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NUMERICAL METHODS FOR SOLVING A TWO-DIMENSIONAL
VARIABLE-ORDER ANOMALOUS SUBDIFFUSION EQUATION

CHANG-MING CHEN, F. LIU, V. ANH, AND I. TURNER

ABSTRACT. Anomalous subdiffusion equations have in recent years received
much attention. In this paper, we consider a two-dimensional variable-order
anomalous subdiffusion equation. Two numerical methods (the implicit and
explicit methods) are developed to solve the equation. Their stability, con-
vergence and solvability are investigated by the Fourier method. Moreover,
the effectiveness of our theoretical analysis is demonstrated by some numerical
examples.

1. INTRODUCTION

Because of their practical applications, anomalous subdiffusion equations have
received much attention in recent years. For example, Schwille et al. [31] studied
anomalous subdiffusion of proteins and lipids in membranes observed by fluores-
cence correlation spectroscopy, Saxton [30] researched anomalous subdiffusion in
fluorescence photobleaching recovery, Ratto et al. [27] considered anomalous subd-
iffusion in heterogeneous lipid bilayers, Weiss et al. [34] analyzed anomalous subdif-
fusion as a measure for cytoplasmic crowding in living cells, Marseguerra et al. [22]
investigated the Monte Carlo and fractional kinetics approaches to the underground
anomalous subdiffusion of contaminants, Tan et al. [33] discussed an anomalous
subdiffusion model for calcium spark in cardiac myocytes, and Langlands et al. [12]
researched anomalous subdiffusion with multispecies linear reaction dynamics. At
the same time, a number of authors have developed numerical methods for solving
fractional diffusion equations (e.g. [1], [2]-[6], [13], [16]-[19], [35]-[37]). However,
work on fractional diffusion equations in higher dimensions is still at an early stage.
Meerschaert et al. [23] analyzed finite difference methods, while Tadjeran et al.
[24] discussed a numerical method of second-order accuracy for the two-dimensional
fractional diffusion equation, Zhuang et al. [38] proposed an implicit difference ap-
proximation for the two-dimensional space-time fractional diffusion equation, Chen
et al. [7] investigated the following two-dimensional anomalous subdiffusion equa-
tion
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u(z,y,t) - u(x, y,t) Du(z,y,t)
(11) T =0 Dt K R1 8]}2 + Ko 8y2 + f(xayat)a

proposed two numerical schemes with first order temporal accuracy and second
order spatial accuracy, and discussed the stability, convergence and solvability of
these numerical schemes by the Fourier method.

In order to more accurately characterize the evolution of a system, the so-called
variable-order operator calculus has been developed [§], [9], [10], [11], [14], [20],
[21], [26]-[32]. However, only a few authors have studied numerical methods and
numerical analysis of variable-order fractional differential equations. Lin et al. [15]
studied the stability and convergence of an explicit finite-difference approximation
for the variable-order nonlinear fractional diffusion equation. Zhuang et al. [39] pre-
sented some numerical methods for the variable-order fractional advection-diffusion
equation with a nonlinear source term.

In this paper, we will study a two-dimensional variable-order anomalous subdif-
fusion equation of the form

2 2
(12> 8“(%%15) = D:—V(w,y,t) <I£18 U(l‘,y,t) + 0 U(I,yﬂf)) + f({E,y,t)

R2

ot Ox? Oy
with initial and boundary conditions:
(1.3) u(z,y,0) = ¢(z,y), 0 <zy < L,
(1.4) u(z,0,t) = p1(x, t), u(z, L, t) = pa(x,t), 0<ax <L, 0<t<T,

(1.5)  u(0,y,t) =1y, t), w(L,y,t) =a(y,t), 0<y <L, 0<t<T,

where the constants k1, k2 > 0, ¢(z,y), p1(z,t), pa(z,t), ¥1(y,t), ¥a2(y,t) are suffi-
ciently smooth functions, 0 <ymin < ¥(z,9,t) < Ymax < 1 and ODtlf’Y(z’y"t)g(x,y,t)
is the variable-order Riemann-Liouville fractional partial derivative of order 1 —
v(z,y,t) for g(z,y,t) defined by [15], [39]

~ 1 o [ glz,y,m)
D1 'y(w,y,t) z, 7t - —/ %d .
0+ 9(z,y,1) L(y(z,y,t) [0 Jo (&—n)t-7@wb) ! e=t

Implicit and explicit numerical methods will be developed for this problem. Their
stability and convergence will be described in detail. Some numerical examples will
be presented to demonstrate the effectiveness of the methods.

2. AN IMPLICIT NUMERICAL METHOD
2.1. Derivation of the implicit numerical method. In this paper, we let
ZL’Z:ZAZ, i:O,l,...,Ml; Yj :jAy, jZO,].,...,MQ; tk :kAt,kZO,l,...,N,

respectively, where A, = L/My, Ay = L/M, and A, = T/N are the spatial and
temporal steps, respectively. Also, we denote

Q={(z,y,t)] 0<x,y <L, 0<t<T},

O*u(z,y,t) O*u(z,y,t) Ou(z,y,t) Pu(x,y,t)
2‘1 Q — t ) ) b ) b ) ) b
(2.1) u) {u(x,y, ) oxt 7 oyt 7 0x20t T Oy20t
0*u(w,y,t)

52 € C(Q)} .
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In this paper, we always assume u(z,y,t) € U(Q). At the grid point (z;,y;,tx),

(T2) becomes

8u(xi7yj7tk) I_Vﬁj 82u($i7yjatk) 82u($ivyjatk)
(22) T =0 Dt K1 ax2 + K2 5‘y2 + f 2,7

where v = v(wi, 5. tk), 1= fi,y;,te).
The Griinwald-Letnikov fractional partial derivative of order 1— 7 for g(x,y, 1),
defined by

(A

Vi1 (1=
Aim AR (=1 gyt = 1A,

=0

provides an approximation of the Riemann-Liouville fractional partial derivative.
From [25], we have

[t/ D]

1 —~F.
(2.3) =0
')/k —1 [t/At] 1 - ’yk :
SN <—1)l( T atet —180) + 0(80)
=0

Under the condition that the function g(z,y,t) has continuous partial derivative
% for t > 0, the Riemann-Liouville and Griinwald-Letnikov fractional partial

derivatives of order 1 — ~¥ ’; for g(,y,t) have the following relation:

1—7?,.
ODt ng(l'vyat)

(2.4) oy /A 1— k.
=0

By [23) and (24) we get

oDy " g(a,y,t)

yk,71[t/At] 1—~F,
(25) Y 0 (T st - 180 + 00
=0

which yields

1—~F k
(2.6) [th ”*Jg(x,y,w} N ZAUQ (9. 151) + O(A)

t=ty

and

(2.7) oDy gy, ) = AT qug:cz,yg,tk D) +0(Ay),
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k k k
where AP = (—1)/(*77) = (-1 U0 UL o @) and
u(z,y, ) U(Q) we get, respectively,

1— 'Y 62u(xi7yj7tk)
D i3
0 < Ox?

