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WELL-POSEDNESS STUDY AND FINITE ELEMENT
SIMULATION OF TIME-DOMAIN CYLINDRICAL
AND ELLIPTICAL CLOAKS

JICHUN LI, YUNQING HUANG, AND WEI YANG

ABSTRACT. The goal of this paper is to prove the well-posedness for the gov-
erning equations which are used for cylindrical cloaking simulation. A new
time-domain finite element scheme is developed to solve the governing equa-
tions. Numerical results demonstrating the cloaking phenomenon with the
cylindrical cloak are presented. We finally extend the analysis and simulation
to an elliptical cloak model.

1. INTRODUCTION

The idea of invisibility cloaking using metamaterials got its start in 2006 when
Pendry et al. [46] and Leonhardt [31] laid out the blueprints for making objects
invisible to electromagnetic waves. In late 2006, a 2-D reduced cloak was suc-
cessfully fabricated and demonstrated to work in the microwave frequency regime
[48]. This is the first practical realization of such a cloak, and the result matches
well with the computer simulation [I6] performed using the commercial package
COMSOL. The basic principle of Pendry, Schurig, and Smith’s cloaking is to use
the form-invariant property of Maxwell’s equations under coordinate transforma-
tion to define the permittivity and permeability of the cloaking metamaterial. We
want to note that essentially the same idea was discussed earlier by Greenleaf, Las-
sas, and Uhlmann [20] for electrical impedance tomography. Of course, there exist
many other promising schemes for achieving invisibility cloaks by using metama-
terials. Examples include a scheme based on optical conformal mapping [31], one
using anomalous localized resonance [41], one based on special but object-dependent
coatings [I], and one using zero index metamaterials [24L44], etc.

Since 2006, the study of using metamaterials to construct invisibility cloaks of
different shapes (e.g. [28,[34.[45,[52]) has been a very hot research topic. Cloaks
operating from microwave frequencies to optical frequencies have been investigated,
more details and references on cloaking can be found in some recent reviews (e.g.,
[[2,21122][51]) and a recent book by Leonhardt and Philbin [32]. Numerical simu-
lation [25L[35] plays a very important role in modeling of invisibility cloaks and val-
idating theoretical predictions. Generally speaking, cloaking simulation boils down
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to solving metamaterial Maxwell’s equations in either frequency-domain or time-
domain. Though there are many excellent publications on finite element analysis of
Maxwell’s equations (e.g., papers [7,RLI0LITT3HIELIRR2747, 491 B0L53], and books
[T7,261[35,42] ), there has not been much mathematical analysis done for those cloak-
ing models. In recent years, mathematicians have started investigating this fasci-
nating subject, but most works are still limited to frequency-domain or the quasi-
static regime by mainly solving the Helmholtz equation [21[31[5129130,3739,43], the
conductivity problem [], and the time-harmonic Maxwell’s equations [6]. The ad-
vancement of broadband cloaks [238340] makes time-domain cloaking simulation
more appealing and necessary. The first experimental demonstration of a cloaking
event in the time domain was present in 2012 [I9]. This achievement is a signif-
icant step towards the development of full spatio-temporal cloaking. In our very
recent paper [36], we developed a time-domain finite element method to simulate a
cylindrical cloak [52], and carried out some mathematical analysis for this model.
However, due to the complexity of the modeling equations, the rigorous analysis
of the well-posedness was unsuccessful then. One of the major contributions of
this paper is to complete the well-posedness study of the cylindrical cloak. Also,
we propose a more efficient finite element scheme than the one proposed in our
previous work [36], because the new scheme only solves three unknowns instead of
four.

The rest of the paper is organized as follows. We first describe the 2-D cylindrical
cloak modeling equations in Section 2. Then in Section 3, we investigate the well-
posedness of this model. Then we propose a new mixed finite element scheme for
simulating the cylindrical cloak. Numerical results showing the cloaking phenomena
obtained by the new scheme are illustrated in Section 4. In Section 5, we extend the
well-posedness study to an elliptical cloak model [28,[45]. Numerical simulations of
the elliptical cloak are also performed. We conclude the paper in Section 6.

