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AN ANALYSIS OF A CELL-VERTEX
FINITE VOLUME METHOD FOR A
PARABOLIC CONVECTION-DIFFUSION PROBLEM

WEN GUO AND MARTIN STYNES

ABSTRACT. We examine a cell-vertex finite volume method which is applied
to a model parabolic convection-diffusion problem. By using techniques from
finite element analysis, local errors away from all layers are obtained in a
seminorm that is related to, but weaker than, the L2 norm.

1. INTRODUCTION

The cell-vertex finite volume method is a commonly used discretization scheme
for conservation laws. It has been highly successful in modelling flows in aerody-
namics. Since the method fits very naturally with convection problems, it has ad-
vantageous properties for convection-diffusion problems. Nevertheless, all analyses
for cell-vertex methods have been carried out either for pure convection problems
(see, e.g., Morton and Siili [10], Siili [15, 16] and Morton and Stynes [9]), or for
convection-diffusion two-point boundary value problems (see, e.g., Mackenzie and
Morton [8] and Morton and Stynes [9]). So far, there has been no similar analysis
for a parabolic convection-diffusion problem in the literature.

In this paper, we examine a cell-vertex finite volume method when applied to
the following model time-dependent convection-diffusion problem:

(1.1) Lu(z,t) = —eugy + aug + bu 4+ rup = f(x,t) V(x,t) € Q,
(1.2) w(0,t) =u(l,t)=0 for 0<t<T,
(1.3) uw(z,0) =u’(z) for 0<xz<1,

where 0 < e < a and Q = (0,1) x (0,T]. For simplicity, we assume that a, b and r
are constants with

(1.4) a>0, b>0 and r>0.

We also assume that f € Ly(2) and u® € Ly(0,1).

The conditions (1.1) — (1.4) define a time-dependent convection-diffusion prob-
lem. Problems of this type arise, for example, in the modelling of steady and
unsteady viscous flow problems with large Reynolds numbers (see Peaceman and
Rachford [13] and Van Dyke [17]), convective heat transport problems with large
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Peclet numbers (see Jakob [6]), oil reservoir simulation (see Ewing [4]), radioac-
tive corrosion in the water cycles of an atomic reactor, adsorption processes in gas
pipelines, spread of medicaments with the blood circulation or of plumes of poi-
sonous industrial wastes in river systems (see Baumert et al. [2]), petroleum reser-
voir mechanics (see Price and Varga [14]) and electromagnetic field problems in
moving media (see Hahn [5]). In (1.1), € is a diffusion coefficient and the function
a is a flow rate.

The differential operator in (1.1) is parabolic, but for small € its behavior might
be considered as mixed parabolic-hyperbolic. The solution w(z,t) will in general
vary rapidly in a layer region of width O(eln(1/¢)) at boundary x = 1, even for
smooth initial-boundary data. This layer region is called a boundary layer. The
boundary layer phenomenon has been discussed by many authors since Prandtl’s
original work in 1905; see, e.g., Vishik and Lyusternik [18], Eckhaus and de Jager
[3], Nayfeh [11] and O’Malley [12]. Tt causes serious difficulties when solving (1.1)
— (1.4) numerically.

An outline of the paper is as follows. In §2 we describe the cell-vertex method
for (1.1) — (1.4) and reformulate it as a finite element method. Section 3 is devoted
to the derivation of a discrete Garding inequality that guarantees the existence and
uniqueness of the finite volume solution. Local errors in the I3 seminorm (defined
in §3) are analyzed in §4. (We note that, when restricted to certain piecewise
bilinear trial spaces, this seminorm becomes a norm.) Our analysis indicates that
on a general tensor product mesh, the method is first-order accurate away from
all layers, in the lo seminorm. We can sharpen this result to local second-order
accuracy in ls, if either € is very small compared to the mesh diameter or the mesh
is locally almost uniform.

Throughout the paper, we shall use C' to denote a generic positive constant which
is independent of € and of any mesh used.

