the Caratheodory
function
27
1 e+ z > &
(3) F(z)—%/ew_zda(go)—l—l—2kzlckz.
o =

Due to convergence and stability it is of utmost interest to have positive (n —

1 —m,n,do) qf, i.e., that all quadrature weights us are positive. Such qf will be
studied in this paper. So far it is known that qf with the highest possible degree
of exactness, that is, (n — 1,n,do) qf have positive weights. These (n — 1,n,do)
qf can be considered as the counterparts of the Gauss qf for algebraic polynomials
and nowadays are called Szeg6 qf. The Szegd qf can be described as follows (see
[8, pp. 14-16], in particular (10.10), but also [I, I3} 22, 26]): ¢1,...,¢n, 0 <
01 < - < pn < 2m, generate a (n — 1,n,do) Laurent ¢f if and only if there is
neT:={z¢eC:|z| =1} such that

n
(4) 21 (2) + 05y (2) = [ (2 — ).

s=1
Here and in what follows ®,,(z) = 2" + ... always denotes the monic polynomial of
degree n orthogonal with respect to the normalized measure do, i.e.,

o
(5) /e—ik%n(ew)da(@ 0 k=0,...n-1.

0
It is well known that the ®,,’s satisfy a recurrence relation of the form
(6) P (2) = 2®n-1(2) = an1®;,_1(2),
with |a;| <1 for j =0,1,2,... and where ®}_,(z) = 2"~ '®,_1(1); hence
(7) D5(2) = By () — Gu12@0 1 (2).
Furthermore, let us recall that for any x € T,
(8) 2®p_1 + kD) = H(z — eis)

s=1

where 0 < ¢); < -+ < ¥, < 27, , since ®,_; has all zeros in D = {]z| < 1}.
Following [I3] a polynomial of the form (§)) is called a para-orthogonal polynomial.
The Szegé quadrature weights are given by, z, = e'¥s,
L (201 =¥ _q)(2)
9) Hs = N\
225 (2@p—1 +1nP%_1) (2s)
where ¥, is the so-called polynomial of the second kind, i.e.,
27

(10) Wa(2) = 5 [ (@)~ 2ule)do(e)
0

which satisfies the recurrence relation
(11) U, (2) =2¥,-1(2) + an—1¥),_1(2).

>0
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Note that a,,—1 in (B) is just replaced by —a,_1. Recently, Szegé quadrature for-
mulas have been studied and applied by several authors [4, [6, 1Tl 10, 14]. For
para-orthogonal polynomials see [B, 24 27].

As mentioned already, here we study positive (n—1—m,n,do) gf. There are two
possible approaches, one approach is comparable to the algebraic polynomial ap-
proach and the other one via orthogonal polynomials on the unit circle (abbreviated
by OPUC). Each of which has its advantages as we shall see. In the next section
we derive some characterizations without using OPUC’s. In fact, for Theorem [Z.2]
we do not even know how to obtain it via OPUC’s and for the other properties as
the orthogonality condition given in Lemma 2.1} they follow in a more natural way
than with the help of OPUC’s; compare Lemma[3.5]and Corollary In Section 3
we give a simple complete description of positive trigonometric-, resp., Laurent gf
with the help of OPUC’s. In this problem the power of the approach via the unit
circle turns out nicely. We note that Section 3 and Section 4 can be read without
having studied Section 2.

2. BASIC CHARACTERIZATION

First let us take a look at the degree of exactness. Similarly, as in the case of
algebraic polynomials, the degree of exactness is connected with the orthogonality
property of the nodes polynomial. For Szegd qf see [3] and for the associated
orthogonal trigonometric polynomials and their five-term recurrence relation see
[12].

Lemma 2.1. Letn € N, n=2(n+ ), v € {0,1/2}. A ¢f of the form () is exact

fort € Tayoy+i, L € Ny, if and only if the trigonometric nodes polynomial Tj ~ ()
satisfies the orthogonality conditions

(12) /0 i t(p) T, (p)do(p) =0 for t € Ty .

Proof. Case 1) n = 2n, ie., v =0.