2. THE MODELING EQUATIONS

The cloak modeling is based on the Faraday’s Law and Ampere’s Law written
as follows:

0B

(1) Ef—VXE,
oD
(2) EiVXH,

and the constitutive relations

(3) D=c¢E, B=_yuH,

where E and H are the electric and magnetic fields respectively, D and B are
the electric displacement and magnetic induction respectively, ¢ and p are cloak
permittivity and permeability, respectively. For the cylindrical cloak, the ideal
material parameters in the polar coordinate system are given by [46]:

(4) - 77‘—R1 e, — - T e — - RQ 2T—R1
r = Hr = r ’ ¢_u¢_T—R1, z = Mz = RQ_Rl r

)

where Ry and Ry are the inner and outer radius of the cloak. In this case, EZ becomes
a 2-D vector, and H is a scalar, i.e., we can write E = (E,, E,) and H = H,,
where the subindex x,y or z denotes the component in each direction. Moreover,
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we follow the convention to denote the 2-D curl operators: For a scalar function
H, we define V x H = (22, —9)/. while for a vector function E = (E,, E,)’, we

dy ' Oz
OBy, _ 0E,
define V x E = e oy

Transforming the polar coordinate system to the Cartesian coordinate system,
we can obtain [52]:

g,8in® ¢ +e4c082 ¢ (4 — &) sinpcosd

(5) foeregl = (¢4 —er)singcos¢ &, cos® g+ e4sin’ ¢

Because the material parameters given in ([{l) cannot be used directly to simulate
the time-domain cloak, we have to map the parameters using the dispersive medium
models. Here we consider the Drude model for the permittivity:

2
6 S [
(6) er(w) =1 gt

where v > 0 and wj;, > 0 are the collision and plasma frequencies, respectively. Note
that other dispersive material models (e.g., Debye, Lorentz etc. [35, pp. 232-235])
can also be considered here. Due to its simple form and easy implementation, the
Drude model is the most widely used one in the modeling of metamaterials.
Substituting (@) into (@) and changing into time-domain, we have [52]:

(7)
2 9 82 9 2 9
E= MsD 1) MpD
coc¢ (8t2 gt ) <8t2 gt > 4D+ e <8t2 +76t) B

where we denote D = (D,,D,)’, Is for the 2 x 2 identity matrix, and matrices

.92 . 2 :
_ sin” ¢ —sin ¢ cos ¢ - cos“¢  singcosg | .
Ma= { — sin ¢ cos ¢ cos? ¢ ] » Mp= { singcosd  sin? ¢ == Ma.

Similarly, we map the permeability using the Drude model [52]:

(8) pz(w) = A <1 - w";m> ,

w? = jwYm

7 = R and wp;y, > 0 and 7, > 0 are the magnetic plasma and collision

frequencies, respectively. Substituting () into [Bl), we obtain

where A =

W2
(9) B, = MoNsz = NOA (1 - %) Hz>
W= = JWYm

which in time-domain is equivalent to

02 0 0? 0
(10) (8t2 +Fym6t> B, = g A(8t2 +vmat+wpm> H,.

In summary, the time-domain cylindrical cloaking model is composed of equa-
tions (), @), (@, and (0], subject to proper boundary and initial conditions.
To be more specific, inside the annulus Ry < 7 < Ry (i.e., the so-called cloaking
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region), the governing equations are:

OB

(11) E =-V x E,
oD

(12) E—VXH7

o? 0 2 o? 0 2 0? 0

52 9 > 1o} 2
(14) (ﬁ‘f”}/m&) B. = oA <w "F"Ym&"'wpm) H.

We assume that the perfectly conducting (PEC) boundary condition is imposed
on the inner cylindrical boundary so that any object can be cloaked inside, since
no wave can be penetrated into the inner circle (i.e., the so-called cloaked region).
Outside the cloaking region is the free space, which is governed by the standard
Maxwell’s equations in air. Note that when the physical parameters
er=pr=1¢ep=pg=1 e, =p, =1, wp = wpm =0,

the constitutive equations (@) and ([@) become as D = eoF and Bz = p,H., respec-
tively. In this case, (I3) and ([Id]) are redundant, while (II]) and ([IZ) just become
the standard Maxwell’s equations in air:

OH OFE
o A, — Ea ar Ha
I 5 V x €0 5 V x

i.e., the cylindrical cloaking model (II)—(I4) is reduced to the simple Maxwell’s
equations in air. In the next section, we will study the well-posedness of this
cloaking model.

3. THE WELL-POSEDNESS OF THE CLOAKING MODEL
To simplify the notation and analysis, in the rest of the paper we assume that
Y= Tm-

Multiplying (@) by uoA, then differentiating the resultant with respect to ¢ and
using (), we have

,LL()AEQE(b(Ets +~vE;2 + wI%Et)
(15) = oA [(Ma + esMp)(Dys + yDy2) + wiy Ma D]
= poA(Ma + eyMp)V x (He +vHy) + poAwi MaV x H.