2. DESCRIPTION OF THE CELL-VERTEX SCHEME

To discretize (1.1) — (1.4), we first define a partition of Q as follows. For any
pair of positive integers N and M, we consider the arbitrary tensor product grid

Qh:{(l'i,fj)EQZ O=a9g<z1 <---<ay=1,
O:t0<t1<<tM:T},

with h; = z; — ZZ?i_l,kj = tj — tj_l and h = maxi,j{hi,kj}. Define the “finite
volume” or “cell” K; ; by

K@j = ($i_1,$i) X (tj_l,tj), for i = 1,... ,N andj = 1,... ,M.

In the finite volume context, the discretization of (1.1) is performed on each cell.
The basic idea is to integrate (1.1) over a cell so that the convection and diffusion
terms are converted into line integrals of normal fluxes along the cell edges, and
then use the trapezoidal rule to approximate the integrals. Thus, letting u” denote
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the computed solution, for cell K; ; we set

(2.1)
//K] f(z,t) dadt

ek
= -2 (ul(@i, ty) — ul (i1, ty) + ul(@s, tjo1) — ul(@io1,tj-1))

2
aki o oh Nk _ PN _

+ > (u" (@i, ty) — u (o1, ty) + u (@i tj1) — u" (21, tj-1))
T‘hi

t 5 (u" (@i, ty) = u (@i, ty 1) + 0 (@i, t) — u (i1, 1))
hikij (b 6y - (ot ) 4wl (ot M ot

+ (u" (i, ty) + u(wio1, ty) +u" (2, tj-1) + " (wim1, tj-1)) -

4

With the approximation u”(z,t) parameterized by its values at the vertices, this
still leaves two problems to be solved. First, how do we define u” at the nodes?
There are several ways in which this may be done, but we consider here the so-called
Method A in Mackenzie and Morton [8]. That is, we define

(2.2) ult(2,t5)

fore=1,...,N—1, and

- hi + hit1 (Uh(xi+1’tj) —u" (i1, tj)) ;

(2.3) wh(0,8) = 1 (1" (o1, 15) = 0 (0,1)) — (o).
Similarly to (2.3), one can define u”(1,¢;). This solves the first problem.

The second difficulty is as follows. If we perform the discretization (2.1) on all
cells, we will have a system of N M equations in (N —1)M unknowns, since u"(z, t)
will be prescribed on three sides of © by (1.2) and (1.3). We have M equations too
many. To obtain an exact match, we choose upwind control volumes, that is, each
nodal unknown is associated with the cell upwind of it. We do this by discarding
the equations associated with Ky ; for j =1,..., M. We then obtain a system of
equations (2.1) — (2.3), fori=1,... ,N —1and j = 1,... , M, which has exactly
the same number of unknowns as that of equations. The second problem has been
eliminated.

Finite volume methods are often interpreted as finite difference methods. This
is reflected in the finite difference techniques used to analyze such schemes. For a
scheme such as (2.1) — (2.3), which does not satisfy a discrete maximum principle, it
is difficult to obtain a satisfactory finite difference analysis. Instead, we observe that
the cell-vertex formulation of the finite volume method has a natural interpretation
as a Petrov-Galerkin finite element method. The finite element framework then
affords the possibility of applying finite element techniques to estimate errors in
the finite volume method; see [10, 15, 16, 9].

To reformulate the cell-vertex finite volume scheme (2.1) — (2.3) as a finite ele-
ment method, we first define our trial and test spaces. Set

U = {ve HY(Q)NC(Q) : v(0,t) =v(1,t) =0 for t € (0,77,

v is bilinear on each cell K },

MM = {p € L*(Q) : pis constant on each cell K,
p=0oncells Ky for j=1,...,M}.
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In order to simplify the presentation we introduce the averaging operators p, fi;

and g, fori=1,... ,Nand j=1,.