(2.8) 52 b )
vF-1 je 1 O u(wi, Y, te—t
=A] Z/\ g2 TOA)
and
1*’)’:,9,1' 62u(xi7yﬁtk?)
oD, (T;
(2.9)

k
k —
:AZM 1Z>\kla u(:cg;jg,tk 1) +O(A).
1=0

Since u(z,y,t) € U(Q), the following formulas are obtained:

au(xi7yjat/€) U’(x’hyjatk?) - u(xiaijtk—l)

2.10 = O(A
(2.10) 5 A, +0(Ay),
Ou(zi, yj tr)  62u(xi, vy, tr)
2.11 RN _ z IERAE) OAQ
azu(x’hyjatk) 5;“(%7%7%) 2
(2.12) 9y = A2 +0(A2),
Y
where
5§U(Ii, Yjs tk) = U(Ii—lvyjatk) - QU(Ii, Yjs tk) + U(xi+17yj7tk)7
Sou(ws, ys, te) = (@i, yj—1,tr) — 2u(xi, yj, tr) + w(Ti, Yja1, te)-

Now, by ([2.8)-(ZI12) we get

(Izaijtk) = u(xzaijtk 1) + L. ﬂZ] Z/\k l6 u(xuyjatk—l)
=0

k,l
+M1]Z>\1j6§ xz,ijtk l)+A flkj +Rf],

(2.13) i:1,2,...,M1—1, j=1,2...,My—1; k=1,2,...,N,
where
NG NG
/’Lz]_K/l A2 )/J’?,’_]_Kz A2 )
Yy
and
(2.14) RE. = O(A2 + A2) AWZA’“%O(A?)

=0
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In view of the above analysis, we present the following implicit numerical scheme

for solving (C2)) with the initial and boundary conditions (L3)-(T3):

(215) i =uf +MHZA1‘J(5§ ZZZMHZAff&? A
i:1,2,...,M1—1, 371,2,...,M2— , k71,2,...,N,
(2.16) u) ;= ¢(xi,y;), i=0,1,...,My, j=0,1,..., My,
(2.17) uﬁ0:¢1($ivtk)vu§,M2 = pa(w4, tr),
i=1,2...,My—1, k=1,2,...,N,
(2.18) *wl(ijtk) uhr, 5 = V2(yj, ),

]_1,2,...,M2—1, k=1,2,...,N,

2.2. Some lemmas. In this subsection, we establish two lemmas for use in later

analysis.

Lemma 2.1. Ifo < Ymin < 7($>y7t) < Ymax < 1, follﬂi = 1,2,...,M;, j =

1,2,..., My, k=1,2,...,N, 1 =0,1,..., the coefficients )\ﬁ’jl satisfy:
() A5 =13 A5 =9k, —1<0; A <0, 1=2,3,..;

(2 )ZA’”*O
(3) forn=1,2,..., —l;/\ﬁj<1

Proof. Obviously,
k, 11—k,
)\i,jo = (—1)0( 0 »J = 1,

1—9F;
W= () =ty 1 <o

Using the condition 0 < Ymin < (2,9, t) < Ymax < 1, it holds for i = 1,2, ...

j=1,2,..., My, k=1,2,...,N that

So, for [ = 2,3,..., we have
11—~k
Akl 1 l 4,9
('
k k k b
(2.20) =(-1)! (=) (=) (=i, =1 ... (L=, —1+1)
l!
(1 —%k,j)ﬁj(vf +1)... (%ﬁj +1-2)
- i <0.

Second, taking ¢ = 1 in the formula

ZA =)',
we have

oo

kil
D NG =
1=0

7M1a
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Finally, from the conclusions (1) and (2), for n = 1,2, ..., it holds that

k,0 k,l
=Y AR =T +Z>\ =1+ > A<l
=1 l=n+1 l=n+1
The proof of Lemma 2.1 is completed. O

Lemma 2.2. Fori=1,2,..., My, j=1,2,..., My, k=1,2,..., N, it holds that

ko_ 1
Azl’] ! )\,]Z}l = F(—k + O(At)
Proof. Taking g(z,y,t) =1 and ¢, = 1 in (2.0) gives
1-vF; AP k.l
oD, ()] =A] Z AP+ O(A
t=1

On the other hand,

k
T i1 1
oDy (1)] = = :
|: ! t=1 F(/yikd) t=1 F(/ylk*])

Therefore,

Lemma 2.2 is then proved. ([l

2.3. Stability analysis of the implicit numerical method. In this subsection,
we will analyze the stability of the implicit numerical method ([2I5)-(2I8). For this
we let U J’-fl be the approximation of the solution for the implicit numerical method

EI5)-ZI8), and define
K k k
Pij = iy — Ui,
1=1,2,.... M1 —1, j=1,2,...,My—1, k=1,2,...,N
and
k_ 1.k _k k k k k T
P = [pl,lapl,Za'--apl,Mg—lv'--val—l,lale—l,Qa'~-7pM1—1,M2—1]

)

respectively. We then obtain the following roundoff error equation:

ko k=1, — 2 k=l | ~k kg2 k-l
(2:21) Pij = Pi +“ijz/\w51pu +‘uiJZ)\ZJ6U Pij >
i:1,2,...,M1—1,371,2,...,M2—1, kf1,2,...,N.

For k=0,1,..., N, we define the following grid function:

k pf_jv when (l‘,y) € Ql;
P (z,y) = ’
0, when (z,y) € Qo,



where

(2.22)

(2.23)
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Then p*(x,y) has the Fourier series expansion

where

0<z,y<L
Using the Parseval equalities
9 oo
‘pk(x,y)’ dzdy = Z 1C(l1,12) %, k=0,1,...,N
0<z,y<L lijla=—c0
and
9 Mi—1Ms—1
0<z,y<L =1 =t
we have
Mi—1 Ms—1 2
ko — k
Pl = D0 D0 Auhy ol
i=1 j=1
(2.24)
o 3
= ¥ G|, k=01...N
ll,lngoo

o0
Pay) = D Gl )2 e/ IHv/l) g — 0,1, N,

l17l2:700

1
I=v-1, G(li,l2) = 72 / pF(w,y)e 2/ Lt/ L) g dy,

Assume that the solution of the difference equation (Z21)) has the form

(2.25)

k I(c1iAg+o2]A
Pij = Cre (o1 2 y)a

where 01 = 2wly /L, 03 = 27ly/L. Substituting (Z250) into (ZZI)) gives

(2.26)

k

. 9 01A
Cr =Cr1 — 4717 sin® % > A G
1=0

k
~k .2 U2Ay k,l _
— 4fi; ; sin —5 ZE_O AiiCk—1, k=1,2,...,N.