To simplify the notation, here and below we denote H = H,, M = My + e4Mp,
k

and the k-th order partial derivative of a function uw with respect to ¢t as u;x =
By (I0) and (), we have

(16) poA(He + vHy + w2, H) = =V x B, — 7V x E.
Taking curl of (I6) and substituting the resultant into the right-hand side of
(@), we have
pocodeg (B + vEp + wiBEy) + MV x V x By +YMV x V x E
(17) = —pgAMY x (w2, H) + poAw2 M4V x H.

9%u
otk -

First, we prove an interesting property of matrix M.
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Lemma 3.1. The matriz My is symmetric and non-negative definite, and the
matric M is symmetric positive definite.

Proof. By the definition of M, it is easy to see that for any vector (u,v)’, we have

(u,v)Ma < Z ) = (u®sin? ¢ — 2uwsin ¢ cos ¢ + v cos? P)
= (using —vcos¢)® > 0,

which proves the non-negativeness of M 4.
Similarly, using the definitions of M4 and Mg, and the fact that ¢4 > 1, we
have

(u,v)(Ma +e4sMp) ( :j )
= (u2 sin? ¢ — 2uv sin ¢ cos ¢ + v? cos> 10)
+ €¢(u2 cos? ¢ + 2uv sin ¢ cos ¢ + v? sin? p)
= (usin ¢ — v cos #)? + £4(ucos ¢ + vsin ¢)?
> (using — vcos¢)? + (ucos ¢ + vsin ¢)? = u? + 02,
which shows the positive definiteness of M4 + 4 Mp. [l

By Lemma [3.]], the matrix M is invertible, and its inverse is denoted as Mg =
My + e, Mp)~t. Moreover, we have
¢

Lemma 3.2. For matriz Mc = (Ma 4+ ,Mp)™", Mc - Ma = My holds true.
Proof. Note that

R
(18) Ma+eoMp = Ir—Mp+esMp =D+ (o —1)Mp =l + - 1R Mo
- 1
(19) _ 1;— T cos? ¢ R}%l sin¢cos¢
pr }13 singcos¢ 1+ sin? ¢
from which we obtain its determinant det(M,4 + 5¢MB) =1+ = 31 = &, and
its inverse
r— Ry L+ —f sin 2o —Au sin¢cos¢ — Ry Ry
Me= T = I M
© r - R}l% smd)cosd) 1+ COS 10} r ( 2+7‘—R1 4)
Using the property M2 = M, we have
r— Rl Rl 2 T — Rl r
Me-My = M M3) = : My = My,
© A ( A+T’—R1 ) r r— Ry A A
which completes the proof. O

To study the well-posedness, we will first rewrite the governing equations ()
and (7)) into a weak formulation. The domain 2 is the annulus R; < r < Rs, and
the PEC boundary condition n x E = 0 is imposed on 02, where n denotes the
unit outward normal to 9.

Let us denote the spaces

(20) H(curl; Q) = {v € (L*(Q))? V x v € (L*(Q))?},
(21) Hy(curl; Q) = {v € H(curl;); n x v =0 on 90}.
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Left multiplying (I7) by M¢ and then by a test function ¢ € Hy(curl;Q2), and

using integration by parts and similarly, multiplying (I8) by a test function 3 €
L?(£2), we obtain the following weak formulation: Find E, H such that
(i)

(22) eopoAl(egMcEs, ¢) +v(egMc Eyz, §) + (wies Mo Ey, ¢)]
+ (VX E,Vx¢)+~v(VxEV X o¢)

(i)

_,U/OA(wimHv V x ¢) + :U/OA(WZQ)MCMAV x H, d))a v ¢ € HQ(CU.I‘l; Q)7

MOA [(Ht27 w) + ’Y(Htv w) + (wimH7 w)]
(23) =—-(VXxE;+4V x E, ). Y€ L*Q).

Below we first prove some bounds for the magnetic field H in terms of the electric
field E.

Lemma 3.3. For anyt € (0,T], we have

t
IV x H[5(t) < C[I[V x H[3(0) + [|DI[5(0) +/0 (1 Bel[5 + 1 BI5 + |1 E][5)de).

