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A PERTURBATION APPROACH FOR AN INVERSE
QUADRATIC PROGRAMMING PROBLEM
OVER SECOND-ORDER CONES

YI ZHANG, LIWEI ZHANG, JIA WU, AND JIANZHONG ZHANG

ABSTRACT. This paper is devoted to studying a type of inverse second-order
cone quadratic programming problems, in which the parameters in both the
objective function and the constraint set of a given second-order cone quadratic
programming problem need to be adjusted as little as possible so that a known
feasible solution becomes optimal. This inverse problem can be written as
a minimization problem with second-order cone complementarity constraints
and a positive semidefinite cone constraint. Applying the duality theory, we
reformulate this problem as a linear second-order cone complementarity con-
strained optimization problem with a semismoothly differentiable objective
function, which has fewer variables than the original one. A perturbed problem
is proposed with the help of the projection operator over second-order cones,
whose feasible set and optimal solution set are demonstrated to be continuous
and outer semicontinuous, respectively, as the parameter decreases to zero. A
smoothing Newton method is constructed to solve the perturbed problem and
its global convergence and local quadratic convergence rate are shown. Finally,
the numerical results are reported to show the effectiveness for the smoothing
Newton method to solve the inverse second-order cone quadratic programming
problem.

1. INTRODUCTION

In an optimization problem, all parameters of the model are given, and we need to
find from among all feasible solutions an optimal solution for a specified objective
function. However, in an inverse optimization problem, the situation is reversed
and we try to find values of parameters in an optimization model which make a
given feasible solution optimal and which differ from the given estimates as little
as possible.

Burton and Toint [3] first investigated an inverse shortest path problem moti-
vated by two interesting examples in traffic low and seismic tomography. Since
then, a variety of inverse combinatorial optimization problems have been studied;
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see for instance, [1L[4L[3T]. Recently, several special inverse continuous optimization
problems have been investigated. Zhang and Liu [29)30] first studied the inverse
linear programming, and Iyengar and Kang [12] discussed inverse conic program-
ming models and their applications in portfolio optimization. After that, Zhang
and Zhang [32], Zhang, Zhang and Xiao [33] and Xiao and Zhang [26] studied nu-
merical methods for two different types of inverse quadratic programming problems.
In [26] and [32], parameters in the objective function of a quadratic programming
problem need to be estimated and in [33] parameters in both the objective function
and the constraint set are required to be adjusted. Numerical algorithms were de-
veloped for a type of inverse semidefinite quadratic programming problems in [27]
and [28], in which only parameters in the objective function were required to be
estimated. In this paper, we focus on an inverse optimization problem with second-
order cone constraints in which parameters in both the objective function and the
constraint set are required to be adjusted. Just like the inverse quadratic program-
ming problem addressed in [33], the problem considered in this paper is essentially
a mathematical program with second-order cone complementarity constraints, and
we propose a perturbation approach for finding an approximation solution.

1.1. Motivation. We take an interesting facility location problem, which is an
extension of Weber problem in [8I[T4], to show that the study of inverse programming
over second-order cones is significant in practice.

A manager wants to find the best location for the warehouse of a company, in
such a way that the total transportation cost to serve the customers is minimum.
Suppose that there are m customers needing to be served and different customers
may have different demands, to be translated as weight w; for customer i, i =
1,2,---,m. Let the location of customer i be a;. Denote the desired location of
the warehouse to be z’ and the additional transportation cost to be a quadratic
term with respect to z’, say %x’TG’x’, here G’ is a symmetric matrix. Then, the
optimization problem is

1 1T 10 - / !
(1.1) nin, oo G'z +§wi|\x — a;
with || - || being the Euclidean norm. In particular, if G’ = O, problem (L)) is
reduced to

m
i, 3 willa’ =il
Z

which is the famous Weber problem introduced by German economist Alfred Weber
in 1909.

It follows from [2, Section 2.2] that (II) can be formulated as a second-order
cone programming of the form

1 G
min §x’TG'x/ + Zwiti
(1.2) i=1
. t. ( ti )€Q3,i_1,2,---,m,

/ !
' —a;
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where Q3 = {(s1;52) € R x R?|||s2]| < 51} is a 3-dimensional second-order cone.
We rewrite problem (L2) as

1
(1.3) min §xTGx +wlx
s. t. Aix—aiEQ;;,i:l,Q,---,m,
where = (15 jtp;2’) € R™P2 w = (wy;- -+ jwm;02) € R™T2 aq; = (0;a}) €
R3,
T

O, is the zero matrix in R™*™, I, is the identity matrix in R2*? and e; is the i-th
unit element in R™, 4 =1,2,--- ,m.

Let (G’,zi),dl, -+, Gm) be a current estimate of (G,w,ay, -+ ,a,,) and & an op-
timal solution of problem (I3) with (G,w, a1, - ,am) = (G,ﬁ),dl, cee ). As
information (e.g. the price of petrol, the capacity and living level of the consumers,
target customer segments) changes dynamically, the manager has to judge the ef-
ficiency of location  after a period of time. Suppose that the additional trans-
portation cost, the customer locations and the customer demands are changed, and
(G, W, a1, ,an) is an estimate of (G,w, a1, ,an), which is obtained by obser-
vations, investigations or experience. The manager faces the question of whether
the current location of the warehouse Z is required to be modified. Moving from &
to a new efficient location & would result in a loss. On the other hand, a new effi-
cient location 7 is likely to have a high return. Thus the manager needs to balance
these two factors.

Let ®(&) denote the set of all (G, w, ay, -+ , ay,) which make & optimal to problem

@3, i.e.,
o(z) = {(G,w,a1, -+ ,an)| & is optimal to problem (1.3)}.
We consider the following inverse optimization problem:

m) H G’waala"'7G’M)_(Gawva’17"'5aM)

am) = ||( [
(1.4) s . t. (Gyw,ay, - ,an) € D(2),

min o(G,w,ay, -+,

where || - || is defined by

I(G,w, a1, am)| = \/Tr(GTG) +wlw+ala + -+ +aLan.

Let o* denote the optimal value of (I4)). It is clear that if (G, w, @y, - - ,am) € ®(2),
then o* =0, and # is still an optimal location to the new estimate (G, w0, @y, - ,am),
and changes will not be made on #. If (G, w, a1, ,am) ¢ ®(2), then o* > 0 and
the strategy to manage the trade-off between the moving costs and higher return
depends on the closeness of the new estimate (G,w,ay,-- ,am,) to the set ®(&),
that is, adjustments will be made on the warehouse location z if 0* > «a, where
the value of a is determined by the manager’s threshold. In any case, we need to
solve problem ([[4)), which is a typical inverse quadratic programming problem over
second-order cones.
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1.2. The problem description and paper organization. We consider a qua-
dratic programming problem over second-order cones of the form

1
min  f(x) = §$TG$ +clx

(1.5) (QSOCP) zER™
s. t. gj(l'):AjiC—bjEQmj+1,j:1,2,"',J,
where G' € R"*" is a symmetric matrix, c € R", A; € R(mTDxn p. ¢ Rmit+! and
Qm;+1 is a m; + 1-dimensional second-order cone defined by
Qg1 1= {5 = (s1352) € R X B™| [sal] < 1),

with || - || being the Euclidean norm. Let 8™ denote the space of n x n symmetric
matrices, and let SOL(P) be the set of optimal solutions to a problem (P).
Let A; be given for j = 1,2,---,J. Given a feasible point zo to (L)), which

is required to be an optimal solution and a set (G°,c, b?nlﬂ, e ,bS”H) e S"x
R™ x R™+1 x ... x R™7*1 which is an estimate to (G, ¢, by, 41, »bm,+1). The
inverse problem considered in this paper is to find (G, ¢, b, 41, ,bm,4+1) € ST X
R™ x R™M+1l x ... x R™/*1 to solve the problem:
. 0 .0 10 0 2
min EH(Gvc’ bm1+17 T 7bmJ+1) - (G , C 7bm1+17 T 7bm]+l)||
(16) st 29 € SOL(QSOCP),

(G,¢,bmy11,+  bmy4+1) € ST X R™ x R™H ..o x R™M7HL
where S is the cone of positive semidefinite symmetric matrices in S™ and || - || is
defined by

||(G/7 Cl’ b'lm1+1a e 7b;nj+1)|| = \/Tr(G’TG’) +cTe + b/nq;1+1b{m1+1 +ee b{r;]+1b/m]+1
for (G', ¢/, b, 115+ Uy 1) €S X R™ X R™FL . x R

Problem (LG) is a cone-constrained optimization problem with a quadratic ob-
jective function, whose scale will be quite large when n is large as the number of
decision variables is n+n(n+ 1)/2—1—2:;]=1 (m;+1). With the help of duality theory,
we formulate (C6]) as a linear second-order cone complementarity constrained opti-
mization problem (BI0) (see Section 3) with semismoothly differentiable objective
function which is essentially a mathematical program with second-order cone com-
plementarity constraints and has fewer decision variables than the original inverse
problem.