351
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Using Lemma 2.1, ([2:20) can be rewritten as

14 (1 =)l u
(227) Ck = 1+ ]ZJ ZJC Z’] Z ,JCk 3 k= 1527"'5Na
ZJ 7-7 =2
where
ko gk 2 018; k. 2 028\
(2.28) wi ;= 4 jsin T+4ui’j sin” —5 > 0.

Theorem 2.3. The implicit numerical scheme (ZI5)-ZI8)) is unconditionally sta-
ble.

Proof. Applying mathematical induction, we can demonstrate that
(2.29) ICk| < 1Col, k=1,2,..., N,
where (; (k=1,2,...,N) is the solution of (227). When k = 1, by (227)) we get

L (=i
Ll

1=

From (ZI9) and [228), it follows that
=4 — Vi
1 1+ ,uzl,]

1Col < 10]-

Assume that
ICn] < |Col, n=1,2,...,k—1,

then, according to (2.19), (228) and Lemma 2.1, from (2.27) we get

1+(1 ’Yz )uz ,ul kol
- i e St
1+'ui’j w =2
1+(1—'yf‘)/ii?, ‘ul
= P |G| + 2 Zl
1+ui’j H 1=2
k k
L+ (U= Z| ]KO
< . :
1+ui’j 1_|_ k=
. ek .
(2.30) I R Ul Y pk sl Vi
1+M§’j 1+ k =1
— ~F Ok k
:{1"‘1‘(1 ’VZ,J)NZJ /1‘1,] [ Z/\ 1_71)])]}|C0
L+ g 1+ M” o
T+ (1=~ k. e
< 2y ZJ"' .7 1-(1— k
‘{ L+, T L 0= ol

= [Col-

The conclusion (2:29) then follows. From (Z24) and the conclusion (229]), the
solution of the difference equation ([221]) satisfies

Ip*l2 < 12°l2, k=1,2,...,N.
This completes the proof of Theorem 2.3. O
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2.4. Solvability analysis of the implicit numerical method. It is clear that
the corresponding homogeneous linear algebraic equations for the implicit numerical

scheme (ZTI0)-(ZI8)) are

(2.31) ub, =uf 7t 4 ij{:Ak’5§ PR ij{:Afjaj rh
i=1,2,..., M —1, 3_1,2,...,M2—1, k—1,2,...7N7

(2.32) u);=0,i=0,1,...,My, j=0,1,..., My,

(2.33) ujo=ufy, =0,i=1,2...,M; -1, k=1,2,...,N,

(2.34) ug; =uy,; =0, j=1,2,... . My—1, k=12,...,N.

Similarly to the proof of Theorem 2.3, we can also verify that the solution of the
homogeneous linear algebraic equations (231))-(Z34) satisfy

||uk||2 < |u®2, k=1,2,...,N.
Because u’ = 0, we get
k=0, k=1,2,...,N.

This indicates that the homogeneous linear algebraic equations (Z31I))-(Z34) have
only zero solution. Then, we have the following result:

Theorem 2.4. The implicit numerical scheme (ZI8)-ZI8) is uniquely solvable.

2.5. Convergence analysis of the implicit numerical method. In this sub-
section, we analyze the convergence of the implicit numerical scheme (2.15)-(2I8]).
Subtracting (2Z.13)) from (2.13), we obtain the following error equation:

(235) Ek _Ek 1+ 1JZ>\kl62Ek 1 Z)\kl(sZEk l+Rk

i,j°x 0,57y 1,50

z’:1,2,...,M1—1, ]_1,2,...,M2—1, I<;_1,2,... N

) )

where Elkj = u(z,yj, th) — uf] For k = 0,1,..., N, we define the following grid
functions, respectively:

k
B (. y) — Ef;,  when (z,y) € Q,
0, when (z,y)€ Qo,

and

RE hen (z,y) € Oy,
Ri(ay) = Mo en (e
0, when (z,y)€ Qo,
where ; and Qy are defined in subsection 2.3. Then, E*(z,y) and R¥(x,y) have
the Fourier series expansions

(o)
EMay) = Y el lp)elr /B g =01, N

ll,lngoo
and

Ri(ey) = D &l lo)elmhe/THeu/l) =01 N,

ll,lzzfoo
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where
1
e(l1,l2) = Iz / EF(z,y)e 12maa/Ltlay/L) .y
0<z,y<L
1
§e(ly, l2) = Tz RF(x,y)e12m(aa/Ltlay/L) gy,
0<z,y<L
Letting
k k k k k k k T
E* = [El,lv E1,27 ce ’El,JVIQfl’ R Elel.,la Elel,Qa R EM1717M271} )
k K K K k k k T
R* = [Rl,la R1,2a e aRl,Mz—I’ Tt RM1—1717 RMl—l,Qa e RJVh—l,Mg—l} ’

and applying the Parseval equalities

o0

2
’Ek(.’[,y)} d.’[dy: Z |nk(ll,l2)|2ﬂ k:(),]-v"',N,
0<zy<L flp=—co
9 oo
‘Rk(l‘?y)’ dl‘dy: Z ‘gk(llaZQ)P’ k:0717"'7N
0<z,y<L fala=—c0
and
) M;—1 My—1
|E¥ ()| dady = > Y ALAES?, k=0,1,...,N,
0<zy<L =1 =t
9 lel Mgfl
’Rk(m,y)’ dxdy = Z Z AIAy|R§j 2 k=0,1,...,N,
0<z,y<L =1 =t
we have, respectively,
1 1
M;—1 My—1 2 00 2
(2.36)  [EMl=| Do D0 AAJELP| = D Im(n )
i=1 j=1 Iy,la=—00
k=0,1,...,N,
and
1 1
M;—1 My—1 2 oo 2

(237)  IRFMla= [ Y] DD ALARE? o lan)P |,

i=1 j=1 l1,la=—00
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We now assume Ef ; and Rﬁ ; have the forms
(2.38) Ef] _ nkel(aliAeraszy)’ Rf,j — £ el (01i8at0o2iAy)
where o1 and o9 are as defined in subsection 2.3. By substituting (Z38)) into (235])
we get

k
_ . 9 01A k.l
Mk =Nk—1 — 471} ; sin® 5 = N
1=0

(2.39) i
i . 9 02A k.l
_4ufijIH2Ty§)‘i7jnk—l+£kv k:1,2,...,N.