Proof. Multiplying (@) by M¢ and using the fact Mo - My = M4, we obtain

Dy +~vyD; + wiMAD =epegMc(Ep +~vE; + wiE).
Then multiplying this by D; and integrating over €2, we have
1d
(24)

5 1 Pill6 + @y MaD, D)} < C([|Bezlo + || Edllo + | Ello) [ Delo-

Integrating (24]) from 0 to ¢, and using Cauchy-Schwarz inequality to the right-
hand side of ([24]), we have

1
3l

| Dy|[5(t) + (w; MaD, D)(t)]
< SIIDAIR(0) + (@M4D, D)(0)
t t
+3 [ I +C [ (1Bl + 1B+ | Bl
from which, the fact D; = V x H, Lemma Bl and the Gronwall inequality, we
conclude the proof.

(]
Lemma 3.4. For anyt € (0,T], we have

(O[5 + lwpm H (D)5

t
< ClI[H(O)IE + llwpm H (0)]]3 +/0 IV x Bel[§ + 72|V x E[3)dt].
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Proof. Choosing v = H; in (23], and integrating from 0 to ¢, we have
1
AU H )G + [wpm H()I[5)

< 5o A([He(0)[[§ + [lwpm H (0)[[5)

N =

t
_/ (VXEt +’YVXE,Ht)dt
0

< 5o A( He(0)[[§ + [wpm H (0)]15)

N —

L1 1
oAl Hi()||§ + = ||V x E; + 9V x E|[})dt
+ [ GrAlIH (@1 + g1V x B+ 47 Bl
together with the Gronwall inequality, we have, for any t € [0, T,

1
0 A(H )I1G + [wpm H($)][)

1
< " IS0 A(HH O)[I5 + |lwpm H (0)I[)

1 t
to [T % Billg 492119 x B|R)at)
Kot Jo
which completes the proof. ([l

With the above preparation, now we can prove the following stability.
Theorem 3.1. For the solution of 22)) and [23), the following stability holds true:
copoAl(egMoEy2, B2 )(t) + (waco Mo Ey, Ey) (1) + (V X Ey, V x Ey)(t)
(25) +(V x E,V x E)(t) + A(wes M E, E)(t)
+ o A(|[H[§ + llwpm H[5) () < CF(0),

where constant C' > 0, and the function F(0) depends on initial conditions V X
E(0),V x E(0), E(0), E:(0), E;2(0), H(0),V x H(0), H/(0) and D(0).

Proof. Choosing ¢ = E,2 in (22)), we obtain

1

d 1d
(26) §EON0AE[(5¢MCE1527 Etz) + (w§6¢McEt, Et)] + §%||V X Et||(2)

< (VX E,V x Ep) — poA(wl, H,V X Ep2) + po A(w;MaV x H, Ey2),

and integrating from 0 to ¢, we have
seonoAl(esMoE e, Bi)(0) + (wBeoMo By, B (D) + 5119 x Bill3()
< LAl Mo Ere, Ers) 0) + (g Mo By E)O)] + 219 x E0)
(27)  — (VX E,V x E)(t) +v(V x E,V x E;)(0) —|—'y/0t |V x Ey|[3dt
— o AWw2, H,V x Ey)(t) + poA(wl, H,V x Ey)(0)

t t
+ MoA/ (w;xQ)mHt’ V x Et)dt + /.LQA/ (wﬁMAV X H, Etz)dt.
0 0
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Substituting the following estimates

2
WY X B,V x B)(t) < 01|V x Buf + 551V x Bl

poA(wp, H,V x Ey)(t) < 62|V x Et||3 poA)? lwnp H1IG,

46(

A
qu/ (wht1.¥ x Bt < 552 | <||Ht||o+||wpvaEt|\>

A
MOA/ (prAv x H,Ep)dt < “OT (\|v x H|]3 + ||w§MAEt2||§)dt
0 0

into (1), and denoting rhs(0) for those terms at ¢ = 0, we obtain

1
560#0A[(€¢M0Et2 s Etz)(t) + (w§e¢McEt, Et)(t)]
1
+ (5 = 01 = &)V x Be|[3(2)

2 t
< rhs(0) + ZTHV x E|[2 +7/ IV x Eql[gdt
1

poA
o oAV IR + 222 [ IR + 11,9 x Bl
poA 2
+ 198 [ IR + M a B )

Similarly, choosing ¢ = E in (22]), we obtain

1d
521V x Bl + @2esMo B, B) +9I9 x BIi

= —EQ,UJ()A[(E(chEts, E) + 7(6¢MOEt2, E)]
— poA(wr H,V x E) + p1gA(w,; MV x H, E),

and integrating from 0 to ¢, we have

(29)