The mathematical program with second-order cone complementarity constraints
includes the mathematical program with (vector) complementarity constraints (de-
noted as MPCC for short) as a special case. For MPCCs, there have been proposed
many algorithms such as the sequential quadratic programming approach, the im-
plicit programming approach, the penalty function approach, the reformulation
approach, and so on; see [6LO,T3L15,20L21] for references. However, there are only a
few studies on the mathematical program with second-order cone complementarity
constraints. Zhang, Zhang and Wu [34] approximated the second-order cone com-
plementarity constraints by the smoothing projection operator over second-order
cones and introduced a smoothing approach. Wu, Zhang and Zhang [25] employed
a smoothing Newton method for the mathematical programs governed by second-
order cone constrained parameterized generalized equations. However, the analysis
in these two papers requires twice differentiability of the objective function. In this
paper we will propose a perturbation approach to solve the mathematical program
with second-order cone complementarity constraints under a weaker condition, the
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objective function is not twice differentiable, but semismoothly differentiable. Fur-
thermore, a smoothing Newton method is employed to solve the perturbed problems
and numerical results reported show that the approach we adopted is quite effective.

The organization of this paper is as follows. Section 2 reviews several basic
results in nonsmooth analysis and some properties of a second-order cone. Sec-
tion 3 is devoted to reformulating the inverse quadratic programming problem over
second-order cones as a linear second-order cone complementarity constrained opti-
mization problem with a semismoothly differentiable objective function. In Section
4, we use a smoothing function to approximate the complementarity relation and
demonstrate the convergence behavior of the perturbed problem. In Section 5, a
smoothing Newton method is constructed to solve the perturbed problem and its
global convergence and local quadratic convergence rate is shown. Finally, we report
the numerical results of the smoothing Newton method for solving the perturbed
problem in Section 6.

The following notations are used throughout the paper. For any vectors =, y €
R" and matrices A, B € R"*"_ the inner product (z,y) := 2Ty, (A, B) = Tr(ATB)
and the norm |z|| := VaTz, ||Allr := /Tr(ATA). We denote I,, and O,, as the
identity matrix and zero matrix in R™*"™. We use “;” for adjoining vectors in a
column, for example, vector d = (di;ds) = (dT di)T € R™ ™2 with d; € R™
and do € R™2. diag (B, Bz) is denoted as the block diagonal matrix whose block
diagonal entries are symmetric matrices B; and Bs. For two matrices A and B,
we write A = B(A > B) to mean that A — B is positive semidefinite (positive
definite). For a differentiable mapping F' : R — R™ and a vector z € R", we
denote by JF(z) the Jacobian matrix of F at z and VF(z) :== JF(2)7.

2. PRELIMINARIES

2.1. Background in nonsmooth analysis and variational analysis. Now we
give some basic concepts on nonsmooth analysis. The first one is the general Jaco-
bian of a Lipschitz continuous function.

Definition 2.1. Let X and Y be two finite dimensional real vector spaces. Let O
be an open set in X and ¢ : O C X — Y be a locally Lipschitz continuous function
on the open set O. By Rademacher’s theorem, ® is almost everywhere Fréchet-
differentiable in O. We denote by Dg the set of Fréchet-differentiable points of ®
in O. Then, the Bouligand-subdifferential of ® at x € O, denoted as dp®(z), is

Op®(x) = {klim T®(2")|z* € Dy, 2* — x} ,
—00
where J®(z¥) is the Jacobian of ® at 2*. The generalized Jacobian in the sense of
Clarke is the convex hull of 9p®(z), i.e.,
0% (z) = conv{9p®(x)}.

The following concept of semismoothness was extended by Qi and Sun [I7] from
real valued functions to vector valued functions.

Definition 2.2. Let X and Y be two finite dimensional real vector spaces. Let
®: O C X — Y be alocally Lipschitz continuous function on the open set O. We
say that ® is semismooth at a point x € O if:
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(i) @ is directionally differentiable at x; and
(ii) for any Az € X and V € 0®(x + Az) with Az — 0,

O(z 4+ Az) — (z) — V(Az) = o(||Az]).

Furthermore, ® is said to be strongly semismooth at = € O if ® is semismooth at
x and for any Az € X and V € 0®(x + Ax) with Az — 0,

®(z + Az) — &(2) — V(Az) = O(|Az|?).

The definition of SC?* function in the sense of [10] is given below, which will be
used in Section 3.

Definition 2.3. A function 7 : R — R is said to be a SC* (semismoothly differ-
entiable) function on an open set O C R™ if 7 is continuously differentiable on O
and V7 is semismooth on O. The generalized Hessian of 7 at x is defined to be the
set 027(x) of n x n matrices by

9*7(z) = conv{0p[Vr](2)},

where 0p[V7](x) is the B-differential of V7 at x, which can be expressed as

Op[V7)(z) = {H € R™" |3 z* — z with V7 differentiable at z*
and V27 (zF) — HY.

For a SC* function 7 on an open set @ C R™, we have the following second-order
Taylor-like formula and mean value formula; see [7]. For a segment [y, y'] C O, there
is a matrix H € 9*7(w) at some w € (y,y’) such that

(o) = 7y) + V()" — ) + 5 ) HG ~ )

and there exist [(I > n) points w?, ..., w! € (y,y’) and H* € &*7(w’) fori =1,...,1
such that
l
(2.1) Vr(y) =Vr(y) + > _tH (Y — ),
i=1
where t; > 0,0 =1,...,[,and t; +---+ ¢ = 1.

Let Y be a finite dimensional real vector space and K a closed convex set in
Y. For instance, the convex set K will be chosen as the convex cone 8%, Q41
or R% in the following sections. It is well known that the metric projector IIx(-)
is Lipschitz continuous with the Lipschitz constant 1 and semismooth everywhere.
Then for any y € Y, 0llk(y) is well defined. Below is a lemma on some general
properties of Ollk(+).

Lemma 2.1 ([I6] Proposition 1]). Let K CY be a closed convex set. Then, for
anyy €Y and V € 0llk(y), it holds that:

(i) V is self-adjoint,

(ii) (d,Vd) >0, VdeY,

(iii) (Vd,d—Vd) >0, VdeY.

The concepts of the semicontinuity and continuity of a set-valued mapping in
[19, Definition 5.4] and the epi-continuity properties of a function-valued mapping
in [I9] Definition 7.1] are given below.
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Definition 2.4. A set-valued mapping S : R” = R™ is outer semicontinuous at z
if limsup S(z) C S(Z), but inner semicontinuous at Z if liminf S(z) D S(Z), where
T—T T—T

limsup S(x) : = {u|I2* = 2, Ju* - u with «* € S(z")},
T—T

liminf S(z) : = {u|Va* — z, FJuF - v with u* € S(z")}.
r—x

It is called continuous at Z if both conditions hold, i.e., if lim S(x) = S(Z).

rT—T

Definition 2.5. For a function f : R” x R — R, the function-valued mapping
e = f(-, &) is said to be epi-continuous at &, denoted as e — lim._,z f(+,¢) = f(-, &),
if

lim epif(-, &) = epif(-,€).
where epif(-,€) == {(z,a) e R* x R| f(z,¢) < a}.

2.2. Basic results for a second-order cone. In this subsection, we review some
basic results for a second-order cone.

Let Q.+1 be a second-order cone of dimension m + 1. The topological interior
part and the boundary of Q,,+1 denoted by intQ,,+1 and bdQ,,+1, respectively,
are given by

IntQm+1 :={s = (s1352) E R X R™ [ [[s2]| < s1},
bdQum+1 :={s = (s1;52) € RXR™|||s2]| = s1}-

For any = (21;22) € RxR™ and y = (y1;y2) € RxR™, we define their Jordan
product as

roy = (OCTZU; Y12 + T1Y2).

