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ON SEMIREGULAR PERMUTATIONS OF A FINITE SET

ALICE C. NIEMEYER, TOMASZ POPIEL, CHERYL E. PRAEGER,
AND SUKRU YALCINKAYA

ABSTRACT. In this paper we establish upper and lower bounds for the pro-
portion of permutations in symmetric groups which power up to semiregular
permutations (permutations all of whose cycles have the same length). Pro-
vided that an integer n has a divisor at most d, we show that the proportion
of such elements in Sy, is at least cn=1+1/24 for some constant ¢ depending
only on d whereas the proportion of semiregular elements in S, is less than
2n~1

1. INTRODUCTION

A permutation of a finite set A is called semiregular if all of its cycles have the
same length, ¢ say, and ¢ > 1. In particular, semiregular elements have no fixed
points in A, that is to say, they are fixed point free. They play an important role
in graph theory (see Section ). However, whereas the statistical distribution of
fixed point free permutations (also called derangements) in symmetric groups and
other groups has been widely studied for several hundred years, that of semiregular
and associated permutations is not so well understood. Indeed, the proportion of
derangements of a set of size n was obtained by P. R. de Montmort [I7] in 1708. He
proved that this proportion approaches 1/e as n approaches infinity. By contrast
the proportion of semiregular permutations may be arbitrarily small. For example,
if |A| = n is a (large) prime, then the semiregular permutations are just the n-
cycles, and their proportion is 1/n. The aim of this paper is to study a sub-family
of derangements from which semiregular permutations may be constructed, and in
particular, to estimate the proportion of such permutations on a set of composite
cardinality.

Let b, n be natural numbers such that b > 2 and b divides n, let A = {1,2,...,n}
and let S;, denote the symmetric group consisting of all permutations of A. Then
each semiregular permutation of A of order b is a product of n/b cycles of length b.
All such permutations are conjugate, and the proportion of them in S, for fixed b
and large n, (using the Stirling approximation for (n/b)!) is

(1) 1 ( e )n/ b 1
(n/b)!on/b = \n V2mn /b
As b ranges over all divisors of n, the largest contribution to the proportion of
semiregular elements comes from the n-cycles (taking b = n), which have proportion
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1/n, and estimating quite crudely we see that the total number of semiregular
elements is always less than n=! + 4n~3/2; see Lemma 211

The asymptotic estimate above implies that finding a semiregular element of
given order b by random selection in S, requires roughly ©(n"/**+1/2) selections of
independent, uniformly distributed random elements[] Such a search is infeasible
when n is large. We propose to construct semiregular elements of a given order b by
using random selection to find in S, an element some power of which is semiregular
of order b. We call an element g € S,, pre-semireqular of order b if b divides the
order o(g) and g°@/b is semiregular. For example, if b = p*¥ with p a prime,
then the pre-semiregular elements of order b are the permutations with all cycle
lengths having the same p-part p™ for some m > k. The main result of this paper
determines the proportion of these elements in a more general setting.

Theorem 1.1. Let b, d, m be positive integers with b,d > 2 and let t, q(mb) denote
the proportion of elements of Spmp such that all cycle lengths are divisible by b, and
no cycle has length divisible by db. Then, for any positive real number ¢ <
there exist positive functions A .= A(b,d,e) and B := B(b,d) such that

B
(mb)t=t+ea

1
2db’

— < tpa(mb) <
(mb) I~ +zate = ba(mb) <

The purpose of this result is to estimate t q(mb) for symmetric groups with
degree mb large compared with b. However, the quantities A, B are such that the
result holds for all positive m. Setting b = p*¥ and d = p, for p a prime, we obtain
the following corollary.

Corollary 1.2. Let p be a prime, let k and m be positive integers, and let 0 < € <
(2p*+t1)~L. Then the proportion of pre-semiregular permutations of order p* on a
set of size mp” is at least

1—2=L 4
tpk)p(mpk) Z A(pkvpa E)/(mpk) Pt 67
where A(p*, p,e) is as in Theorem [l

Remark 1.3. (a) Definitions of the quantities A(b,d,e) and B(b,d) are given in
Subsection 3.4

(b) We emphasise that Corollary [[.2 provides asymptotic information for a fixed
prime power p* and increasing m, but A(p¥,p, ) is such that the result holds for
all m. In particular, the corollary applies where the set has prime size p. This is
the case k = m = 1. Here the pre-semiregular permutations are the same as the
semiregular permutations, namely the p-cycles. Their proportion is 1/p. The lower

_1,

bound given in Corollary is A(p, p, 5)/101 »T37 7% which at first sight seems
13 1 3

too large. However (see Lemma B3] (ii)), A(p,p,e) < 1/p? #»* ° < 1/p? 27 and

hence the lower bound given by Corollary is less than or equal to the true value

1/p.