Sufficiency. First let us consider the case | = 0. Let £ € [0,27) be no zero of
T; and arbitrary otherwise. Since the Lagrange trigonometric polynomials with
respect to the nodes, 1, ..., po5 and £ are polynomials from 75, the interpolation
quadrature formula

27 2n
(13) | oo =3 it + pansat©
0

s=1

holds for every t € T and is unique. Now any ¢ € T can be represented in the
form

(14) q(p) = cTr(p) + t(p)

where t € T is the unique polynomial satisfying the interpolation conditions ¢(£) =

0 and t(ps) = q(ps) for s = 1,...,2n and ¢ = q(§)/T7 (). Hence, applying ([I3) to g
and taking into consideration the orthogonality property of T}, we obtain

2n

1 27 1 2 1 27 2n
— do = — Txd — tdo = st = s .
or ), 99 27T/O cTrdo + 27r/o o ;uk (¢s) ;ukq(ws)
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In the case of a higher orthogonality property of T}, we represent ¢ € 754 in the

form
q=v15+t

where t is as above and v € 7; and the assertion follow.

The necessity part follows immediately by applying the quadrature formula to
tT5.

Case 2) n=2n+1, ie,vy=1/2.

Sufficiency. Any q € Tat+141 can be represented in the form

q=wv12T5,1/2 +1

where t € T interpolates q at the 2n + 1 zeros of Tj; 1 /o and where vy /2 € Tj1/2-
Applying the unique (71,27 + 1, do) quadrature formula ([I3) to ¢ and writing & =

wan+1, the assertion follows by the orthogonality property.
Necessity is immediate again. O

We note that if | < 7 — 1, then the orthogonality property (IZ) does not imply
that all zeros of T} , are simple and in [0,27) there may also appear double or
complex zeros.

To find a criterion on the nodes polynomial such that the quadrature weights
are positive is more involved (in contrast to the algebraic polynomial case, where
the corresponding counterpart can be derived in one line; see e.g. [20, (1.3)].

Theorem 2.2. Let n € N\ {1}, n = 2(n + ), v € {0,1/2}, and let (D) be a
(7 + 2v,2(7 + 7),do) ¢f- Denote by T(p) the trigonometric nodes polynomial,
which is from Ty , and write

(15) S) =57 [ oot (£57) ) - Tle)aste
Then S(¢) € T, and

(16) s = M for s=1,... n.

2T (is)

In particular, all quadrature weights ps are positive if and only if S(p) has n simple
zeros 85, 0 < 01 < 0y < --- < 0, < 2w, which separate the zeros @; of T(p) such
that p1 < 01 < g < -+ if sgn(ST)(0F) > 0, respectively, 01 < o1 < s < --- if
sgn(ST)(0") < 0.
Furthermore, setting
Ta(e¥) = e 29T (p) and  w,(e'?) =ie'2°S(yp),
the ratio of the polynomials wy,(2) and 7,(z) has an expansion of the form

an) wn (2) i ¢tz N ;%ﬂ kL
— = s——————— — CL2 ceey
T S:1M e =2 k=1 '

2)

where ¢ = fozﬂ e~ *?do(p) and 7 + 2y + 1 is the precise degree of evactness of the

of @.

Proof. Let R(yp) € T, be the polynomial such that, z = €',

ie'3Y R(yp) - z 4 e's
(18) - Z cre

e’ 22T () — ¥y — eips
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Putting w,, (e!?) = ie’3¥ R(y) and 7,(e¥) = €'2?T(¢) we may rewrite equation
([I8) in the form

wn (2) S Hs
19 —1=-2 I y—
(19) ; 1—e sz

Tn(2)

where we have used the fact that

n

Zﬂs:%/ddz

s=1

since the qf is exact for constants and o is normalized. Note that w,(0) = —7,(0)
or, in other words, that

(20) T(p) = an cosggo—l—bn singgo—l—... and R(p) = —b, cosggo—i—an sin %(p—i—....

Furthermore, it follows from (I9) that

Wn(ei@'g) =2u R
N
which yields that
iR(ps) e 5w, (€4 Wy (€74 2
(21) T = d ity i ~d i -
@(905) %(e 2927 (€79)) o=, @(Tn(e )e=es v
The goal is to show that
(22) S =R.