1
§[||V x E|[5(t) + (wiesMcE, E)(t)]
1
< SllIv x E|[3(0) + (wpes Mo E, E)(0)]
—eopoA(egMcEpz, E)(t) + copoAlep Mo Ey2, E)(0)

t t
+ oo A (€¢MOEt2 S Ey)dt — Eo/joA’y/ (€¢MOEt2 , E)dt
0 0

t

t
- ;LOA/ (w2, H,V x E)dt + pOA/ (wiMaV x H, E)dt.
0 0

Let wmin > 0 be a constant such that w, > wyin, we have

(30)

copoA(egMcE 2, E)(t)

1
< 60#0A[54(6¢M0Et2,Et2) —+ 4—54(€¢M0E, E)}

< eopoAlSs(esMcEp, Ep) + ——5—(wiesMcE, E)).

464w

mm
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Substituting B0) into Z9), and multiplying the result by 62, we have

1 1 €opoA
20 E|P(t) +=(1 - 22 2 McE,E)(t
6v{2IIV>< Ho()+2( %Mgnin)(wpeas cE,E)(t)}

1
<6v*{Z[IV x E[[5(0) + (wpes M E, E)(0)]
(31) 60#0A54(6¢MOEt2, Et2)(t) + Eo,LLQA(5¢McEt2 s E) (0)
t t
+ 50,qu/ (€¢MOEt2,Et)dt — 60/1014’)// (6¢MOEt2,E)dt
0 0
t t
- MOA/ (winH,V x E)dt + MOA/ (wpMAV x H, E)dt}.
0 0

Choosing 61 = 65 = %, and 04 such that

eopoA 1 2 €optoA 1
2 < Z and ) - <46
(32) b 3 and 6770, < 5 or — 4 < o2

then summing up 28) and (BI]), and using Lemmas and B4l to bound those H
terms, we conclude the proof. ([l

Remark 3.1. The first constraint in (32)) is used to make sure that the second term
on the left-hand side (LHS) of B1]) is positive; while the second constraint in ([B2]) is
needed to guarantee that the third term on the right-hand side of ([BI)) is less than
the first term on the LHS of (28). When v = 0, we just drop the multiplier 672 in
1)), and simply choose 64 = i and §; = 6y = % to guarantee the stability (25]).
Note that [B2)) always holds true in practice. For example, in cylindrical cloak
simulation (e.g., [36L[38]), the following parameters are often chosen: Ry = 0.1 m,
Ry = 0.2 m,w =21 f,v = 0.0lw with operating frequency f = 2 GHz. Using the
fact that 1/,/€ofio = 3-10°% m/s, we can see that igé‘—”A ~1/(2%9%10%0 % /2% m+ 2%

9y _ 1 s T 1 _ 1
107) = 736\/§ﬂ‘1025,whlch is much smaller than 577 = Ton00Ts 2+ 10%) = Too-21077-

Finally, we can prove the existence and uniqueness of the solution for our cloaking
model.

Theorem 3.2. For anyt € [0,T], there exists a unique solution (E(-,t), H(-,t)) €
Hy(curl; Q) x H(curl; Q) of @22) and 23).

Proof. Taking the Laplace transform of (3], we obtain

Apoeoes[s°E — s°Eo — sEy — Ef +~(s°E — sEo — E}) 4+ wi(sE — Ey))
= 110AMY x [s°H — sHo — Hy +~(sH — Ho)] + poAwr MaV x H

or

Apoeoey(s® + vs* + wf)s)E

(33) . . R
= poAMY x (s°H + vsH) + 1o Aw? MV x H + Fy(s),

where Fy(s) denotes all the terms related to initial conditions.
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Similarly, taking the Laplace transform of (0], we obtain
poA(s*H +~vsH + wimﬁ) = -V x (sE+~E) + Gy(s),

from which we obtain
1
poA(s? + s +w2,)

(34) H= [~V % (s +7)E + Go(s)],

where G(s) denotes all the terms related to initial conditions.
Substituting ([B4) into ([B3) to eliminate H, we obtain

(s* +7s) -
HoA(s? +vs + w2y) (5 +7)V X B+ Go(s)]

Apoeoes(s® +vs* + wf)s)E = —poAMYV x |

_ 2 (s+7) O
poAwp MAV X [N/OA(52 s +w£m)v x E + Go(s)] + Fo(s)
or
(35)  Apocoep Mo (s 4 v + w?s)E 4+ V x (MV x E)
0%0%¢ P 52+ s +w2,
+ WMV x ( Y G k) = Fo(s).