The identity element under this product is e := (1;0;--- ;0) € R™*!, We write 22
to mean zox and write  +y to mean the usual componentwise addition of vectors.
It is known that 22 € Q41 for all z € R™*1. Moreover, if x € Q,,41 , there exists
a unique vector in @,,41 denoted by \/z, such that (v/r)? = \/z o \/z = z. For
x € R™*1 we define its determinant as det(z) = 23 — ||z2]|?.

We introduce the spectral factorization of vectors in R™*! associated with Q1.
Let x = (z1;22) € Qmt1, then z can be decomposed as

T = A1c1 + Aaca,

where A1, A2 and ¢y, ¢ are the spectral values and the associated spectral vectors
of = given by

Xi =z + (= 1) |z,

1 . T2
~ (1, (-1 > . ifag £0,
C; — % < ||‘/E2||
3 (17 (—l)lw) , if ko =0,
for i« = 1,2, with w being any vector in R™ satisfying ||w| = 1. By [I1], we also

know that

VT =/ Aer + Vg
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For any z = (z1;22) € R x R™, we define the linear mapping L, from R™™! to

R™*L as
T
I 5 B
Lay = |:1'2 IIIm:| v

It can be easily verified that x oy = L.y, Yy € R™"! and L, is positive definite
(and hence invertible) if and only if = € int@,,+1. Also, we have

1 1 [ Ty d —.’L’g
=T et(z) "
T I + I12

v det(z) | —w2

More interesting properties about the spectral factorization of x, as well as 22, \/z
and the matrix L, can be found in [I1].
The following consequence from [2, Lemma 15] will be used in Section 4.

Lemma 2.2. Let v = (21;22) € Qmt1, ¥ = (Y1;Y2) € Qm41 and x oy = 0. Then
we have either x =0 or y = 0, or there exists o > 0 such that x = o(y1; —ya).

3. PROBLEM REFORMULATION

If G € ST, then 2o € SOL(QSOCP) if and only if there exist u; € Q41 such
that

c+ Gzo — ijl A uj =0,

3.1
( ) UjO(ijo—bj)ZO,j=1,2,-~-,.].

Let @ be the Cartesian product of second-order cones, that is, @ = Qm,+1 X
J
Qmat1 X = X Qmy41 and ¢ = 375 (m; + 1). Denote

A= (A Az - 5 Ay) € RT,

vi=(v1;v9; -+ svg) €Q, v = Ajzo —bj € Qm,+1,
00 = (003 - 50Y) €Q, v? = A’ — b? € Qm;+1,
w = (ur;ug; - juy) € Q,

uwov = ((urowvy);(uzouvg);--- ;(usouvy)).

Then combining with ([BI), we have an equivalent formulation of (L8] as follows:

1
min EH(G_ G%c—cv—a")?2

(3.2) s.t. c4+Grg— ATu=0,
uov =0,
(G, c,u,v) € ST X R" x Q x Q.

First, we consider a subproblem of ([B.2]) below:
1
min L|(G - G%c - )

(3.3) s.t. ¢+ Grg— ATu =0,
(G,c) € ST xR",



INVERSE QUADRATIC PROGRAMMING PROBLEM 217

which is a convex programming parameterized by u € Q. Let its optimal value be
foluw), ie.,
(3.4)
1
fo(u) = 5 inf {IG=G°% +le="|?] e+ Grg — ATu=0,(G,c) € ST xR"} .
Define

Flu,0) 1= 5o =1 + folu).

For any u € @, it is obvious that the generalized Slater constraint qualification
holds for problem (B33]). Therefore, by the classical duality theory for convex
programming, there is no duality gap between problem (B3] and its dual. Let
L: S} xR x R™ — R be the Lagrange function of (3.3)), defined by

1 1
L(G,c,z) = §||G - GOH% + §Hc - cOH2 +{x,c+ Gz — ATu>.

The Lagrange dual problem of ([B3)) is

. = inf L .
(3:5) aetn v(z) (G,c)g}s‘ixﬂ%" (G, e)

Let B: R™ — S™ defined by
By — acmOT + xgx
=—

the adjoint of B is denoted by B*. Define

G(z) := G° — B,
W(w) = sy (G@) [} = Tr (s (G()) Ty (G(a)) )

The Moreau envelop function and proximal mapping of ¥ are defined by Morea-
Yosida regularization (see [19 Definition 1.22]), i.e.,

1
ex¥(z) :=inf { U(w) + —||w — z|?
w 2\
and
1
Py¥(z) := Argmin,, {\I/(w) + oyl = x||2} :

respectively. If ¥ is lower semicontinuous, proper and convex, by [19, Theorem
2.26], we get that ey ¥ is convex, and continuously differentiable with

(3.6) Ve ¥(z) = %[x — P\U(z)].

Furthermore, Ve V¥ is Lipschitz continuous.

Lemma 3.1. The function v(z) defined in BA) and the function fo(u) defined in
BA) can be expressed by

1 1 - 1
(B7)  wla) = 5ol + (0~ ATu,z) — 3 Tsy (Gl + 5 1G°13

and
1

1
§||c0 — ATy - 5 e120(c? — ATw),

1
folw) = G +

respectively.
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Proof. From the definition of v , we have

— : l _ 02 1 02 o T
o) = o int {Glle= O+ (o) + 511G = GO+ (G 0) — (AT

1 1
AT - Lo o2 : Lio o2
=—(A u,x>+cleri§fn{2||c <l +<c,x>}+G1é1§i{2||G G ||F+<G:co7x>}.

As the unconstrained quadratic programming problem

1 02
min zle —¢’l|" + (¢, 2)
takes its minimum at
(3.8) c*(x) = & -z,

we have that

1 1
int {3l = @+ ten) | = ~Flol + e

From the expression

. 1
it {516 - 1%+ (Gan.o) |

— 3 1 N 2 0 _ 2
= ut, {116 - Gl + 2(6° B0) ~ 1Bl 1}.

we know that the minimum value is reached at
(3.9) G*(x) = sz (G(x)),

and thus

. 1
it {516 - 1% + (Gan.o) |

—; [16@) - Tsy (G@) I - 1G@IE + 16713
=~ Ll (@) 3+ S1CVl

Therefore, the function v(z) has the expression (B7).
It follows from the zero duality gap property between ([B4]) and (B3] that

folu) = max v(z)

1 1 - 1
—mx {3 el + & = ATu,) = 3 1Tley (G(0) I + 5161 |

1 1 1. _
=S IG° 1% + Slle = ATull? = S min {[1Lsy (G(@) I+ llz = (¢ — ATw)2 |
1 1 1.
=IOl + 511 = ATul® = S min { (@) + 2 — (& — ATw)|*}
1 1 1
=2 IGOI5 + 511" = ATul* = Se1p (e — ATu).

The proof is completed. O
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In view of the above lemma, [B.2]) can be equivalently expressed as

. 1 1 1 1
min  f(u,v) = llo = 0*[* + G F + 3l — ATull® = Jer2¥(c” — ATw)
3.10)
( s. t.

uov =0,

u€eQ,veQ,

which is a mathematical program with linear second-order cone complementarity
constraints.

Note that the dimension of the above problem is O(g), much smaller than that
of problem ([B.2) when n is large, which is O(n?). Now we focus on discussing how
to solve problem (B.I0).

Let

z(u) =Py 0 (” — ATw)
=Argmin, { [Isy (G(@)) |} + 1z = (¢ = ATw)|*}
so that
e1/29(c” — AT) = |[Isy (G(a(w))) [ + o) — (¢ — ATu)|*.
If (310) has an optimal solution (u*, v*), then we know from (8] and (3] that
(G*,c",b%) = (Hgi(é(x(u*))), & — z(u*), Axg — v*)

is an optimal solution to the original problem (LGJ).

Lemma 3.2. The function ¥(z) is convex and the mapping x(u) is strongly semis-
mooth. Furthermore,

dpz(u)Au C {— [B*WB + L) ATAu| W € dp1ls; (G (x(u)))} .,V AueRY
where B*is the adjoint operator of B.
Proof. Let g(z) = Ilsn (G(z)), then ¥(z) = ||g(z)||%. Function ¥ is a SC' function
with -
VU¥(z) =2TG(z)*g(x) = —2B"g(x).
It follows from [24] Lemma 3] that
0%V (z) = —2B*9g(z).
From [23| Lemma 2.1], we have
dg(x) C Mgy (G(x)) TG(x) = —9lls» (G(x)) B,
and therefore
&*W(x) C 2B*0llsn (G(z)) B, VaeR"

For any z,2’ € R, it follows from (Z.I)) that there exist [ > n points w',--- ,w! €
(z,2') and H® € 9*¥(w') for i = 1,--- ,1 such that

l
(3.11) VU(2) - VU(z) =Y t;H (2 — ),

where t; > 0,i=1,---,land t; +---+t; = 1. In view of (ii) of Definition 2.2, we
know from (B.I1)) that each H' is positively semidefinite, which implies that

(VU(2') = VVU(z),2' —z) >0, Va',zeR",



220 YI ZHANG, LIWEI ZHANG, JIA WU, AND JIANZHONG ZHANG

namely the gradient mapping VU is a monotone operator. Thus from [19, Theorem
12.17], we obtain that ¥ is a convex function.