Using Lemma 2.1, ([2:39) can be rewritten as

L+ (1= f)uk; m b
(2.40) Ne = IZC,] i,j 1 — z,Jk Afjnk—l + —,
L+ pi L+ pi; 1= L+ p3;
k=1.2.. . .N.

where uﬁ ; is defined by ([2.28). Applying 2.14) and Lemma 2.2, we have

k
k
RE, =O(A2 + A2)A] Y AN+ O(AY)
=0

& k
=0(A2 + A2)AAT TS TR L o(a?
(2'41) ( x + y) t=e — 1,7 + ( t)
1

L(vy)

=0 (A2 + AA2 4 AA2).

=0(A2 + A2)A, < + O(At)> +0(A)

Then there is a positive constant C such that

(2.42) R ;| < C1 (A7 + AAZ + AAY),

i=1,2,...,My—1, j=1,2,...,My—1, k=1,2,...,N.

)

Now, by the first equality of (Z31) we get

IR ls <V/MiDe/MoB,Cr (AF + DAL + )

(2.43) . : ,
=C1L (A7 + AAZ+AAY) k=1,2,...,N.

According to the convergence of the series in the second equality of ([231), there is
a constant C5 > 1 such that

(2.44) 16| = € (11, 12)] < Caléi(ly, l2)] = Colé|, k=1,2,...,N.

Theorem 2.5. The implicit numerical scheme [2I5)-2I8) is convergent with the
order O(Ay + AZ + A?).

Proof. Using mathematical induction, we can verify that

(2'45) ‘nk| S 02k|£1‘7 k: ]‘72""’N’
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where ni(k=1,2,.. .,
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by @244). When k = 1, it follows from (240) that

L+ (1= ig)niy

From E° = 0 and (2.36]) we get

(2.46)

=

3!

L+ ui

no = no(l1,12)

From ([228) and (2.44)) it follows that

Assume

|771| =

| < Conl&y|, n=1,2,...,

|€1]
L+ g

Mo +

1‘S\§1

I

=0.

| < Cyl&l.

k—1.

In view of (219), 28]), (244)) and Lemma 2.1, (240) leads to

(2.47)

k| <

IN

IN

IN

1
=|lk-1+—1 | C
( 1+:U'i‘€7j> 2|£1‘

<Cakl&y].

N) is the solution of (Z40), and the constant Cy > 1 is given

/&1

— | Csl&|

L+ (1—f )k, LA Y &
S |+ 5 D Il e

14 pf L+ 4 ; ! L ad
1+ (= “w A -

T ( I Z‘ 1 v
I i Hij 1= m
1+ (1 —AF)uk, ‘

(1 7k7j)ﬂ )](k—l)—i— 1#’,] _1 Z|Akl
I tHi T Hi "
_1+ 1_ k k a

(1 VZ,J)/%,J (k—1)+ - Mw (Z /\kl

+:u‘i,j +#74J =1

1
1 e
" 2/&1]

1_’}/1] /’Lz] 'ul

, J (e 1 + 73 )\ 1_ i

{ L+ pf; ( : 1+ J Z "
PR
1+ ; } 2161

1_%,j 'um (k—1)+ ﬂ?’j (k—l) [1—(1_7k')]

L+ pf; L+ v
+ Cs&]
1+ﬂﬁj}
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This verifies the conclusion (Z45]). Based on (230), 231), (243), the conclusion
243), and kA; < T we obtain

|E*|l2 < Cok||R |2 < C1CokL (AF + AA2 + A AY) < C(Ar + A2 + A2),
where C' = C1C5T L. The proof of Theorem 2.5 is therefore completed. O

3. AN EXPLICIT NUMERICAL METHOD

3.1. Derivation of the explicit numerical method. Because u(z,y,t) € U(Q),
it holds that

ou(x;,y;,t u(w;, yi, t —u(x;, y;,t
(3.1) ( a;yj k): ( Y k-‘rl)A ( Y k)-l-O(At).
t
From (), (), EII), €I and (I, we have
k
u(xi7yj7tk+1) :U(CEZ‘, yj7tk) + ﬁﬁj Z )\f;&g (a’.i’yj’tk*l)
(3.2) =0
+M”Z>\fjl5§ u(i, gy, temt) + Ao fF; + RETY,

i=1,2,...,M;—1,j=1,2,....,My—1, k=0,1,...,N —1,

where ﬁf’ ; and ﬁf ; are as defined in subsection 2.1, whereas

(3.3) RITN = 0(A2 +AY) A”” Z AP+ O(AF).
=0

According to the above analysis, we now present an explicit numerical scheme for
solving the two-dimensional variable-order anomalous subdiffusion equation (2]
with the initial and boundary conditions (L3)-(L3]) as follows:

k+1_ kl¢2 k-1 k2 k-1 k
(3.4) uf?t u”—i—u”Z/\”(Sm ul’; +u”2/\”(5u ub st AL

i:1,2,...,M1—1, 371,2,...,M2—1, k=0,1,...,N -1,
uoqu(xz,y]), izoala"'aMlv jzoalv"'aM27

3
(36) Uﬁo = wl(xhtk)vuiMz = @2(Iia tk)a
1=1,2,...,M; -1, k=1,2,...,N,
(3.7) = 1/J1(y]7fk) ufy, = 2(yj, ),

]_1,2,...,M 1, k=1,2,...,N.

3.2. Stability analysis of the explicit numerical method. Obviously, the
roundoff error equation of the explicit numerical scheme (3.4)-(B7)) is

k

k+1 2 : k,l k—1 k,l k—1

(38) pz,;r _p’Lj +/'I”L] )", 612?pzj +/J’Zj )\zj(sjplj ?
=0

i=1,2,..., M —1, 3_1,2,...,M2—1, k=0,1,...,N—1,
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where pﬁ ; is as defined in subsection 2.3. We now also assume that the solution
of the roundoff error ([B.8)) has the form defined by (Z20]). Substituting (225]) into

B3] gives

<k+1:Ck_4ﬁ']i€,js ZAszk l_4luzj yZAzJCk l
(3.9)

sz]ZAl_jCk s - ,1,...’]\[—17

where pﬁj is defined by (228)).
Theorem 3.1. If ,ufj < 1, then the explicit numerical scheme (B4)-[B10) is stable.

Proof. We prove the result by mathematical induction. If u . <1, then
(310) ‘Ck+1|§ ‘C0|7 k:Oal,"'aN_la

where (r41(k = 0,1,..., N — 1) is the solution of B3). When k = 0, it follows
from (3.9) that

1= (1 - p7;)Co-
Using 0 < ui—f ; < 1 we arrive at
Gl < (1= 42 )60l < Il

Suppose that
ICa] < |Col, n=1,2,... k.