82+ s+ w2,
Note that the matrix s(s + )l + wf,MA is symmetric positive definite, and we
denote its inverse Mp = [s(s + 7)I + w2M4]~'. Moreover, we denote p(s) =
(s + s+ w2)(s* + 75 4+ w2,,), and rewrite [B3) as
(36) Apoeoesp(s) MpMcE +V x ((s +7)V x E) = Fi(s).
The weak formulation of 38): Find E € Hy(curl; ) such that
(37)  Apoeo(esp(s)MpMcE, §) + (s +7)V x B,V x ¢) = (F5(s), ),

holds true for any ¢ € Hp(curl;2). The existence of a unique solution E e
Hy(curl; ) of (31 is guaranteed by the Lax-Milgram lemma if the matrix MpM¢
is symmetric positive definite, which will be proved below.

After some algebraic calculation, we obtain

1
Mp = @[S(S-I—’Y)Ig +wI2JMB},

where det = s*(s +7)* + w’s(s + ). Hence we have

(38)
_ 1 2 r— R R,
MpMec = det[s(s-i-’y)fz-i-prB] , (12+T7R1MA)
_ 1L r-h 2 s(s+y) R 2 R
~ det r {s(s+ 7L+ w, Mp + r— R Ma+wyp r—RlMBMA}
1 - R R
r 1.{3(3+7)[2+M§MB+MMA},

- det r r— R
where in the last step we used the fact that MMy = (I — Ma)M4 = 0.
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FIGURE 1. (a): The cloaking setup; (b): An exemplary coarse mesh.

Using the facts that for any nonzero vector (u,v)’,

(u,v)MA( ; ) >0, (u,v)Mg ( " ) >0,

we see that (u,v)MpMc (Z) > (0, which shows that the matrix MpM¢ is symmetric
positive definite.

The existence and uniqueness of H is implied from the existence and uniqueness
of E and (34)). It is easy to see that (34 implies H € L?(Q). Furthermore, through
some algebraic calculation, we see that (33)) is equivalent to

A . 1
VxH= 606¢(83 + s + wf,s)MDMcE — —AMDMCFO(S)>
Ho
which implies that V x H € L%(Q). Hence H € H(curl;Q). The inverse Laplace

transforms of functions E and H are solutions of the time-dependent problem (22)
and (23). This completes the proof. O

4. NUMERICAL RESULTS

In this section we present some cloaking simulations obtained with the cylindrical
cloaking model. Here we design a more efficient mixed finite element method than
that proposed in our previous work [36].

To solve our problem efficiently, we partition the physical domain Q by a family
of regular meshes 7" with hybrid grids: triangles in both cloaking and free space
regions; rectangles in the perfectly matched layer (PML) region. The PML concept
was introduced by Berenger [9] in 1994 to simulate wave propagation problems with
open boundaries. Since 1994 there have been many investigations of PML for both
Maxwell’s equations and other wave equations. We do not repeat the details about
how to use PML for the cylindrical cloaking simulation, which were discussed in
our previous work [36]. The specific cloaking simulation setup and a sample mesh
are given in Figure [

Denote 7 for the time step size. With notations

nt3 n—=i ntl n—1

uttz — 2 1 0puTE —out T

o 2 n+i  Or T

Oru = — 0"z = ,
T T

1 1 3
u™tz 42" 2

4
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we can construct a leap-frog mixed finite element scheme for solving our cloaking
1 1
model: forn=1,2,..., find DZ+2, EZ+2 € V2, H € Uy, such that

(39)  (5:D7% o) = (H} Y x 6),
(10)  co (o BT 0n) +eor (coBntEon) +e0 (wPes Bl o)

= (M(SEDT%,%) +7 (MDZ%,%) + (w,Q,MAﬁZ, sOh) ,
(A1) oA ((BHE gn) + (0 n) + WRHGE ) )

_ E’nrf»% E’n
=—(VxE, *+9V x E,,¢p)

hold true for any ¢p, ¢n € V2, ¥y, € Up. Recall that M = My + e4,Mp. Here
the mixed finite element spaces U, and V', are chosen as [35[42]: for rectangular
elements K € T",

Up = {tn € L*() : ¥n|x € Qoo, ¥V K € T"},
Vi ={¢n € Hlcwrl; Q) : éulx € Qo1 X Qr, VK € T"},

where @; ; denotes the space of polynomials whose degrees are less than or equal to
1 and j in variables x and y, respectively. While on triangular elements, we choose