,uw”:hk// w(z, t) ddt,
Mg Wi 5 = h_l/wll (LL' t; )d

1[4
ew; j = —/ w(a;, t) dt,
k; ti—1

for all w(x,t) for which the right-hand side is defined.

Remark 2.1. One can easily verify that for each v € U} and for i = 1,...,

j=1,.... M,

(2.4) MV = i(”% 15 + iy +vie1-1 + vij-1)
(2.5) = %(vam + faVi 1)

(2.6) = %(Ntvi,j + pevi—1j),

27) (vx)es = (e = pvic ),

(2.8) iy = st = i)

where v; ; denotes v(z;, ;).

N and

Now the cell-vertex finite volume approximation is defined as follows: find u” €

Ul satisfying

(2.9) B(u".p) =(fp) VpeM",
(2.10) (w"(-,0),p") = (@ ph) Vp € M,
where (-,-) and (-, -) are the usual L?(Q2) and L?(0,1) inner products,
+ = li
p"(z) = lim p(z,1),

and we set for any (v,p) € H(Q) x M",
N-1

M
:_62 k ,Ung{,ut Uzt)l Ht(v$)z lj}
=1 i=1

(2.11)
+ (avy + v + bu, p).

Here we define, for j =1,... ,M and v € C(Q),

(2.12)
s iy — pvig)  ifi=1,. N -1,

,at(vr>i7j =
101 — i (V)1 if i =0.

Remark 2.2. For the discretization of the diffusion term in B (v, p), we do not need
nodal values of v;, just its integral along two sides * = x;_; and = = x; of K ;.
Fori=1,...,N —1, fu(vy);; is defined by associating pv; ; with the cell center,
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then taking the obvious divided difference. For i = 0, we define fi;(vy);,; by an
extrapolation. It is easy to check that (2.1) — (2.3) is equivalent to (2.9) — (2.12).

In the next section, we shall demonstrate existence and uniqueness of the finite
volume solution.

3. STABILITY AND CONVERGENCE

We begin our analysis of the cell-vertex finite volume scheme (2.9) — (2.12) by
establishing the stability of the method in some appropriate mesh-dependent norms,
which in turn implies the existence and uniqueness of the finite volume solution u”.

We introduce the following mesh-dependent norms:

M N-1 1/2
V)1 ) = Z Z hik;|pvs 5| ;
j=1 i=1
M N-1 1/2
[0, 0, 0m) = ij|,ut'UN—1,j|2 + Z Rl pavi 2 ,
j=1 i=1
N—1 1/2
[v]1,0_ny = { hilﬂmvi70|2} ,
i=1
M N-1l, o} e M 1/2
) i+1 ~ 1 ~
ey my =4 D %kﬂﬂt(vm)i,jﬁ +7 D kil wa)og? ¢
j=1 i=1 j=1

for all v(x,t) for which the right-hand sides are defined.

Remark 3.1. We note that these norms are seminorms on L*(2). If | - |;,(on) is
restricted to the subspace of U defined by

{fvelf: v(,0)=0 for 0 <a <1},

then it is a norm. The first three of these seminorms are similar to those used in
Siili [16]. The last seminorm is introduced here to deal with the diffusion term.
Define a projection R : U} — M" by

Ry =4 Hvij on K;j, fori=1,... N—landj=1,... ,M,
0 otherwise.

The stability of the finite volume method (2.9) — (2.12) is proved by the following
discrete Garding inequality.