Let us prove (22) when n is even.
Using the facts that

cot (#) (costp — cosp) = siny + sin

and that

cos ki — cos ko

2
(23) cos Y — cos ¢

=2cos(k— 1)y +...

is a cosine polynomial of degree k — 1 in v with leading coefficient 2, it follows by
straightforward calculation that for k € N,

27
/ cot (_50 ; 1/’) (cos ki — cos k) do ()
0
27
(24) :/0 o (%) (cost) — cos ) <M> do ()

cos Y — cos ¢

27
= ([ doysink -+ ),
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where ¢t € T_1. Furthermore,

2
/ cot (%) (sin kip — sin ky)do (@)
0

2m . .
. =1 sinky  sinkgp
= smz/J/O cot( 5 ) ( S0 sy ) do(p)

2 .
p—1 ) . sin ki
—|—/O cot ( 5 ) (siney — sin ) g do(p)

(25)

= —(/O do) cos ki + t(v)

where ¢t € T;_1, and where in the last equality we used the facts that sin kz/sinz =
2cos(k — 1)x + ... is a cosine polynomial of degree k — 1 in x and thus ([24]) can
be applied to the first integral and that the second integral is from 7;. Thus
S(y) € Tn and by (20) it follows that S and R have the same leading coefficients,
i.e., R—S € T;—1. Writing T(¢) in terms of sin (£52=) it follows that the integrand
from ([H) at ¢ = @ is from 77 and thus we may apply the quadrature formula to

the integrand and obtain

(26) S(SDS) = _/1452T/((Ps) = R(‘ps)v s=1,..,2n,

where the last equality follows by (2I). Hence, S = R and the assertion is proved
for n even.
For odd n we consider

2 o
S0) =5 [ oot (£57) (@) - (@) edae)

where ¢ is any polynomial from 7 1/, with q(¢) > 0 on [0,27). Since ¢T" € T4 1 it
follows by ([24) and (23) that S € T7.1. Furthermore, we may apply the quadrature
formula and obtain that

27)  S(ps) = —p:20(p)T (05) = qlps) R(ips) for s=1,...,20+ 1.

Next we claim that

(28) S) = a(¥)S(¥).
To prove ([28)) it suffices to show that

/o% ot (%) (¢(v) — a(9)) T(p)do(p) = 0

which follows immediately by ¢(v) — ¢() = const sin (%) and the orthogonality

property of T with respect to T 1 /2.

Therefore, by ([28) and (1), if we are able to show that the leading coefficients
of S(ga) and (¢R)(y) coincide, i.e., S — qR € T;, representation @3 follows for n
is odd also.

Because of ([20) we know the leading coefficients of (¢T")(¢) and (¢R)(¢). By
applying [24) and @8] to (¢T) () — (¢T)(p) it follows that the leading coefficients
of S are equal to those of gR. Hence, S = qR and the theorem is proved.

The statement on the positivity of the ps follows immediately by (26]).

The last equality in ([I7) follows by partial fraction expansion and (). O
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Theorem (which turns out to be crucial in the Szegé-Kronrod quadrature
[21] for instance) does not show how to obtain a constructive description of positive
trigonometric gf. Such a description will be obtained by OPUC’s in the next section.

3. THE CHARACTERIZATION THEOREM

First let us recall that the monic polynomials ®,,(z) of degree n, n € Ny, are the
polynomials orthogonal with respect to do, where % fo% do =1, and that the a;’s
are their recurrence coefficients; see ({@)).

Theorem 3.1. The following four statements are equivalent:

a)

27
1 ; " _
(29) o /eﬂkwda(@) = Zuse*’k“"s for k=0,...,£(n—m—1)
™
0 s=1

where 0 < 1 < g < -+ < @, <21 and ;. ., pn € RT.
b) There exists a polynomial ®,,_1(z) = 2"~ +... generated by the recurrence

relation
(30) b;(2) = 285 1(2) — a;195_4 (2),
where
(31) la;| <1 for j=0,...,n—2 and a; =a; for j=0,...,n—m — 2,

and an € T such that
(32) 2@y + 0, = [[(z—¢¥).
s=1
¢) There exists a polynomial g,,(z) = 2™+ ... which has all its zeros in D and
n € T such that

n

(33) 2 P 1 + 0GP = [ [ (2= €%9).
s=1

d) There exists a polynomial p,_1(z) = 2"~ +... which has all its zeros in D
andn € T such that

n

(34) 1+ iy = [[ (2 =€)
s=1
and
* n—m—1
NPp—1 — ZPn—1 k n—m

35 — =142 (0]
(3% Wyt et kz::l s+ 0T

2T .
where ¢, = 5= [ e *°do(y).