Un = {tn € L*(Q) : tn|x is a piecewise constant, V K € T"},
Vi ={¢n € H(curl; Q) : ¢n|x =span{\;VX; — \;V i}, 0,5 =1,2,3,V K € T"},

where \; denotes the standard linear basis function at vertex i of element K. The
space

V9 = {¢n € Vi, nx ¢, =0 on 90}

is introduced to impose the perfect conducting boundary condition n x E = 0.
Note that the scheme ([B9)—([&I) is very easy to solve. At each time step, we

first solve (B9)) for DZJF%, then solve ({Q) for EZJF%, followed by H"' from (@I).
Compared to the scheme proposed in our previous work [36], the current one is
more efficient since we only solve for three unknowns instead of four in [36].

In our simulation we choose Ry = 0.1, Ry = 0.2, the operating frequency f = 2.0
GHz, and the lossless case with v = 7, = 0. The real mesh used is one obtained by
uniformly refining the coarse mesh shown in Figure [I three times, which contains
65536 triangular elements and 28672 rectangular elements. The corresponding time
step 7 = 2-10713 second, i.e., 0.2 picosecond (ps), is chosen to guarantee the stability
of our explicit leap-frog explicit scheme.
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Below we present two examples. The first one is used to make sure that our new
scheme can produce the same result as our old scheme [36]. The second one is a
cloaking simulation obtained with an incident wave generated by a point source.

Example 1. The incident wave is generated by a plane wave H, = 0.1sin(wt) with
w = 2nf. The obtained electric fields £, at different time steps are presented in
Figure 2l which is consistent as our previous work.

Example 2. In this example, the incident wave is generated by a point source
H. = 0.1sin(wt) imposed at a point (0.078,0.4). The electric fields E, at different
time steps are presented in Figure [3 which shows clearly that the incident wave
after passing the cloaking region resumes the wave pattern in free space. Hence any
object placed inside the cloak is undetected by the external electromagnetic waves.
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5. EXTENSION TO AN ELLIPTICAL CLOAK

5.1. The governing equations. Based on the idea of transformation optics [40]
(see also [35]), an elliptical cloak can be similarly designed [28]. Consider an ellip-
tical shell with semi-axes a and b in the y direction; and semi-axes ka and kb in the
x direction; cf. Figure @l Here k denotes the axis ratio, and gives different cloaks:
a horizontal elliptical cloak when k > 1, a vertical elliptical cloak when k& < 1 and
a circular cloak when k& = 1.

In the elliptical cloak region (described by ka < r = /a2 + k2y? < kb), the
relative permittivity and permeability can be expressed in the Cartesian coordinate
system as:

(42) e=p=| €y €y 0 )
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FIGURE 4. (Left) An elliptical cloak in the Cartesian coordinate
system; (Right) An exemplary coarse mesh.

where
r k2a2R? — 2kar?
—_ 22
’ r—ka (r — ka)r® ’
S k2a?R? — ka(1 + kZ)TSx
e (r — ka)r® v
r k2a?R? — 2k3ar3
€yy = + v
Y —ka (r — ka)r®

b 2 r —ka
€rp = .
b—a r

Here R = /22 + k*y?. Detailed derivation can be found in [28].
Since € is symmetric, it can be diagonalized by the eigenvalue matrix A and a
corresponding orthogonal matrix P, i.e., ¢ = PAPT where [45]:

A0 0 p1 p2 O
A= 0 X 0 ), P=| —-p2 pr O
0 0 Xs 0 0 1
Here we denote
m—1 1
AM=——, Xo=—, A3=¢€,
1 m + 17 2 )\1 9 3 €
4r5(r — ka) €y A2 — €yy
m= 14— = , p2= .
\/ k2a? R?(x2 + y?) b €2, + (A2 — €yy)? bz €2, + (A2 — €yy)?

Since A\; and A3 are less than one in the cloak region, they must be replaced by
dispersive quantities such as the lossless Drude model:
2
w

L i=13),

(43) /\i = €005 —
where w is the angular frequency, €~; is the permittivity at infinite frequency, and
wp; is the plasma frequency.