We also derive a consequence of these results for the proportion of pre-semiregular
permutations in S,, when n has some proper divisor of bounded size.

1For functions f and g on the natural numbers, we say that f = Q(g) if there are constants
a > 0 and N such that, for all n > N, f(n) > ag(n). We also say that f = O(g) if g = Q(f), and
f=0(g)if f =9Q(g) and g = Q(f).
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Corollary 1.4. For d > 4, there exists a function C(d) such that if an integer n
has a nontrivial divisor at most d, then the proportion of pre-semiregular elements
in Sy, is at least C(d)/n'"2a.

We show in Lemma 2] that the proportion of semiregular permutations in S, lies
between n~! and 2n~!. Thus, provided n has a divisor of bounded size, Corollary
[C4limplies that the proportion of pre-semiregular elements is asymptotically greater
than the proportion of semiregular elements. Moreover, if n has a divisor of size at
most d, then constructing a semiregular element by finding and ‘powering up’ a pre-
semiregular element requires at most O(nl_l/ (2‘1)) independent random selections,
as compared to O(n) required to find a semiregular element purely by random
selection.

It would be interesting to know the exact asymptotics, as m increases, for the
proportions tp 4(mb) estimated in Theorem [[LJ1 We obtain a closed form for the
generating function for these quantities. Define ¢; 4(0) = 1 and

T(x) = Z tp,a(mb)x™.

m>0
Theorem 1.5. Let b,d be integers with b,d > 2. Then, for |z| <1,
1 — pdy1/bd
T(z) = %
(1—x)l/b

Despite obtaining in Proposition [EIlan expression for ¢, 4(mb) as a sum in terms
of known quantities, we have been unable to find the exact asymptotic behaviour of
the t5 4(mb). We suspect that the correct asymptotic is given by the upper bound
in Theorem [T} see the discussion in Remark [3.4]

Organisation of the paper is as follows. In Section 2] we comment on the role of
semiregular permutations in graph theory and prove a result about the proportion
of semiregular elements in S,,. Proofs of Theorem [[LT] and its corollaries are given
in Section Bl We prove Theorem in Section @l We derive an expression for the
tp,q(mb) in Section [l A general discussion about the true asymptotic behaviour
of the quantities t; q(mb) is given in Remark B4, with computational evidence
presented in the final Section

2. SEMIREGULAR PERMUTATIONS IN GRAPH THEORY

The existence of semiregular permutations is of importance in graph theory.
Marusi¢ [15] and Jordan [I1] independently conjectured that, for every finite vertex-
transitive graph, there should exist a semiregular edge-preserving permutation of its
vertex set. Such semiregular permutations give useful structural information about
the graph, as well as assisting with graph construction and enumeration (see for
example [I3] Section 4]) and graph drawing (see for example [10]). The conjecture
was proved for cubic graphs [16] in 1998 and locally-quasiprimitive graphs [9] in 2007
(and hence, in particular, for all arc-transitive graphs of prime valency). In fact for
vertex-transitive cubic graphs it is known that the maximum size of a semiregular
subgroup (containing only semiregular automorphisms) is unbounded as the number
of vertices increases [4,[12]. In [2, Problem BCC15.12], Klin proposed a more general
form of this conjecture, known as the Polycirculant Conjecture, stating that every
transitive 2-closed permutation group contains a fixed point free element of prime
order. (A permutation group G is called 2-closed if any permutation which preserves
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the orbits of G on ordered pairs belongs to G.) The transitive permutation groups
having no nontrivial semiregular subgroups are called elusive and studied in [3} [7, [8];
see also [0].

The following result gives a crude estimate for the proportion of semiregular
permutations in S,.

Lemma 2.1. Let n > 2 and semi(n) denote the proportion of semiregular elements
in Sn. Thenn~' <semi(n) <n~' +4n=3/2 and semi(n) < 2n~".

