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OPERATOR SPLITTING FOR TWO-DIMENSIONAL
INCOMPRESSIBLE FLUID EQUATIONS

HELGE HOLDEN, KENNETH H. KARLSEN, AND TRYGVE KARPER

ABSTRACT. We analyze splitting algorithms for a class of two-dimensional fluid
equations, which includes the incompressible Navier—Stokes equations and the
surface quasi-geostrophic equation. Our main result is that the Godunov and
Strang splitting methods converge with the expected rates provided the initial
data are sufficiently regular.

1. INTRODUCTION

Let T > 0 be a finite final time. We are interested in solutions 6: [0, 7] x R* — R
to the generalized active scalar equation

(1.1) O; +u-VO+A0 =0, in (0,7)xR? «c(0,2],

where V is the gradient operator and A = (—=A)'/? is the fractional Laplacian
defined through Riesz operators (see Section ). The divergence free velocity w is
determined directly from 6 through the nonlocal relation

u = curl A=79, Bell,2],

where curl = Vi denotes the spatial curl operator defined by curl(¢) = (—¢y, ¢z).

The general active scalar equation (LI)) seems to have appeared first in the
mathematical literature in [3]. The general formulation encompasses a whole class
of two-dimensional fluid equations, interpolating between the Euler/Navier—Stokes
equations and the surface quasi-geostrophic equation. Different choices of o and
B lead to different fluid equations. The most interesting (and studied) examples
are the Navier—Stokes equations (o« = 8 = 2) and the surface quasi-geostrophic
equation (8 =1, 0 < o < 2) [B]; in the latter case, u = (—=R20, R10) with R, Ro
denoting the usual Riesz transforms in R2.

The quasi-geostrophic equation has recently received considerable attention from
the mathematical community. In particular, since the two-dimensional Navier—
Stokes equations admit smooth solutions, it has been a question if the quasi-
geostrophic equation exhibits similar behavior. In this respect, it is common to
distinguish between three cases of « for the geostrophic equation. When « € (1,2),
the dissipation term A% provides enough regularization to guarantee the existence
of smooth solutions [6]. When a € (0,1), the global properties of solutions are still
open. The remaining case (a = 1) is known as the critical case, and the global
behavior of solutions was settled only recently (cf. [1 14, 8] and the references
therein).
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In terms of the physical applicability of (L.1J), it seems like the most relevant mod-
els are the critical geostrophic equation and of course the Navier—Stokes equations.
In particular, the critical geostrophic equation has been proposed as a simplified
model for strongly rotating atmospheric flow. We refer the reader to [19] for more
on the physical aspects of the model.

We now turn to the main topic of the present paper, namely operator splitting
algorithms for computing approximate solutions to (II]). Generally speaking, the
label “operator splitting” alludes to the well-known idea of constructing numerical
methods for an intricate partial differential equation by reducing the original equa-
tion to a succession of simpler equations, each of which can be handled by some
efficient and tailor-made numerical method. The operator splitting approach has
been comprehensively described in a large number of articles and books. We do
not survey the literature here, referring the reader to the bibliography in [9].

Regarding the Navier—Stokes equations, which is a special case of (1), operator
splitting (viscous splitting) has been analyzed and applied in a great number of
works; see, e.g., the book by Majda and Bertozzi [I7]. Indeed, viscous splitting has
been frequently utilized as a design principle for numerical methods for the Navier—
Stokes equations, including vortex or particle methods and transport-diffusion or
characteristic-Galerkin methods. Error estimates for Godunov and Strang viscous
splitting algorithms have been established, e.g., in [I7], utilizing arguments that are
different from ours and which rely on the well-known fact that there exist unique,
global smooth solutions to the two-dimensional Euler and Navier—Stokes equations.

In this paper we apply operator splitting to separate the effects in (ILI]) of the
transport term u = curl A=?6- V6 and the fractional diffusion term A®f. This type
of splitting is reasonable as it allows for specialized hyperbolic methods to be applied
in the transport step and specialized “Fourier space” methods in the fractional
diffusion step. The interested reader can consult [9] for further information on
operator splitting.

Our main contribution is that we contribute rigorous proofs of the expected
convergence rates for operator splitting applied to the general active scalar equation
(TI). Our approach is inspired by the recent paper [I0] (see also [I1]) on splitting
algorithms for the KdV equation, and for that reason our results apply under the
standing assumption that there exists a smooth solution to (II]). This assumption
is verified for the Navier—Stokes equations and the quasi-geostrophic equation with
«a > 1. Tt is also reasonable to expect the existence of unique smooth solution in
the regime « € [1,2] and 3 € [1, 2], cf. [4, 12} 13} [18] for results in that direction.

Let us now discuss our splitting methods in more details. For this purpose, we
write (L)) in the form:

0r=C(0),  C(0)=A(0)+ B(0),
B(#) = —curlA=70-V0,  A(f) = —A“0.

We will need the solution operators ® 4 (¢, 0y) and ®p(t, 6p), defined as the solutions
to the abstract differential equations:
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For local-in-time existence results for the inviscid equation 6; + v - VO = 0 (i.e.,
existence of the ®p operator) when the initial data belong to Sobolev or Triebel-
Lizorkin spaces and 3 = 1, see [5l [7, 2]; although for 8 # 1 such results cannot be
found in the literature, they can be proved by properly adapting the arguments in
[Bl [7, 2]. Regarding the ® 4 operator, the fractional diffusion equation

v + A% =0, v(0) = wo,

has a solution given by v(t) = G, (t) xvg, where G, (¢, ) is the fundamental solution
in R? which can be expressed in terms of the Fourier transform G, (t,&) = e t¢”,
If G (z) denotes the inverse Fourier transform of e~ ¢ then

Gol(l,x) = t=a Gy (xt*i) )

We refer to [16] 20] for further information.

The first operator splitting method we will study is known in the literature as
Godunov splitting. The method is defined as follows: Set 8° = 6, and sequentially
determine approximate solutions 6™, n =1,..., M, satisfying

0" = &4 (AL, Dp(AL ")) = DA(AL) 0 Pp(AL) (™).

Formally, one can show that ||#(nAt) —6™|| = O(At) in an appropriate spatial norm
in the limit At — 0 and nAt = t. In Section 2.2 we will rigorously prove this linear
convergence rate. Specifically, we show that (for small At)

10(nAL) — 0" ggs—2 < C(T)At[|0o| v,

for all kK > 5. The second method we will consider is known as Strang splitting: Let
0° = @y and determine sequentially

. At At
gt — @B(7,@A(At, 550 )))

— [2a(5h) o @atan owa(5)] 0

Formally, one can show that the method is second order in A¢. That is, ||§(nAt) —
0"|| = O(At?) in an appropriate spatial norm in the limit At — 0 and nAt =¢. In
Section [2.2] we show that

10(nAt) = 07| gre—se < C (160l ) AL,

for any sufficiently small time step At > 0 and for all k& > max{5, 3a}.

To build fully discrete numerical methods for the fluid equation (II]), we have to
replace the exact solutions operators ® 4 and ® g by appropriate numerical methods.
However, we will not discuss that here.

The paper is organized as follows: Section 2] is of an introductory nature and
collect some results to be used later on. The convergence rate result for the Godunov
splitting is proved in Section [3, while the Strang splitting is analyzed in Section Ml

2. PRELIMINARY MATERIAL

2.1. Existence and regularity results. Presently there is no complete existence
theory for the equation (CI)). In this paper, we will assume the existence of a
unique solution with the same regularity as the initial data. In the literature, one
can find results confirming this assumption for some specific cases of o and S.
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For a = = 2, the equation (L)) is the incompressible Navier—Stokes equations.
The following result is by now classical (cf. [15]).