Based on 0 < ¥ ; <1 and Lemma 2.1, we obtain from (33) that

|<k+1| (1_M13)|Ck|+/i7.12|>‘kl

=1

(1_/‘Ll]+/’l'17jz|>\kl> |C0
(1_/141,] N'L,]Z)‘kl> |<0

<(1- Mi,j + Mi,j)|<0|
=|Col-
The conclusion ([BI0]) is then proved. From this we have
Hpk—i_lH? < ||p0||2a k=0,1,...,N -1
The proof of Theorem 3.1 is therefore completed. O

(3.11)

3.3. Convergence analysis of the explicit numerical method. In this sub-
section, we investigate the convergence of the explicit numerical scheme (B.4)-([B7).
Subtracting 34) from [BZ), we obtain the error equation

k
(3.12) EMf = EF 4wl Y ONO2ER T 4+ ik Z)\’“ 102EF ! 4+ RET

1,7 0T 1,5 °Y i,
=0

i=1,2,..., My —1, j=1,2,..., My —1, k:O,l,...,N—l,
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where Ef f is as defined in subsection 2.5. We also assume that the solution of the
difference equation (BI2]) has the form defined by ([Z38). Substituting (238)) into
BI2) gives

k
k. 201A
M1 =1, — 4717 sin® 5 =N A
(3.13) S
PR TAN
—4,uf7jsm2 T‘”Zx\f”;nk_l + &k, K=0,1,...,N — 1.
1=0

Using Lemma 2.1, (313) can be rewritten as

k
(3.14)  megr = (1= pf e — ;> ATkt + &ryr, k=0,1,...,N — 1,
=1

where uﬁ ; is defined by ([2.28). Applying (.3) and Lemma 2.2 gives

k
k
RETN =O(AZ + A)A/ D AP+ 0(A7)
=0

k
A
—O(A2 + A2)AA] IS AR L o(a?
(3'15) ( x + y) t=e ; 7,7 + ( t)
L
r(vF)

—0 (A2 + AA2 + A A2

=0(A2 + A2)A, ( + O(At)> +0(A?)

Then there is a positive constant C3 such that

(3.16) [R{TY < Cs (A7 + AAZ + AAY),
i=1,2,...,M—1, j=1,2,...,My—1, k=0,1,...,N — 1.

It is clear that for the explicit numerical scheme BA)-B7), the results (236,
@310), @44) and (248) are valid. From BI6) and the first equality of (Z3T), we

have

IRF 2 <o/ My, /MoA,Cs (A7 + A AL + AAY)

(3.17)
=C3L (A} + AAY + AAY), k=0,1,... N — 1.

)
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Theorem 3.2. If uf ; < 1, then the explicit numerical scheme B4)-@B1) is con-
vergent with order O(A; + A2 4+ A2).

Proof. We prove the result by mathematical induction: if ¥ . 7 <1, then there is a
positive constant Cy such that

(318) |77k+1| < 02(k+1)|§1‘7 kZO,l,...,N—l,

where ng4+1(k =0,1,..., N — 1) is the solution of (814, and the constant Co > 1
is given by (2.44)). When k = 0, it follows from ([B.I4]) and ([2.46]) that

m =&
By (2:44), we have
Im| = [&1] < Cal&l.
Suppose that
7] < Conl&el|, n=1,2,...,k.
According to 0 < u - <1 and Lemma 2.1, (314) gives

il < (1= i) A’”\mk I+ 1651
< ( — k) Hl k=0 +1| ol
(3.19) < |1 =pk)) k+pf, ‘+1 Cal&1]

L =1
B k

= | (U= i) b i (-ZW)H Caléal
L =1

<[ = pify) b+ bk + 1]Colé |

= Ca(k + 1)[&]-

The conclusion ([BI8]) then follows. From this we obtain

[E* |y <Ca(k + 1R |2 < CoCs(k + 1)L (AF + AAZ + AAY)

3.20 ~
(3:20) <C(A+ A2 + AY),

where C = C5C3T L. This completes the proof of Theorem 3.2. O

4. NUMERICAL EXAMPLES

In this section, in order to demonstrate the accuracy of our theoretical results,
we apply the implicit numerical method (2IH)-(2I8) and the explicit numerical
method B4)-B) to solve the following two-dimensional variable-order anomalous
subdiffusion equation:
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8u(x,y,t) — lew(m,y,t) 82“(13’%75) 82“(%%@
i1 ot 0 Ox? Oy?
( . ) t1+'y(z,y,t)

+2ez+y(t—2 ),O<t§1,0<x,y<1,

['(2+7(z,9,1))

with the initial and boundary conditions:

(4.2) u(z,y,0) =0,
u(z,0,t) = e“t?, u(x,1,t) = e ot2,

(4.4) u(0,y,t) = e¥t?, u(l,y,t) = ' TVt2

The exact solution of the problem (ZI])-(Z4) is
u(z,y,t) = e“ T2,

We let

Fpax = max {HE’C”Q}

0<k<N

Table 1 provides the maximum errors of the numerical solutions for the problem
(@1)-(E2) using the implicit numerical method (Z.I5)-(2I]) for various A; = A2 =
Az and vy(z,y,t), where on the finite domain 0 < z,y,t < 1, the function v(z, y,t)
satisfies 0 < y(z,y,t) < 1.

TABLE 1. The maximum error F,.x of the implicit numerical

method (ZI5)-ZI8) for 0 < vy(z,y,t) < 1.

¥(z,y,1) A=A =% | A=A =5 | A=A =g | A=A = 55
sin(zyt + 2&) | 2.4286 x 1077 | 7.8620 x 10~° | 2.0681 x 107* | 5.3845x 10™*
cos(zyt + 15) | 2.3408 x 1072 | 7.4865 x 107% | 1.9660 x 10~ | 5.0486 x 10~*