0

Proof. a) = b) Since p1, ..., p, > 0 it follows that the sequence

(36) Ge= Y pee ke k=0,...,n—1
s=1
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is positive definite; see [I]. Thus the polynomials <i>j, j=0,...,n— 1, orthogo-
nal with respect to the positive definite sequence ¢y, ..., ¢,—1 satisfy a recurrence
relation of the form [B0) with |a;| <1 for j =0,...,n — 2. Since by assumption

1 .
(37) ék:—/e_zk“’do(go) k=0,....,n—m—1
2m
it follows that (see e.g. [8, (3.2)])
(38) ay = ag fork=0,....,n—m—2.
Finally, we know [8 Thm. 6.1] that for any a,_; with |a,—1] =1,
lijn - Un— \i/* —
_Z 1 — Qp—1 1:1+226kzk+0(2n)
Z(I)n 1+ ap— 1(I)n 1 =1
(39)
2+ eiPs n
= — Zlu,g e’“ﬂb O(Z )
Putting a,_; = —e®1®,_1(e’1)/®%_,(e'#1), that is, the denominator in (3J)
vanishes at €1, it follows that (see [8, (9.5)])
(40) 2Pp_ 1+ an1®)_4 = H(z — '),
s=1

b) = a) By @0) and the first condition of (BI), ®,_1(z), is orthogonal with
respect to some positive measure &. Thus (B2) holds for any n with |n| = 1 and

+m
1 ) n )
(41) o /e_dwd&(tp) = Zuse—zktps fork=0,...,n—1
—r s=1
where py,...,pu, € RT. Since a; = a; for j = 0,...,n —m — 2 it follows that

(fj = ®; and \i/j =V, for j =0,...,n—m—1 and thus the first n —m —1 moments
of o and & coincide, that is,

(42) /e_i’wd&(cp) = /e_ik“"da(ap) k=0,....,n—m—1

which gives by (@I the assertion.
b) = ¢) Let

(43) qj(z) = qu—l(z) _nan—l—jQ;_1(Z) .7 = 1a25"'am
with go(z) = 1. Then it follows by induction arguments using (@) and () that
(44) 2@, 1 + 77<I>n 1= ijtbn j +ng; <I>*

In view of [@3) g; has all zeros in D; see e.g. [22].
We note that it follows analogously by induction arguments that

(45) 2, =0 = 2q;, —ng;

c) = b) Since ¢,,(z) has all zeros in D, g, can be generated by a recurrence
relation of the form

(46) qj(z) = zqj_1(2) —mbj_1¢;—1(2) j=1,...,m
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where |b;| < 1for j =0,...,m —1 and ¢o(2) = 1. Hence, defining the polyno-

mial ®,,_; by the recurrence relation (@) with recurrence coefficients for OPUC’s

aQy -+« yp—m—1,bm—1,...,bp it follows as above that (32)) holds, which implies b).
c) = d) We put

2qm®n—m—1 + N4, P51 = 2Pn—1 +NPD;_1,

qu\I]n*mfl - nqm\Ijnfmfl = ZPn—1 — NMPnp_1;
that is,
22pn—1 = 2qm(Prn—m-1+ Vom—1) + 140 (P51 — V1),
(48) ( ) ( | 1)

20p5—1 = 2qm(Pr—m—1 = Yom-1) + 04, (P25 _pq + V1)

Let us demonstrate that p’ _; has no zero in D. Tt is known (see (1.3.82), (3.2.62)
and (3.2.63)) from [22] that ® ., + W% __ , has no zeros in D. We claim that

(49) | Z((I)nfmfl - \I]nfmfl)

| <1 for |z <1.