Theorem 2.1 (Navier-Stokes). Leta= =2 and T > 0. If 0y € H*, there exists
a unique solution 0 € C(0,T; H*) of ([I) with initial data 0],—¢ = 0.

The next theorem gives the well-posedness of the quasi-geostrophic equation
when « € [1,2). The sub-critical case (o > 1) was established in [6]. Well-posedness
in the critical case o = 1 can be found in [I} [14] [§].

Theorem 2.2 (quasi-geostrophic). Let 8 =1, a € [1,2), and let T > 0 be a final
time. Assume that 6 € H* for some k > 1. Then, there exists a unique solution
6 € C(0,T; H*) of (L) with initial data 0|4—o = 6p.

Since (L)) appears to be better behaved when § > 1, it is reasonable to expect
that the previous theorem continues to hold in the entire range «, 8 € [1,2]; cf. [4,
[12], 13}, [1]] for some relevant results.

In what follows we shall also need a local-in-time existence results for Sobolev
regular solutions to the inviscid version of (LI]). However, as mentioned in the
introduction, the currently available results [5 [7, 2] apply only to the inviscid
quasi-geostrophic equation (8 = 1),

9t—|—u~V9:O, u = (—Rge,Rle),
with initial data 6|;—g = 6y belonging to some Sobolev space H*. Throughout this
paper we will simply make the standing assumption that the inviscid generalized
quasi-geostrophic equation (8; +u - V6 = 0, u = curl A=%0 for 3 € [1,2]) possesses
such a sufficiently regular solution.

2.2. Fractional calculus. The fractional Laplace operator A% occurring in (L)
is defined using Fourier transform, namely

A f=F1( - [P F(S)

Our normalization of the Fourier transform reads
i) = [ s@e s, T = [ e,
R2 R

In the upcoming analysis, we will need a different representation of A%. Since we
require « € (0,2), [7] provides the identity
o.f

‘2+o¢

_I'(1-a/2)
r2 |2 -~ m20T(a/2)’

for all f in the Schwartz class (in particular all f € C§°). Here, P.V. [ ---dz denotes
the principal value integral, and we have introduced the notation

5:f(€)=f(E+2)— f(6), &zeR

We will make use of the following Leibniz-like formula “with remainder”:
G(f,9) == A%(fg) — FA%g — gA" [.
By adding and subtracting, we see that
(2.1) 0:(f9) = 90=f + f 029+ 0:f b.g.

Multiplying @1)) with |2|=2=# and integrating over z provides the following repre-
sentation of G¥.

A®f =C,PV.

dz, Cg,
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Lemma 2.3 (Leibniz formula). If f and g are sufficiently smooth functions, the
following identity holds pointwise:
Co P.V.[, %8329 g2 fora e (1,2)
G°(f,9) = A®(fg) — fA%g — gA®f = R TP 2
(f.9) (fg) = fA"g — g\ f {Wf.vg? fora =2,

In our analysis, we will make several applications of the above Leibniz rule. The
following proposition provides an LP estimate for the term G®. It is a variation of
a result due to Constantin [3].

Proposition 2.4. Let 1 < p < oo. For each fixed a € (0,2], there is a constant C
depending on « such that

1G°(£,9)llzs < C U Fla19gl20)*/2 (Sl lglles)' =72,
forall f, g € C§°.

Proof. The result follows directly from the Holder inequality when oo = 2. We may
thus assume that « € (0,2). Let us write G*(f, g) as the sum of two parts:

G —py. [ g [,
|z

|z|<r |Z|2+a
=J2(f.9) + KX (S, 9)-

(i) We commence by estimating the first term:

6.f0.9

|2+a

P
1T 9 = dz| da

z|<r ‘Z

p
< / / % dz | dx
R2 |z|<r |Z‘

|5q fd4.9
i) %49 dqy ...dq,dx.
/W /|q1<T /qu<T =1 >+ '
1

Since >0, = 1, we can apply the generalized Holder inequality to obtain

1T (e < : |qz| 2160, fO0 9l v day ... dg,
l1|<
q1|>T q

‘ p|<r2 1
< / y / TT 102164, £l [Gugllco das .. day
lg1|<r lgp|<r ;1
< / y / L1029 Fllo= [Vl dar ... dgy
[q1|<r lap|<r ;4

P
— IV Va2 ( / T dz>

< POV FIE L Vgl

where we have used that ||6, f||z» < |2||V f| z», for all f € WP,
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(ii) A calculation similar to the previous yields

A | Hm S, F a6
Q1\>7" lap|>r ;=

<o [ AT ol do
Q1\>T lgp|>r ;=

P
< CI I~ ol ( [k dz)
|z|>r

<r PO flzllglls
Optimizing in r yields the result. O

|Lp dQ1 d

In order to work efficiently in our Sobolev spaces we will need to provide some
standard definitions, mostly to fix the notation. Let [ denote a two-dimensional
multi-index, i.e., I = (I1,12), I; € Ng. Then we write
ol f

Dif=vif=_——- 71
=V Oxhdyl2’

0| =11 + L.

If £ € N we let
ViFE={VS =10

and

Vif:Vig=>Y ViVl

Il\lﬁf
We will be working with the Sobolev spaces
H* = H*R) ={f € 8" | 1+ [¢)"*F(f(¢)) e L*(R)}, keR

(where S’ denotes the set of tempered distributions). If k is a natural number, H*
is the standard Sobolev space with inner product and norm given by

k

foghue =Y (VL2 1 fllge = (F F)e,

(=0
where we have introduced
(V£ V') = > (D'f,D'g)
|U|=¢

In our analysis, we will apply the following corollary of the previous proposition.

Corollary 2.5. For each fized o € (0,2] and integer k > 3, there is a constant C
depending on « such that

IG(fs Dl e < Cllflmrsallgllmesa,
for all f, g € HFL,

Proof. Since C§° is dense in H**!1 we may assume that f, g € C5°. By definition,
k
1G (£, )l = D_IV° G (£.9)17-
s=0
Our strategy is to prove the desired estimate for each of the terms in the sum
separately. For this purpose, we let s = 0,...,k be arbitrary and consider an
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arbitrary component of VSG(f,g). Using Lemma and the standard Leibniz
rule, we deduce

0° o
WG (f.9)

- /MHQZZ( )(H>

n=0m=0

8m+n 8s—m—n

s—1 - ogmtn Hs—m—n
Z Z ( ) ( ) ¢ (8l‘naym f’ 8xl—"ays—l—mg> :

n=0m=0

For m, n such that 2 < m + n < k, Proposition 2.4 can be applied to conclude

o 8m+n 8s—m—n
HG (aznaym f’ axlnayslmg)‘ 12

2 1— 2
< O fllare V3 m gl 9 L2175~ |10 < O f s gl v -

Conversely, if m,n is such that 0 < m +n < 1, Proposition 2.4 allows us deduce

am+n 8sfmfn
GOA
H <axnaym f’ 6xl—nays—l—mg) ‘ 2
< Ollgl s [V FIF L2 £ 0
< Cllgll el fllme < Cllgllgre 1 | eer,

since k > 3. Now, by taking the L? norm on both sides of (Z2) and applying the
previous calculations, we gather

o=

aaigg—1C L9 < Cllflaeeliglaer

L2

Hence, any given component of VEG*(f, g) satisfies the desired bound. Thus,

IG(f. 97 = ZHVSfHL?<C||fHH"+1||g”Hk+1

s=0

which completes our proof. O

2.3. Two auxiliary lemmas. We will make heavy use of the following two lemmas
throughout the paper. Their proofs are technical and tedious, but straightforward.
For this reason, proofs are deferred to the appendix.