Proof. For each divisor b of n the proportion of semiregular elements in S, of order
bispp = W (see equation (). Thus semi(n) > p, = n~t. If b < n, then
Do < Ppj2 = 2/n? with equality only if b = n/2. For each divisor b of n, the integer
n/b also divides n, and at least one of b, n/b is less than or equal to y/n. Thus the
number of divisors of n is at most 24/n. It follows that

semi(n) = p, + Zpb <nlt4 2\/ﬁpn/2 =n~' +4n3/?
b<n

where the sum is over the proper divisors b of n. Moreover, this inequality is never
sharp since either the number of divisors is strictly less than 24/n, or some proper
divisor b is less than n/2 so that py < py,/2. If n > 16, then this upper bound is at
most 2n 1. It is straightforward to check that semi(n) = Y, p, < 2n~! also holds
for n < 16. ]

3. ESTIMATION OF THE PROPORTIONS t;, 4(mb)

In this section we prove Theorem [[.Tl To do this we first prove a recursion for
the ¢, q(mb). Recall that, for b,d > 2 and m > 1, t; q(mb) is the proportion of
elements of S,,; such that all cycles have length a multiple of b, and no cycle has
length divisible by db. We set t; 4(0) = 1.

3.1. Recursion. Let T} 4(mb) be the set of elements g € S, such that all g-
cycles in A = {1,2,...,mb} have length a multiple of b, and no g-cycle has length
divisible by db. Note that tp 4(mb) = |Tp q(mb)|/(mb)!, and by convention, we take
|T,4(0)| = 1. For m > 1, let

Ng(m) = {j|1 < j < m,d does not divide j}.

For any j € Ny(m), let Tg’d(mb) denote the set of all permutations in Ty 4(mb)
where 1 lies in a cycle of length jb. Then T}, 4(mb) is the disjoint union of the
Tg,d(mb) for j € Ng(m).

Now we compute the size of Tg’d(mb) for any j € Ngy(m). We do this by con-

structing the set. For each element in Tbj’ 4(mb), 1 is contained in a cycle of length
7b, and the number of ways to choose the remaining jb — 1 points of this cycle is
(']'.Lbb:ll). Moreover, for each choice of jb-subset, the number of ways to define a
jb-cycle on it is (jb—1)!, and the action on the remaining (m — j)b points is one of
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|Tp,a(m — 7)b| possibilities. Therefore, we have

T (mb)] = (Tbb 1)(yb—1>'lde<( —J)b)]
_ ((mmbbi‘l))uﬂbd(( — )l
ﬁ(mb — B! to.al(m — 5)b)

= (mb— 1)ty qa((m — j)b).
Thus |Tp,q(mb)| = (mb — 1)1 32 . (m) to,a (M = 5)b), s0
(2) mbtya(mb) = Y tya((m—j)b).
JENg(m)

In particular, for any m < d we have

3
L

(3) mbtya(mb) = )  tp,a(jb),
J
and for m = d we have Nd(d) = Ny(d — 1), so that

I
=

(4) dbty,4(db) thd 3b) = (db— b+ 1)ty qa((d — 1)b) — 1.

To derive a different form of the recursion for larger values of m, suppose that
m > d+ 1. Note that j € Nyg(m —d) if and only if 1 < j < m —d with j Z0
(mod d), which holds if and only if d 4+ 1 < j+d < m with j§ Z 0 (mod d). Thus

Nay(m)={j+d|je Ny(m—d)}uf1,2,....d—1}.

Considering equation (2)) with m — d in place of m, we see that
(5) mbtp,a(mb) = (m — d)btp,a((m ji:tbd

3.2. Small values of m. We provide expressions for ¢, 4(mb) for small values of
m. These illustrate the variability of the quantities. Notice that the values are
much smaller when m is divisible by d.

Case m = 1. Ty 4(b) is the set of b-cycles in Sy, and so tp 4(b) = %.

Case m = 2. If d > 2, then T}, 4(2b) consists of all elements g € Sa;, such that either
g is a 2b-cycle, or g is a product of two b-cycles. On the other hand, if d = 2, then
Ty,q(2b) consists only of the products of two b-cycles. Thus

o5 if d =2
tb,d(2b) — 21b2 ) 1 ,
Case m = 3. A similar computation gives
%+ 55 if d =2,
tbyd(?)b) = L + L ifd= 3,

gy

6b3
tortar Hfd>4
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Case m = 4. Similarly, we have

ﬁ + 241b4 ifd=2,
startartoax ifd=3
ap T8 T S T 2apt )
2}1172 t ot 241b4 if d =4,
1 11 1 SR
ot T Tape fd25

tp,a(4b) =

3.3. A weak lower bound for ¢ 4(mb). In this section we obtain an explicit but
weak lower bound for t;, q(mb). We use this result in Lemma to obtain a lower
bound for the quantity A(b,d,e).