(I):L—m—l + \I/:L—m—l
By the maximum principle it suffices to show ([@9) for |z| = 1. Since on |z| = 1,
(50) |Z(q)7l—m—1 — \I”ﬂ—m—l)| _ |(I);szm71 — \Ij:;fmfl ‘
Q;kamfl + ‘I’meq (I):;fmfl + ‘I’meq

and since by [8l (10.3)],

(51) Re n=m=1("7)

(I);Kz—m—l(eup)
it follows that the last expression in (B0) is less than 1 and thus [#9) is proved.
Since ¢, has all zeros in I there holds |g,,(2)/q%,(2)| < 1 on D, which implies by
@) and @S) that p:_, has no zero in D. Finally, relation (35) follows with the
help of the relations (see [22, Prop. 3.2.9])

>0,

(52) By 1 (2)F(2) + Uppr(2) = O(z"~™ 1)
and
(53) O ()F(z) =T () =O(z"™)

and (7).

d) = ¢) The proof runs as in [I7, p. 939]. To make the paper self-contained we
sketch it. According to [8, Theorem 18.2] there exists a function h : C — C which
is analytic in D and satisfies the inequality |h(z)| < 1 for z € D, such that
(54) Mn-1(2) = 2Pn-1(2) _ 2¥n-1-m(2)hl(z) = W5 (2)

W) F b 1(z) 2B 1 (2 h() F B (2)

Isolating & from this equality we find that h can be represented by

!
(55) h(z) = —=, where ¢;(z) = H(z —z), z €D,

i=1

q has real coefficients, and | > m.
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Let us assume that [ > m. Then it follows from ([4) that —2¥,,_1_,,h+ V%

n—m-—1
and z2®,_1_,h+ ®:_ _, have (I —m) common zeros on |z| = 1, which implies
that

q)n m—1 \I/n—m—l
56
( ) (I); m—1 - \Ijrzfmfl
has (I — m) zeros on |z| = 1. But this is impossible, since (see [8, p. 4])
(57) Qrem 1Vt + Vo1 @y g = K271,
where K € RT.
a) = d) Let
27
1
(58) ck:%/ R da (o Z,us —ikes for k=0,...,n—m—1.

0
Hence, by expansion at z = 0,

n—1l1—-m

z + ePs _
(59) - Zus =142 Z ez +0(z"m).

e“Ps
k=1

Now the left-hand side is a rational function with real part zero on |z| = 1 whose
numerator and denominator is a polynomial of degree n. Thus it may be written
as

npk(z) — pn(2) z + s
60 _— =1+4...
(60) np;,(2) + (2) ZM z — eies e
hence
(61) pn(z) = anfl(z)'

Moreover, by (60), partial fraction expansion and the suppositions on ug, and using
2L f(z) = —i%f(ei“’)7 we obtain that

(npl — pn)(€%9)
2i£ (Pn + 1P3) (7)) o=,

(62) [ = > 0.

Thus the trigonometric polynomials
Imfy~2e #0p,(e9)} and Refn Ve Eep, (c9))

have strictly interlacing zeros, which implies by the argument principle that p,, has
all zeros in D. By (B9)) and (@0) the implication is proved.

d) = a) Since p,, := zp,—1 has all zeros in D it follows that np} +p,, has all zeros
in 0D and that the zeros of np} — p, and np}, + p, strictly interlace. Hence, (G2)
and thus (60) holds with ps > 0 for s = 1,...,n. Expanding the second expression
from (GO) in a series at z = 0 part a) follows. O

Obviously, Theorem 3] could be proved in a shorter way, that is, by showing the
implications a)=-b)= - - - =d)=-a) only. But by proving all equivalences separately
we get additional insights, for instance:
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Remark 3.2. In the proof of Theorem Bl c¢)=-b) we have shown that P, is
generated by the recurrence coefficients ag,...,an—m—1,bm—1,...,bg when g,, is
generated by

(63) q5(2) = 2qj-1(2) = nbj—1q;_1(2) j=1...,m
qo(z) =1, with |b;] <1, 5 =0,...,m — 1. Note that every polynomial ¢,, which

has all zeros in D can be generated by a recurrence relation of the form (@l); see [8]
Thm. 9.2].

The ideas of proof for Theorem BIk) and d) go back essentially to the author’s
papers [10, [I7] where positive qf on [—1, 1] have been characterized by transforming
the problem to the unit circle. For the connection with gf on [—1,1] see Section 5
below.

Finally, we point out that recurrence relation (B0, under condition (BII), offers
a simple, constructive way to generate positive trigonometric (n — 1 —m,n, do) gf.