Lemma 2.6. Let k > 6 be an integer. Then,

k

(2.3) >

s=0

for all f € H”.

VIS ewl A2 ) VS da) < Ol e
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Lemma 2.7. Let k > 4 be an integer. The following estimates hold:
k

(2.4) >

s=0

/ Ve (Vf-curlAfﬁg) :Vef de
RN

< Cliglla I f Iz, fog € H,

k
(2.5) >

s=0

/ v? (Vg . curlA‘ﬁf) Ve f dx
RN
< Cllgllgrea lf 3,  f€ HY, g HFL

3. GODUNOV SPLITTING

In this section we prove rigorously the expected linear rate of convergence for
Godunov splitting. As part of the proof we also show that this splitting method
is well-defined and that it produces regular approximations. The results are valid
under a condition on the length of the time step At.

We begin by precisely defining Godunov splitting for (II)). For this purpose,

write (LI) as
9, =C(0), C(0) = A0)+ B(9),
B(#) = —curlA=70-V0,  A(f) = —A“0.

Using the operators A and B, we define the solution operators ® 4 and ®p as the
solutions to

XPa(t,b0) = A(Pa(t,00)), 2a(0,00) = 0o,
atCI)B(tv 90) = B((I)B(ta 90))v @B(Oa 90) = to.

The Godunov splitting method is classically defined as follows: For At > 0 given,
construct a sequence {A", 6"t/ Q}TLL:’;/OA” of approximate solutions to (II)) by the
following procedure: Let 6° = 6y and determine inductively

0" Y2 = dp(AL ™), O =D, (AL O, n=0,...,|T/At] —1.

To facilitate the convergence analysis, we will need a different definition of the
Godunov method. Our definition can be seen as an extension of the splitting
solution {6, 6"*1/2}, to all of [0, T]. The most used method of extension is to let
“time run twice as fast” in each of the sub-intervals [t,, %, 1/2] and [t,41/2,tn11],
where as usual ¢, = rAt for r € [0, 00), thus obtaining

'R (t) _ (I)B(z(t_tn)ven)v te [tnvthrl/Q)v
() =
D420t — tngry2), 0"TH2), t € [tngryastngr)-

Although it appears to be a natural extension, it does not seem to be appropriate
for our purpose. Instead, we will follow the approach taken in the paper [I0], and
introduce two time variables instead of one.

Our Godunov splitting method is given by the following definition.
Definition 3.1 (Godunov splitting). With At > 0 given, define the domain

|T/At]—1
QAt = U [tn>tn+1] X [tnythrl}-

n=0
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At B >

FIGURE 1. A schematic view of Godunov splitting.

The time-continuus Godunov splitting solution ¥ : Qa; — R is defined as the
solution to

9(0,0) = 6o,
{vt(t,tn) = B((t,tn)), t€ (tn,tnil,
(3.1) Vt=¢, = 0",
{M,T) = A@D(7)), (8,7) € [tnstnga] X (bns o],
Or=t, = 9(t,15), t € [tns tnial;
cf. Figure [

Observe that
Htp,ty) =60, n=0,...,|T/At].
Thus, 9(¢,t) is an extension of {6"},, to all of [0, T].
To measure the error, we will use the function
e(t) = 9L, 1) — B(t),

where 6 is the (smooth) solution of ([LIJ).

It is not trivial to obtain the existence of a splitting solution 1} in the sense of
Definition Bl Since the best available existence result we have for the hyperbolic
step is local-in-time, it is unclear if we can iterate the steps up to any given large
time T'. In fact, well-posedness of the method is one of our main results.

The following theorem is our main result in this section.

Theorem 3.2. Suppose 0y € H* with 6 < k € N, and that o, 8 € [1,2]. Then, for
At sufficiently small, we have the following:

(1) The Godunov splitting approzimation V(t,7) is well-defined. Moreover,
I(t, ) belongs to C([0,T)?; HY).
(2) The error e(t) := ||9(t,t) — O(t)|| gr—2 satisfies

lle(t)]| gre—2 < tCAL|0o]|F-

Theorem will be an outcome of the results proved in the subsections below
(Subsection will bring the pieces together).
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3.1. Evolution equations for the error. To prove Theorem B.2] we will analyze
a set of evolution equations satisfied by the error e (see [I0]), which we now derive.
We shall need the following Taylor expansion satisfied by an operator E:

1
B(f +9) = B()+dB(lal+ [ (1= 2)EB( +0)ll? d.
Using the definition of ¥ and the above Taylor formula, we deduce
—dC(0)[e] = 9y + 9r — 0, — dAD)]] - dB(en )
=+ A() — (A+ B)(0) — ( )e] — dB(0)]e]
=0y — B(Y) + (A(V) — A(0) — dA(0)[e])
+ (B() — B(0) — dB(0)[e])

1
= F(t,t) +/ (1 —~)d*C(0 + ~ve)[e]? d,
0
where we have introduced the “forcing” term
F(t,7) = 0:(t, 7) — B(I(t,T)).
By direct calculation,
F, — dAW)[F] = vz — B(9), — dA@)[9, — B()
= A(0)¢ — dB(9)[0-] — dA(D)[0:] + dA(D)[B()]
= dA(D)[V] — dB(9)[A(D)] — dAW)[V:] + dA(D)[B(V)]
= [A, B](V),
where we have defined the commutator
(A, BI(f) = dA(H)B(S)] - dB()A(f)].
For the fluid equation ([II), we have that
A(f) = —A“f,
dA(f)lg] = =A%,
d*A(f)lg,h] = 0,

(3.3)

and
B(f) = -Vf-curl APf,
dB(f)[g] = =V f - curlA=Pg — Vg -curl AP f,
d’B(f)[g,h] = =Vh-curl A=Pg — Vg - curl A" h.
The Leibniz formula (Lemma 2.3)) yields
[A, B](f) = A* (Vf - curl A" f)
—Vf-curlAPAYf — (VAYf) - curl AP f
= G(Vf,curl AP f).
Hence, for the fluid equation (1), equations (B2)—([B3) read:
F =19,4+V9Y-curl A7P9,
(3.4)  F.+A°F = G¥(VY, curl A=P9),
(3.5) et + A% =F —Ve-curl A7%0 — VO - curl A~Pe — Ve - curl A= Pe.
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The equations (34]) and (B3] constitute our main tool for proving Theorem

3.2. Estimates on the error. Lemmal[3.5] below provides an estimate on the error
e that will be a key ingredient in the proof of Theorem The estimate depends
on two auxiliary results (Lemmas and B4) that we first prove.

The first auxiliary results gives perhaps the most fundamental property of our
splitting solution. It states that if the splitting solution is in H*, k > 6, then it is
actually in H*+2,

For notational convenience, let QtA; denote the set of all times prior to (¢, 7):

QZ;:{(S,G)EQAHOSsgt, OSUST}:QAtﬂ([O,t] % [077_])_

Lemma 3.3. Assume that o, 5 € [1,2], 6 < k € N, and let ¥ be the Godunov
approzimation to [II) in the sense of Definition Bl and B1I).
If for some (s,0) € Qa,

(3.6) 19(s, )2 <, (s,0) € Qg

then
[9(s,0) | n < €700l grn,  (s,0) € Q.