Using the constitutive equation D = ¢yeE and the decomposition ¢ = PAPT,
we have

eoE =PA'PTD,
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which can be rewritten as

1 1 1 1
(44) el = [/\1]91 + o —p3|D; + (/\—2 - )\—l)plmDya
11 1, 1,
(45) eoky = (/\_2 - /\—I)P1P2Dm + [)\—2171 + A_lpﬂDy’

where (D,,D,) = D and (E,, E,) = E.
Substituting Ay from (@3] into @3] and simplifying the expression, we have

[(—eoolwz—i—w;l)—i—)\zw?']plpsz+Lp%(—ewlwz—l—w;l)—)\ngwg}Dy = eo)\g(—eoolw?'—&—wf,l)Ey,

which can be written in time domain as

0D, 52D
P1p2(€co1 — A2) 5 + P1p2wp1D + (€so1P} + A2p3) 5+ P1Wp1D
(46) ot ot
52Ey 9
= 60)\2 (6001 _8t2 —+ wplEy),

where we assumed exp(iwt) time dependence. Similarly, changing (@) into time
domain yields

) 92D, 92
(€s01P3 + A2p}) 25 pYe + powi Do + p1p2(€ser — A2) 55~ 2 Y+ pr1pawi, Dy,
(47) 02,
= €0A2(€o01 55 BT + wl Ey).

Similarly, changing the constitutive equation

3
B = popH = pio(€oos — —5-)H
w
into time domain, we obtain

0’H 9 0’B oE
(48) pol€cos g +wpaH) = S5 = =V x —,
where we used (Il) in the last step.
In summary, the time-domain elliptical cloaking simulation is governed by the

following equations:

(49) D, =V x H,
(50) c0X2 (€oc1 By2 + wiy E) = MpD,2 + MpD,
(51) po (e3sHyz + wigH) = =V x By,

subject to proper initial and boundary conditions. Here we denote matrices
2 2 2
PiA2 + €oc1Ps  P1p2(€oct — A2) 2 (P2 Pip2
Mg = , Mp=uw, .
L ( pip2(€oor — A2)  PEA2 + o] = pip2 P

The well-posedness of the model [@d)—(EI) can be proved similarly as we did for
the cylindrical cloaking model by letting v = 0, and replacing M4 by Mg and Mp
by Mp. It is easy to check that all those properties of M4 and Mp are inherited
by Mg and Mg, respectively. For example, for any nonzero vector (u,v)’, we have

u
(u,v)Mg ( v ) = (pTA2 + €co1P3)u® + 2p1pa(€oo1 — A2)uv + (P32 + €oo1p1)v”

= Xa(pru — pav)? + €so1 (pou + p1v)* > 0,
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and

(u,v)Mp ( Z ) = Wl (p2u + p1v)* > 0.

5.2. Numerical results. Similar to the cylindrical cloak, we now construct a leap-
1 1

frog type scheme for the elliptical cloak: for n =1,2,..., find DZ+2, EZ+2 e Vo,

Hjp} € Uy such that

(52)  (6:-DpF0n) = (HLLV % n),
(53)  eo (Macaot02EL T 0n) +e0 (awi B on)
= (ME‘SEDZ+§,SDh) + (MeDjy,on),
(59 o (eoa(@HE ) + @RI ) = —(V x B3 E )

hold true for any ¢, ¢ € Vho, Py, € Up.

For our elliptical cloaking simulation, we choose a = 0.075,b = 0.15,k = 2, the
operating frequency f = 1.5 GHz, and €1 = €53 = 1. The elliptical cloak is
embedded inside the physical domain Q = [0, 1]?, which is partitioned by a regular
triangular mesh. An exemplary coarse mesh is shown in Figure @l The mesh used
for our simulation is obtained by uniformly refining this coarse mesh three times,
and surrounded by a PML region with 12 rectangular cells of h = 0.00625 in each
direction. The total numbers of triangular elements and rectangular elements are
64896 and 8400, respectively. The time step 7 = 4 - 10735 is used. The incident
plane wave is given by H, = 0.1sin(wt). The electric fields E, obtained at different
time steps are presented in Figure Bl which shows the cloaking phenomenon clearly.
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6. CONCLUSIONS

In this paper, we provide the well-posedness study of a 2-D cylindrical cloak
modeling equations. Also, we propose a new mixed finite element scheme for sim-
ulating the cylindrical cloak. Numerical results showing the cloaking phenomena
with cylindrical cloak are presented. Finally, we extend the well-posedness study
to an elliptical cloak model. Numerical simulations of the elliptical cloak are also
performed. Future works include extension of the proposed approach in this paper
to the 3-D spherical cloak model given in [46].
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