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CONVERGENCE OF A FINITE VOLUME SCHEME FOR THE
CONVECTION-DIFFUSION EQUATION WITH L' DATA

T. GALLOUET, A. LARCHER, AND J. C. LATCHE

ABSTRACT. In this paper, we prove the convergence of a finite-volume scheme
for the time-dependent convection—diffusion equation with an L! right-hand
side. To this purpose, we first prove estimates for the discrete solution and
for its discrete time and space derivatives. Then we show the convergence of a
sequence of discrete solutions obtained with more and more refined discretiza-
tions, possibly up to the extraction of a subsequence, to a function which
meets the regularity requirements of the weak formulation of the problem; to
this purpose, we prove a compactness result, which may be seen as a discrete
analogue to the Aubin-Simon lemma. Finally, such a limit is shown to be
indeed a weak solution.

1. INTRODUCTION

We address in this paper the discretization by a finite volume method of the
following problem:
Ou+diviuv) —Au=f inQx(0,T),
(1.1) u(x,0) = up(x) a.e. in €,
u(z,t) =0 a.e. in 00 x (0,7),
where Q is an open, bounded, connected subset of R?, d = 2 or d = 3, which is
supposed to be polygonal (d = 2) or polyhedral (d = 3), and 9 stands for its

boundary. The right-hand side, f, and the initial condition, ug, are supposed to
satisfy:

(1.2) FeLYQx(0,T),  uoeLY(Q).

The vector-valued velocity field v is supposed to be divergence-free, to vanish on
the boundary of the domain and to be regular, let us say:

v e CHQ x [0,T)),
(1.3) divo(z,t) =0, V(x,t) € Q x (0,7T),
v(x,t) =0, V(x,t) € 0Q x (0,T).
Definition 1.1 (Weak solution). We define a weak solution u to problem (I1I)- (T3]
by
ue U L0, T; Wy())
1<q<(d+2)/(d+1)

Received by the editor July 23, 2010 and, in revised form, April 18, 2011.
2010 Mathematics Subject Classification. Primary 35K10, 65M12, 65MO08.
Key words and phrases. Convection-diffusion equation, finite volumes, irregular data.

(©2011 American Mathematical Society
Reverts to public domain 28 years from publication

1429



1430 T. GALLOUET, A. LARCHER, AND J. C. LATCHE

and, Vo € CX(Q x [0,T)):

—/ u(x, t) Opp(x, t) de dt—/ u(x, t)v(x,t) - Vo(z,t) de dt
Qx(0,T) Qx(0,T)

+ / Vu(x,t) - Vo(x, t) de dt
Qx(0,T)

= / flx,t) p(x,t) de dt + / uo(x) p(zx,0) de.
Qx(0,T)

Q

The existence of such a weak solution (and to more general nonlinear elliptic and
parabolic problems) has been proven in [4]; further developments (in particular,
concerning the uniqueness of solutions) can be found in [I} 2} B} 20} [I1].

The motivation of this study lies in the fact that Problem (IT))-(T3) is a model
problem for a class of convection-diffusion-reaction equations with L! data encoun-
tered in the so-called Reynolds Averaged Navier—Stokes (RANS) modeling of tur-
bulent flows. In this class of models, the effects of turbulent stresses are taken into
account by an additional diffusion term in the momentum balance equation of the
averaged Navier—Stokes system governing the evolution of the mean velocity field
v and pressure p. This system of equations is given here for reference, in the case
of incompressible flows, with p the laminar viscosity and g a forcing-term:

a4 0,0 + div(o @ v) — div((u + ) (Vo + V@t)) +Vp=g,
divo = 0.

The additional diffusivity u;, called “turbulent viscosity”, needs to be modelled
by an algebraic relation. Usually, this relation involves a set of characteristic tur-
bulent scales (x;)o<i<n; for instance, the turbulent kinetic energy k (m?/s?), its
dissipation rate e (m?/s®) or the turbulent frequency scale w (s~!) are used in two
equation models like the & — ¢ model of Launder—Spalding and the k — w model of
Wilcox. Turbulent scales themselves have to be computed by solving a set of scalar
convection—diffusion equations, commonly called “turbulent transport equations”,
which share the same structure:

(1.5) Oy xi + div(x;v) — div (A({XP}OQJS")VXZ') = fxi ({Xp}0<p§n)~

In these equations, following from the Boussinesq hypothesis, every source term
fy: is linear (with a bounded coefficient) with respect to |Vo|? = Zijzl(ajﬁi)Q,
with v; the i—th component of ¥. Since v satisfies the classical energy estimate of
the Navier—Stokes analysis, which can be derived from system (I4]), Vv belongs to
L2(Q2 x (0,7)), and the right-hand side of equation (L)) lies in L}(Q x (0,T)).

Let us mention that convection-diffusion equations with L' data are also encoun-
tered in electrodynamics modeling [0] or heating by induction [g].

In this paper, we show that a sequence of approximate solutions obtained by a
backward-in-time and upwind finite volume method converges up to a subsequence
towards a function @ which is a weak solution of the problem, in the sense of
Definition [Tl To this purpose, we extend to the time-dependent case techniques
developed for steady problems with L' data, for a single elliptic equation in [16] [10]
and for a system of two coupled elliptic equations arising in heat dissipation by the
Joule effect in [6]. Note that all of these works (including the present one) only apply
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to the standard two-point approximation of the diffusion flux (and so to particuliar
meshes, see Remark 2.1]), the extension to more general finite volume schemes being
still an open problem. Similar studies in the finite element framework, for a single
elliptic equation and with meshes still satisfying similar assumptions, may be found
in [I7, [7].

The presentation is organized as follows. In Section[2] we define the approxima-
tion spaces and describe the discrete functional analysis framework which is used
in the subsequent developments. Then we prove an abstract compactness result,
which may be considered as a discrete analogue of the classical Aubin-Simon lemma
(Section B]). The scheme is then given (Section M), then we derive estimates satis-

fied by the discrete solution (Section [H), and conclude by the convergence analysis
(Section [f)).

2. DISCRETE SPACES AND FUNCTIONAL FRAMEWORK

An admissible finite volume discretization of €2, denoted by D, is given by D =
(M, E,P), where:

(1) M is a finite family of non empty open polygonal (d = 2) or polyhedral

(d = 3) convex disjoint subsets of 2 (the “control volumes”) such that
Q=Uger K. For any K € M, let 0K = K \ K be the boundary of K.

(2) £ is a finite family of disjoint subsets of Q (the “faces” of the mesh), such

that, for all o € &, there exists a hyperplane E of R and K € M with

o = 0K NE and o is a nonempty open subset of . We assume that, for

all K € M, there exists a subset £(K) of £ such that 0K = (J,cgx)0-

For all o € &, we suppose that either o C 9 or there exists (K, L) € M?
with K # L such that K N L = ; we denote in the latter case 0 = K|L.
We denote by Eext the set of the faces included in 9Q and iy = €\ Eext
the set of internal faces.

(3) P is a family of points of Q indexed by M, denoted by P = (xx)xem-
The family P is supposed to be such that, for all K € M, xx € K.
Furthermore, for all o € &y, 0 = K|L, it is assumed that the straight line
(xk,xr) going through xx and xy, is orthogonal to K|L.