Proof. By direct calculation we see that

k
1
O, 5198, ) Fe = /R Vi, VI da
£=0

Hence, for (t,7) € [tn,tni1] X (tn,tnt1], n=0,...,|T/At] — 1,
[0, T < 110 ta) 170

We now calculate a bound on the H* norm of ¥(t,t,). By definition,

2
VZAQ/W‘ dz = —[[0]2 40 e

k
1
05 19t ) = Z/Rz Vi, : V09 da
(3.7) Hk
= —Z/ VE (VY - cwrl AP : VI da.

=0 /R

Applying Lemma to this identity, we see that
1
(3.8) Q5 10(t, ) 570 < CUOCE ta) | =2 [t ) [y
Clearly, this allows us to conclude that
OOt t)ll e < CHIO(E, ) 1,

and integration in time gives

19t )| < 7070

Wty tn) || 75

Consequently,
[0, ta) | e < €7 (1801 rv,
which completes the proof. O

The following lemma is our second auxiliary result.
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Lemma 3.4. Let k, t, and 7 be as in the previous lemma. Then
1F(s,0) || n2 < At C1e% |00 3e,  (s5,0) € Q]

Proof. Applying V* to ([B4), multiplying componentwise with V*F| summing over
s =0,...,k— 2, and integrating over the domain gives

1
3r§||F||§pc—2 + 1) =2t
k—2
(3.9) -y / VEF : VEGO (Y, curl A-P) da
s=0 R2

< O||F|| gre—2||G*(VY, curl A=P9) || ri—o.

An application of Corollary to B9) gives (here we do not make use of the
regularizing effect of A=7)

8T%||F\|§{kfz < C||Fll g2 VO o || carl A2 s < CIF| o |9
In view of Lemma [B.3] this means that
O || F |l i < Cre® 60|
Since F'(t,t,) = 0 integration in time gives
|F ][ v < ALC1e“27 (|60 7.
which concludes the proof. O
The next lemma will be the key ingredient in the proof of Theorem

Lemma 3.5. Let k, t, and 7 be as in Lemma B3l Then,
le(s)||gr—2 < sAtCre 0|3, 0<s <t

Proof. Applying V*° to [B.8]), multiplying componentwise with V*e, summing over
s=0,...,k—2, and integrating gives

1
5875H6H%{S + [lell3esare
k-2
= Z/ [VSF Ve + V* (Ve . curlAfﬁe) - Ve
o /R2

(3.10) —V* (VO curlA™Pe + Ve - curl A7) : Vse} dx

k—2
< lel| gr—2 | F|| gr—2 + Z/ |V (Ve curl A Pe) : Voe
s=07/R?

k—2
— )V (VO-curl A Pe 4 Ve - curl AP0) : Voe | da.
s=0
An application of Lemma [2.6] provides the estimate

k—2
(3.11) Sz_(:)/]}@ V* (Ve curl A™Pe) : Vie da < C|le||3r-e

< Cllellzs-2 (19l zre-2 + 10l zrx-2) < CllelFpu-z (v + 160l =),

where we have also used that ||| gr—2 < 7.
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By virtue of Lemma 2.7 we also have the estimate

k—2
Z/ AV (Vt? ccurl A Pe + Ve - curl Afﬁﬁ) : Ve dx
(3.12) = J

< C (101l zze—llelzgn—» + 100 rre—2lel Fx—2) -

Combining BI2), (3IIl), and applying the result together with Lemma B4l to
BI0) enables us to conclude that

Olle]l -2 < At CLe® |00l Fps + C(y + 160°| o) e .

An application of the Gronwall inequality (recalling that e(0) = 0) yields the result.
O

3.3. Proof of Theorem We will make use of the following bootstrap lemma
(cf. [2I], Proposition 1.21]):

Lemma 3.6. For each (t,7) € Qay, suppose that we have two statements, a “hy-
pothesis” H (t,7) and a “conclusion” C(t,T). Suppose that we can verify the fol-
lowing assertions:
(1) If H(t, ) is true for some (t,7) € Qay, then C(t,7) is also true.
(2) If C(t,7) is true for some (t,7) € Qay, then H(t',7") is also true for all
(t',7") in a neighborhood of (t,T).
(3) If (t1,11), (t2,72), ... is a sequence in Qay converging to (t,7) € Qa¢, and
C(tn,Tn) is true for all n, then C(t,T) is true.
(4) H(t,T) is true for at least one (t,7) € Qay.

Then C(t, 1) is true for all (t,7) € Qas.
Let H(t,7) denote the statement
H’L9(5a0')|‘H""—2 <7, (S,O’) € QtAJ;’
and C(t,7) the statement
g T
Hﬁ(SaU)HH’“*Z < Ea (S,O’) € QtAt’

where 7 is some value which will specified below. Let us for a moment assume that
assertions (1)—(4) of Lemma 38l are true for H and C'. In this case Lemma B0 tells
us that C(¢,7) holds for all (t,7) € Qa;. Hence, the H*~2 norm of the splitting
solution never blows up and thus the existence part of Theorem [3.2] follows readily
(a local-in-time solution can be extended to all of (0,7)).

Let us now verify assertions (1)—(4) of Lemma Bl for our choice of H(t,7) and
C(t, 7). First, we observe that assertions (2) and (3) clearly hold. For assertion (4)
to be true, we assume that ~ satisfies

(3.13) 19(0,0) | rx—2 = [|6o]| gr—2 < -

Then it remains to verify assertion (1). For this purpose, let us assume that H (¢, 7)
is true for some (¢,7) € Qa¢. Lemma [35] can then be applied to obtain the bound

(3.14) lle(s)||gr—2 < s(A)Ce |00 |75, s € [0,1].

We need to compare ¥(s,o) with the corresponding value on the diagonal, viz.
¥(s, s). Two cases need to be considered:
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(i) If ¢ > s, we observe that

k—2 k=2
1
Do 5 [19(s, 0) |72 = Z/ Vo, : Vo do = — Z/ IVEA/2Y| dx < 0,
s=0 R2 s=0 R2

(using that o < 2 to make sure the expression is finite) which implies that
[9(s, )| =z < [|9(s, )| pri—2.
(ii) If o < s, we first see that

k—2
Z/ Vo, 1 VOO da
s=0 7R

k—2
Z/ VEAY : VO dx
s=0 R?
(using v < 2) which implies that
|06 110(s, )| 1rn—2] < [|9(s, o)l g5

1
0r 5 9(5,0) 32

< N[0 (s, o) zn—2l10(s, )| 113

Using this inequality and applying Lemma we find

[0(s, o)l zzr—2 < [|9(s, )l > +/ |05 [[9(s, )l do
< N9(s, 9)ll ez + At sup |[[9(s,0”)|| e

o’'€lo,s]
< [0(s, )| ez + At e ||6o|| -
Thus in both cases we conclude that
195, 0) | zrx-2 < 1905, ) | zn-2 + AT [Boll g, |s — o] < AL

By applying the previous inequality, adding and subtracting 6, and involving (BI4)),
we estimate

195, 0) | w2 < lle() | rx—2 + [10(5) ]| -2 + At e ||fo|
(3.15) < CAte T (s]|60 7k + (160l ) + C 6ol
S At C’l(’y) + CQ.