From the definition of z(u), we know that z(u) is the unique solution of the
following strongly semismooth system

(3.12) —2B*Mlsy (G(x)) +2[z — (¢ — ATu)] = 0.

Since the generalized Jacobian of the left-hand side with respect to x is contained
in 2(1 + B*0llsy (G(z)) B), and its every element is nonsingular, by [24, Lemma
1], we know that z(u) is strongly semismooth and

(3.13) —B*llsn (G (z(w)) +z(u) — (" — ATu) = 0.

Let D, denote the set of v’ € R? such that Jx(u') exists. Let Z € dpx(u). Then
there is a sequence u* C D, with uj, — u, such that Jz(u*) — Z. For any Au € R?
and each k, we have from (BI3) that

—B*H:gi (G(z(uy), BT z(ur)Au) + Tz (uF)Au+ AT Au = 0.

As Iy (+) is strongly semismooth, we know that there is WX, € Opllsn (G(z(ug)))
such that H31 (G(z(ur), =BT z(uy) Au) = WL, [-BI x(uy) Au]. Therefore,

Ja(ug)Au = — [BWE B+ 1] AT Au,
which leads to
Jx(ug)Au € {— [B*WguB + 1) -1 AT AulWE, € Opllsn (G (ac(uk)))} .
As 8BH31(~) is outer semicontinuous, taking k — oo, we obtain
ZAu € {— BWB+ L] AT AulW € dplls, (G (x(u)))} ,
which yields the inclusion. O

Lemma 3.3. The function f is convex with

(3.14) V(u,v) = [ ;A_xs(f) }

and

(3.15)

[ fl(u,0) (s Ay < { | AFWELITATE oy < oy (Gatu) ).
(3.16)

o1 fl(u.0) (dus o) < { | AEWELITATE Ny c oy (Gtatu) |

Furthermore, if A has full rank, then f is strongly convexr on any compact set
I' € R? x R?. Namely, there is some constant o > 0 such that

A=), 0) +t(u,v)] < (1=8) f(u',0) +1f(u,v) - %Ut(l = t)||(u —u, v —v)|%,

when t € (0,1) and (u',v"), (u,v) €.
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Proof. 1t follows from (B.6]) that
Vauer ¥ (c — ATu) = —2A[c° — ATu — z(u)).

Hence we obtain the expression ([BI4) for Vf(u,v) from BI0). By BI4) and
Lemma [3.2] we obtain

0 [V f] (u, v) (A Av) = { { _AAZUA“ } 1Z e an(u)}

CH AlB*WB JrAin]*lATAu } W € Opllsy (G(g;(u)))}.

The inclusion ([BI6]) comes from BIH).
Similar to the proof for the function ¥ in Lemma B2, we can use (1)), (316])

and (ii) of Definition 2.2 to prove that V f is a monotone operator, and hence f is
a convex function.
For a compact set I' C RY x RY, define

0= swp {|BWE|W € olls; (Gla(w)) )
uEHu (F)

where IL,(T") is the projection of I onto u-space, then vy is well defined and finite.
Let v := min{1, (70 + 1) " Amin(AAT)}. Then we have, from the assumption that
A is of full row rank and by the mean value formula, that v > 0 and

(Vf(u',v') = V(u,v), (@ = w0 = v)) > ll(u —u, 0" = 0)]*

Namely Vf is strongly monotone and hence f is strongly convex with constant
- O

4. PERTURBATION APPROACH AND CONVERGENCE BEHAVIOR

Now, we discuss how to solve ([BI0). Due to the second-order cone complemen-
tarity constraints in (8:I0), Robinson’s constraint qualifications do not hold at any
feasible point (see [39]), then the KKT conditions may fail at any local minimizer.
To overcome this difficulty, we choose a smoothing function ¢, (u,v) = 0 to ap-
proximate the second-order cone complementarity relation uov = 0, u € Qi1
v € Qm+1, where ¢, (u,v) = 0 is defined by

o, 0) = u+v— /(v = w)? + de

with e the identity element in R™*! and p > 0 a parameter. It is easily verified
that lim,~ o ¢u(u,v) = po(u,v) and @o(u,v) = 0 if and only if uov =0, u € Qpm+1,
VE Qmy1-

Define function ®,, : R? x R? — R? as:

Solu(ula Ul)
P2u (UQ; UZ)

@Ju(quvJ)
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where @, (u;,v;) = u; +v; — /(v; — uj)® + 4pe; and e; = (1,0,--- ,0) € R™ T
j=1,2,---,J. Then, we construct a perturbation problem of (BI0) with param-
eter p > 0 as follows:

min  f(u,v)
(Py) s.t. ®,(u,v) =0.

Obviously, function ®,(u,v) is continuously differentiable with respect to u and v
when p > 0.

Now we consider how close is the optimal solution set of (P,) from the optimal
solution set of BI0) as p \, 0. Let us introduce some notations:

Q?:{( ')eQmJﬂleQm;Jrl‘ujorUj:O}a J=12,-,J
Q= {(u,v) €Q xQluov=0} =0 x QY x --- x QY

( ) {( ’UJ)EQTI’LJ IXQTHJ-FI‘()OJH(U_]?’U])_O} ]_1727 7J7
Q) :={(u,v) € Q x Q| Vp(u,v) =0} = Qi (p) X Qa(p) X - x Qy(p),
JF(%U’M) ::{ f(uvv)v (U’U)EQ(M)7

0, otherwise,
k() :=nf{f(u,v)| (u,v) € Q(n)},
S(p) == argmin{f(u,v)| (u,v) € Q(u)}.

We will give a conclusion about the convergence of the set-value mapping Q(u)
at p = 0 with respect to R in the following proposition.

Proposition 4.1. Let Q(p) and Q° be defined as above. Then we have
lim Q(p) = Q°.
Jim €2(u)
Proof. Noting that both Q(u) and Q° are the Cartesian product of finite sets,

without loss of generality, we only consider the case J = 1.
From the definition of Q° and Q(u), by Definition 2.1, one has

Q0 ={[(u1;u2), (V1;v2)] € Q1 X Q1 | w101 + u3 v2 = 0,102 + viuz = 0}
= U UQUQUNsUQ

with
Q= {(u,v)|u =0,v =0},
Q= {(u,v)|u=0,v € bd@ \ {0}},

lu=0,v € intQ},
lu € int@Q,v =0},

{(u,v)
{(u,v)
Q3 := {(u,v)|u € bd@Q \ {0},v =0},
{(u,v)
{(u,v)

Q5 = {(u v)lu = (u1; ——w2) € bdQ \ {0}, v = ([Jvz[|; v2) € bAQ \ {0}},

Uy
[[val

) = {[(u;u5), (vf'505)] € Qi1 X Qs [uf v + ub v

= p?, uf vl +oful = 0}
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It follows from Chapter 4 of [I9] that limsup, o Q(u) C Q°, then we only need

to establish the inclusion
0 e

(4.2) Q" C hzn\l‘glfQ(u),
namely, for all (u,v) € Q9 we can find (u*,v*) € Q(u) with (u*,v*) — (u,v) when
1\, 0. We consider the following six cases:
Case 1: (u,v) = (0,0) € Q.

Taking (u*,v*) = ((u; 0),(u; 0)), obviously, (u*,v*) € Q(u) and (u,v") —
(u,v) = (0,0) when u N\, 0.
Case 2: (u,v) = (0, (||vz]|; v2)) € Qa.

Taking

s 2419 w1+ e A
ur =\ Q- ) vt = U2 |,
f+ A/ 12+ Af|va 2 2

we have that (u#,v#) € Q(p) with (ut,v") = (u,v) = (0, (||vz]|; v2)) when p N\, 0.
Case 3: (u,v) = ((Jluz||; u2),0) € Q3.