Theorem 3.1. Assume that ¢ < a(hy_1 + hy). Then for each v € USL,
. €
B(”? R’U) > §|U$|%2(Qh) + b|U|l22(Qh)

1 . r
+ Zmln{a7r}|v|f2(5+m) - §|U|122(6,Qh)'
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Proof. Recall the definition (2.11) of B(-,-). For each v € U},
M N—1
B(’U, RU) = _EZ kj HU;5 45 {,ut(v$)z ,Ut(vm)l 1 J}

j=1 i=1
+ (avy + rvg + bv, Rv)

First, by summation by parts,

L=e) kj{ — PN -1, fir (Vo) N—1,5 + pv1j it (V2 )o
(3.2) -

N-2
+ ) (ign — poig) e (Um)i,j}~
=1
Now we have

—HUN-1,5 t(Vz)N-1,5

= (pon,j — poN—1,5) (Vo) N=1,j — HON,; [t (Vz) N—1,5

_hy_1+hN . 2 1 - _
(3.3) - 9 |1t (v2)N—1,5° — E,utUN—Lg it (Ve ) N—1,5,
using (2.12), (2.6) and pon ; =0,
hn-1+hn . 2 1 )
> INA TN o) g ] — gt
= 4 |,LLt('U )N 1>J| 4(hN—1 + hN) |,LLt'UN 1,9

by the arithmetic-geometric inequality
203 < a?/q+ qB?
for all ¢ > 0 and all a and . Similarly, using (2.6) and pvo; = 0, we have

1, it (U)o,
1
~ 3

hy, . ) A
= I(Ut(”z)O,j + (Ve )1,5)fie (V2 )o g, by (2.12),

V1,5 fue (Va)o,
(3.4)

hi
z2 3 (i (va)og* = lie(va)1 i) -
Also from (2.12), fori =1,... ,N — 2, we obtain

N hi 4+ hiy1, .
(3.5) (1vit1,5 — pi ) e (V2 )i,5 = %lut(vm)i,ﬂ?

Substituting (3.3) — (3.5) into (3.2), we get
(3.6)

hn—1+hn 1
Lz Ezk { 1 | e (v2)v—1,5]° = W T i) leon -1,/

+ My
8
N—

—|—h1 .
+ g m)z‘,j|2}'

=1

(1 (v2)og 1 = e (v2)1,51%)
2 hy
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Next, we have
(3.7)

=

—1

)

j=

hikj plavg + rog + bv); j po;

]

—

2

M
Z {ak; (pevij — pevie1,y) + rhi (avij — pavij—1) + bhikjpwv; j} pvs 4,
j=1 1

.
Il

by (2.7) and (2.8),

=
L

- M
k; ’ (Jevig|* = |pevier 5 °) + g Z hi Z (|t2vij* = |pavij—1]?)

+ l\Dll‘Q
S i

<
I
-
Il
=

2
L

hikj|pv; j|?,  using (2.5) and (2.6),

=1 i=1
oM p N1
=3 > kil + B > hi (luevil® = |usviol®)
j=1 i=1

2
L

M=

+ b hikj|/wi)j|2,

1

%

<.
Il
—

by telescoping and using pvo; =0, for j =1,... , M.
Hence,

B(w,Rv)= I + I,

a
> z - =
B |Um|l2 @ F (2 (hN 1+ hn) ) Zk eow-4°
r = r
3 Z iliavimr|? = §|”|z22(a,m) +b[v[}, ny-
The desired result then follows from the assumption of the theorem. O

As a corollary we obtain the following stability result.

Theorem 3.2. Assume that € < a(hy_1+ hn). Then (2.9) - (2.12) has a unique
solution u™ € U} and

2 2 2
€ ‘“ﬂiz(szh) + ‘”h|12(m) + |“h|z2(a+szh)

2
<C {|f|122(9h) + |u0|12(679h)} .
Here, C' depends only on a,b and r.

(3.8)

Proof. As the existence of a unique solution follows from (3.8), because we are
dealing with a norm in this situation (cf. Remark 3.1), we need only establish
(3.8).

Taking p = Ru” in (2.9) and using the arithmetic-geometric inequality, we obtain

n (2.
B(u", Ru") = (f, Ru")

b, 2 1.9
> 5 }u }lg(Qh) + %|f|l2(ﬂh)'
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Now an appeal to Theorem 3.1 completes the proof. O

Theorems 3.1 and 3.2 are in the spirit of results obtained in finite element anal-
yses using standard “inf-sup” machinery; see, e.g., Babuska and Osborn [1] and the
references therein.