Now, we fix v and At according to

Y= 402a At <
and note that this is not in conflict with (BI3).
Then, BI5) gives

||19(S,O')||Hk—2 <20, = %7 (870) € QtA";

which verifies (1) in Lemma [3:0

At this point we have verified assertions (1)—(4) of Lemma for our choice of
H(t,7) and C(t,7). Consequently, Lemma B.6 tells us that C(t,7) is true for all
times (¢,7) € Qa;. In other words,

(3.16) [0t 7) || g2 < % (t,7) € Qar,

which concludes the existence part of Theorem
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FIGURE 2. A schematic view of Strang splitting.

Equipped with ([3.I0), we can apply Lemma to obtain the error estimate
let)|| gr—2 < tALtCeCt||O0] %%, t€[0,T),
which is the second part of Theorem |

4. STRANG SPLITTING

In this section we prove the expected second-order convergence rate of Strang
splitting applied to (II). We also prove that the method produces regular solutions
up to any given finite final time 7" > 0. The results are valid under a condition on
the size of each time step At.

We will continue to use the notation and definitions introduced in the previous
section, unless explicitly stating otherwise. The Strang method we consider in
this section reads as follows: For At > 0 given, construct a sequence {9”}7?:/,?”
of approximate solutions to (L)) by the following procedure: Let 6° = 6, and
determine sequentially

o — 3, (%,@A(At, @B(%,en)))

20(5) 0 @a(an) 0 a5 07)

As with the Godunov splitting, the convergence analysis will require a time-
continuous interpolation of the Strang approximations {#"},. In contrast to the
Godunov case, we will now introduce three time variables instead of two. This
approach is different from the one taken in [10], and indeed appears more natural.
In [I0] the authors stick to two time variables and interpret Strang splitting in
terms of two “At/2” Godunov splittings, and in alternating order.

Definition 4.1 (Strang splitting). With At > 0 given, define the domain
\T/At] -1

tn tn tn tn
Qar = U [5, ;1] X [tn, tnt1] X {77 ;1}

n=0
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The time-continuous Strang splitting solution ¥ : Qa; — R is defined as

(4.1)
9(0,0,0) = 6,

0 (bt y) = B (1), te (5],
19|t:"7” =0"
{197' (t77—7 %) =A (19 (t77—’ %))

19|T:tn =19 (t7tn7 %L) ’

dolt,7,w) = B0 (t,1w), (t1,w)e [% ;} % [t trsn] X (%t;)
Iootn =0 (6,7, %), (k) e |, s

_ln
w==3

cf. Figure

In each box [%”, t"%} X [ty tni1] X [%, t"%}, it is of particular interest to
consider the function ¥ restricted to the diagonal, i.e., the function ¢ (%,t, %) for
t € [tn,tnt1]. Observe that at each point on the diagonal, ¢ is a Strang splitting
solution with a specific time step. Specifically, (%,t, %) is a Strang splitting
solution with time step t — t,,. Consequently,

ln ln
0 <?,tn, ?) =6", n=0,...,|T/At],

and hence that ¥ (£,¢,1) can be seen as an extension of {#"},, to all of [0, 7.
To measure the error between the splitting approximation and the exact solution,

we will use the function
t t
t)y=9=,t,— | —0(¢t
()= (505 ) - 000

where 6 is the (smooth) solution of (II]).
We state two main results in this section.

Lemma 4.2 (Well-defined). Let ¢ = ¥(t,7,w) be the Strang splitting solution of
(@) in the sense of Definition A1l Suppose 0y € H* with 6 <k € N, a, 8 € [1,2],
and that At > 0 is sufficiently small. Then

(1) the Strang splitting method is well-defined with 9 € C([0,T)?; H*);
(2) the errore(t) = I(L,t, L) — O(t) satisfies

2:% 32
lle(®)]| gr-2 < C't At.
for some constant C' = C (||0o|| =),
Theorem 4.3 (Convergence). Under the conditions of the previous lemma,
le(t)lare-a0 < C(AL,

for some constant C' = C (||6o|| z+)-

Lemmald.2]and Theorem £33 will be consequences of the results stated and proved
in the ensuing subsections.
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4.1. The error evolution equations. To prove Lemma 2] we will use the same
approach as for the Godunov method. However, since we are now using three time
variables instead of two, we must derive a new set of evolution equations governing
the error.

By a direct calculation, the error e satisfies the time-evolution

er — dC(0)]e] = % +0, 4 %‘“ — 0, — dA(0)[¢] — dB(0)[e]
Uy

= U+ %B(ﬁ) — (A+ B)(0) — dA(0)[e] — dB(6)[e]

= 5 W~ B() + 9, — AW)
T (A(9) — A(6) — dAD)[e)) + (B(9) — B(9) — dB(O)e])

PO+ [ (1= )ECO +0le? b,
0
where F(t) = F (§,t,%) and
F(t,7,w) = % (O¢(t, 7,w) — B(O(t, 7,w))) + ¥y — A(O(t, T, w)).

Since ¥, — A(Y(t,7,w)) = 0 when w = %”, n=20,...,|T/At] — 1, we can apply
the arguments of ([B3]) to obtain

Fy — dAW)[F] = %[A,B](ﬂ), (t,r, %") € Qas,

where

[A, BJ(f) = dA(H)B(f)] = dB(f)[A(S)]-

We also derive the following equation for the evolution of F' in w:

F, — dB(9)[F]
1 1 1
_ Eﬁt“ _ §B(19)w — idBw)wt — B(v)]

+ V7o — dAW)[Ve] — dB(9) [0 — A(D)]

= LB): — gABW)[i.] ~ LdBO)D] + LB [B)]
T AB(9)[9,] — dAW)[B(9)] — AB)Y,] + dB@)A®)]

= J ([BO)Y] ~ dBO)[B(9)] - dBO)[3.] + dBO)BO))
+dB(0)[A(V)] — dA(9)[B(V)]
= dB(9)[A(9)] — dA(9)[B(0)].
Thus, recalling the definition of [-, -],

F, —dB(9)[F] = [B, A](9).
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For (LI) the above evolution equations take the form:

—_

F=_ (0, +V9-curlAP9) + 9, + A%,  (t,7,w) € Qay,

(42) P+ A°F — ~G(V9,curl A%9), w— %" n=0,... |T/At,

N — DN

F,=-VY-curlA™PF —VF - curl A=%9

(4.3) — G“(Vﬂ,curlAfﬁﬂ), (t,7,w) € Qay,
e;+ A% =F—Ve-curl AP0 — VO - curl A Pe
(4.4) —Ve-curlA e, (t,7,w) € Q.

To prove Lemma we will adapt Lemmas B3] B4 and to the Strang
splitting approximation.
Let Q%7 denote the set of times prior to (t,7,w):

(4.5) QX7 = Qar N ([0,] x [0,7] x [0,]).

We begin by observing that Lemma can be easily adapted to yield the fol-
lowing result.

Lemma 4.4. Let 6 < k € N, and assume the existence of (t,7,w) € Qas such that

(4'6) ”19(3’ a, C)”Hk*? <7 (S’Ja C) € QtAﬂ;w'
Then
(4.7) 19(s, 0, O)ll e < e[| g, (s,0,¢) € QR

Next we prove a Strang version of Lemma [3.4]
Lemma 4.5. Under the conditions of the previous lemma,
(5.0, Olln—2 < At C1e®7+O, (s,0,0) € Q37

Proof. First, we observe that in the plane given by w = %”,

F(s,o,g):%(ﬂt—B(ﬁ)), n=0,... |T/At] - 1.