M sin(eyt) | 19208 x 1072 | 3.9143 x 1073 | 1.0309 x 10~% | 3.4173 x 10~*
licostent) | 11952 x 1072 | 3.8370 x 107 | 1.0112 x 10~° | 3.3466 x 10~*
¥ —ayt 1.1091 x 1072 | 3.5259 x 107 | 9.2618 x 10™* | 3.0723 x 10~*

ewytf(zyt)S 1.2447 —2 -3 -3 —4

e —loutl” : x 1072 | 4.0124 x 10 1.0597 x 10 3.4946 x 10
emyi=25 1.2492 x 1072 | 4.0195 x 1072 | 1.0606 x 1073 | 3.5039 x 10™*

e wytm18 1.0361 x 1072 | 3.2696 x 10~ | 8.5603 x 10~* | 2.8827 x 10~*

vruttl 1.2664 x 1072 | 4.1117 x 10~ | 1.0883 x 10~* | 3.6031 x 10~*

Lt(eyt)? 11781 x 1072 | 3.7736 x 107° | 9.9398 x 10~* | 3.2941 x 10~*

Table 2 provides the maximum errors of the numerical solutions for the problem
(@1)- (4D using the implicit numerical method (Z.I5)-(2I]) for various A; = A2 =
Ai and vy(z,y,t), where on the finite domain 0 < z,y,t < 1, the function v(z, y,t)
satisfies 0 < y(z,y,t) < 1. In other words, the order of the fractional derivative is
now allowed to reach 0 or 1 on the given domain. The results also strongly support
the numerical method.
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TABLE 2. The maximum error Ey,. of the implicit numerical
method (ZT8)-(ZI8)) for 0 < v(z,y,t) < 1.

Wwyt) | A=A =7 | A=A =g | A=A =5 | A =A% = 555
ayt 9.8590 x 1072 | 3.0285 x 1073 | 7.9403 x 10~* | 2.5184 x 10~*
xy?t3 1.4792 x 1072 | 4.6940 x 1073 | 1.2337 x 103 | 3.9508 x 104
ZHytt - 19.0507 x 1073 | 3.3864 x 1073 | 9.1541 x 104 | 2.2891 x 10~*
sHEE? 195695 x 1078 | 14821 x 1073 | 4.2358 x 1074 | 1.0179 x 10~
ZytTtyl 13,5841 x 1073 | 1.1529 x 1072 | 3.0776 x 10~* | 9.7060 x 10>
sreyfoyl 132323 x 1073 | 1.0642 x 1072 | 2.9591 x 10~* | 9.2645 x 10~°
sin 247 | 5.7740 x 1073 | 1.8470 x 1073 | 4.9167 x 10~* | 1.5160 x 10~*
cos ZUT 12,2202 x 1072 | 6.9722 x 1072 | 1.8306 x 1072 | 4.6569 x 10~*
sin DT |7 .8163 x 1072 | 6.1365 x 1073 | 1.6269 x 1073 | 4.1510 x 10~
cos THHIT |11 2978 % 1072 | 4.4917 x 1073 | 1.2051 x 10~% | 3.0607 x 10~*

Table 3 provides the maximum errors of the numerical solutions for the problem
(@T1)-[EZ) using the explicit numerical method [B4)-(B7) for various A, = A, A,

and W(x, Y, t)
TABLE 3. The maximum error F.., of the explicit numerical
method B4)-B1).
Y(z,y,t) sin(zyt + %”) cos(zyt + ﬁ)
A=A, =% A, =4 | 31089 x 1072 | 3.7502 x 1072
Ay =0, =3 A =5 | 1.4076 x 1072 | 3.6094 x 1073
Ap=Ay =1 A =5 |1.6009x107% | 1.5754 x 1073
Ay =47y = %,At = ﬁ 8.6809 x 10~* | 8.5657 x 10~4
Ay =0y =3, Ay = 5= | 39543 x 107* | 3.9336 x 10~*

From Tables 1-3, it is seen that our theoretical analysis results have been verified
by the numerical results.
A comparison of the numerical solution using the implicit numerical method

EI9)-(ZI8) and exact solution of the problem {I)-(&4) at © = 0.25, t = 1, for

(@, y, t) = CIEL@) ang A, = A2 = A2 = L

1

is shown in Figure 1.
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3.5 - - - -
3l |
)
T
= 2.5F |
=
[a]
=
[
N1 _
=
1.5} —+— Exact solution 1
) —o— Numerical solution
1 1 1 1 1
0 0.2 0.4 0.6 0.8 1

y

FIGURE 1. A comparison of the numerical solutions using the im-
plicit numerical method ZIH)-(ZI8) and exact solutions of the

= — _ e"V+cos(zyt)
problem [I)-(&4) at x = 0.25, ¢ = 1, for y(z,y,t) = 0 .

=0.75,t=1.0)

u(xy

3.5

—+— Exact solution
—©— Numerical solution| |

0 0.2 0.4
X

0.6 0.8 1

FIGURE 2. A comparison of the numerical solutions using the im-
plicit numerical method 2I5)-(2I8) and exact solutions of the

_ _ _ Li(azyt)®
problem [@I)-{A4) at y = 0.75, t = 1, for v(x,y,t) = 5
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<1073

1.0)|
&
/

The absolute error |E(x,y,t

FIGURE 3. The absolute error of the numerical solution of the

problem ([@I)-4) using the implicit numerical method (ZI5)-
o e (z4y+t)T

2I8) at t = 1.0 for y(z,y,t) = sin FHE=T,

A comparison of the numerical solution using the implicit numerical method

EI9)-(ZI8) and exact solution of the problem I))-@d) at y = 0.75, ¢t = 1, for

v(x,y,t) = H(;iyt)s and A, = A2 = A2 = 755 is shown in Figure 2.

The absolute error of the numerical solution of the problem (.T)- (4] using the
implicit numerical method [2I5)-(2I8) at t = 1.0 for v(z,y,t) = sin W and
Ay =A% = A?j = 5t is shown in Figure 3, where

E(z,y,t =1.0) = u(z,y,1.0) — u(x,y, 1.0),

u(x,y,1.0) being the numerical approximation for u(z,y,1.0).
From Figures 1-3, it can be seen that the numerical solution is consistent with
the exact solution.

5. CONCLUSION

In this paper, two numerical methods for solving a two-dimensional variable-
order anomalous subdiffusion equation have been developed. Their stability, con-
vergence and solvability have been discussed using Fourier analysis. Moreover, the
effectiveness of our theoretical analysis has been demonstrated by some numerical
examples.