As another corollary of Theorem 3.1 we have the following global error bound.

Theorem 3.3. Assume that e < a(hy_1+hn). Let ul be the interpolant from L{éI
to u. Then

€ |pe(uz) — fue(u )l° am T u—u }l @ T |u_uh}l22(8+ﬂh)

SC{E}M ug) — fu(u )

2
3@y T }a(u —ul), +r(u — ul)t}lz(ﬂh)

I 12 1|2
+ |“ —u ‘bmh) + ‘“ —u ‘zz(a,m) + |“ —u ‘12(@9*»)} J

where
(3.9)
N-1y
N 2 h; + h7, 1 N 2
|t () — fue(ul) 3on) = ij > )i — ()i |
j=1  i=1
M
hl
I k }ﬂt um 0,5 ﬂt( 7]|
j=1
and ‘Mt (ug) — fie(ul) ZQS(Qh) is similarly defined.
Proof. Set
E=ul —u!, n=u—ul.
Then
u—ul=n—¢

We begin by estimating &.
Applying Theorem 3.1, we obtain

1 .
|§m bam T b|§|l22(m) + 1 mln{a,r}|§|l22(6+m)

(3.10) r
< B(& RE) + 5 €l 0_an)-
Set
(311) €5 = Nt(u$)z ,ut( )
From (1.1) — (1.3) and (2.9) — (2.12), we have
M N-1
3.12) B¢, Re) =—€;;I%M§m {eig —eim14)

+ (ans + roe + bn, RE)
and, by (2.10),

(3.13) €170 any = |0l o_any-
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We first estimate the term involving e:

M N-1
—e Y Y kipbig{en; —ei1)
j=1 i=1
M N-—1
= 62 k; {—u&v,j en—1,j + ué1 €0, + Z (H€it1,5 — péig) ei,j} ;
j=1 i=1

by summation by parts,

M 1 1
= 62 kjq—zmén_1jen—1;+ &1, €o,j

‘ 2 2
Jj=1
N-1
hi+hit1 .
+ TJth(ﬁw)m‘ em} ;
1=1
(3.14) by virtue of (2.12), (2.6) and p&o,; = puén; =0
l 1 h
1 /A ~
ey ks {-y%&v—m en—1j + 7 (fe(&)og + fe(€a)rs) €05
j=1
N—-1
hi + hz P
£ Y B e} by 22)
=1
M min{a, r}
<e) K {T7|Mt€]\f—1)j|2 + Celen—1,4[°
j=1
| #(&)o,s1* + | +(€)1,51% + Chaleo 42
1 g hi +h hi +h
7 i+1 | ~ 7 i+1
+ 3 Z T+|Mt(€w)i,j|2 +2 Z T+|€i7j|2}
=1 =1

2

< 13(Qh)

. € A
mln{a, T}|€|122(6+Qh) + Z|§I lgz(Qh) + Ce |Ut(um) - ,ut(ualc)

| =

using € < a(hny—1 + hy).
As regards the other term in (3.12), we have
b
(3.15) (ang + rne + by, RE) < §|§|l22(szh) + Clang +rm: + bn|122(m).
Thus, from (3.10), (3.12) — (3.15), it follows that

b 1
|§r i,(oh) §|€|122(Qh) + _mln{aar}|€|l22(8+ﬂh)

8
< ¢ {e |uilus) — fulul)

This, together with the triangle inequality, yields the desired result. O

oy lams + e+ 02 gn + [0l o on }
13(QR) i l2(Q") 12(6-Q")

4. LOCAL ERROR ANALYSIS

In this section we present local convergence results for the cell-vertex finite vol-
ume scheme (2.9) — (2.12). While the analysis is rather intricate, it ultimately
shows that the scheme yields accurate results on certain subsets of ) where u is
smooth; see Remark 4.2 below for more details.
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We first derive various interpolation errors. Set
I={@j5:i=1,...,N—-1,j=1,...,M}.
We have

Lemma 4.1. For any (i,j) € I, assume that u € C3(K; j U K;11,;). Then

(4.1) i |+ |(ans +e)i g | < C(hiky) ™Y 2R3 |ul s i, .
(4.2) |lzmi0l < on}?