Remark 2.1. The possibility to build the family P restricts in practice the choice
for the mesh. In applications, we only use rectangles (or rectangular hexahedra in
3D), acute angle simplices or Voronoi cells.

By |K| and |o|, we denote hereafter, respectively, the measure of the control
volume K and of the face o. For any control volume K and face o of K, we denote
by dk ., the Euclidean distance between xx and o and by mk , the unit vector
normal to ¢ outward from K. For any face o, we define d, = dr o + dr o, if 0
separates the two control volumes K and L (in which case d, is the Euclidean
distance between &k and x) and d, = dk,, if o is included in the boundary. For
any control volume K € M, hg stands for the diameter of K. We denote by haq
the quantity has = maxgea hi.

Let Hyg € L*(Q) be the space of functions piecewise constant over any cell
K € M. For a finite ¢ > 1, we define a discrete Wé’qfnorm by:

ug —ur |4
[l e = X lolds |[E T S ol
o€Eint, 0=K|L 7 TE€Eext, 0E€E(K)

UK |4

do
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We also define:

U — Uy,
lull 0o = max {{‘d7|, 0 € Engy 0 = K|L}
g
U
u {'dK‘, 0 € Eoxts 0 € E(K)} U {Juxl, K € M},
g
For ¢ > 1, we associate to this norm a dual norm with respect to the L? inner
product, denoted by || - [|=1,¢ m with ¢/ given by 1/ + 1/¢ = 1 if ¢ is finite and
¢’ = 1if ¢ = 400, and defined by:
1
il orgai= s [vda,
veH M (Q), v£0 lvll1,qm Ja

As a consequence of the discrete Holder inequality, the following bound holds for
any ¢, r € [1,4+o00] such that ¢ < r:

(2.1) VueHu,  lulligam < (dIDYYT luflra,
and, consequently, for any ¢, r € [1,400] such that ¢ < r:
(2.2) VueHut,  llull-1g00 < @DV ull a0
We denote by &aq > 0 a positive real number such that:
di o di o
(2.3) VK € M, Vo € £(K), &m < f;v . and &y < hL
o K

The greatest real number satisfying these inequalities may be considered as a mea-
sure of the regularity of the mesh.

The following discrete Sobolev inequalities are proven in [I2, Lemma 9.5, p. 790]
and [9, [13].
Lemma 2.2 (Discrete Sobolev inequality). For any q € [1,d), there exists a real
number C(2,Em, q) > 0 such that:

dq

d—gq’
For g > d and any p € [1,400), there exists a real number C(Q,Exr,p) > 0 such
that:

[ullLes @) < C(6rm: ) Nluligrm with ¢~ =

HUHLP(Q) < C(Q,€m,p) [ull1,g,m-

In addition, the following bound is proven in [I3] Lemma 5.4].

Lemma 2.3 (Space translates estimates). Let v € Hyq, and let v be its extension
by 0 to R%. Then:

150 +9) = 00 llps oy < V [yl [olliam, Yy € RY

The following result is a consequence of the Kolmogorov’s theorem and of this
inequality.

Theorem 2.1. Let M* be a sequence of meshes the step of which tends to zero,
and regular in the sense that any MF, k € N, satisfies the regularity assumption
@3) with a unique (i.e. independent of k) positive real number §.
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Letq € [1,+00), and let (uk () ren be a sequence of discrete functions (i.e. such that,
Vk € N, u* € HK, where HY; is the discrete space associated to M) satisfying:

Vk e N, ¥l qm < C

where C is a given positive real number. Then, possibly up to the extraction of a
subsequence, the sequence (uk)ren converges in LP(Q) to a function u € W),
for any p € [1,q*), where ¢* = dq/(d —q) if ¢ < d and ¢* = 400 otherwise.

Remark 2.4 (Extension of Theorem 2l to ¢ = +00). If we now suppose that, with
the same notations:

VkeN,  [uF|100m <C,
then, still up to the extraction of a subsequence, (U’j\/[)keN may be shown to converge
in any LP(Q) with p € [1, +00) to a limit u which belongs to W{'**(€2), the regularity
of u being a consequence of the fact that its gradient is bounded in any LP(2)4,
p € [1,400), by a constant which does not depend on p.

Furthermore, we suppose given a uniform partition of the time-interval [0,T),
such that [0,7] = Up<,enlt™, t"1] (so t" = ndt, with 6t = T/N). Let Hp
be the space of piecewise constant functions over each K x I, for K € M and
Im = (", ¢t"*1), 0 < n < N. To each sequence (u"),—o n of functions of Hx(€2),
we associate the function u € Hp defined by:

(2.4)  u(z,t) =u"T(x) forae x€Q, foranyte (t",t"), 0<n<N.

In addition, for any v € Hp and 1 <n < N, we define 0, p(u)” € Hayq (referred to
hereafter as the discrete time derivative of u) by:
_ U?( _ un—l

n—l(
K
5 , VK € M).

u™(x) —u"Hx)

ot
3. A COMPACTNESS RESULT

(2.5) Oyp(u)*(x) =

(ie. 9 p(u)k

The aim of this section is to establish a compactness result for sequences of
functions of Hp which are controlled in the discrete L*(0,T; Wy?(£2)) norm, and
the discrete time derivative of which is controlled in the discrete L(0, 7; W17 (€))
norm, 7 not being necessarily equal to ¢’. A new difficulty (with respect with
previous analyses which can be found in [I2], chapter IV] or [14]) lies in the fact
that the space norms for the function and its time-derivative are not dual with
respect to the L2 inner product, which leads us to derive a discrete equivalent of
Lions’ Lemma B below. Then we prove a discrete analogue of the Aubin-Simon
compactness lemma, using the Kolmogorov theorem.

3.1. A discrete Lions lemma. Let us first recall Lions’ lemma [19], [5, Lemma
11.5.15, p. 97].

Lemma 3.1. Let By, B1, By be three Banach spaces such that By C By C Ba,
with a compact imbedding of By in By and a continuous imbedding of By in Bs.
Then for all e > 0, there exists C(e) > 0 such that:

Vue By, |lullp, <éellull, +Ce)lullp,-

Let us state a discrete version of this lemma suitable for our purpose, taking
B; = L9(Q) and replacing By and Bs by a sequence of discrete spaces, associated
to meshes the step of which tends to zero, endowed with the || - ||1,4,4¢ norm and
the || - ||=1,7.m norm, respectively.
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Lemma 3.2 (Lions’ lemma — Discrete LP version). Let (M*)en be a sequence
of meshes the step of which tends to zero, and regular in the sense that any M¥,
k € N, satisfies the reqularity assumption 23) with a unique (i.e. independent of
k) positive real number &.