Note that while ' # 0 on the line (s,t,,%), there holds 1 (J; — B(J)) = 0 on

(s,tn, %”) Hence, we can repeat the arguments of Lemma [3.4] to conclude that

tn 1 tn ty
1760, s = g (4050, 5) = B0(s.0.2)) e
(4.8) t
< AtCre“*, (s,0, S € QR

We fix n such that (¢,7,w) € [%, t"2“] X [tn, tnt1] X [%, t"%] Now, to estimate
| F||g+—> at an arbitrary point (s,0,¢) € QX7*, we will first integrate in the w
direction to the plane given by w = %" and then apply the estimate (LF]). To

perform this integration, we apply V* to ([3), multiply the result with V*F, sum
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over s =0,...,k — 2, and integrate by parts, to obtain

k—2
1
031 Flfs = =3 [ VP0G (Vo.culA0) da
s=0

k—2
— s . -B R vi]
(4.9) g/mv (Vﬁ curl A F) - VeF dx

k—2
- Z/ V* (VF - cwrl A™P9) : V*F da
s=0 R2

=I5+ 1+ I,

and the goal is to bound the terms I, I3, and I3.
By first estimating as in (33), then using Corollary 25 and finally applying
Lemma [£4], we obtain

|| < ||F|| go—z |G (VY, curl A=P9)|| a2
< CO||F|| gro—2|| VO gre—1 |V curl A=P9| gie—

< C1||F || 22710 16012

To bound the two other terms Is and I3, we first apply Lemma 2.7 to find
|12 + 3| < Ol F |32 19l g1
An application of Lemma 4] then yields
|12 + Is| < C||F|[Fp-2“7C 0| v
Inserting these bounds back into (£9]),
DullFllsris < Cre®7CH) 1 G| F s,

Applying the Gronwall lemma we obtain

t
1F (5,0, Q)| ez < P72 (HF <s,a, 5”) H + At Olecﬂ<s+<>) .
Hk—2
Finally, we apply (@8] to conclude
1F(s,0,C) || g2 < At Cre@ T,

which completes the proof. (I

Lemma 4.6. Under the conditions of Lemma 4]
lle(s)lgr-2 < sAtC(y), s€]0,¢,
where C(7y) is a constant depending only on vy, T, and ||0p]| grr .

Proof. Since (@) is identical to (B, we can repeat the proof of Lemma B step
by step (using Lemmas [L4] and L8] instead of Lemmas B3 and B to conclude. O
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4.2. Proof of Lemma Recall that QtA’;’w denotes the set of all times prior
to (t,7,w); cf. (LH). To prove the existence part of Lemma 2] we will utilize the
same strategy as with did for the Godunov method in the previous section. That
is, to apply the bootstrap lemma (Lemma B6]) with H (¢, 7,w) as the statement

(4.10) [0(s,0, Q) lan—2 <7, (5,0,C) € QKT

and C(t,7,w) the statement

FY ,T,W
1965,0, s < 3, (5,0,0) € 04

where v is some value to be specified below. Note that there is no problem with
extending Lemma so that it allows three time variables instead of two (i.e.,
hypothesis and statement depending on three variables).

To conclude the existence part of Lemma 2] we must verify assertions (1)—(4) in
Lemma 3.6l Assertions (2) and (3) clearly hold. Regarding assertion (4), we make
the assumption

(4.11) 19(0,0,0)[| grr—2 = [|0o]| grr—2 < .

It remains to verify assertion (1). For this purpose, let us assume that H (¢, 7,w)
is true for some (¢, 7,w) € Qa;. In order to show assertion (1) we need to prove
that C(t,7,w) is true. We first note that H (¢, 7,w) being true renders Lemma [£.0]
applicable, allowing us to conclude

(4.12) le(s) |l gr-z < SALCL(v), s € [0,4].

Now, to estimate [|[9(s,a,¢)||gr—2 at any time (s,0,¢) € QX7* the idea is to
consider the time evolution of ||J(s, o, {)||gx-2 in the w and 7 directions. Let n be
such that (t,7,w) € [L, t"2+1] X[, to1] x [22, t"“} First we integrate from (s o,()
to (s, 0’, 2). Then, we integrate the result in the plane w = % from (s,0, %) to
(s,2s,L %-). Finally, we integrate in the w direction from ( 2s, L %) to the dlagonal
(5,2575). On the diagonal, we will then utilize ({I2) to conclude the necessary
bound.

By definition,

1
8w§\|19(5,0, Ol3pe—z| = Y dx
s=0

(4.13) ko2
= —Z/ V* (VY - carl A™P9) : V9 da
R2

< Ol gr—all 03—z < ACNI (5,0, O Fpx—s

where the estimate follows from Lemma [2.6] and where we have used ([@I0). The
fundamental theorem of calculus and ([@I3]) provides us with the estimate

195, 0 Ol gz < (1905, 0, ) [z + CAL - sup |95, 0, ¢ e
(4.14) el 5]
< ||’l9(3a a, C2)||Hk*2 + CAt HeOHH’C*?a

for any & < ¢ <*
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Similarly,

k
- Z/stmzvsmx

= —Z VEASY : VY da

o) ),
Hk—2 2 HFk

where we have used that o < 2. Thus
<[o(s=3)]..
Hk

1 n
aT_ H,ﬁ <S7U7 t_)
2 2 Hk—2

From the fundamental theorem of calculus, using the previous inequality and
Lemma [£4] we conclude

2 ln
H,ﬁ (8707_>" S 19 (87287 _)
2 Hk—2 2 Hk—2

(4.15) + At sup
o’ €[min{2s,0},max{2s,0}]

IA

N}

) ) Hk

128

HkE—2

Thus, by combining [@I4]) and @13,

||0<sa<>||sz<H (s %)+ cattboluns

HHk 2

H (s 2s, )H + At C |6p]| e
(4.16) -
<19 (5,28, 8)l| g2 + ALC [0 ]|

< lles)ll x> + [16(28)]| x—2 + ALC |[6o] 11
< Ci(7)At + Cy,

where the last inequality is [@I2). Now, we fix v and At according to

Cy
=405, At < ——
0 2 Cl()

and note that this is not in conflict with (ZI1]). Then, [@I6]) gives
[9(s, 0, O a2 < 2C2 =

Since (s,0,¢) € QX7 was arbitrarily chosen, this verifies (1) in Lemma B We
have now verified assertions (1)—(4) of Lemma for H(t,7,w) and C(t,T,w).
Consequently, Lemma[3.0] tells us that C(¢, 7,w) is true for all times (¢, 7,w) € Qa;.
In other words,

0

(417) ||19(t77—aw)||H’“*2 < 57 (taTa w) € QAt'
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Thus, we can conclude the existence part of Lemma 2l Since ([£I7) holds, we can
apply Lemma to conclude the error estimate

le(®)ll ez < tALC, t e [0,T),
which is the second part of Lemma |
4.3. Temporal regularity and auxiliary estimates. So far we have focused
on the spatial regularity of the splitting solution. To prove Theorem 3] we will

need regularity in time of ¥). Since we have introduced three time variables, it is
convenient to define a time gradient. We will use the notation

ft ftt ftT ftw
vtf = fT ) V?f = th fTT fTUJ )
fw fwt fwT fww

with the obvious extension to higher order (i.e., V¥ f for kth derivative).