4 }UO|H3(1171,I»;) ’

e (w)ig = fie(uy)ig| <C{lhi = higal llull o2z, )

(4.3)
+ (h’zg—',—l + h12 + ka) HuHcs(Ki,jUK7;+1,j)}

with

(4.4) e (ua)o,5 — fu(uh)o | <C{lhy = hal |lull o2k, )

+ (B3 + 03+ k) llullos ik, jurs )}
where | - |g3(py denotes the usual seminorm on H*(D).

Proof. The proof of (4.1) can be found in the proof of Theorem 4 in Morton and
Siili [10]. In a similar manner one can prove (4.2).
We need only prove (4.3) and (4.4). For ¢ > 1, using (2.12), we have

2
~ I I I
fie(ug )i = [T (Hujpr ;= mui;)
1
— m(lti.lrLj F U151 — Uim1,j — Ui—1,5-1), Dy (2.4),

1 hiv1 — h;
= 5 (ua(wi, b)) + vz (i tj—1)) + %

2
1 3
+ m {hi+1 (uwww(ehtj) + ummw(e%t]—l))

(Uze (T4, t5) + Uga (25, t5-1))

+ h? (ummm(937 t]) + u:EZE:E(94) tj—l))} )
by a Taylor expansion, where

Timg < 93,94 <z < 91,92 < Tig1-

Thus,
e (e )i s — ()i 5|
1[4 1
< —/ o (0, 1) i — = (i, ) + s (05, 151)
W 2

+ Clhigr — il llulle2(i, ) + C (B + 13 lulles(k, ,ukips )
< Clhiyr = hil lulloz(g, ) + C (h31 + B3 + &) llullos(x, ,ukiir)s

by the error estimate for the trapezoidal rule.
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Similarly, for 7 = 0, by a Taylor expansion about x = 0 and using ug; = 0 for
all j, we have

. 2

fir(ul)o; = h—lﬂtu{,j — pe(ub)r,

1
= —(ur;j +uij-1)— 2 >(U27j + u2,j-1)

h1 h1+ ho
h
= u(0, tj) + um(ovtj—l) + ?1 (urr(ovtj) + (0, tj—1>)
hi
+€ (ummm(ef)atj) +u$xz(06;tj—1))
1 hi+h
D) (Uvz(oatj) —|—um(0,tj_1)) - = 4 2 (Uvzx(oatj) "’urr(ovtj—l))
hy + ho)?
_% (USEZE:E(97) tj) + ummm(o&tj—l))
1 hi—h
= 5 (0,15 + s (0,£5-1)) + = (U (0, 5) + 14 (0, 1j-1))
hi
+€ (ummm(ef)atj) +u$xz(06;tj—1))
hy + ho)?
_% (uwww(977tj) + ummw(e&tj—l)) )
where
0<b,<xy forl=5,...,8.
Hence,

|t (ua)o = fie(u)o 5l
1[4 1
— uw(O, t) dt — = (uw (0, fj) + um(O, tj_l))
k; tj1 2

+Clhy = hal Nlullez2g, ;) + C (B3 + hi) llullesx, ,uks )

Clhy = ha llulle2(k, ;) + C (5 + i + &5) lull o ;ukes )

IN

IN

which completes the proof of (4.4). |

For each (¢, 7) € I, define

(4.5)
g . ~
B; j(w) = _E(Nt(wr)i,j — fit(wz)i—1,5) + plaws + rwg + bw); 4,

for all w for which the right-hand side is defined. Then

M N-1

(4.6) B(w,p) => > hikj upi j Bi j(w).

j=1 i=1
For I any nonempty subset of I, let ) = U(z‘,j)ef K; ;. Set
1/2

(4.7) wlg@y =19 D hiks|Bij(w)?
(i,5)el
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We note that | - |qny is a seminorm on L?(Q). Tt can be regarded as a gen-

eralization of the seminorm | 7 -I"(a(-))|;,(on) introduced in Morton and Stynes
[9].