Similar to Case 2, we omit the detail.
Case 4: (u,v) = (0, (v1;v2)) € Q.

Let

2 2

KU1 no_ K~ V2 no_ no_
—_— =———— v =v, v = vy
vp = el ef el
then we see that u# = (uf;ub), v* = (v';vh) satisfies the equation in (ZII), hence
(ut, o) € Q). When p N\, 0, we have that (u#,v*) — (u,v) = (0, (v1;v2)).
Case 5: (u,v) = ((u1;uz2),0) € Q.

Similar to Case 4, we omit the details, too.

U
Case 6: (u,v) = ((u1; _WW)’ (||U2||;U2)> € Q.
Let

o
Uy =

2 1 2 2
i = (g 2uivy b= + 4ud||va|| a
R T 2

then (u*,v*) satisfies the equation in () and (u*,v") € Q(u). Since

2u2 vy Uup 12+ /pt + 4t |2
2’LL1

V2
put + du?||va |2 o2

= [lv2l* as o\ 0,

we have that (u#,v*) — (u,v) = ((ul; —HZ—;HUQ), (||v2||;112)> when g N\, 0.

As in each of the six cases, (u*, v*) can be constructed to satisfy (u*,v*) € Q(u)
and (uf,v") — (u,v). Therefore, (2] holds and the proof is completed. O

The following lemma shows the relationship between the convergence of a set-
valued mapping and the epi-convergence of the indicator function of the set-valued

mapping.

Lemma 4.1. For a set-valued mapping T : [0, 00) — R?9, the following equivalence
holds:

lim 7 () = 70 — lim S () = S0 ().
Jimy () (0) <=e Jimy T () = 610y (")
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Proof. Noting that
epildr(u ()] ={(z,0) | 2 € T(p),a = 0} = T(n) x Ry

and
lm 7 () x Ry =T(0) x Ry = epi[d70)(-)],
#NO

we obtain the equivalence. O

The following lemma discusses the epi-convergence of the sum of a function-
valued mapping and a continuous function.

Lemma 4.2. Let 9(-) satisfy
e- lim ) =y (0)(-
lim () () = (0)()
and 1 be a continuous function, then

e- Im [ () (-) + 1 ()] = (0) () + 1 ().
N0
Proof. The conclusion is obvious by the definition of epi-convergence. O

Then the convergence behavior of the feasible set and optimal solution set of
(P,) is obtained in the following two theorems, which are the main results in this

paper.

Theorem 4.1. The function-valued mapping u — f(-,-, 1) is epi-continuous at
w =0 with respect to R .

Proof. Since f(u,v) is continuous and from Proposition ] that Q(p) is continuous
at p = 0 with respect to Ry, the result comes from LemmasTland Lemma[2 O

Theorem 4.2. Assume A is of full row rank. Then the function x(u) is continuous
at p = 0 with respect to Ry and the set-valued mapping S(u) is outer semicontin-
wous at = 0 with respect to R .

Proof. As A is of full row rank, we have from Lemma [3.3 that f is strongly convex.
Then for a given @ such that lev<sf # 0, we have that lev<s f is a nonempty com-
pact set. Hence there is an M > 0 such that the level set lev<g f C [—M Lo, M 144],
where 1o, is a vector in R?? with all entries being ones. Let i > 0 be a given num-
ber, and define €& = [0, /). As for any a < @, leveo f(-,+, 1) = levea f Q1) C
[—M 194, M 15,], the level set is uniformly bounded for all u € &, i.e., f is level-
bounded in (u, v) uniformly for all 4 € £. Hence we have, from [I9, Theorem 7.41],
that k(p) is continuous at p = 0 and S(u) is outer semi-continuous at g = 0 with
respect to R . |

5. SMOOTHING NEWTON METHOD FOR SOLVING P,

We obtain that the optimal solution set of (P,,) is outer semicontinuous at ;1 =0
if we set (Pp) as problem (3I0) by Theorem Therefore, we focus on the issue
of solving (P,) with a sufficiently small ;> 0.

Let w; = \/(v; —u;)? + 4pej, w = (wy;- - ;wy) € R, Ly, := diag (Ly,, -,
Ly.,), L, := diag (Ly,,- "+, Ly,) and L., := diag (Ly,, -+, Lw,). The following
lemma implies the linear independent constraint qualification (LICQ) holds for
(P,) automatically, then we can get its KKT conditions at local optimal solutions.

Lemma 5.1. J(y,)®,(u,v) is of full row rank.
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Proof. For any u; € Qm,+1, vj € Qm;+1, we have wjz. = (v; — uj)? + 4u’e; €
intQm, 41, hence w; € intQ, 41 by [L1], Prosition 3.4]. Applying [I1], Lemma 5], it
holds that

Luy, = Ly, = 0, Luy, + Ly, = 0, Ly, = 0.

Similar to the proof in [I1, Corollary 5.4], for any j,
j(ujwj-)‘»oju(ujvvj) = [ Imjp1 + L;}ij*uj L L;}ij*"j ] :
Suppose J(u;,v,)@ju(tj, v;)" d; = 0 with d; € R™+! namely,

—1
Ivrzj+1 + ij—ujij
—1
Im]‘+1 - ijfu]‘L .

wj

d;j =0

or, equivalently,

(Luy + Luy—u;)Lgydj =0 and  (Luy; — Ly, )Ly, dj = 0.

w

As the matrices Ly, + Ly;—u;, Lw, — Ly, —u; and L., are invertible, we get d; =0
for j=1,2,---,J. Similarly, suppose

T, @p(u,v)d =0,
with d = (dy;da; -+ ;dy), d;j € R™TH j=1,2,--.,J. We have

I+ Ly_ Lyt

T __
L e

Ja=o

which implies d = 0. Then J(, ) ®,(u, v) is of full row rank. The proof is completed.

O
Let £:R? x R? x R? = R be the Lagrange function for (P,):
J
L(u,v,A) = f(u,v) + N @, (u,0) = flu,v) + Z)\]Tgaju(uj,vj),
j=1
where A = (A3 -+ ;Ay) € RN € R 5 = 1,2, J. Define F :

RY x R? x RY — R34:
VuL(u,v,A)
F(u,v,A) = | V,L(u,v,A)
@H(u, v)

As the LICQ holds at any local minimizer (@,v) of (P,), there is a unique
Lagrange multiplier A € R such that the KKT conditions are satisfied at (@, v, \),
hence F(u,9,)) = 03,. Now we consider the second-order sufficient conditions of
(P,) at (4,7, A).

Lemma 5.2. Denote s; := L;}/\j € R™itL, then for any M € 8(2u U),C(u,v,)\)
there exists Z € dz(u) such that

(5.1)
M = —AZ — Ls + LU—uL;lLsL;lLv—u Ls - Lv—qu;lLsLalLv—u
Ly—Ly_ L LL 'L, ., Iy—Ls+ Ly oL Lyl Lyy—yy |
where Ly = diag (Ls,, Lsy, -+, Ls,)-
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Proof. Tt follows from the proof in Lemma 5.1, we have
Vu®,(u,v) = I, + Ly, Ly,",
V@, (u,v) = I, — Ly—yLy",
together with (BI4)), it holds that

(5.2) Vul(u,v,A) = —Ax(u) + (I; + Ly—u L"),

(5.3) Vo L(u,v,A) = v —vg + (Ig — Ly—y Ly )\
Since s; = L' A; € R™T!, we have L, s; = A;, then

(5.4) w; 085 = Aj.