Let q,r € [1,400). Then, for all € > 0, there exists C(g) > 0 only depending on
g, q, v and & such that, for any sequence of discrete functions (u*)gen (i.e. such
that, Yk € N, u* € H: ., where Hlj\/l is the discrete space associated to M¥):

(3.1) vk eN, [ufllL, < ellu”lligm +C) [u* -1

Proof. Let us suppose that this result is wrong. Then there exists ¢ > 0 and a
sequence of discrete functions (u*)gen such that:

(3.2) VEEN, 6 lpay > & Nl + Kl 1ac
Let (v¥)gzen be given by:
1
VkEN, vy =— u,
|u HLq(Q)

so that, Vk € N, Hvk||Lq(Q) = 1. By (82), we obtain that

VEEN, (0¥l > e lo¥ g+ kIF -,
and hence,
VkeN, [

Thus, thanks to Theorem 2.1l possibly up to the extraction of a subsequence,
(U¥)ken converges in L9(Q) when k — oo to a limit v € W;4(2). On one side, this
limit satisfies [|v|;4(q) = 1. On the other side, we have, for k € N, [o* )21 e <
1/k. Let ¢ € C°(Q2). For k € N, we denote by 7% the discrete function of HY
defined by (%) = p(z k), VK € M*. By the definition of the || - || v a4 norm,
we have:

1
|17q7M < g

1-1/r

7 @l pa < Nellwoe(y (d1921)

We thus get, for k € N:
1/r’ 1
\/vkﬂks& de| < 0" -rrat 170l < llellwim oy (d19) T

k¥ converges to v in LI(Q2) and 7*¢

and, passing to the limit when k£ — oo, since v
converges to o in L>=°(Q):
/ vpdx = 0.

Since this latter relation is valid for any ¢ € C2°(Q), this is in contradiction with
the fact that [|v|[;q) = 1. O

Remark 3.3. At first glance, Lemma [3.22lmay seem to be slightly more general than
its continuous counterpart, since it does not require an assumption on the values
of ¢ and r which would ensure that L4() is imbedded in W=17(Q). We show in
Appendix [A]l that the situation is in fact the same at the continuous level, i.e., that
a continuous counterpart of inequality ([B.I)) also holds in the continuous case, for
any ¢ and r in [1, 4+00).
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3.2. Estimation of time translates of discrete functions. Let us first intro-
duce some notation. For n € Z, we denote by ¢™ the time ¢" = n dt (so the definition
of t" extends to n € Z the definition already given in Section [ for 0 < n < N).
Let Hp be the space of discrete functions defined over R? x R by simply supposing
that:
(i) the time discretization covers R, such that 4 € Hp reads @ = (4"),ez,
(i) for n € Z, u™ results from the extension by zero to R? of a function of Hy,
which we denote by u™.

For a positive real number 7, let X7 : R — R be the function defined by x7(¢) =1
if t <t® <t+ 7 and x?(t) = 0 otherwise. Then, for a.e. x € R? and a.e. t € R,
the difference @(x,t 4+ 7) — a(x,t) can be expanded as follows:

(3.3) a(x,t+ 1) — u(x, t) ZXT u"t(z) — u(x)).
neL

In addition, the function x? is the characteristic function of the interval (t" — 7, t™)
and thus:

(3.4) Vn € Z, / Xr(t)dt =T.
R

Lemma 3.4 (Estimate of the time translates of a function of Hp). Let 4 =
(@")o<n<n be a function of Hp, let ¢ € [1,400) and r € [1,+00), and let us
suppose that there exists a positive real number C such that:

Dot [ut g <Co Y6t [0 (W) |1 < C.
neEZ neE”L
Let € > 0. Let § be given by:
€
4 |Qt-1a C”

Let C(6) be such that for any v € Hpq, an inequality of the form of Lemma
holds,

(5:

[0llLaq) < O l1vll,g.010 + C ) 0]l -1.r01
and, finally, let o be given by:
€

21Q-14 C(0) C

T0 —

Then:
V7 such that |7| < 79, [a(t+7) = a0l s gaxr) < €

Proof. Let a@ > 0 and C(«) be a positive real number such that, for any v € Hy,
an inequality of the form of Lemma holds:

[0l a) < @llvlhgrm +C(@) [[vll-1,ra1-

Let 7 be a positive real number, and @ be a function of Hp, its restriction to
being denoted by u. We have, for ¢t € R:

[a(st+7) = al, Ol gay = lulst+7) = ul )L q)
QY ult+7) =l 1)l
<PV afu,t +7) = ul ) lga + Cla) flult + 1) = uC )]l 1|
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This inequality yields:
ARMEHW%%hmmmq&SMW”qPﬂ+ﬂ®H}
€
with
T = /tER flu(-, t+7)—u(-, t)|1,gmdt and Th = /75 lw(-, t+7)—u(-, t)||—1,r, 1 dt.

€R
We have, for Ti:

Ti< [ Jut+nlgandtt [t Ol de <20,
teR teR

By identity B3], we get for Ts:

o< [ 10 @ = ) o di
teR nez

1> 6t xF(t) B ()™ ) | —1,rm dt.
teR ne7z

By the triangle inequality and Relation (34]), we thus obtain:

fe= / >0t X0 0 (@)" v rmdt =7 Y 6t [0 (w)"|-1rm =17 C.
teR

nezZ neE”L

Gathering the estimates of T} and T3 yields
|t 4 = 00l ey At < C 1977 (204 7Cla),
teR

and it is now easy to verify that the choice of a and 7 suggested by the state-
ment of the lemma yields the desired inequality. The case of negative 7 fol-
lows by remarking that, by a change of variable in the integration over time,

||ﬂ('=t+ T) - a('at)HLl(]Rde) = Hﬁ(vt) - ﬂ('vt"’_ |7—D”L1(Rd><R)' 0

3.3. A discrete Aubin-Simon lemma. We are now in position to prove the
following compactness result.

Theorem 3.1. Let (u¥)ren be a sequence of discrete functions, i.e., a sequence
of functions such that, for k € N, u* is a function of a space HE, associated to a
mesh M¥ and a time step 5t*. We suppose that the sequence of meshes (M*)yen is
regular, in the sense that any M¥, k € N, satisfies the regularity assumption (Z3)
with a unique (i.e. independent of k) positive real number £, and that both hx
and 5t* tend to zero when k tends to +o0o. We suppose that there exists three real
numbers C >0, ¢ > 1 and r > 1 such that:

Nk Nk
VEEN, Y otf (W) gm <C D 6tF [(0ep ()" 1 < C.
n=1 n=2

Then, up to the extraction of a subsequence, the sequence (u*)pen converges in
LY(2 x (0,T)) to a function u € L'(0,T; W59).