Using Lemma 4.1, we get the following error bound in a local |- |4 (@m) seminorm.

Theorem 4.1. Let Q = U(z‘,j)ef K; ; be arbitrary. Set
It = {(i,j) el: j=7 andl|i—i| <1 for some (i,j) € f}

Let QF = Ui, jyei+ Kij- Assume that u € C3(Qt). Then

|“h - “I‘E(Q)

(4.8) <Ce {(m?gf{hfl|hi+1 = hily by Hhi = hicaH|ull ez
/L7J

+ (m?é(f{hfﬂh[l? hi, K3hi '} ||U||c3(§z+)} + Ch2|”|H3(Q)'
7

Proof. From (1.1), (2.9) and (2.11), we get

M N-1

Bl =) === 3" 3 ky sl —eion)

=1 i=1
+ (an + e +bn,p), Vpe M",

(4.9)

where e; ; is as in (3.11).
Fix (i,j) € I. Take p in (4.9) to be the characteristic function of K; ;. From
(4.6) this yields

(4.10)
By (u" —u') = —ehi Heij — ei15} + plans + i + bn)i .
Applying Lemma 4.1 gives
B j (u" —u')| < Ceh;t {(|hz‘+1 = hi| + ki — hia|) lull 2z, ,uk, )
+ (hzz—i-l + hz2 + hzz—l + kj2) ||u||CS(Ki—l,jUKi,jUKi+l,j)}
+O(hikj)_1/2h2|u|H3(Ki,j)a

with the convention that hg = hy. The desired inequality follows immediately from
the definition (4.7). O

In what follows, we shall derive a local error bound in an energy seminorm. To
this end, we introduce a cutoff function w(z,t) defined by

w(z,t) =g (x - ) gt —1t*),

where (z*,t*) is a fixed node, v > 1 is a constant (which we choose later to be
independent of € and the mesh), and

2
9(r) = 1+ exp(r)

Vr € (—00,00).
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Set
(4.11) Qo ={(z,t) € Q:ax<z", t <t}

1 1
(4.12) Qf = {(x,t) €eQ:zx S.’L'*-FS’thIlE, t<t*+57h1nﬁ},

where s > 0 is some integer (which we choose later to be independent of € and h).
Without loss of generality, we assume that Q{f consists of cells, that is,

i
o = U U K

j=1i=1
for some (¢/,5") € I. Set
Ve
(4.13) ot =J U Kis-
j=1i=1
One can easily show that
(4.14) wy <0 and w; <0 onQ,
(4.15) maxw/ minw < C, max|wm|/mln lwe| < C,
Dz ,J i,J D D1 ¥
where Di7j = Ki)j @] Ki+17j7
(4.16) lwe| < Cy TR o,
(4.17) w(zy,t) <Ch®  fortel0,T],
(4.18) and w(x,t) >1 on Q.
Notation. We introduce the following weighted norms:
1/2
|U|l2 abw = Zth ww|/wz]| )
j=11i=1
1/2
[0l o o), Z hi Wi |pvi0)° )

h; +h1
02y o ZZ Lk wi e (v2)i1?

Jj=11i=1
1/2

hy % X
+Izkjw17j|ut(vm)o7j|2 ;
j=1

for all v(x,t) for which the right-hand sides are defined.
Define R, :L{(? — M" by

Rov— Wi 5 M5 5 OHK@j, fOI‘iZl,...,’U,jZl,...,j/,
v 0 otherwise.