From [5, Lemma 3.1], taking the Jacobian matrix of both sides in equation (5.4)
with respect to (u;,v;) yields

(5.5) Ly, J;w; + Lup, Ju, 55 = 0
(5.6) Ly, Jy;wj + Luy; Jv;85 = 0.
As Ty, wj = —L;;ij_uj and J,,w; = L;}ij_uj, combining with (&3] and (G5.6),
we have that
_ -1 _ 71 —1
jujsj - _ij LSjjujwj - ij LSjij ijfuja
_ —1 _ -1 —1
Joy8i = —Lip L, Toyw; = — Ly Ly, Ly Lo, .
Therefore,
juj[( mj+1 +Lv 7uJLwJ) ] jug(ijfujL;lej)
:juj( vj—ujsj)
- LSj + L'Uj—ujjuj S]
=—Lg, + Ly,—u; Ly Lo, Ly Ly, ;.
7 5i j VT U
jv; [( my+1 T Lv;fuj L;;)Aj] :jvj (ij—ujL;lej)
:jvj (ijfuj sj)
:LSj + LUj—uJ-j’Ujsj
:LS]‘ - ijfuj L;;LSJ L;JlLvJ —uj;

similarly,
juj [( m;+1 — ijfujL;jl)Aj] :LSj - ijfujL_.lLSjL;;ijfuja
\.71)] [( m;+1 — ijfujL;jl)A ] = - LSJ + ijfuJL_jLSjL;;ijfuj .
In a compact form, one has

ju[( +LU wl

ulny )]
Tul(1, +LU WLy YN =Ls— Ly L, 1L L 1LU ws
Jul(Iq Ll)}:LS—L,LlLLlLU w
Tol(lg = Lo—uly )N =
Then, for any M € 5‘(uvv)£(u, v, A), there exists Z € ch(u) such that

—AZ = Lo+ Ly_oL;'LyLi'Ly—y Ly — Ly_oL' Ll Loy
Ly — Lyl ' LL3 Ly, I,— Ly+Ly_o L3 Lyl Ly |

The proof is completed. O

w
w
w

M =
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Assumption 5.1. Let (_,17,5\) be a KKT point of (P,). Matrices Lg,Ls,Lg and
L; satisfy

(Lw + Ly—g) (Ly—q — Lw)_l Ls+ Ls(Ly—q — Lw)_l (Lg + Ly—z) = 0.

Lemma 5.3. If Assumption 5.1 holds, then the second-order sufficient condition
of (P,) holds at (ﬂ,f), )\), namely, for any M € 8(2u v)ﬁ(ﬂ,@,)\),

d"Md >0, Vd € ker J(,,,)®,.(u, ) \ {0},
where kerC denotes the kernel of operator C.

Proof. For any vector d = (di;ds) € ker J®,,(u,v) \ {0} with d; € R?, i = 1,2, we
have

T, (u,v)d =0,
namely,
(I + Lg'Lo—a) di+ (I — Lg'Ly—q) d2 = 0,
hence
(5.7) L 'Ly a(dy —dy) = dy + do.

As (Iq - L;le@_ﬂ) is invertible, we have

_ -1 _
dy=—(I;—Lg'Lo—a) (I4+Lg'Ly—q)ds
(58) - (Lf)—ﬂ - Lw)_l (Lﬂj + L{)_a) dl.
Therefore, under Assumption 5.1 and together with (7)) and (&.8)), it holds that
(59) (B " [~Ls+ Lo—aLp'LsLy' Loy Ls— Ly_aLp'LsLy'Lo_g | (i
‘ do Ls—Ly—qLg'LsLg'Lo—q  —Ls+ Ly—aLg'LsLg'Ly—g| \d2

(d\\" ([ Lo—aly'LsLg'Lo—y —Ly—aly'Lsly'Lo_a
~\ds —Ly_qLg'LsLg'Ly_q  Ly_gLg'LsLy'Ly_g

N —L: L; d;
Lg —Lg d2
T -1
dl L’D_ﬁL D — — dl
= <d2> |:_Lvu£jﬁ;1:| Ls [LmlLﬁ—a —LmlL@—a] (dg)
L (4 Trone Lo (d
ds L: —Ls| \do
=(dy —do)" Ly_yLz ' LsLz Ly_y (dy — do) — d¥ Lgdy — d¥ Lydy + 2dT Ldy
=(d{ +d}) Ls (di + do) — d{ Lsdy — d} Lsdy + 2d] Lsds

=4d{ L5 (Ly—a — Ls) " (Lo + Lo—q) s
>0.
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From Lemma 5.2, we obtain that for any M € 8(2u,v)£(_,17,5\), there exists
Z € 0z(u) , such that
(5.10)
- {—AZ —Ls+Ly_glg'LsL'Ly_y  Ls— Ly_gLz'LsLg'Ly_g
Lg— Ly gL' LsL; ' Ly_g Ij—Ls+ Ly_gLg ' LsLg Ly—g|
It follows from Lemma 3.2 that —AZ is positive definite for any Z € dx(u), then
together with (59) and (5I0), we have

d"'Md

(d\" [-AZ 0] (d
() [0 2] @)
di\\" [-Ls+ Ly_alg'LsLy'Lo—w Ls— Ly_aLy'LsLy'Ly_a | (d
+ 1 5 v—u _u) s_w v—1u s v—u w_ s w_ v—1u 1
(dz) [Lg—LﬁﬁLwngLwngﬁ —L§+L5aLw1L§Lw1L5J (dg)
>0

for any d = (di;dz2) € ker J®,,(u,v) \ {0}, namely the second-order sufficient con-
dition of (P,) holds at (a,, \). O

If the second-order sufficient condition holds at (a, v, 5\), then (ﬁ, 0, 5\) is a local
minimizer of (P,). Therefore we turn to solve the equation F(u,v,\) = 0. Define
F:R™ x R? x RY x R? — R37+7;

—Az+ (Iy+ Ly—y Ly )X
- . v—2v+ (Iy — Ly—uLg")A
F(z,u,v,\) := B, (u, )

z — (" — ATu) — B*ILsn (G(x))

Noting that |[ILsy (G(@))||? + ||z — (® — ATu)]||? is strongly convex with respect to
2 and z(u) is the unique solution of ([B.I2)), then together with (£.2) and (.3, we
have that solving F'(u,v,A) = 0 is equivalent to solving ﬁ'(a:, u,v,A) = 0.

Now we are in a position to state a smoothing Newton method for solving
F(z,u,v,)\) = 0. Considering a square smoothing function ¢ : R x §" — S™;
see [22], defined by

(e, X) =vVX2+e2l,, V(5,X)eRxS"™
Then, ¢ is continuously differentiable at (g, X') unless € = 0. For X € §", we also
have the Lyapunov operator Lx:

Lyx(Y):=XY+YX, V Yes",

with L' being its inverse (if it exists at all), i.e., for any ¥ € 8", L (Y) is the
unique Z € 8" satisfying XZ +ZX =Y.

Let T: RxR"xRYxRIxR? — R?xR?xR?xR"™ be a smoothing approximation
mapping defined by

—Az+ (Ig+ Ly—o L")

v—vo+ (Ig — Ly—uLy"
T(e,z,u,v,A) := D, (u,v)

ATy — &+ — %B* <G(3:) +1/G(x)? + EQIn)

A
) A
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Obviously, lim. o T'(e, z, u, v, \) = F(x, u, v, A). The smoothing Newton method is
based on solving

€
(5.11) E(e,z,u,v, ) := [T(s,x,u,v,)\)} =0
and uses the merit function ¢(z) := ||E(e,x,u,v,\)||? for the line search, where
z:= (g,xz,u,v,\). Let £ > 0 and n € (0,1) be such that né < 1. Define an auxiliary
point 2 by 2 := (£,0,0,0,0) € RxR"xRIxRYIXR? and 6 : RxR" xR xR xR? —
Ry by 0(z) := nmin{l, ¢(z)}. The smoothing Newton method, proposed by [I8]
can be described as follows:
Algorithm 5.1 (Smoothing Newton method)
step 1: Select constants § € (0,1) and o € (0,1/2). Let €° := &, (2°,u°, 09,
A%) € R™ x R? x R? x RY be an arbitrary point. Then let the initial point
20 = (€9, 2°, % v, \°) and k = 0.
step 2: If E(zF) = 0, then stop; otherwise, let 0 := 6(z*).
step 3: Compute Az* := (Aek, AxF Auk, Avk  ANF) € RxR™ xR x R? x RY
by

(5.12) E(2") + TE(M)(AZF) = 6,5
step 4: Let [ be the smallest nonnegative integer ! satisfying
(2 + ' AZR) < (1 = 20(1 — pé)dh)p(2).
Define zF+1 = 2F + §lr Az
step 5: k:=k+ 1, go to Step 2.

From [18, Theorem 8], the key conditions for quadratic convergence of Algorithm
5.1 are: (a) the strong semismoothness of the smoothing function E and (b) the
nonsingularity of all matrices H € dpE(z)(z = (0,Z, @, v, A) is a solution of E(z) =
0). Here (a) is naturally implied by the strong semismoothness of v, then we focus
on proving the nonsingularity of the elements in dgE(Z).

Lemma 5.4. Let z = (O,f,ﬂ,ﬁ,;\) € R x R” x R? x R? x R? be a solution of
E(z) =0. If A is of full row rank and Assumption 5.1 holds at (@, v, \), then for
any H € OpE(Z), we have H is nonsingular.