First we note that, if d does not divide m, then T}, 4(mb) contains all the (mb)-
cycles and consequently,

1
(6) tp,a(mb) > s if d does not divide m.
m

We use this simple lower bound together with equation (&) to prove that a similar
lower bound holds in all cases. In the proof and throughout the paper ‘log’ denotes
the natural logarithm.

Lemma 3.1. Let b,d, m be positive integers with b,d > 2. Then

blogm it m < d,

mb?
ty,a(mb) > ¢ -1 if d does not divide m,
m1b2 if d divides m.

1
il mb2

In particular, tp q(mb) >

Proof. By inequality (@), it remains to consider the cases where m < d and where
d divides m. Suppose first that m < d. Then by equation (@) and inequality (@),

dx b+ logm
7 bt b) ty.a(jb) > 1 —>1 = —
(7)  mbtyq(mb) E b,a(Jb) +§ + /1 - b

yielding t; q(mb) > (b + logm)/(mb?), as asserted.
Next, if m = d, then by equation (), and then (),

dbtb)d(db) = (d— 1)btb7d((d —1)b) -1

> (d—1)b (Z’sz_gi(ld)b;l)) 1
log(d — 1)
b

Thus ¢, ¢(db) > % and this is at least the required lower bound +z provided
log(d — 1) > 1, that is, provided d > 4. The inequality ¢; 4(db) > for d=2,3
follows from the exact values given in Section

Finally, we prove by induction that ¢ 4(¢db) > ﬁ for all £ > 1. We have just
proved this for £ = 1. Suppose that ¢ > 2 and that ¢, 4((¢ — 1)db) > Then

by equation (&),

de

= 1)db2

Cdbty g (£db) > (€ — 1)dbty q((€ — 1)db) >

S| =

and the required lower bound follows by induction. O
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3.4. The functions A(b,d,c) and B(b,d). In this section we define the functions
A(b,d,e) and B(b,d) in Theorem[[.Tl We also prove simple upper and lower bounds
for A(b,d,e) and B(b,d).

Let b, d be integers with b,d > 2. Set

1 1 d—1
®) D=y =
and

d—de®d 1
9) f—f(b,d)—?—g-

oy . . . 1
Let € be a positive real number satisfying ¢ < 5. Define

(10) (b d,e) i ( w ) wdr

Observe that ¢(b,d) < 1/2, and J(b,d,e) > 4 (see Lemma B2]). We define

— : . 1 1—c(b,d)+e
(11) A(b,d,e) - lgjénjgg?dﬂs){tb,d(.?b)(]b) }

and
L
£ (b, e

Lemma 3.2. Let b,d be integers with b,d > 2, let 0 < & < ﬁ and let J(b,d,€) be
as defined in equation ([IQ). Then

d® < J(b,d,e) < 1/(4e"/?).

(12) B(b,d) ==

Proof. Let J = J(b,d,e). Since d > 2, we have ﬁ <4 and (d—-1)/d < 1.

Therefore,
4b
J o< (1+1/b) .
eb

Since (1 +1/b)® < e for all b > 2, where e is the base of the natural logarithm, we
have

64

J< pibab

Since b > 2, we have b* > 28. Moreover, e*/2% < 1/4. Thus J < 1/(4¢%?). Since
e <1/(2db) and d > 2, we have 4b < 1/¢. Hence

J < 1/(4€"9).

As d > 2, we have d — 1 > d/2. Moreover, d_d—?lj/Q > b. Therefore,

1\?
J> (=] >d
” (251)) -
since ¢ < 1/(2db). O

Now we compute upper and lower bounds for A(b,d,e) and B(b,d).
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Lemma 3.3. Let b,d be integers with b,d > 2 and € be a positive real number with
e < 1/(2db). Let ¢ = c(b,d) as defined in equation [§). Then

(i) & < B(bd) < 2.
(1) Srme < Alb,d,e) < 71

Proof. (i) Observe that dd_j{a < (fi:dlu < 1since ¢ < 1/2. Since dd_j{a is an increasing

function for d > 2 we have 2 — /2 < dd%dlc < 1. Now, since b > 2, we have

1/12 < 3/2 -2 < f(b,d) < 1, (with f(b,d) as in [@)) and the result follows.
(ii) Let A = A(b,d,e). By Lemma [B1] ¢ 4(mb) > —= for all m > 1, so

= mb2

A > min jmetepTloete
- 13j§J(b,d,e){j b

and since ¢ > &, j7¢T¢ is decreasing as j increases. Thus, by Lemma 32 A >
(4e'/e)e=ep=1=cte Since ¢ — e > 0, we have A > e(c=e)/ep—1=cte Moreover, since
J(b,d,e) > 1, we have A < t; 4(b)b' =€ by the definition of A. As t, 4(b) = 1/b,
the result follows. O