With the help of Theorem Bl we get easily some information on the location of
the nodes of positive qf on the unit circle.

Corollary 3.3. Let I,m € No,m < 1, and let 28,y +r®*_ |, =[['2}'(z -
e), k € T, be a Szegd polynomial. Suppose that Ty, (z) = [._,(z—€e'?*) generates
a positive (n — 1 — m,n,do) qf. Then in every interval (¢,,¥41), v = 0,...,1,
there is at least one pg.

Furthermore, every common zero of T, and z2®,_1_; + k®)_,_, is a zero of
kq(z) — ng} (2), where g and n is given by the representation T, = z2qi®p_1-; +
47 Pp1-i-

Proof. By Theorem [B] and the obvious fact that every (n — 1 —m,n,do) qf is a
(n—1-—1,n,do) gf for Il > m, T, has a representation of the form

(64) Th=2q®n-1-1+1g®,_1_,

where ¢; has all zeros in D. Hence, T}, (e*?) = 0 if and only if for some k € Z,
2q®Pn—1-1, ; qa, 2®p 11,

— o (€) =arg — (") +arg ———(e"")
a1y q LA

and the condition for a zero of the Szegd polynomial looks similar. Now recall that

the argument of a Blaschke product is strictly increasing on |z| = 1 with respect to

©. Thus on [¢,, ¥, 11], arg % increases by 27 and, taking a look at the RHS

(65) argn + (2k + 1)m = arg

*
n—1—1

of (Gh)), arg % increases by more than 27 on [¢,, 1,11, that is, T, has at
I "n—1-—1
least one zero in (1,1, 4+1) and the assertion is proved. ([

For the special case that T, = 2®,,_1 + n®} _; the zero property given in the
above corollary was proved by Simon [24, Theorem 2.3] by a completely different
approach. For related statements in the real case see [2] [I8] T9] 25].

For the convenience of the reader let us reformulate parts of Theorem [B.] in
terms of trigonometric polynomials.

Corollary 3.4. ¢1,....,0n, 0 < ©1 < @a,..., 0 < 2w, are the nodes of a positive
trigonometric (n — 1 — m,n,do) quadrature formula if and only if there exists a
polynomial ®,,_1(z) satisfying B0) and BI) and n € T such that, z = €'?,

(66) V222 T (2 — %) = 2Re{z B0'/28;_, (2)}.

s=1
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Proof. The statement follows immediately by Theorem BIla) and b) and the obvi-
ous relations, z = €%,

(67) 072 (2B 0(2) + 1Py (2)] = 2RelzTE VT 20, (2))

= 2Re{z"%9'/20 | (2)}. O

We need the following lemma which can be extracted easily from [26] or [9] pp.
144-145].

Lemma 3.5. Let u be a positive measure on [0,27], let n € N, v € {0,1/2} and
n=2(f+7). Let P,_1(z) = 2"~ ! + ... be such that

2w
(68) / KBy () du(p) = 0 for k= 0, ..,m — 2.
0

Then for any n € T,

n

27
©) [ R e P (@) dule) = 0 for t € T
0

Proof. Relation (69)) is equivalent to

27
/ e i (EIF RO P (1) du(p)
(70) 0
+77/ eii(%:F(kJW))“’P;fl(ew)du(ap) =0fork=0,..,n—1
0

Now the first integral is zero by (68) and thus the second integral also by taking
the complex conjugate of it. O

With the help of the above lemma we get an explicit weight function depending
on n with respect to which the trigonometric nodes polynomial has maximal or-
thogonality. Furthermore, we obtain the orthogonality property (I2]) of the nodes
polynomial (G6) by an approach via OPUC’s.

Corollary 3.6. Let n = 2(n + ), where n € N and v € {0,1/2}. If p1, ..., on,
0 <1 < @a, ..., pn < 2m, are the nodes of a positive trigonometric (n—1—m,n,do)
qf, then there exists a polynomial ¢ (z) which has all zeros in |z| < 1 and n € T
such that Re{n*/?27% (¢%,®%_,_,.)(2)}, 2 = €%, is the nodes polynomial and

21
—i * Fyk % d
/ t(p) Re{n'/2e ™32 (q5, 0%, )(€9)} et
0 \(q o

(71) @ 1m)(e)]?