Proof. Suppose that there exists (Ae, Az, Au, Av,A)) € R x R" x R? x R? x R?
such that H(Ae, Az, Au, Av, AX\) = 0, namely,

(5.13) Ae =0,

(5.14) —AAm—l—]\_fAu—Z\_fAv—l—(Iq—l—Lv al )Ax\:O,

(5.15) ~NAu+ Av+ NAv+ (I; — Ly—aLg') AN =0,

(5.16) (I4+Lg'Ly—q) Au+ (I, — Ly 1LU a) Av =0,
1 1

(5.17) Az + §B*BAx + §B*V(As, BAz) + ATAu =0,

with N = —Ls+Ly_oLg'LsLg'Ly_g and V € dp)(0, G(Z)). Together with (5.13),
(EI7) implies that

1 1
(5.18) Az + SB"BAw + 5BV (0, BAw) + ATAu = 0.
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To prove that JFE(z) is nonsingular we only need to show Az = 0. By pre-
multiplying Au” to both sides of (5.14) and Av” to both sides of (5.I5), together
with the equality (B.16]), we obtain that

(5.19) AvT Av — AuT AAz + AuT NAu + AvT NAv — 2AuT NAv = 0.

By (5I8), submitting ATAu = — <AI + %B*BAZE + %B*V(O,BAI)> to (BI9),
then

AuTNAu + AvTNAv — 2Au" NAw
(5.20) = —AzT Az — %AI‘T (B*BAz + B*V (0, BAz)) — AvT Aw.

Suppose that G(Z) has the spectral decomposition G(z) = PEP?, where ¥ is
the diagonal matrix of eigenvalues of G(Z) and P is a corresponding orthogonal
matrix of the orthogonal eigenvectors. Then from [22] Proposition 3.1 ], we have
that

V(0,BAx) = P [Q e (PT(BAx)P)] PT,

where 2 € ST with all entries belonging to [—1, 1], @ denotes the Hadamard product
of two matrices and

AzT (B*BAz + B*V (0, BAx))
=(BAz,BAz + P [Q e (PT(BAz)P)] PT)
=(PT(BAz)P, P (BAz)P + Q e (PT(BAz)P))
>0.

Hence the right-hand side of equation (520) is less than zero. On the other hand,
from (B.I6), we see that (Au; Av) € ker Jy,, )P, (4, 0). As Assumption 5.1 holds,
by (5.39), we have Au” NAu+AvT NAv—2Au” NAv > 0. Then it is not difficult to
deduce from (E20) that Az = 0, Av = 0. By (BI1)), since A is of full row rank, we
have Au = 0, which in turn implies AX = 0. Consequently, H is nonsingular. [

We now state the convergence behavior and quadratic convergence rate of Al-
gorithm 5.1 in the following theorem, which is directly from [I8, Theorem 4 and
Theorem 8].

Theorem 5.1. Let a sequence {z*} be generated by Algorithm 5.1 and let z :=
(8,Z,1,0,\) be an accumulation point {zF}. Suppose that for every k, JE(2*)
is nonsingular, matriz A is of full row rank and Assumption 5.1 holds at (4, v, \).
Then z is a solution of E(z) = 0 and the sequence {z*} converges to z quadratically.

6. NUMERICAL RESULTS

In this section, we report the numerical experiments conducted for testing the
efficiency of Algorithm 5.1. The main task of Algorithm 5.1 for solving (P,), at
the k-th iterate, is to compute the direction Az* at a given z* from the linear
system (5.12). For writing convenience, we omit the iterate index k in the following
discussion.
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It follows from [22] Lemma 2.3] that JE(z)(Az) in linear system (5.12) has the
expression

(6.1) JE(2)(Az)
Ae
—AAz + NAu— NAv+ (I + Lo—uLy') AX
—~NAu+ NAv+ Av+ (Ig — Ly—uLy") AX
(Ig+ L' Ly—w) Au+ (Ig — Ly Ly —w) Av
1 . o —
Az + ATAu+ SB'BAz — B ]L\/lm [L(a) (—BAzZ) + 2eAcl,]
where N = —Ly + Ly_o L3 ' LyL o Ly,
*7 —1 B N . . =
Next, we comput? the term B L\/W]LG(JC)( Bsz in ([6.1)). Since G(x) €
8", suppose that G(r) has the spectral decomposition G(z) = PYPT where
Y = diag(oy,- - ,04) is the diagonal matrix of eigenvalues of G(x) and P is a corre-
sponding orthogonal matrix of the orthogonal eigenvectors, then \/G(x)? + €21, =
Pv¥? +¢21,PT.
— n 71 _ n
Denote X := BAz € S}, Y := L\/W]LG(QJ)(BA@ € 8T, we have

(6.2) VG(2)2 + e2L,Y + YV /G(2)? + €21, = G(2)X + XG(z).
Then (6.2 can be written as
V32 + 2L, PTYP + /32 + 21, PTYP = SPTXP + PTXPY,
hence
(6.3)
(\/af +e2 4 \/af. + a?) [PTY Plij = (0; + 0j) [PTXPij, i,5=1,2,--,n.

Then

L:}WL@(I)(—BAJ;) = —P(Ze (PTBAzP))PT,

where “o” denotes the Hadamard product and Z € S is defined by

=) RS
=lij = )
ol +e24 /o7 +e2
hence
B*L™} Lé(a)(—BAz) = —P(Z o (PTBAzP)) P x.

VG ()2 te21

Since JE(z) in (512) is a linear operator on R x R™ x R? x R? x RY, it is difficult
to express it explicitly without any vector. This implies that it is impractical to
use direct methods to solve linear system (B.I2)). Given the fact that the operator
J E(z) is nonsymmetric, it is natural to choose the BiCGStab method as our iter-
ative solver for solving the linear system (B5.12)), as JE(z)(Az) has the expression

@)
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We report the numerical results of Algorithm 5.1 for solving (P,) with a suffi-
ciently small perturbed parameter p in MATLAB 7.8 running on a PC Intel Core 2
of 2.40 GHz CPU and 4GB of RAM. The stopping criterion chosen for Algorithm
5.11s

resy, := || E(e", 2%, uF, vk, AF)|| < 1075,

The maximum number of BiCGStab step at each iteration is set as 300. The other
parameters used in Algorithm 5.1 are set as € = 3.0, n = 0.02, § = 0.5, 0 = 0.3.
The testing examples for the inverse problem ([B:2)) we considered are randomly
generated, which are described below.

Example 6.1. The matrix A =

(
row rank matrix with entries in [-1

Ay;---; Ay) is a randomly generated g x n full
,1] by MATLAB code:

A =2.0*xrand(q,n) — ones(q,n).

The parameter set (2, G% ¢%,b9, 11, -+ ,b), 1) required in (L) is generated as
follows: Let x € SOL(QSOCP) with G € 8%, ¢ € R", b= (bpm, 415 ;bm,+1) € RY
be randomly generated. Then (mO,GO,co,b%IH, e ,b?nJ_H) is obtained by per-
turbing (z, G, ¢, by 41, »bm,+1). We consider the inverse problem [B2) with a
single second-order cone complementarity constraint, that is, J = 1, and solve the
corresponding perturbed problem (P,) with ¢ = 1.0e — 5,1.0e — 6,1.0e — 7, and
1.0e — 8, respectively.

We take the initial ©°, v and A" being the random ¢ x 1 vectors and the initial
point 2° being zero in R™ in Algorithm 5.1. The random problems of each size are
generated 50 times. The obtained results are shown in Table 1 and Table 2, and
each column represents the following:

e iter.: the average number of iterations among the test problems with the
same dimension.

e infea.: the average infeasibility among the test problems with the same
dimension. The infeasibility of inverse problem (B.2]) denotes the absolute
value |(u*,v*)| at the final iteration of Algorithm 5.1, where (u*,v*) is the
finally iterative value when Algorithm 5.1 terminates.

e res.: the average residual norm of E(-) at the final iteration among the test
problems with the same dimension.

e time: the average cpu time among the test problems with the same dimen-
sion.

From Table 1 and Table 2, we can see that Algorithm 5.1 is able to achieve high
accuracy as the infeasibility is less than 5 x 1078 for all the cases. The number
of iteration and the accuracy for the random problems with the same dimension
does not change so much when the parameter p changes from 1.0e — 5 to 1.0e — 8.
However, for a group of problems with the same dimension, Algorithm 5.1 takes a
little longer cpu time to solve problem (P,) with p = 1.0e — 5 than with the other
three parameters. When p < 1.0e — 8, by our numerical observation, the matrix
L~ generated in some iterations may be close to be singular for n more than 200.