Lemma 4.7. Let a € [1,2] and ¥ be the Strang splitting solution in the sense of
Definition B Then, for any k and | such that 6y € H*+o,

VL] e < C (|00l grsar) , (8, 7,w) € Qas.

Proof. We argue by induction on [. For [ = 0, the result is merely an application
of Lemma 4l Now, let us assume that the bound holds for [ = 0,...,q. To close
the induction argument, it remains to show the bound for | = ¢ + 1.

Let (¢/,7',w’) € Qa; be arbitrary and fix n such that

t t 1 t t 1
Iy ‘n tn+t to.t ‘n bnd )
(aTaw)€|:27 2 X[L7n+1]>< 27 2

An arbitrary component of V{9 can be written in the form

o1 01T

il = W 0<d,j,l<q+1, i+j+l=q+1, ijLeN.

To estimate the arbitrary component at the point (¢,7/,w’), we first apply the
fundamental theorem of calculus to write

2
SO e = [0k (¢, 2
i,5,0 Hk 2 i,5,0 g

HE

+Z/ / V40, ijzt ', s) V‘g@sz(t 7', 8) dxds.
tn R2
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By applying the definition of 6‘1
rule, we deduce

i j.0» the definition J,, (cf. {@I))), and the Leibniz

V0,08 Lt 7' s) : VIO (7', s) duds

u gat1 o »
Z/ / Ve rigagt et T 8) : VIO, T 5) deds
=0

2223 ()0 ()

UJI
X[,, /}R2 \VAl (curlA ﬁ@flj;l;rr(t 7! ,8) V@i :]n"? m(t/,T/,s))
2

S VEOITL( 1) 5) dads.

N4

Inserting this expression into the previous equality yields

1
LSVl 7

tn
(4.18) H@qj; (t/,T/, —)
2Js 2 B

23y ()0 ()

sO'rOnOmO

2

l
/ /R & curlA orrinir (! !, s). velr-rm m(t',T’,s))

VeIt (', 7, s) duds.

7,7,

Let us consider three separate cases of m + n + r in the quadruple sum above.

(i) If m +n 4+ r = g+ 1, the corresponding term in the above reads:

N4 i,7,4

/ / % curlA @q+1(t',7',s)~Vz9(t’,7",s)) VeeIti(t', ', s) drds
R2

<C ||19(t 7)o 1070t 7, 5) 17 ds

2

(4.19)

tn
2

UJ/
< C|o g / 10551t 7, )| ds.

Here, the first inequality is an application of Lemma [2.7] and the last inequality is
an application of Lemma [£.4]
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(ii) If m +n 4+ r = 0, we can also apply Lemma 2.7 to conclude

ko
Z/ / AVl (curl APY( ') s) - V@g?lz(t’,T’,sD : Vs@g;ﬁ(tlml,s) dzds
2 Jin Jga Js s

,5,¢

UJ/
: Cﬁ 19t 7", 8)l|wsa |OF] (¢, 7, )13 ds
%

’
w

O Lt 7', 9) |3 ds.

tn

2

< cHeOHHHl/

(iii) For the remaining cases (1 < m 4+ n+r < ¢), we first apply the Leibniz
rule to the spatial derivatives, then we overestimate the terms using the Holder
inequality. In this way, we obtain

koo
Z [ /R2 AV (curlA‘B@Tiﬁfr(t’, 7', 8) - V@gf:;i;jz:z(t’, 7/, s))
s=0" 2

: VS@?’Jﬁ(t’, 7', 8) dads

UJI
(420) <C / 10752t 7 w1075 3 (¢, 7 8) | s
x |1 (7 8) | e ds

i—r,j—n,l—m

UJ/
1
@) <0 [ 1O e ol d,
=z

where we have used the induction hypothesis and e > 1 to derive the last inequality.

By applying (@I9)-@2I) to @IS), we gather

1
SIOL Lt 7 W)z

2 ’
<slemi (v )| crin [ 1085k e s
2
w’ .
+Cllbollns [ 1OE5HE 7 5) s ds
2
1 ta\ | W'
< |lefty (2 +CAt+C 1L Lt 7, 8)|[3 ds,
2 J 2 )| gw tn J
2

where the constant C' depends on ||6p]| g7x+ 1+« By applying Gronwall’s inequality
to the previous inequality, we conclude

2
@2) O e < (Hem (v )

+ CAt) eCAt,

Hk

: [ Y A G+l 1 oty
We have now derived a bound on ©7(#',7",w’) in terms of O (¢', 7', %).

Next, we derive a bound on @3;2(15’,7", L) in terms of @g;;(t’,tn, o). For this
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purpose, we once again apply the fundamental theorem of calculus to obtain

2
1 t
et (v )
2 H i,5,¢ 2 7k
1 t
=3 @q+1 (t/7t'l ] l)
2” i,5,¢ D) a7
k -
+Z w00t (v, ) o veert (¢,5,2) deds
. Ll \"0 7 g ) L3\ 77 9
1 ty
~ e (t/ 3 ) B
t
SQQ+1/~"_sq+1/~
—Z/ /RQVA O (Y, 5 2).V®i)j7é(t,s,

¢ 2
o (o)

’
H /
k tn

2

ro|S$*

) dxds

1 ¢
’@gf}z (t’, 3, —”) H ds,
2 2 Hitar2

T2

where we have also used that ¥, = A(¥) for w = 2. It follows that
. 2 . 2
+1 n +1 n
(423) ‘9336 (t/ Tl,?) H@ng (t/,tn,5> .
H¥ H¥

743

Finally, we perform our last application of the fundamental theorem to obtain

2

1 t 1 t t
“ertt (¢ ¢ = _ ettt [y m

2 H z,j,E s Yy 2 - 2 z,j,f 2 s Uy 2 -

S 1 ~ t S 1 ~ tn ~
_Z/_ﬂ v at@gj[< n,g) veertl (s,tn75> duds.

2

2

By applying the same calculations to the previous equations as those used to

derive ([L22), we arrive at

2
(4.24) o1t (¢ t, tn < (llestt (t tn tn
0,5, ) 9 2 - — 0,5, 2 ) ) 2

Combining [A22), (@23)), and [@24)) gives

@q+; t_nvtnv 2 200 L oAy (eZCAt + eCAt) 7
2,75 2 2 Ik

2

Hk

+ C’At) eCAt

107, 7, ) < \

which immediately leads to

N
1071t 7w v < [©7FH(0,0,0)[[ ue @2 4 CALY 2t

(4.25) ot =
< [|©715(0,0,0) e + C'et'
Finally, let us estimate H@fj;(() 0,0)||g#. By definition, we have that
gatt
+1
O115(0,0,0) = 2 —5—9(0.0,0).

At this point, we can apply each of the time-derivatives to 9(0,0,0) and use the
definition (@) to translate time-derivatives into spatial derivatives. Since o > 1,
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it is clear that the case j = ¢+ 1 contains the highest number of spatial derivatives.
In this case,

I = —A*919 = (—1)TTI Al ey,
Thus, for any valid combination of 7,5, and ¢, we conclude

16254(0,0,0) | e < |00l grrracasn-

From this, and ([@28)), we conclude that the lemma holds also for I = ¢ + 1. O

The following lemma is almost a corollary of the previous lemma.

Lemma 4.8. Let 9 be the Strang splitting solution in the sense of Definition 1]
and @I)). Then, for any k such that ||0o|| gr+sa < C, we have

IVZF || gx < C (|00l grtsa), (t,7,w) € Qas.