Remark 3.4. The first computer experimentation with the quantities ¢, 4(mb) was
performed by Richard Crandall in December 2008. He was the first to observe ‘sud-
den downspikes’ in the values for m a multiple of d. We made some further computer
simulations to observe the growth of the function g 4. (j) = tp,a(jb)(jb) ~c-d+e.
Representative results are given in Section [fl The results strongly suggest that the
minimal value of gp 4. (j) occurs at j = d and hence, by (), A(b,d,¢) is equal to
9b.d,c(d). If this observation were true for all integers b,d > 2 and all positive real
numbers € < 1/(2db), then by Lemma [B1], we would have
(db)t—ete 1 1

A> _ .
TR bdb)ye  birede

The bounds for ¢; 4(mb) presented in Theorem [IT] would then become

L L < tp.a(mb) < 21
bltede (mb)l—%ﬁ-ﬁﬁ-a = *bd = e (mb)l_%—i_ﬁ.

Since this lower bound would hold for any positive real number e < 1/(2db), we
could let € tend to 0 and obtain a lower bound

tb’d(mb)

1
>
= b1+Cdc (mb)l_%"‘ﬁ

so that, indeed, tp 4(mb) = Q(m*“r%*b—ld),

3.5. Proof of the upper bound in Theorem[I.Tl We use the notation in Section
B4 We need here and in the next subsection the following approximations; when
—l<a<Oand k>1,

k—1

k k—1
(13) / :c“dxﬁZl“gl—l—/ % dx
1 1

=1

and

Tk1—1 [k]-1 [k]—1
(14)/0 (k= 2)% dz < ;(k—l) g/l (k= 2)% da + (k — [k] + 1)°.
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We fix b,d > 2 and set t(mb) = t, q(mb) for simplicity. We prove by induction
on m that, for all m > 1,

(15) t(mb) < B (mb) 't

where ¢ = ¢(b,d) and B = B(b,d) are as defined in equations () and (I2]), respec-
tively.

By Lemma B3] (i), B > b, so t(b) = < Bb~ ™. Therefore, inequality (I5)
holds for m = 1. Suppose inductively that m > 1 and that inequality (I3 holds
for all j < m. We use equation (2)) and apply the inductive hypothesis. Note that
m € Ng(m) if and only if d does not divide m, and that ¢(0) = 1. Then equation (2))
and inequalities (I3]) and ([I4]) give

mbt(mb) = > t((m—j)b)
JENg(m)

< 1+ > H(m—j)b)

JENa(m),j<m

< 1+ Z B((m —j)b)~ ¢
JENg(m), j<m
[m/d]—1
= 1+BZ£b “lte_ B Z (m — td)b)~'+e
<

m—1
1+ Bp~ite (/ e dy + 1)
1

fm/dl-1
_B(db)—l-‘rC/O (E _ .’L')_1+C dx

c1m—1 m cqm/d]-1
1+ Bb~ite ([x—} + 1) + B(db)~'+° {M} .
&

€ 1 0

Usingm —1<m, & — [2]+1 <1, we obtain
c 1 de 1
mbt(mb) < 1+ Bb_1+c <m_ -4+ 1) _ B(db)—l—i-c ((m/ ) . _) :
¢ ¢ c c

and since % — — = b, the right-hand side equals

—1+c
1+ B(mb)¢ — Bb~'+e (1 -4 )
C C

We claim that 1 —1 — d—m > blB . It follows from this inequality and the

above upper bound that t(mb) < B(mb)~'*¢ and thus inequality (I5]) is proved by
induction. It remains to prove the claim.

Substituting ¢ = % where ¢ occurs as a denominator, and dividing by b, we
see that the claimed inequality is equivalent to
1 d 1 a d-d° 1

< — — — = —_ - =
B —d-1 b d-1 d-—1 b 1(5,d),

and the truth of this inequality follows from the definition of B in equation (I2)).
This completes the proof of inequality (I5).
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3.6. Proof of the lower bound in Theorem [I.Tl We again use the notation in
Section 34l We keep b, d fixed, where b,d > 2, and set t(mb) = t; q(mb).
We prove by induction on m that, for all m > 1,