Therefore, the performance of Algorithm 5.1 for solving P, with y = 1.0e — 6
and p = 1.0e — 7 is better than that with gy = 1.0e — 5 and p = 1.0e — 8.
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Example 6.2. All the data are the same as in Example 6.1. We consider the
inverse problem (3:2) with multiple second-order cone complementarity constraints,
and solve the corresponding perturbed problem (P,) with = 1.0e — 6.

The random problems of each size for Example 6.2 are generated 10 times, and
the initial u%, v, \° € R? are randomly generated and the initial point z° is chosen
to be zero in R™. The obtained results are listed in Table 3 with “Q” being the
structure of second-order cones and “iter.”, “infea.”, “res.” representing the same as
which in Table 1 and Table 2. From the numerical results reported in Table 3, we can
see that the cpu time is relevant to not only the variable dimensions m, ¢ but also the
number of second-order cone complementarity constraints in the inverse problem
B2). For cases with the same dimensions m and ¢, Algorithm 5.1 for solving the
corresponding perturbed problem (P,) with less second-order cone blocks in the
constraints converges faster than that with more second-order cone blocks. The
largest numerical example we tested in this paper is n = 1000, ¢ = 400. In this
case, there are roughly 1,000,000 unknowns in the primal problem. Regarding the
scales of problems solved, cpu time spent and the accuracy achieved in Table 3, the
smoothing Newton method we adopted to solve (P,) is quite effective.

TABLE 1. Numerical results for Example 6.1 with 4 = 1.0e — 5
and g = 1.0e — 6

pnw=10e—-5 pn=1.0e —6
" a iter. infea. res. time  iter. infea. res. time
50 20 26.7 2.3e-10 6.66e-06 1.6s  26.0 1.9e-09 7.51e-06 1.3s
100 40 26.5 2.2e-09 6.27e-06 4.9s 25.5 6.9e-09 7.96e-06 3.5s
200 80 29.0 1.1e-08 6.35e-06 25.2s  26.7 9.6e-10 7.14e-06 19.9s
300 120 32.0 3.9e-08 5.98¢-06 2m49.7s  28.3 6.7e-09 7.32e-06 1m43.5s
500 200 29.0 1.9e-08 7.15e-06 10m49.3s  28.7 2.4e-09 5.91e-06 8m12.9s
800 320 32.1 4.1e-08 7.66e-06 49mb54.1s  29.9 3.0e-09 7.30e-06 38m1.0s
TABLE 2. Numerical results for Example 6.1 with u = 1.0e — 7
and p = 1.0e — 8
pn=10e—-7 pn=1.0e—8
"9 Tier. infea. res. time iter. infea. res. time
50 20 25.7 5.4e-09 6.78e-06 14s 26.5 2.0e-09 7.00e-06 1.5s
100 40 26.1 1.2e-08 6.80e-06 3.8s 27.1 5.9e-10 7.71e-06 3.8s
200 80 27.7 2.5e-09 6.64e-06 21.8s 273 1.6e-08 6.95e-06 22.9s
300 120 26.8 2.3e-08 7.35e-06 1m44.3s  28.0 1.1e-08 6.77e-06 1m58.8s
500 200 28.5 4.6e-09 7.45e-06 8m21.8s 27.7 1.3e-10 5.60e-06 8m31.0s
800 320 29.0 1.6e-08 5.07e-06 38m41.3s 27.1 1.0e-08 6.40e-06 40m12.7s
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TABLE 3. Numerical results for Example 6.2

n q Q iter. | infea. res. time
50 | 20 Q10 X Q10 33.319.2e-10 | 6.66e-06 3.2s
50 | 20 Q5 X Qs X Q5 X Qs 36.5 | 5.8e-09 | 6.14e-06 4.9s
100 | 40 Q20 X Q20 33.8 | 4.2e-09 | 7.24e-06 7.6s
100 | 40 QlO X QlO X QIO X QlO 35.9| 1.8e-08 | 8.13e-06 11.7s
100 | 40 Q5 X Q5 X Q5 X Q5 X Q5 X Q5 X Q5 X Q5 48.7|7.9e-09 | 1.92e-06 33.4s
200 | 80 Q40 X Qa0 34.1|7.3e-08 | 4.16e-06 34.6s
200 | 80 Q20 X Q20 X Q20 X Q20 37.5|6.5e-09 | 7.72e-06 59.4s
200 | 80 Q16 X Q16 X Q16 X Q16 X Q16 35.8 | 1.5e-09 | 8.43e-06 1m?7.8s
200 80 Q10 X QIO X Q10 X Q10 X QlO X QlO X QIO X Qlo 45.419.8e-09 | 6.61e-06 1m26.3s
300 |120 Q60 X Qo0 32.7]1.2e-08 | 7.11e-06 1mb57.8s
300 | 120 Q40 X Qa0 X Qao 32.3 | 1.0e-08 | 8.37¢-06 2m10.3s
300 | 120 Q30 X Q30 X Q30 X Q30 38.8 | 1.6e-09 | 9.31e-06 3ml16.9s
300 | 120 Q20 X Q20 X Q20 X Q20 X Q20 X Q20 39.5|2.7e-10 | 7.21e-06 3m45.7s
400 | 160 Qs0 X Qg0 29.7 1 4.7e-08 | 8.64e-06 4m42.2s
400 | 160 Q40 X Qa0 X Qa0 X Qa0 37.6 | 1.8e-08 | 7.82e-06 5m45.8s
400 [ 160 | Q20 X Q20 X Q20 X Q20 X Q20 X Q20 X Q20 X Q20 | 38.0 | 2.5e-09 | 7.07e-06 9m15.3s
500 | 200 Q100 X Q100 28.0 | 3.9e-09 | 7.83e-06 8m15.5s
500 | 200 Q50 X Q50 X Q50 X Q50 37.11]2.8e-08 | 7.72e-06 11m34.7s
500 | 200 | Q25 X Q25 X Q25 X Q25 X Q25 X Q25 X Qa5 X Q25 |40.2|9.5e-10 | 8.55e-06 15m47.5s
600 |240 Q120 X Q120 36.0 | 2.6e-08 | 7.07e-06 17m28.3s
600 | 240 Qe0 X Qso X Qeo X Q60 38.5|6.4e-09 | 8.04e-06 22m15.7s
600 | 240 Q40 X Qa0 X Q10 X Qa0 X Q40 X Qa0 35.2 | 8.9e-09 | 8.03e-06 24mb2.5s
600 | 240 ng X Q30 X ng X ng X Q30 X ng X Q30 X ng 47.4 | 5.8e-10 | 5.65e-06 46m3.9s
800 |320 Q160 X Q160 32.3 | 1.3e-08 | 6.06e-06 41m40.6s
800 |320 Qs0 X Qg0 X Qso X Q80 34.4 | 1.4e-09 | 8.25e-06 49m1l.1s
800 | 320 Q40 X Q40 X Q40 X Q40 X Q40 X Q40 X Q40 X Q40 35.7 | 2.2e-09 | 8.28e-06 1h7m7.9s
1000 | 400 Q200 X Q200 33.418.3e-10 | 8.21e-06 | 1h2m10.0s
1000 | 400 Q100 X Q100 X Q100 X Q100 34.0|1.1e-08 | 1.44e-06 | 1h14m9.3s
1000 | 400 Q50 X Q50 X Qso X Q50 X Q50 X Q50 X Q50 X Qso 39.2 | 2.4e-09 | 8.56e-06 | 1h38m21.4s

7. CONCLUSION

In this paper, we study an inverse second-order cone quadratic programming

problem in which the parameters in both the objective function and the constraint
set need to be adjusted. By the duality theory, we formulate the inverse problem as
a linear second-order cone complementarity constrained optimization problem with
semismoothly differentiable objective function involving a mapping x(u) which is
defined by a Yosida-regularization. We use a smoothing function to approximate the
complementarity relation and demonstrate the outer semicontinuous of the optimal
solution set of the perturbed problem (P,). The smoothing Newton method with
Armijo line search is employed to solve (P,) and the numerical results reported
show that our algorithm is quite effective.

The methodology in this paper can be extended to solve other inverse conic
optimization problems in which both the objective function and the constraint set
need to be adjusted.
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