REFERENCES

[1] B. Baeumer, M. Meerschaert, Numerical solutions for fractional reaction-diffusion equations,
Comput. Math. Appl., 55 (2008), pp. 2212-2226. MR2413687(2009d:65133)

[2] Chang-Ming Chen, F. Liu, I. Turner, V. Anh, Fourier method for the fractional diffusion
equation describing sub-diffusion, J. Comp. Phys., 227 (2007), pp. 886-897. MR2442379
(2009h:35226)

[3] Chang-Ming Chen, F. Liu, K. Burrage, Finite difference methods and a Fourier analysis for
the fractional reaction-subdiffusion equation, Appl. Math. Comp., 198 (2008), pp. 754-769.
MR2405817


http://www.ams.org/mathscinet-getitem?mr=2413687
http://www.ams.org/mathscinet-getitem?mr=2413687
http://www.ams.org/mathscinet-getitem?mr=2442379
http://www.ams.org/mathscinet-getitem?mr=2442379
http://www.ams.org/mathscinet-getitem?mr=2405817

[4]

[5]

[6]

(10]

(11]

(12]

(13]
[14]

(15]

[16]

(17]

(18]

[19]

20]
(21]
(22]

23]

24]

[25]

[26]

2D VARIABLE-ORDER ANOMALOUS SUBDIFFUSION EQUATION 365

Chang-Ming Chen, F. Liu, V. Anh, Numerical analysis of the Rayleigh-Stokes problem for
a heated generalized second grade fluid with fractional derivatives, Appl. Math. Comp., 204
(2008), pp. 340-351. MR2458372

Chang-Ming Chen, F. Liu, V. Anh, A Fourier method and an extrapolation technique for
Stokes’ first problem for a heated generalized second grade fluid with fractional derivative,
J. Comput. Appl. Math., 223 (2009), pp. 777-789. MR2478879 (2009m:76031)

Chang-Ming Chen, F. Liu, A numerical approximation method for solving a three-dimensional
space Galilei invariant fractional advection-diffusion equation, J. Appl. Math. Computing, 30
(2009), pp. 219-236. MR2496613|/(2010d:65197)

Chang-Ming Chen, F. Liu, I. Turner, V. Anh, Numerical schemes and multivariate extrapo-
lation of a two-dimensional anomalous sub-diffusion equation, Numer. Algorithms, 54 (2010),
1-21. MR2610319

C. F. M. Coimbra, Mechanics with variable-order differential operators, Annalen der Physik,
12 (2003), pp. 692-703. MR2020716/ (2005d:26008)

K. P. Evans, N. Jacob, Feller semigroups obtained by variable order subordination, Rev. Mat.
Comput., 20(2) (2007), pp. 293-307. MR2351111/(2009i:35361)

N. Jacob, H. Leopold, Pseudo differential operators with variable order of differentiation
generating Feller semigroup, Integr. Equat. Oper. Th. 17 (1993), pp. 544-553. MR1243995
(941:47083)

K. Kikuchi, A. Negoro, On Markov processes generated by pseudo differential operator of
variable order, Osaka J. Math. 34 (1997), pp. 319-335. MR1483853 (99a:60078)

T. A. M. Langlands, B. I. Henry, The accuracy and stability of an implicit solution method
for the fractional diffusion equation, J. Comp. Phys., 205 (2005), pp. 719-736. MR2135000
(2005m:65174)

T. A. M. Langlands, B. I. Henry, S. L. Wearne, Anomalous subdiffusion with multispecies
linear reaction dynamics, Phys. Rev. E, 77, 021111 (2008). MR2453275/|(2009i:82072)

H. G. Leopold, Embedding of function spaces of variable order of differentiation, Czech. Math.
J., 49 (1999), pp. 633-644. MR1708338//(2000g:46045)

R. Lin, F. Liu, V. Anh, I. Turner, Stability and convergence of a new explicit finite-difference
approximation for the variable-order nonlinear fractional diffusion equation, Appl. Math.
Comput., 212 (2009), pp. 435-445. MR2531970

Y. Lin, C. Xu, Finite difference/spectral approximation for the time-fractional diffusion equa-
tion, J. Comp. Phys., 225 (2007), pp. 1533-1552. MR2349193 (2008i:65200)

F. Liu, C. Yang, K. Burrage, Numerical method and analytical technique of the modified
anomalous subdiffusion equation with a nonlinear source term, J. Comput. Appl. Math., 231
(2009), pp. 160-176. MR2532659 (2010g:35162)

F. Liu, P. Zhang, V. Anh, K. Burrage, Stability and convergence of the difference methods
for the space-time fractional advection-diffusion equation, Appl. Math. Comput., 191 (2007),
pp- 12-20. MR2385498

Q. Liu, F. Liu, I. Turner, V. Anh, Approximation of the Lévy-Feller advection-dispersion
process by random walk and finite difference method, J. Comp. Phys., 222 (2007), pp. 57-70.
MR2298036 (2008g:60242)

C. F. Lorenzo, T. T. Hartley, Initialization, conceptualization and application in the gener-
alized fractional calculus, NASA /TP-1998-208-208415, 1998.

C. F. Lorenzo, T. T. Hartley, Variable-order and distributed order fractional operators, Non-
linear Dyn. 29 (2002), pp. 57-98. MR1926468| (2003}:26005)

M. Meerschaert, A. Zoia, The Monte Carlo and fractional kinetics approaches to the under-
ground anomalous subdiffusion of contaminants, Ann. Nucl. Energy, 33 (2006), pp. 223-235.
M. Meerschaert, H.-P. Scheffler, C. Tadjeran, Finite difference methods for two-dimensional
fractional dispersion equation, J. Comp. Phys., 211 (2006), pp 249-261. MR2168877
(2006h:65120)

C. Tadjeran, M. Meerschaert, A second-order accurate numerical method for the two-
dimensional fractional diffusion equation, J. Comp. Phys., 220 (2007), pp, 813-823.
MR2284325|/(2008a:65159)

1. Podlubny, Fractional Differential Equations, Academic Press, New York, 1999. MR1658022
(99m:26009)

L. E. S. Ramirez, C. F. M. Coimbra, Variable order constitutive relation for viscoelasticity,
Annalen der Physik, 16 (2007), pp. 543-552. MR2320863