16 tmb) > ————~—=4 p)y~ite—e

(16 () 2 o = A

where ¢ = ¢(b,d) and A = A(b,d,e) are as defined in equations (8) and (IIJ),
respectively, and 0 < & < 1/2db. Note that 1 —c+e > 1/2+¢ > 0. By the definition
of A, inequality (8] holds if 1 < m < J(b,d,¢). Suppose that m > J(b,d,e) and
that equation (I6]) holds for all j < m — 1. Then, by equation ([2) and inequalities

(@) and (D),
mbt(mb) = S H(m-jp) > S A(m—jp) e

J€Na(m) JENa(m)\{m}
m—1 [21-1
= A) ()4 Z m — Ld)b) = ee
=1

Y

Ab*lJrC*E/ x*lJrcfed:E
1
(%]_1 m —1+c—¢
_ —1+4c—e¢ o
A(db) /1 ( - a?) dz

_A(db)*1+cfs (% B (%W n 1)—1+c—5

B A pe—¢ m 1 (% _x)c—s (%]71
o obtete \[e—¢], T c—e |,

_(bd)iw (F-rp+)

Using 2 — [2] +1 > L and (% — 1) < 2, we have

A (mfF-1) N A 1
bl—ete  c—¢ d(b)l=ctec—¢
A (w4

(db)l—c—i—a c—¢ pl—cte”

mbt(mb) >

After rearranging the terms, we get

A meE 1 1 A 1 A
17 bt(mb -1 —= ] —({1—-= — .
( ) m (m ) pl—cte ¢ — c ( d) ( d) b170+5 c—¢ b176+6

Now, we claim that

A mes 1 1\ A4 1 A
2 (o2 (1-= > A
plcte c—¢ ( d) ( d) pereo—z  piere = AmT

or, equivalently, multiplying both sides by %,
d—1 d
(18) (d—1)— — (c—e) > db(c—e).

mC*E mC*E
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It follows from inequality (I7)) and the proof of inequality (I8) that ¢(mb) >
A(b,d,e)(mb)~1T¢=¢ and thus inequality (I6]) is proved by induction. It remains
to prove inequality (IJ).

By our assumptions m > J(b,d, ), and so, by raising both sides of this inequality

to the power d;?;/2 =i- %, and using (), we have
132 d-—1 1
b db > 1 -
) ( * b)
Hence

1 d—1

mbv~ db
Since € < ﬁ, we have % — ﬁ —e> % — %, and hence
1 d—1—edb
(19) sdb>ﬁ<d—l+4€>.
ms a5 ¢ b

Recall that ¢ = + — & = 44 s0 d— 1 —ebd = bd(c —¢) and ebd = d — 1 — bd(c —¢).
Thus, substituting for these values in (I9)) and rearranging, we get
d—1 d(c—

_dle—¢) > bd(c — ¢)

mC—E mC—E

d—1-

and the claim is proved.

3.7. Proof of the corollaries. In this section we prove Corollaries and [[4

Proof of Corollary[L2l Tt follows from the definition of a pre-semiregular permuta-
tion that the proportion of the pre-semiregular elements of order p* on a set of size
pFm is at least t],xc71,(1)’“171)7 and hence the result follows from Theorem [Tl O

Proof of Corollary[L4l Let d be an integer, d > 4. Suppose that n has a nontrivial
divisor which is at most d. Then there is a prime p dividing n with p < d. We apply
Corollary with k¥ = 1 and € = 1/(2p?). Note that 1 — 5,;11 +e=1- % + %
and this is an increasing function of p for p > 3, so if p is odd, this is at most
1—%4—% <1—21—dsinced24. Ifp=2, thenl—%—i—%:7/8andsinced24,
we have 1—1/(2d) > 7/8. Thus, by Corollary [[.2], the proportion of pre-semiregular
elements of order p is at least A(p, p, 2’%)71*1*%. By defining C'(d) as the minimum

of A(p,p, ﬁ) over all prime divisors p of n such that p < d, the result follows. [

4. A GENERATING FUNCTION FOR THE t;, q(mb)

In this section we prove Theorem Recall that

(20) T(x) =Y ty.a(mb)z™

m>0

and tb,d(o) =1.