=0 fort e Th_1,-

Moreover,

27
(72) /0 t(e)Re{n'/?e™ "5 (qp, @51 _,)(¢%)}do(p) = 0 for t € Toiopmy.

Proof. By Theorem Bl ¢,, ®,,—1 ., has all zeros in D; hence, see e.g. [8 25],

27
. , d
6_1k¢(qm®n_1_m)(el¢) ¥ - =0 fOI' k‘ = 0, ey — 2.
/0 (g5 @51 ) ()

Applying Lemma the orthogonality property (71 follows.
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Since |g}, (€%)|? is from 7,,, we obtain from ([7T)), by putting t(¢) = £()|q, (e'?)|?,

t € Ta—1—m,, that ([T2) holds with respect to the measure de/|®%_,_,. (e*)[* in-
stead of do; but, see [, Thm 2.2, p. 198],
2m 2m
. _ dy
+ikep _ +ike _
e da(np)—/ e ————= fork=0,..,n—1-m
/0 0 |¢n717m(eup)|2

and thus relation (2] follows, taking into consideration the fact that the orthogo-
nality property ([2) depends on the first n —m —1 = 2n+ 2y —m — 1 trigonometric

moments of do only. O
We note that in general Im{z—37'/2®* ()}, ®,_; given by B0) and (I,
does not coincide with Im{z~27'/2(¢%,®% _,_,,)(2)}, since

2ot =N}y = 2 P 1om — NG P 1 s
where Gy, is given by ¢;(2) = 2¢;-1(2) +ndn-1-34;_1(2),j = 1,2,..., m with go(2) =
1, which should be compared with ({@3)).

4. ASYMPTOTICS OF WEIGHTS

As a consequence of Theorem B we obtain the following representation of the
quadrature weights needed in what follows. Note that only the ®,,’s and ¢,,’s and
no ¥, ’s appear in the representation.

Corollary 4.1. The quadrature weights ps from [29) can be represented in the
form
_77Kn—m—12271|Qm(zs)|2

() we (2®Pn—m—10m = NP}, 1473) (25) (2P —1Gm + 1P 1475)" (25)
where zg = €% and Ky,_pm_1 = 21_[?:_8”_2(1 — la;j[?).
Proof. By (@), [@l) and {3)) it follows that

_ 1 (Z\Iln—m—lqm - W‘I’:L—m_ﬂ;@)(?«’s)
225 (Z(I)nfmflqm + U‘I’meqq;b)/(zs) .

*
n

(74) s

Now, at the zeros of 2®,,_,,—1¢m + 1P} _,,_14;, we have

* *

(2@n—m—1gm — NP} _10m) (ZVn—m—1Gm — 1V} _1G,)
= =202qm @ (Prn—m—1V5 1 + Vpem 15 1)
= —202qm @y Kn—m—12" "
where in the last equality we used the known fact that [8, (5.6)]
(75) Bp 1V AU @ = Ky 2T
which gives by (4] the assertion. O

Theorem 4.2. Let do(p) = f(¢)de be positive and from Lipvy, 0 < v < 1 on
[a, 8] C [0,27]. Suppose that ©15, ..., Pnm, 0 < @1 < Qon < -+ < Ppp < 27
generates a sequence of positive (n — m(n) — 1,n,w) qf with quadrature weights
Msn- Furthermore, let us assume that the associated Gy, (n) satisfy uniformly on

. 6], |
2 Gy (€7
lim | 1— —Re{ewL.)
n n * o (et)

] =g(e).

m(n)
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Then uniformly for ¢s.,, € [a +¢,8 —¢],e >0,

L g(psn) o
(76) nlu’S,’ll N f(@sfﬂ) + (1).