Proof. First, we remark that, by Lemma [2.2] there exists a real number C; only
depending on the domain €2, on the parameter £ characterizing the regularity of
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the meshes and on ¢ such that, Vk € N, Vv € H’f\,l (the discrete space associated to
ME), [Vl 1) < C1 [lv]l1,q,m. Consequently, we get:

VEEN, [[u*lliiqaxomy < Cr C-

Let ¢ be a continuously differentiable function from R to [0, 1], such that ¢ =1 on
[0,T] and ¢ is equal to zero on (—oo, —T') U (2T, +00). For a given k € N, let us
build a sequence ((4¥)™),ez of functions of HY, as follows:

for n < =N, (a*F)m =0,
for — N <n<0,

(@)
(3.5) for 0 <n < N, (@) = p(t?) (uk)" = (uk)n,
for N <n < 2N, (@F)" = (") (uk)2N-n,
for n > 2N, (aF)™ =0,

where we have defined (u*)? (which does not appear in the statement of the theo-
rem) as (u*)? = (u*)!. Then we denote by " the function of Hp (so defined over
R? x R) obtained from the sequence ((4*)"),ecz. The function @* is equal to u* on
Q x (0,T). Since the function |¢| is bounded by 1, we easily get:

1l gy < 3 4oy S3C1C, D6t [(wF)" g < 3C.
ne”Z

In addition, we have, for 0 <n < N —1:

Pt~ (@4)" = ot 1) (@)™

Orp(@)™ = ot

tfnfl _ t—n
_ —(p(tinil) at,D(ak)nJrl _ (ﬁk)" QO( zst 50( )
Thus, for any 1 < s < r, denoting by s either s’ =1—1/sif s > 1, or 8’ = +o0 if
s=1:

-n 1 —k\—n
10, (@*) ™| —1,6.m = sup (@) Mvde =Ty + Ty,

veHu [[V[lLsm Jo
with
1
T, = sup ———— /4,0(15_”_1) 8typ(uk)"+1vdw,
[vll1sm Ja

vEH M
1 tfnfl _ t—n
T2 — Sup (uk)n@( ) QO( )Udm
veHpm Vs M Jo ot

We have for T:

1
Ty :<p(t_”_1) sup ————— /Btyp(uk)”ﬂvdm
vEH M HU”Ls/,M Q

1
< sup ——
vEH M ”UHLS',M

which is controlled by [0, p(u®)"*1|_1, s thanks to inequality Z2). The term
T, satisfies:

/ Ao (uP)" o da = 0rp (W) | —1 6,
Q

1
T < ¢ llpoemy SUP T /(uk)"v de.
veta [Vl m Jo
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By Lemma 22 the L% (=1 (Q)-norm is controlled by the || - [1,g,Am-n0rm, and we
can choose s small enough so that the || - |1 & ap-norm controls the L4 (2)-norm,
where d is defined by (1/d) + ((d —1)/d) = 1. We then get, by Hélder’s inequality:

Ty < Cy H@/HLx(R) ||(uk)n||1,q,M’

where Cs only depends on €, £, s and ¢. Applying similar arguments for N < n <
2N yields

> 6t* (9o (@) | 1,60 < Cs,

neE”L
where C5 only depends on ¢, €2, £, s, ¢ and C. We may now apply Lemmas
and [34] to obtain that, for any € > 0, there exists 79 only depending on §, &, C
and e such that

(3.6) V7 such that |7| < 79, Vk €N, |a* (ot +7) = @ () |1 gasmy < €
In addition, from Lemma 2.3 we have:

vk eN, Vn e Z, vy e R, [[(@)"(- +y) — (@) ()l gey < Vd [yl (@)

1,1,M-
Multiplying by 6t* and summing over the time steps yields:
Vk € N, Yy € RY,
(3.1) )" ) = @) Ol oscmy < VA Iyl D208 (@) a1

neE”Z

Since, Vk € N, @* vanishes outside 2 x (=T, 2T, Holder’s inequality (2.1)) yields
S @) i < @IQDYT Y7 0 @) g

nez nez

which shows that space translates also are uniformly controlled. Kolmogorov’s
Theorem (e.g. [12, Theorem 14.1 p.833]) thus shows that the sequence (u*)ien is
relatively compact in L'(€2 x (0,7))). The regularity of the limit of subsequences
is a consequence of the bound on the space translates, namely the fact that the
right-hand side of (37 is linear with respect to |y| (see [I3], Section 5.2.2]). O

Remark 3.5 (Regularity of the limit). When the functions of the sequence are more
regular than in the assumption of Theorem B.I] the limit may be also. For instance,
if we suppose

Nk

VEeN, > 8th ||(u")" ], <

n=1

then the limit u lies in the space LI(0,T; W(€)) (see [I3, Section 5.2.2]). This
result will be used hereafter.

4. THE SCHEME

For o € &y and 0 < n < N, let v?;rglm be defined by:

tn+1

(4.1) VLR = & / v(z,t) ng,,dy(z) dt.
tn K|L
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The backward first-order in time discretization of (LIJ) reads:

VK e M, for 0 <n < N,

|K| n n +1/2 'n |J| n n
L9 5t (ufct — ) + Z Vi g/ up ™t + Z d, (“KH - “LH)
( : ) o=K|L o=K|L
tn+1
+ Z |d uptt = &/ / f(x,t) de dt
CEE(K)NEesxt  © t

where the approximation of v on an internal edge is given by the usual upwind
choice:

u"K'H if vgo >0,

(4'3) Vo € g, 0 = [(|L7 untt = 1
ur,

[ed

otherwise.

The initial condition for the scheme is obtained by choosing, for the value of u°
over a cell K € M, the mean value of uy over K:

1
(4.4) VK € M, ufy = K] /Kuo(w) dx

5. ESTIMATES
Let 6 € (1,2) and let us define the function ¢, from R to R by:
Y 1
(5.1) Yy € R, ' (y) = /0 st, and oy / @' (s
The function ¢ enjoys the following features:

(1) The function ¢’ is positive over RT, negative over R™, and increasing over
R; the function ¢ is positive and convex over R.
(2) The function |¢’| is bounded over R; precisely speaking, we have:

+o0 1
(5.2) Yy € R, |</ds+/ S_1+ﬁ

(3) Relation (52) yields:

(53) VER, () < (1+5=) ol

In addition, if we denote by Cy the positive real number defined by Cy =
min($(1), ¢’ (1)), we get, by convexity of ¢:

(5.4) Yy such that |y| > 1, o(y) > Cy |yl

In addition, since, for s € [0,1] and 6 € (1,2), 1 + |s|? < 2, we easily get
that C¢ Z 1/4

This function ¢ is used in the proof of the following stability result.
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Lemma 5.1. Letu € Hp be the solution to the scheme [2)-[A), and ¢ be the real
function defined over R by (B1I). Then the following bound holds for 1 < M < N:

M
o n n n n
M+ D00 S g ) [ ) — )
n=1 o€Eint, 7
o=K|L

M
a|
e Y Puysup<c
n= 0EEext,
c€&(K)

where C only depends on Q, f, ug and 0. Since, for any 6 € (1,2), s¢'(s) > 0
for s € R and ¢’ is an increasing function over R, this inequality provides a bound
independent of 0 for u in L>(0,T; L' (Q2)).