Proof of Theorem[LH. We have T'(x) = ZmZImtb,d(mb)xm’l. Write T'(x) =
Fi(z) + Fp(x) where Fy(z) = an:l mtyq(mb)z™ ! and Fy(x) = T'(x) — Fi(x).
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For |z| < 1, the recursion in equation (B) yields the following expression for Fs(z):

1
Fry(x) = 7 Z (m — d)btbd m — d +thd m—j)b zm L
m>d+1
= 2t ) (m—d)tw((m—d)b)xm*d*l
m—d>1
1d71 ‘ ‘
+EZIH > tha((m—j)b)z™ ™
j=1 m—j>d—j+1

1(1—1 _ d—j
= 247 (x) + b2 2t (T(az) - kzotb,d(kb)xk>

T(x) 1 — i1 _ Fy(x)

where

_1 /d—j
Fg(l‘) = %Z (Z tb7d(kb)$j+k_1> .
j=1 \k=0

We obtain a different expression for Fz(x). For 0 < m < d—1, the coefficient of 2™
in Fy(w) is £ 200 gy o((m— j+ 1)b). If mo=d — 1 this is Y t,q(¢b)
while if 0 <m < d — 2 this is § Y7 tp,a(jb). Thus

Fy(x) = 1<dzz<itbdzb>x +thd€b )

m=0

Also, using equations ([B) and [@) we obtain a new expression for Fj(x):

d
Fl(l‘) = thbd mb m—1
m=1
-1 [ m-1 =
_ . -1 . d—1
= 3 Z tya(jb) | 2™ + 3 th,d(Jb)x
m=1 7=0 J=1
d—1 m—1
= <X to.a(jb) | 2™+ tya(jb)zt!
m=1 \ j=0 j
= Fs(2).

Hence

T'(z) = Fy(x) + Fy(z) = 297" () +

which implies that, for |z| < 1,

T'(x) 1—a0t 1 1 i1
T(x) b(l—z) 1—27 b\l—z 1-—2d)"
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Integrating both sides, we obtain

ogre) = 3 ([ - [5%)
= % (—log(l — )+ élog(l — xd)) +c

1 — pd)1/bd
— 10g <¢> +C

(1 —az)t/0
and as T(0) = t3,4(0) = 1 we have ¢ = 0. Thus
- (1 _ Id)l/bd

5. AN EXPRESSION FOR THE t; 4(mb)
In this section we derive the following expression for the t; 4(mb).
Proposition 5.1. Let m,b,d be integers with b,d > 2 and m > 1. Then
L]

o 1 o
ty,a(mb) = s_;(mb) — A Esﬁl;((m — dk)b)s—qp(dbk — 1)
k=1
where b = %, and for positive real numbers q,t with ¢ > 1, s-4(0) =1 and
[t/al 1
(21) s =[] (1 - E) :

i=1

If g is an integer, ¢ > 2, then the quantity s—,(n) has a combinatorial significance
for positive integers n, namely s-,(n) is the proportion of elements in S,, with no
cycle lengths divisible by ¢ (see for example [I, Theorem 2.3(a)]), an easy extension
of the proof in [5] for prime powers ¢. It was proved in [I Theorem 2.3(b)] that
5-4(n) = ©(n~1/9) for an integer ¢ > 2. The same proof shows that s_,(ng) =
O(n~1/9) for a real number ¢ > 1.

For an integer k > 2, let S_(z) be the ordinary generating function for s_x(n),
that is,

S_k(x) = Z Sok(n)z™.

n>0
By the proof of Theorem 2.1 in [I4], for |z| < 1, we have
(1 _ xk)l/k
11—z

Lemma 5.2. Let b,d be integers with b,d > 2 and let T'(z) be as in equation (20).
Then, for |z| < 1,

(22) S-k(x) =

S_ap()
S_p(x)

Proof. This follows immediately from (22]) and Theorem [L5] by substituting z* for
x in T(z). O

T(zb) =
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For a real number ¢ > 1, let 5_,(0) = 1 and let S_,(z) be the generating function

(23) Soal@) =Y soglam)a™.
m>0
It turns out that the reciprocal 1/S_;(x), for k a positive integer, is related to
Sﬁq(x) with ¢ = % =k.
Lemma 5.3. Let k be an integer with k > 2, and set k = k/(k —1). Then, for
|z| < 1, we get:
(i) S_p(z) = (L—a2)"/*

(i1) m = (1—2)5_;(z").

Proof. (i) For |z| < 1, by ([22),
1
Sk ()

Consider the power series expansion (1 — z)~Y/* = 3% g(k,m)z™. Evaluating
at x = 0 yields g(k,0) = 1 = s_;(0). Using a ‘binomial type’ expansion, we have,

form > 1,
1 1
_1) <_E_2)...<_E_m+1)
1

= (1—=z)(1—ak)~V*

g(k,m) = (—1)m% <_%> <__

In particular, g(k,1) = § = sﬁk(l%) This yields a recursion for the g(k, m), namely,
for all m > 2,

s = LT (1+3)

We note that this relation also holds for m = 1, that is, g(k,1) = ¢ = g(k,0)(1— i)
An easy inductive proof gives, for m > 1, that

o(k,m) =ﬁ (1- é) — 5y (km).