http://www.ams.org/mathscinet-getitem?mr=2458372
http://www.ams.org/mathscinet-getitem?mr=2478879
http://www.ams.org/mathscinet-getitem?mr=2478879
http://www.ams.org/mathscinet-getitem?mr=2496613
http://www.ams.org/mathscinet-getitem?mr=2496613
http://www.ams.org/mathscinet-getitem?mr=2610319
http://www.ams.org/mathscinet-getitem?mr=2020716
http://www.ams.org/mathscinet-getitem?mr=2020716
http://www.ams.org/mathscinet-getitem?mr=2351111
http://www.ams.org/mathscinet-getitem?mr=2351111
http://www.ams.org/mathscinet-getitem?mr=1243995
http://www.ams.org/mathscinet-getitem?mr=1243995
http://www.ams.org/mathscinet-getitem?mr=1483853
http://www.ams.org/mathscinet-getitem?mr=1483853
http://www.ams.org/mathscinet-getitem?mr=2135000
http://www.ams.org/mathscinet-getitem?mr=2135000
http://www.ams.org/mathscinet-getitem?mr=2453275
http://www.ams.org/mathscinet-getitem?mr=2453275
http://www.ams.org/mathscinet-getitem?mr=1708338
http://www.ams.org/mathscinet-getitem?mr=1708338
http://www.ams.org/mathscinet-getitem?mr=2531970
http://www.ams.org/mathscinet-getitem?mr=2349193
http://www.ams.org/mathscinet-getitem?mr=2349193
http://www.ams.org/mathscinet-getitem?mr=2532659
http://www.ams.org/mathscinet-getitem?mr=2532659
http://www.ams.org/mathscinet-getitem?mr=2385498
http://www.ams.org/mathscinet-getitem?mr=2298036
http://www.ams.org/mathscinet-getitem?mr=2298036
http://www.ams.org/mathscinet-getitem?mr=1926468
http://www.ams.org/mathscinet-getitem?mr=1926468
http://www.ams.org/mathscinet-getitem?mr=2168877
http://www.ams.org/mathscinet-getitem?mr=2168877
http://www.ams.org/mathscinet-getitem?mr=2284325
http://www.ams.org/mathscinet-getitem?mr=2284325
http://www.ams.org/mathscinet-getitem?mr=1658022
http://www.ams.org/mathscinet-getitem?mr=1658022
http://www.ams.org/mathscinet-getitem?mr=2320863

366

C. CHEN, F. LIU, V. ANH, AND I. TURNER

[27] T. V. Ratto, M. L. Longo, Anomalous subdiffusion in heterogeneous lipid bilayers, Langmuir,

19 (2003), pp, 1788-1793.

(28] M. D. Ruiz-Medina, V. V. Anh, J. M. Angulo, Fractional generalized random fields of variable

order, Stoch. Anal. Appl., 22(2) (2004), pp. 775-799. MR2047278 (2005a:60078)

[29] S. G. Samko, B. Ross, Integration and differentiation to a variable fractional order, Integr.

Transf. Spec. F., 1 (1993), pp. 277-300. MR1421643 (97j:26007)

[30] M. J. Saxton, Anomalous subdiffusion in fluorescence photobleaching recovery: A Monte

(31]

(32]
(33]
(34]

(35)

(36]

37)

(38]

(39]

Carlo study, Biophys. J., 81 (2001), pp. 2226-2240.

P. Schwille, J. Korlach, W. W. Webb, Anomalous subdiffusion of proteins and lipids in
membranes observed by fluorescence correlation spectroscopy, Biophys. J., 76 (1999), A391-
A391.

C. M. Soon, C. F. M. Coimbra, M. H. Kobayashi, Variable viscoelasticity operator, Annalen
der Physik, 14 (2005), pp. 378-389.

W. Tan, Chaoqi Fu, Ceji Fu, An anomalous subdiffusion model for calcium spark in cardiac
myocytes, Appl. Phys. Lett. 91, 183901 (2007), doi:10.1063/1.2805208 .

M. Weiss, M. Elsner, F. Kartberg, T. Nilsson, Anomalous subdiffusion is a measure for
cytoplasmic crowding in living cells, Biophys. J., 87 (2004), pp. 3518-3524.

Q. Yu, F. Liu, V. Anh, L. Turner, Solving linear and non-linear space-time fractional reaction-
diffusion equations by the Adomian decomposition method, Int. J. Numer. Meth. Eng., 74
(2008), pp. 138-158. MR2398497|/(2009d:65139)

S. B. Yuste, L. Acedo, An explicit finite difference method and a new Von Neumann-type
stability analysis for fractional diffusion equations, STAM J. Numer. Anal., 42 (5) (2005), pp.
1862-1874. MR2139227/(2006d:45008)

S. B. Yuste, Weighted average finite difference methods for fractional diffusion equations,
J. Comp. Phys., 216 (2006), pp. 264-274. MR2223444 (2006k:65204)

P. Zhuang, F. Liu, Implicit difference approximation for the two-dimensional space-time
fractional diffusion equation, J. Appl. Math. Computing, 25 (2007), pp. 269-282. MR2345431
(20081£:35215)

P. Zhuang, F. Liu, V. Anh, I. Turner, Numerical methods for the variable-order fractional
advection-diffusion equation with a nonlinear source term, STAM J. Numer. Anal., 47 (2009),
pp. 1760-1781. MR2505873//(2010£:35201)

SCHOOL OF MATHEMATICAL SCIENCES, XIAMEN UNIVERSITY, XIAMEN 361005, CHINA
E-mail address: cmchen@xmu.edu.cn

SCHOOL OF MATHEMATICAL SCIENCES, QUEENSLAND UNIVERSITY OF TECHNOLOGY, GPO Box

2434, BRISBANE, QLD 4001, AUSTRALIA

E-mail address: f.1iu@qut.edu.au

SCHOOL OF MATHEMATICAL SCIENCES, QUEENSLAND UNIVERSITY OF TECHNOLOGY, GPO Box

2434, BRISBANE, QLD 4001, AUSTRALIA

E-mail address: v.anh@qut.edu.au

SCHOOL OF MATHEMATICAL SCIENCES, QUEENSLAND UNIVERSITY OF TECHNOLOGY, GPO Box

2434, BRISBANE, QLD 4001, AUSTRALIA

E-mail address: i.turner@qut.edu.au


http://www.ams.org/mathscinet-getitem?mr=2047278
http://www.ams.org/mathscinet-getitem?mr=2047278
http://www.ams.org/mathscinet-getitem?mr=1421643
http://www.ams.org/mathscinet-getitem?mr=1421643
http://www.ams.org/mathscinet-getitem?mr=2398497
http://www.ams.org/mathscinet-getitem?mr=2398497
http://www.ams.org/mathscinet-getitem?mr=2139227
http://www.ams.org/mathscinet-getitem?mr=2139227
http://www.ams.org/mathscinet-getitem?mr=2223444
http://www.ams.org/mathscinet-getitem?mr=2223444
http://www.ams.org/mathscinet-getitem?mr=2345431
http://www.ams.org/mathscinet-getitem?mr=2345431
http://www.ams.org/mathscinet-getitem?mr=2505873
http://www.ams.org/mathscinet-getitem?mr=2505873

	1. Introduction
	2. An implicit numerical method
	2.1. Derivation of the implicit numerical method
	2.2. Some lemmas
	2.3. Stability analysis of the implicit numerical method
	2.4. Solvability analysis of the implicit numerical method
	2.5. Convergence analysis of the implicit numerical method

	3. An explicit numerical method
	3.1. Derivation of the explicit numerical method
	3.2. Stability analysis of the explicit numerical method
	3.3. Convergence analysis of the explicit numerical method

	4. Numerical examples
	5. Conclusion
	References