Proof. Let us take ¢'(u"*!) as test-function in the scheme, i.e. multiply (&2) by
/(1) and sum over the control volumes. We get 77! + 77T = 77! with:
K get L d f

= 3 ) [El g g+ 3 Vi),

KeM o=K|L

= Y s X Dt —ay s Y B,

KeM o=K|L ° 0 €E(K)NEoxt
gl
Tt = & > ¢ (upth) / / fla,t) de dt.
KeM K
Since the advection field v is divergence-free, by the definition ({ZI]), we get:
VK € M, Vil =,
oc=K|L

Thanks to Proposition [B] of Appendix [Bl applied with px = pj, = 1, VK € M,
we thus obtain:

> 3 B g — o))
KeM t

Reordering the summation in T;'H, we have:

Td +1 _ Z d_ (’U,K+1 uL+1) [(b (uK-H) ¢ ( L-‘rl)]
0EEint,
o=K|L

ol n n
+ Z d—uK+1¢(uK+1).
TEEoxt,
oc€E(K)

Finally, since ¢ is bounded over R by Relation (5.2)), we get:

T"Hf L 1+— / /f(w,t)dmdt.
(5t Q
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Multiplying by dt and summing from n = 0 to n = M — 1, we thus get:

S (K] é(ul) +Zat > g o) - o)

KeM o€&nt,
o=K|L
M
o] w 0w
Y0 Y k) < Y K] dul)
n=1 e KeM

0EEext,
ce&(K)

1+0T1 / /fil?td:l?dt

which concludes the proof thanks to the definition (@4 of u°, inequality (5.3) and
inequality (5.4)). O

The following lemma is a central argument of estimates in the elliptic case. It
may be found in [16], and is recalled here, together with its proof, for the sake of
completeness.

Lemma 5.2. Let v be a function of Haq and ¢ be the real function defined over R
by &I). Let Ty(v) be given by:

L= Y Dec-w @ -so]+ X Do,

o€&nt, o€Eext,
o=K|L seE(K)

Then the following bound holds for 1 <p < 2:

[0l s < [Ta(@)]™? [C1+ ol e o)

where C1 and Co only depend on p and on the regularity of the mesh, i.e. on the
parameter &y defined by (23).

Proof. Let us first introduce some notations. For any face o € £ and any function
v € Hpq, we define:

UK v if 0 € &y, 0 = K|L,
dy
(5.5) 0,0 = .
d_K if 0 € Eye, 0 € E(K),
and

¢'(vk) — ¢'(vr)
VK — U,
¢'(vk)
VK

Note that, for o € &, the quantity a, is nonnegative. With these notations, we
have:

if o €&y, 0 =K|L,

ifUEgext, g ES(K)

[l pag =D lolde [0ov]P  and  Ty(v) = |o]dy aq (95v)*.

oe€ oce&
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By Holder’s inequality, we get:

(5.6) [0}, a4 [Z\tﬂd ay (Opv } [Z|O'|d a;?/(2=p)

oel oe€l

(2—p)/2

For o € &y, 0 = K|L, there exists 9, lying between vx and vy, such that a, =
¢" (V). From the expression of ¢, we thus get:

1
Vo € &g, 0 = K|L, — <1+ max(Jvg|, |vL|)0.
a

g

By a similar argument, we also have:

1
Vo € Ext, 0 € E(K), . <1+ |vK\0.

g

Inequality (5.6) thus yields o[} , v < Ta(v )P/2 Tl(27p)/2 with

Ti= > Jolds (Lrmax(joxl, o))"+ 3 Joldy (1+]ox|?)” @77

g€Eint, 0E€Eext,
oc=K|L ce&(K)

Using the inequality (a 4+ b)* < 2% (a® + b*) valid for any positive real numbers a,

b and «, we get:

2P/ T < N olde+ Y o] dy max (Jugl, Jug])®/ @)
= oc€&ins,
oc=K|L

+ > Joldg Juk|/ 2P

0EEext,
oc€&(K)

Remarking that, for any K € M, the total weight of the term |vg|??/(>~P) in the
last two sums (summing all its occurrences) is at most equal to ), ¢ (k) || do and
that this quantity is bounded by C |K|, with C only depending on the regularity
of the mesh, we get:

27P/@ D T <d 0] +C Y K]0/ CP = d [0] + Ol o)
KeM

and thus, finally,

_ (2-p)/2
Iol1? ) pq < Ty(v)P/? {2”/(2—p)d Q| + 2¢/C-r)C ||”||19J%5%2i)>(9) ’

which easily yields the desired inequality. O

We are now in position to prove the following estimate, by a technique which is
reminiscent of the method used in [4] for the continuous case.

Proposition 5.3. Let u € Hp be the solution to the scheme [@2)-@Al). Then the
following bound holds for 1 <p < (d+2)/(d+1):

Z& 1™ 17 <

where C' only depends on (Q, T, f, ug, p and the regularity of the mesh, i.e. on the
parameter Eaq defined by ([2.3).
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Proof. In this proof, we denote by C; a positive real number only depending on
Q, T, f, ug, p, 0 and the parameter £, characterizing the regularity of the mesh.
Thanks to Lemmam we get for1<p<2:

n /2 n0p/2
Zét TBED ST e A M e |

n=1

Since p < 2, the discrete Holder’s inequality yields:

Z&t la™ [ ae < [Z 5t Ty(u }

_7(2-p)/2
[Z ot [01 + Cy ||u"||i€£3<2_p>(g)]2/(2 p)} .
n=1

From Lemma 5.1l we know that:

Zét Td <03

Let us now apply the inequahty (a +b)* < 2%(a™ + b%), valid for a, b, a > 0, to
obtain'

N
Z ot a0 < CY2 [0 22/ @ e /)

n=1

n 0 2 2/(27) (2—17)/2
+222/(2 Pt [Co flu ||LZ;P/(2 P)(Q)] p} :

n=1

This last relation yields the existence of Cy and C5 such that:

n n0p/(2
Zat [u™% , pq < Cs + Cs [Z ot IS5

The discrete Sobolev inequality [[v[|], v > Cs [[v]l¥,
v € Hpq with p* = dp/(d —p), yields:

N
n n n0p/(2
Co 3 6t |7, g < Zat [ pg < Ca+Cs [Z ot 120257 o
=1

n=1

} (2—17)/2.

‘(@) which holds for any

} (2—17)/2.

The idea to conclude the proof is now to modify the right-hand side of this relation
to obtain an inequality of the form:

B
Csz5t [ 2, g < Zat ™} s < Cr + Ci [Z ot (16" 17 o]

n=1
with an exponent § < 1, which will yield a control on EnN:1 ot flu™|7 - @ and,

consequently, on Zn 16t Hu"Hﬁ’yp’ - To this purpose, we first use an interpolation
inequality, to bound [[u"[|{es/-» () as a function of (a power of) [[u"[|;,~ g and
||u”||L1(Q), which is uniformly bounded by Lemma [} then an Holder inequal-
ity allows to change the exponent (to p) of this latter norm. Let us recall the
interpolation inequality of interest, valid for 1 < r < g¢:

1-1/r
1-1/q

Yo € LY(Q), HUHLT(Q) < ”v”Lq(Q HUHLI(Q with ¢ =
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Thanks to this inequality and the fact that, for 0 < n < N, [[u"[|;1q) < Cy, we
thus get, denoting r = 0p/(2 — p):

(2—p)/2
n 0 2 n
[z& la 122527 < Cu [Z& [

n=1 n=1

(2-p)/2

1-1/r
1—1/p*

This inequality is valid if p* > r, which is equivalent to p < (2 — )d/(d — 0). We
may now apply Holder’s inequality to get:

N
n10p/(2 —p)/2 "
[z ot 12057 ] < O [0t I
n=1

provided that (r < p, which reads:

1 r—1

- ——<1

p1-1/p*
Expliciting the values of p* and r as a function of § and p, it may be seen that this
inequality is valid for:

with (=

(2—p)r¢/2p

(2—-0)d+2
d+1
When this inequality is satisfied, since 1 < p < 2, we have (2 — p)/2 < 1 and
(2 —p)r¢/2p < 1, and we are thus able to conclude the proof as announced. For
d=1,d=2or d=3, we have:
(2—0)d+2 - (2-6)d
d+1 d—0

for 6 sufficiently close to one, let us say for 6 € (1,6]. Let p € [1,(d+2)/(d + 1)),
and 6(p) be given by 0(p) = min(6p, (1 + 1)/2) where 61 € (1,2) is defined by:

- (2—01)d+2

- d+1
Then all the inequalities of this proof are valid for § = 0(p), which yields the desired
bound. O

Proposition 5.4. Let u € Hp be the solution to the scheme [@2)-Al). Then the
following bound holds:

> 6t (100 (w)"|-1.1.m < C,

where C' only depends on Q, T, f, v, ug and the regularity of the mesh, i.e. on the
parameter &g defined by (23).

Proof. Using the notation (5.1]), the scheme reads:
VK e M, for 0 <n < N,
Ko@) =— > vid,Pugtt = 3 ol opunt

o=K|L oc€E(K)
tn+1

+ /f:ctda:dt
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Let v € Haq. Multiplying each equation of the scheme by vix and summing over
the control volumes, we get:

/ Opw)" vdr = > |K|dp(u)j vk =Ty + T3+ + 13,
Q

KeM
with
1 n+1/2 1 1_
O VD W e e DD SCL
KEM  o=K|L KeEM  oeg(K
gt

Tt = / f x,t) v(x) dz dt.

Reordering the sums and supposing, without loss of generality, that any face o is

1/2
oriented in such a way that Vn+ / <0, we get for T1"+1:
n+1 __ n+1/2 n41
o == E: Vi Uik (VK —vr),
0€EE&int,
o=K|L
n+1/2

where, by assumption on the velocity field, v " < [[vl« () lo], Vo € Eint. By
the discrete Cauchy-Schwarz inequality, we thus get:

TP < Cllu ey Tvllie,

where C only depends on v and the parameter {4 governing the regularity of the
mesh.
By a similar computation, we get for T: 2"'“:

5 = 3 loldo 0w 050| < Jun |
o€&

Finally, the term T3 satisfies:

1,1,M [V]1,00,0-

1
T3] < 5 Tolegay 1 s @een omsy

Let p € (1,(d+2)/(d+1)) be such that the discrete W?() norm of u controls
its L2(Q) norm (which, by Lemma 2.2)) is indeed possible. Since the L norm is
controlled by the | - [|1,00,A nOrm, we get, for any v € Hpy:

(5t/ Ohp(w vde < St(|T] T + Tyt +|T8)
Q
<C {&Hunﬂ

T VR F e TR
which, summing over the time steps and using Proposition [5.3] concludes the proof.
O
6. CONVERGENCE ANALYSIS
In this section, we prove the following result.

Theorem 6.1. Let (u¥)ren be a sequence of discrete solutions, i.e. a sequence of
solutions to the scheme [E2)-[@A), with a mesh M* and a time step ot*. We
suppose that the sequence of meshes (M¥)en is regular, in the sense that any MF,
k € N, satisfies the regularity assumption (Z3) with a unique (i.e. independent of k)
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positive real number &, and that both han and 6t* tend to zero when k tends to

+00.
Then, up to the extraction of a subsequence, the sequence (u¥)ren converges in

LY x (0,T)) to a function u € LP(0,T; WP (Q)), for any p € [1,(d+2)/(d+1)),
which is a weak solution to the continuous problem, in the sense of Definition [l

Proof. Thanks to the estimates of Propositions [5.3] and 5.4l Theorem [B1] applies,
and the sequence (u")gen is known to converge in L'(Q x (0,7)) to a function u
which, thanks to Remark B3] belongs to LP(O,T;Wé’p(Q)), for any p € [1,(d +
2)/(d 4+ 1)). We now show that this function is a weak solution to the continuous

problem.
Let ¢ € C°(Q x [0,7)). For a given discretization M* and 6t*, we denote by
¢ the quantity:

VK € MF for 0 <n < N*,  ¢% = p(xk,t").

Let us now multiply by ¢’ each equation of the scheme, multiply by dt and sum
over the control volumes and the time steps, to obtain:

T +Tr +Tf =Ty

with, dropping for short the superscripts k and using the notation (5.0):

N—-1
Tor = > K| (i —uf) ¢k,
n=0 KeM

N

-1
T =300ty ok Y Vi, Punt
n=0

= KeM o=K|L

N-1
T, = Zét Z Ok Z o] Opu™ 1,

n=0 KeM c€E(K)

N-1 g+l
T, = Z Z cp}l(/ / f(z,t) de dt.
n=0 KeM 2 K

For the first term, we get, reordering the sums:

N
T ==3 S K| ul (0 — ol — 3 K] el
n=1KeM KeM

which yields

T
Ty, = —/ / u(x,t) Opp(x,t) de dt + Ry — / ug(x) p(x,0) de + Ry,
t=0 JQ Q

the terms R; and Rp being defined below. Using the fact that u is piecewise
constant, the first one reads:

S s SR N
Rlz—z& Z | K| uK{ 5 TR &/ /Katgo(w,t)dwdt

n=1 KeM gt
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so [Ra| < cp (h+6t) [[ull i o,y Where ¢ = [[@llw2.@xjory)- The term Ry
reads:

Ry=— ) /Kuo(w) [k — »(2,0)] de,

s0 |Ro| < cp R luollp(q-
We now turn to the convection term, which we write T, = T}, 1 + T, 2, with:

N-1

1/2

Too=2 0t 3 ki 30 Vil
n=0

=0 KeM o=K|L

N-1
n+1/2 1 1
Tc,2: E ot E SOTIL( E VK,U/ (UZ+ _u?(+ )
n=0 KeM  o=K|L

For this proof, we choose not to use the fact that the velocity field is divergence-
free, which is useless for the convergence (but has been used for stability). By the

definition of V?;ral /2 the term T, reads:

N-1
T.. =) ¢k
n=0

tn+1

/ u(zx, t) divo(e,t) de dt
K

tn

T
= / / u(zx,t) (x,t) divo(z,t) de dt + Rs,
0 Jo

with

tn+1

N-1
R3 = ; /tn /Ku(w,t) divo(z,t) [¢% — ¢(x,t)] dz dt,

s0 |Rs| < ¢ b ||[vllw1.00 (o 0,7 1l x 0,7))-
We now decompose T 2 = T} 3 + R4 where T, 3 is chosen to be:

n+41

N-1 ‘
Tes =-— Z Z uhtt Z /tn /go(a:,t) v(x,t)  -ngdy(z)dt

n=0 KeM oc=K|L
T
= —/ / u(z, t) div[p(z,t) v(z,t)] dedt
o Jo

and, by difference and reordering the sums, we obtain for Ry:
N—-1 gl
Ri= Y S @ -t [ [ et - o] vt nio i)
n:O t’!L o
0€Eint,
oc=K|L
where, without loss of generality, we have chosen for the faces the orientation such
that V}?Ll/z > 0. We thus get:

N—-1 |un+l _ un—i—l
K L
|Ral <cph H”HLoo(Qx(o,T)) Z ot Z o] do S
— o
n=0 0€Eint,
o=K|L
N

= o I V[l o)) D O "1, 1.0

n=1
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Let us now turn to the diffusion term. By a standard reordering of the summa-
tions, we get:

Ty = Z ot Z ’U/n+1 Z ‘0'|6U<pnu

n=0 KeM c€E(K)

which reads

tn+1

T, =-— "+1/ /A(pmt dx dt + R5
n= OKeM t

= —/ /u(m,t) Ap(x,t) de dt + Rs,
0o Ja

with

Z&t S Y o] R

= KeM oce&(K)
¢l

o] &/ /wat) ng.o dy(z) dt.

For any face 0 € &y, 0 = K|L, we have Rk , = —Rp»; in addition, for any
K € M and any 0 € £(K), |Rk,| < ¢, (h+ 0t). Hence, reordering once again the
sums, we get:

RK,a: UQO +

N-1
= Z ot Z lo| do Optn+1 Ri s

n=0 o¢e&(K)

SO
N-1
|R5| < ¢y, (h+ 6t) Z 61%2 lo] do |O6tni1]| = cp (h+0t) |Jull1,1,m-
n=0 ock

Finally, we have for the last term:

T
Ty :/0 /Qf(w,t) o(x,t) de dt + R,

with |Rg| < ¢, (h + 6t).
Finally, gathering all the terms and remarking that —div(pv) + ¢div(v) = —v -
Vi, we get:

_/t_To /Q u(z,t) Opp(x,t) de dt — /Q uo(x) ¢(x,0) de
- /OT/Qu(w,t) v(x,t) - Vo(z,t) de dt — /OT/Qu(w,t) Ap(x,t) de dt
T
:/O /Qf(a:,t) o(a,t) dz di + R,

with |R| < C (h+4t) where C'is controlled by the estimates satisfied by the solution,
the regularity of v and ¢ and independently of the mesh. Letting h and 6t tend to
zero in this equation and then integrating by parts the diffusion term thanks to the
regularity of the limit thus concludes the proof. O
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APPENDIX A. A VERSION OF THE LIONS AND AUBIN-SIMON LEMMA
A.1. Lions’ lemma.

Lemma A.1. Let X, B and Y be three Banach spaces satisfying the following
hypotheses:

(1) X is compactly imbedded into B.
(i4) There exists a vectorial space F such that B and Y are imbedded into F
and, for all sequence (up)nen of BOY, if up, — w in B and u, — v in Y,
then u = v.
Then, for all € > 0 there exists Ce € R such that ||u|| g < € ||ul| x + Ce ||ully, for all
ue XNY.

Proof. We perform the proof by contradiction. We assume that there exists € > 0
and a sequence (un)nen such that u,, € XNY and 1 = [ju,|| g > €|lun| x +71llun]ly,
for all n € N. Then, (un)nen is bounded in X and therefore relatively compact in
B. Thus, we can assume that u,, — u in B and ||u| z; = 1. Furthermore, u,, — 0
inY (since ||u,|ly < 1/n). Then the second hypothesis of Lemma [AJ] gives u = 0,
which is in contradiction with [ju|| ; = 1. O

Remark A.2. In some practical case, the second hypothesis of Lemma [A Tl may be
replaced by the following assumption:

(#4)" There exists a topological vectorial space F' such that B and Y are contin-
uously imbedded into F.
Then:

(1) Assumption (i7)" is stronger than Assumption (i4).

(2) Assumption (i7)" implies the existence of a Banach space G such that B
and Y are continuously imbedded into G.

(3) Asa consequence, under Assumption (i)', Lemma[ATlmay be proven using
directly a classical lemma due to J.L. Lions.

We first prove assertion (1). Then, let (u,)nen be a sequence of BNY such that
Uy, — win B and u, — v in Y. Thanks to the continuous imbedding from B and
Y in F', one has u,, — v in F and u, — v in F. Then, u = v, which is Assumption
(id).

We now turn to the second point. We set G = B+ Y and for u € G, one sets
llullg = inf{||lu1|| 5 + [|u2lly, v = w1 + u2, uy € B, us € Y'}. The only difficulty for
proving that ||-||; is a norm on G is to prove that ||ul|, = 0 = u = 0. Let u be such
an element of G, i.e. be such that |lul|, = 0. There exists a sequence (U1, )nen
in B and a sequence (ugpn)neny in Y such that u = uy , + ugp, for all n € N and
Uiy, — 0in B, ug,, — 0in Y, as n — 4o00. Thus both sequences tend to zero in
F', which proves that u = 0.

Since both B and Y are continuously imbedded in G (since ||u| 5z < [Jul|, and
llully < |lulls), which is a Banach space, the proof is complete.

Let us now address the third issue. Lemma [A.]] is the Lions lemma if FF =Y.
Otherwise, this latter lemma may be applied with G instead of Y and gives that,
for all € > 0, there exists C, € R such that ||u|| 5 < €|lul| y + Cc||ul|s, for all u € B.
Since |||l < |I|ly-, we obtain Lemma

Remark A.3. We give now an example where the hypotheses of Lemma [A]] are
satisfied. Let 2 is a bounded open set of R? (d > 1) with a Lipschitz continuous
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boundary. Let 1 < p,r < oo, X = WLP(Q), B = LP(Q2) and Y = W L"(Q) =
(W(l)’rl)(Q)*, with v/ = r/(r — 1), that is the (topological) dual space of Wol’TI(Q).
The first hypothesis of Lemma [A ] is satisfied. For the second hypothesis, we
distinguish the cases » = 1 and r > 1. In the case » > 1, it is possible to take

= (C°(Q2))’, that is the set of linear applications from C°(Q2) to R (without
any continuity requirement). In the case r = 1, the choice FF = (C°(Q0)) is
not, convenient since C°(Q) is not dense in W4>(Q2) (and therefore two different
elements of W~51(Q) can have the same restriction on C2°(Q)). But, in order to
apply Lemma [A] it is possible to take F' = Y since in this case B is imbedded
in Y (as usual, one identifies here u € B with the linear form ¢ — fQ up dx, with

@ € C2°(Q) for the case r > 1 and ¢ € W™ (Q) in the case r = 1).
A.2. The Aubin-Simon compactness result.