Thus (1 —z)~/kF = S’ﬁk(x) proving part (i). Part (ii) follows immediately from (i)
in view of equation [22)) for S—(x). O
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Proof of Proposition [5.1l Combining Corollary and Lemma [5.3] we have

T(z%) =

> s (eb)at )1—95 (Zsﬁdb )

(2") (o)

—0

- < l;(é@):z:”’) (Z Sﬁdb(n)x”Jrl) )
£=0 n=0

Thus the coefficient ¢, 4(mb) of 2™ in T'(z°) is equal to

m m—1
ty.a(mb) :Z )$oap(mb — £b) — Zsb Vsoap(mb — b — 1).
£=0 £=0

Separating out the term for £ = m in the first summation, we get

(24)  tya(mb) =s_;(m Z S—ap(mb — 0b) — s_qp(mb — £b —1)).

=0
If mb— ¢b = (m — £)b is not a multiple of db, then m — ¢ is not a multiple of d and
S—ap(mb — £b) = s_gp(mb — £b — 1) by [I, Lemma 2.2]. Therefore, the only values
of ¢ for which there is a nonzero contribution in the summation are those of the
form ¢ = m — dk for some integer k such that 1 <k < [%|. Then m = £+ dk, and
equation (24)) becomes

—

|

d

tha(mb) = s_y(mb) + Y s_;((m — dk)b) (s-ap(dbk) — s-.a(dbk — 1)) .
k=1

It follows from equation (ZII) that sg,(dbk) — s-qp(dbk — 1) = — 1= s g (dbk — 1).
Hence we have

n

_
e

1 ]

P s_;((m — dk)b)s_ap(dbk — 1). O

| =

tb’d(mb) = Sﬁg(mi)) —
1

6. COMPUTER SIMULATIONS TO ESTIMATE A(b, d,¢)

Recall that

A = i '
(b,d,e) 13;’2]%@@ Gb,d,e (7))

where gy4.c(j) = t.a(jb) (7b)C:9+ and J(b,d, <) is given by (I0).
We present some computer simulations which suggest that, in fact,

A(ba da 5) = Gb,d,e (d);

as noted in Remark B4l In Figures [[l 2 and Bl we give three examples, one for
each of d = 2,3,4. In each case we present two plots, one showing only the first
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few values of j, and another showing a larger range of j. Note that it is impractical
to plot over the entire range 1 < j < J(b,d,¢), since J(b,d,e) can be extremely
large and calculation of the t; 4(jb) (via Proposition [5.1]) becomes computationally
intensive for large j.

1r 1
o,g.‘ : : . . . 0.3:" .....................................................
0.6 0.6F
04¢ DAL e
02t . : ’ ' ' . 02h"

>4 6 8 1012 3040 60 80 100 120

FIGURE 1. Plot of gpq.(j) with b =5, d = 2 and ¢ = 1/40 <
1/(2db), for 1 < j <12 and 1 < j < 120 < J(b,d, ) ~ 4.2 x 101,

08 -

0.6

0.4} . 04l

02r . ' ' ' ‘ ' 02f
2 4 6 8 10 12 14 30 100 150 200
FIGURE 2. Plot of gpg4.(j) with b =2, d =3 and ¢ = 1/80 <
1/(2db), for 1 < j <14 and 1 < j <200 < J(b,d, ) ~ 2.5 x 106.

I I

08 [ SISIRIIBLLIIFILIIIIILLI22222222880

0.6 0.6F

0.4r L U

0.2t . . ‘ ) ’ 02k

5 10 is 20 50 100 150 200 250

FIGURE 3. Plot of g4.(j) with b =10, d = 4 and ¢ = 1/100 <
1/(2db), for 1 < j <20 and 1 < j < 250 < J(b,d, ) ~ 4.6 x 1014
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The plots — which seem to be representative (based on several other examples

which we have computed) — suggest that

In

(i) the value of gp 4. (j) depends on the congruence class of j modulo d, in the
sense that each class corresponds to one of d ‘curves’;
(ii) the lowest ‘curve’ in each plot corresponds to those j values which are
multiples of d, and gy 4. (¢d) is strictly increasing in ¢;
(iii) the remaining ‘curve’ are bounded away from the lowest one (and, for fixed
ke{l,....,d =1}, gba.(€d+ k) is strictly decreasing in £).

particular, the plots seem to confirm that gpq4.(j) attains its minimum value

when j = d.
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