Proof. Let i and j denote any one of ¢, 7, or w. An arbitrary component of VZF
can then be written Fj; := 0;0;F. By definition, we have that

Fij = 0,04 % (9: + VI - curl AP9) + 9, + A
1 1 _ 1 _
= 50i; + 0-0i; + 5 curl A AV - VI + 5 curlA B9 - VI,
+ % curl A=PV9; - VI, + % curl A=AV, - VI + A0,
By applying the Holder inequality together with the previous lemma, we estimate
1Esllae < 319300 e+ V30 o
+ %HVﬂ ceurl APy | e + %Hv’ﬂi_j curl AP g

1 1
+ 5IV9; - curl A=Y || g + 1ML, -curl AP0 | e
< O+ [V oo V39N e + (V39 12 IV Lo
+ 2|V e | APV 0| gpiea
< C A+ |9 gr+s) + ClVO| g [V sz < C,

where we have grossly overestimated most of the terms. We have also applied
Lemma B with [ = 1 for the H**2 norm and with I = 2 for the H* norm. The
constant C' depends on ||6p|| gr+3a- 0

Theorem is a consequence of the following (remarkable) fact:

Lemma 4.9. There holds

1
tn t,
vt ( ) 7tn7 ) ) ) 0
Proof. We will prove Lemma [£.9 by direct calculation. Let us begin by estimating
F, (% t,, ). Since F(t,t,, %) =0, @3) tells us that

(4.26) F, (%”tn %”) — GV, curl AP,
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Similarly, we see that (£2)) yields
1
(4.27) F, = 5Ga(w,cururﬁﬁ).

It remains to estimate F} ( LE .- . ) However, as F'(t, by, L = 2) = 0, we must have
Fy (%,t,,%) = 0. This, together with ([@26) and {ZT), concludes the proof. [

Using the previous lemma, we can now prove that the error produced along the
diagonal (t/2,t,t/2) is second order in At.

Lemma 4.10. Let 9 be the Strang splitting solution in the sense of Definition 1]
and [@I)). Then, for any k such that ||0g]| grr+se < C,

(4.28) HF(ft3>H < C(AN2
22 )|

Proof. Since F ( 2 tn, %”) = 0, a Taylor expansion provides the identity

1
t tn ty t ity
~t )=V n LI I ) —_n
F<27t’2> tF(Ttm 2) 1 (2 2)

T

1 1
1 [4? ] ] s tn
(4.29) +—/ 2 va(—,s, —) 2 (———) ds
2 Juo \ 1 272/ \{) 27 2
T
1 1
1 t/2 tn
- —/ 2 va(f,s,f) 2 (f - —) ds,
2 Juo \ 1 272/ ({27 2

where the last equality is an application of Lemma 3l By taking the H* norm on
both sides of ([@29) and applying the previous lemma, we gather

F f,t,E < CAL?,
272 )| yn

which concludes the proof. O

4.4. Proof of Theorem We have now gathered all the ingredients needed to
prove the sought after second-order error estimate.

Performing the same calculations as in ([B.I0), (B11), (312), and then applying
Lemma [£10] yields

1
§6t||€(t)”Hk73a < C(T) (At + ||| gre-sa), t€[0,T].

Since €(0) = 0, an application of the Gronwall inequality to the previous inequality
gives
le(t)|| gr—sa < tA2C, t€[0,T],

which concludes the proof of Theorem O
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APPENDIX A. PROOF OF LEMMAS AND [2.7]

The purpose of this appendix is to provide proofs of Lemmas and 27 Both
lemmas have been crucial to our convergence analysis. In particular, Lemmas B.3]

B35 I35 and 7 all rely on their validity.
Lemma A.1. Let k > 6 be an integer. Then

k

(A1) >

s=0

for all f € H”.

VIV f-curl AP ) - Vo f do| < C| fllgr—2] Fl| %0
RN

Proof. Let us confine to the three-dimensional case (N = 3) as the other cases are
almost identical.

By applying the Leibniz rule (with multi-index notation « = (aq, @z, a3)), we
obtain the following expression:

> / VN (VS -curl AP )V f da
Q

|o|=s

(21 a2 ag
(A.2) - Y Yy (f:n) (o;z> <?3>
|a|=si1=0i2=0i3=0 1 2 3
8i1+i2+i3f s as—il—iQ—i3f
X/RN (VW seurlA (83;041*1'16?!&2—2‘2620‘3713 ))
w_ofr
Ox®1 QY2023

Let us now consider four separate cases of i1 + 72 + i3 in the above quadruple sum.
(i) If i1 + io + i3 = s (i.e. (a1,a0,a3) = (i1,i2,13)), the above term can be
rewritten as follows:

o f i o f
/RN (Vaxalaywazas reurl A f) Qx*1 Qy*20z™3 du

2
ceurl AP f dx = 0.

1 o°f
B /RN iv‘axalayo‘zaza?’
(11) If 2 <iy+is+i3 <k —3,

ai1+i2+i3f i aS*ilfizfigf asf
/]RN <V Oz Oyi2 Oz reurl A <8x°‘1—il Oy2—i20z@s 13 >> Oz QY2 zos du

i1+12+13 S—11—12—13 s
< Vu curl A=# (3 - / - o°f
0x10y202% || Or—tQyx2=i20z0~0 J|| || 0z 0y*202 ||,
< Clf a1 a2 f 1| e
(i) bk <ig+is+iz<k-—1,
ai1+i2+i3f 5 as—il—iQ—igf 8Sf
/RN <v8xi18yi28zi3 seurlA <8x°‘1—118ya2—i28z°‘3—"3>> 0xo1 QY2 0z%3 d
i1+12+13 S—11—12—13 s
< 8—f curl A7 8 . / - 0°f
0x"10y202% || . Ox—h Qyo2=i20z%=% || || 0z 0y*202%3 || 2

< ClUSf el lersll e < ClLF I pn—211 £
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(IV) IfOSZl-F’LQ-f—ZgSl,

ai1+i2+isf _ aS*ilfizfisf asf
/]RN <V Ox"1Qy'2 0z a <8.’L‘O‘1 Tl QyazTizgzas i > ) 0x 1 QY2 0z3 d

11 +i20+13 S—1i1—1i2—13 S
- v ai 7 f; CUTIA_ﬁ ( a 3 Qg —1 fa- —1 ) « aaf o
0xt10y202% || Or—tgyo2=i20z% = J|| || 0z 0y*202 ||,
< Clf el f e < CNFlas= 11 F 11w
Hence, by applying (i)-(iv) in (A2), we see that
(A.3) > /Qva(vf'curlf\_ﬂf)vaf dz < O fll w2 f Iz,
|a|=s
which concludes the proof. O

Lemma A.2. Let k > 4 be an integer. The following estimates hold:

k

(A4) / Ve(Vf- curlAfﬁg) Ve f dx
s=0 RN
< Cligllus I3 frg € HY,
k
(A.5) Z / V* (Vg - curl A_'@f) Ve f dx
s=0 RN

< Cliglarsi | f7, € H", ge H™

Proof. The proof of (2] is easily obtained by the calculations of the previous
proof. To prove (Z1)), it is only step (i) of the previous proof which is no longer
true. However, this is also the reason for the k41 on g. That is, step (i) is replaced
by a simpler Holder inequality. |

(1]
(2]

(3]

(9]
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