Proof. First let us note that (73] can be written in the form

— 4y =
(77) Kn—m—1]gm(e™*)]?
Im{e="5 % (n1/2q;, @5, 1)(ei#*)} L Re{e 39 ("/2q5, @5, 1)(€) b,
Now
(78)

n—m—1

- 4 ,
Im{e~*2%(y'/2q;, ®; )(e“")}@Re{e‘lf“’(nmq;@;fmfl)(6“")}

—i * Fyk i d —i5 * 4
—Re{e 2¢(n*2q5, @5, _1)(e S")}@Im{e 22 (' 2q @5 1) ()}

T - d —q * i
= Im{(6_15“"(771/2(];1@;7”171)(6“"))%(e 2@ 1))}

= {51 B ) + B D)2 (G 1))

and thus, since the e*#s are the zeros of Re{e "2 (n'/2¢*,®% _ )(e'?)}, we may
replace the denominator in (7)) by the last expression from (78)) which yields

Kn—m—l |an(ei<ps) 2

S X S L Lz N
4]:11’1{1% — 1€ <PS(1*¢'*—1)(6W5)}

mIn—m-—1

(79) s | (@, @7, 1) (€799) |2 =

Now by the assumptions on f it is known (see e.g. [25, [22]) that uniformly on
[a+e,B8—¢], € >0,

. anm(n)fl 1
80 1 _ = _ —
(80 R BEr @ Do )

taking into consideration that

(81) hfIzn Kn—m(n)—1/2 = I/D(O7 0)7

where D(z,0) is the so-called Szegd function, that is,

27

(2) D) = exp(y- |

0

e+
ety —

z log f()dyp}.

Next let us prove that ([80) and [BI) imply that uniformly on [a+e¢, 8 —¢],e > 0,

1 ‘©;;L717m(eiw)
n &3

2n—1—-m

(83) | — 0.

(ei‘f’) n—o0
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Indeed, by the local version of Bernstein’s inequality

d _
ma. — P )| < const
()] < con
(84) X ((Qn —-m — 1) Lprél[i?(ﬂﬂ(ﬁ;n_m_l(eup) _ ‘I)?\/m] (eup)|
+ mﬁiﬁ]'ﬁmﬁew)l)

which gives by ([B0) and (®I]), in conjunction with the facts that D(e’?) # 0 on
[, B] and m(n) < n, relation (83]). O
5. CONNECTION TO POSITIVE QF ON [—1,1]

Remark 5.1. Let m,n € Nyg,0 < m < 2n — 1. Obviously, using the symmetry with
respect to ™ we have

+1 n
(85) [p@v@) = Apw)  forpePai,
1 s=1
where —1 <z, <--- <z <1land Aq,...,\, € RT, if and only if
+m n
(86) / HP)o(9) = S A(tps) +H(—ps)  fort € Ton ym,

—r s=1

where the @, = arccos x; satisfy 0 < 1 < 2 < -+- <, <7, and o is given by

() = (1) —Y(cosp) for 0< <,
o Y(cosp) — (1) for —7 < <0.

Note that, z = 3(z + 1),

n n
2" H(x —xg) = H(z —ePe)(z — e 1),
s=1 s=1

By this equivalence and Theorem [3.I] we obtain immediately a complete descrip-
tion of positive qf of degree of exactness 2n — 1 —m on [—1,1]. Indeed, Theorem
BIk) and d) will lead to characterizations given by the author in [16]. In fact, in
[16] we transformed the problem in the proof to the unit circle and solved it there,
that is, we proved Theorem [BIk) and d) in the real case and transformed it back.
It can be shown that the characterization by the recurrence relation, that is, by
Theorem BIb) yields, using the connection between the recurrence coefficients of
OPUC’s and the recurrence coefficients of polynomials orthogonal on [—1,1] (see
[23, (13.1.7)] or [8, Thm. 31.1]), the characterization of positive qf on [—1,1] by
the three-term recurrence relation given in [I7, [T9] by the author; see also [20].

When we consider Radau or Lobatto qf on [—1,1] (see [20, Section 4]) that is,
that one or two nodes are the boundary points £1 the corresponding equivalence
is as follows: Let us consider the Radau case, that is, the boundary point 1 is a
node—analogously the other cases are obtained—then

(87) /p(z)dd;(x) = Z)\sp(xs) + Aop(+1) for p € Poy,—pn,

s=1



1700 FRANZ PEHERSTORFER

where —1 <z, <--- <z <1and Ay, Ai,...,\, € RT, if and only if

+m n
(88) /t(@do(@) = %“‘PO) + Z )‘s(t((ps) + t(_(ps)) for t € Ton—m,

where the s = arccoszg satisfy o = 0 < 1 < 2 < -+ < ¢, < 7 and where
)\0,)\1,...,)\n € RT.
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