Lemma A.4. Let X, B and Y be three Banach spaces satisfying the following
hypotheses:
(1) X is compactly imbedded into B.
(2) There exists a vectorial space F such that B and Y are imbedded into F
and, for all sequence (up)nen of BNY, if u, — w in B and u,, > v in Y,
then u = v.
Let T > 0, p € [1,00] and (un)nen be a bounded sequence of LP((0,T),X). Let
q € [1,00] and assume that the sequence (Opuyn)nen is bounded in L1((0,T),Y).
Then, there exists uw € L"((0,T), B) such that, up to a subsequence, u, — u in
L"((0,T),B), as n — +oo, with r = min{p, q}.
Proof. For short, we restrict the exposition to the case where (i7)’ holds, which
allows a simple proof with the classical Aubin-Simon compactness result. We take
G = B +Y with the norm defined in Remark we obtain that the sequence
(Ortn)nen is bounded in L9((0,T), @) and B is continuously imbedded in G. Then
the Aubin-Simon compactness lemma gives the desired result. (I

Remark A.5. We give here some precision on the sense of “Ou € L4((0,7),Y)”. Let
X and Y two Banach spaces and p,q € [1,00]. Assuming that v € LP((0,T), X),
the weak derivative of u is defined by its action on test functions, that is its action
on ¢ for all ¢ € CX((0,7)) (note that ¢ takes its values in R). Actually, if
¢ € C°((0,7)), the function (9,¢)u belongs to LP((0,T),X) and therefore to
LY((0,7), X) and the action of d;u on ¢ is defined as:

(Or, ) / 0

Note that (;u, @) € X.

In order to give a sense to “Oyu € LI((0,T),Y)”, we assume (as in Lemma [A]]
and Lemma [A7)) that X and Y are imbedded in the same vectorial space F. Then
Opu € L((0,T),Y) means that there exists v € LI((0,7),Y") (and then v is unique)
such that:

T T
—/ Opp(t) u(t) dt = / @(t) v(t) dt for all p € C°((0,T)),
0 0

this equality making sense since:

T
/8t<p t)dte X CF and /ap(t)v(t)dteYCF.
0
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APPENDIX B. A STABILITY RESULT FOR A GENERAL CLASS
OF CONVECTION OPERATORS

In a compressible flow, the mass balance reads:
(B.1) Owp + div(pv) = 0.

Let ¢ be a regular real function, and let us suppose that p, z and v are regular
scalar (for p and z) and vector-valued (v) fields, and that v -mn = 0 on 9Q2. Then
we have:

/ ¢’ (2)[0(pz) + div(pzv)] da = / pd' (2) Oz + p¢' (2)Vz - v dx

Q Q

B2 = [ poulo)] +pVe)] vde = [ po(:) - o(:)div(pw) de
= [ pos) o0 de = 5 [ pote) da.

Q

Taking for z one component of the velocity itself and ¢(s) = s2/2, this computation
is the central argument of the so-called kinetic energy conservation theorem. If z
satisfies 0y (pz) +div(pzv) —div(AVz) = 0, A > 0, choosing ¢(s) = min(0, s)?, using
¢(z) as a test function and applying (B.2)) yields the fact that z remains nonnegative,
if its initial condition is nonnegative (which can also be seen by noting that, thanks
to (B)), we have 9;(pz) + div(pzv) = p[8z + v - Vz], and this latter operator is
known to satisfy a maximum principle).

The aim of this section is to prove a discrete analogue to (B.2)). We thus general-

ize the proofs already given for the specific choices for ¢ mentioned above, namely
for ¢(s) = s%/2 in [15] and for ¢(s) = min(0, s)? in [1§].

Proposition B.1. Let (px)xem, (Px)kem and (Fk o)kem,oee(k)ne,, be three
families of real numbers such that:
(i) VK€M, p >0, pi >0,

(’LZ) Vo € ginta g = K|L, FKﬁg = _FL,U;
(B.3)

K X
(i) VK e M, % (Pr — PE) + Z Fr,=0.
oc=K|L

Let ¢ be a real convex function defined over R, and let (zx)kem and (25 )kem be
two families of real numbers. For o € &g, 0 = K|L, we denote by z, the quantity
defined by z, = 2i if Fx,o > 0 and z, = 21, otherwise. Then:

> (k) [% (px 2K — Pl 25) + D FK,UZU}

KeM oc=K|L
K
> 5 B o otei0) — pic ot
KeM

Proof. Let us write:

K N

> ) [ oo vk i)+ X Freos] =Ti 4T
t

KeM o=K|L
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with
K| .
T = Z o ¢'(2x) (P 2K — Pl 2K)s T = Z ¢/(ZK){ Z Fro er]
KeM KeM o=K|L
The first term may be split as 77 = T1,; + 11,2 with
K . K| *
Ti1 = Z % ¢'(2x) zx (PK — Pk ), Ti2 = Z % P O (2k) (2K — 2 ).

KeM KeM
By convexity of ¢, we get:

7> 3 Bl 6k — otz

KeM
The second term reads Th = T51 + 152 + 15 3 with:

Thy = Z ¢,(ZK)ZK{ Z FK,U:|3 59 :K% ¢(ZK){_ Z FK,O':|,

KeM oc=K|L o=K|L
Tos= 3 [ 3 Freo(6(er) + ') (2 — 210)) .
KEM o=K|L
By Relation (iiz) of (B:3), the terms T} 1 and T5; cancel, and T5 2 may be written
as:
K| .
Tro= Y ¢ 90ex) (px = Pic)-
KeM
Reordering the sums in 75 3 and using Relation (ii) of (B.3), we get:

Th3 = Z Fro[0(2x) + ¢'(2K) (20 — 2K) — d(21) — &' (21) (20 — 21)].
0€Ent, 0=K|L

Without loss of generality, let us suppose that we have chosen, in the last sum, the
orientation of o = K|L in such a way that Fx , > 0. We thus get, since z, = zk:

0dle = d(zx) + ¢'(2K) (26 — 2K) — d(21) — ¢'(21) (26 — 21)
= ¢(zx) — [0(z) + ¢/ (21) (25 — 2],
which is nonnegative by convexity of ¢. Finally, we thus get:

L]

T+T> Y o [k (6(ax) = 6(2k)) + 6(zx) (o — i),

KeM
which concludes the proof. O
Remark B.2 (Other choices for z,). In fact, the inequality of Proposition [B-1] holds

for any choice such that the quantity d¢|, defined in its proof is nonnegative, which
may be written as:

[0/ (2k) = ¢'(21)] (20 — 2K) = B(2) + &' (21) (2K — 21) — D(2K)-

Let us suppose that ¢ is twice continuously differentiable. There exists z, and Z,,
both lying between zx and zj and such that:

¢'(2x) = ¢'(21) + ¢" (%) (2x — 21),

Ber) = 8(e) + 9/ (21) (arc = 22) + 56 (o) (o = 20)°.
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Let us now define 6 such that z, —zx = 6 (21, — zx ). With this notation, we obtain
that d¢|, > 0 is equivalent to:

1 ¢//(§U)
0 < - ——=.
=3 ¢ (%)

By convexity of ¢, the upwind choice (i.e. § = 0) always satisfies this relation,

which is consistent with Proposition [Bl In addition, we see that, for ¢(s) = s,

2

the choice # = 1/2 is possible; in other words, as proven in [15], the centered choice
ensures the kinetic energy conservation.
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