Then we can prove a weighted Garding inequality.
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Lemma 4.2. Assume that there exists a positive constant cg, which is independent
of € and of the mesh, such that

(4.19) e<coh; fori=1,...,i+1
Then

2 €2 2

B, Bov) 2 Jlvali, o) o b1k, 08 o

T2 -1 2
- §|U|z2(a,szg),w - Chshi'+1|”|z2(szg++)7

where | - |l2(QJ+) is defined analogously to | - |, qn)-
Proof. Similarly to the derivation of (3.7), we have

(4.20)
(avy + rve + bu, R,v)

v

g
a
=3 SN kjwi (i * = [evica ;1%)
j=1i=1
j/ il
r 2 2
t3 > hiwi g (pavig* = |pavij—1]?)
j=1i=1

-7 -7

i
00D hikjwig vl
J=1i=1
j/ i
ki §> (wig — Wit ) v |” + wir sl 5
j=1 i=1

J/
hi$ Y (Wi = wigi1)|Bavi ) + wi e |Havi [ — wialpeviol?
i=1 j=1

j/ il
F YD hikjwig [ ),
j=1i=1

by summation by parts and using pvg,; = 0.
Next, the contribution to B(v, R,v) from the diffusion term is

j/ b
Qe =~ Y Y kjwij i {fu(ve)ij — fur(va)io1,}

j=11i=1

j/
(4.21) ey kj{ — wir g it 5 e (Ve )ir 5 + w5 w1 e (Ve )o,g
j=1

i'—1

— ) (Wi iy — Wit Mvi-ﬁ-l,j)ﬂt(vm)i,j}'

i=1
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Now, analogously to (3.3), we have

—pvir i (V)i

4.22 " y
( ) > hz +h1 41 1

N 2 2
Vg )it i|© — ——————— |pvir g1 41%.
Z 1 |fie (v )i 7J| By + hirer | +1,J|

Fori=1,...,i7 —1

(4.23)
—(wij pij = Wig1j (i) (Ve )i g

= {wij (Mig1,j — pvi ) — (Wij — Wit1,5)10it1,5} e (Ve )i

119

h; + hitq R N

=— 2 Wi (005 |* — Wiy — wig1,j) Vi1 fie(Va)ig, by (2.12),
hi + hit1 . 2 1 2 1 2

2 = wig lAe(va)igl” — i (Wij = wit1,5) w; j it 5°-

Substituting (4.22), (3.4) and (4.23) into (4.21), we obtain

(4.24)
hz’ + hz +1 ~ 1 2
Qe >5Zk { wir j | (v2)ir 51 = For & s |vir 41,4
i =1
hl N h» +h1+1
+ gwl,j(|ﬂt(vw)o,j| — (el ) + D === wi L (ve)ig
i=1
V-1 )
S e S PR
< hi+ hip (ij = wiers) i lvic | }

€
210zl o) 0 mzk wir g |1l
i —1

§ § 2, -1 2
— & k CUL‘ —(.(Ji+]_7‘) Ww; ; |/J/U7;+17‘| .
= h + hz+1 J J ©J J

In (4.24), we can bound the second term by using (4.17), to get

J
€ 2
T + T ij wir 5 Wi 41,4
4.25 <(C——"-—— kj |pv;
( ) h'L’ 4 h'L 41 g |/J”U '+1 J|

1
< Chshl 41 |’U|l2(ﬂj{+)7

using (4.19).
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As for the last term in (4.24), using (2.6) and (a + b)? < 2(a® + b?), we get

(4.26)
i'—1 1
(@i g = wis1 )0, wvigs 51
1 hi + hit1 J J 2 J
i'—1
- 2 Z h; +h 1+1 max |w1|2 (|/‘t”w| + |Mtvl+l7]| )
i'—1
Z+1 —1 -1 9 5
CZ hi +h1+1 h X |wal (|evis|” + pevie ;17),
using (4.16) and (4.15),
i'—1

<Cyty o m max wal(lutvul + | pviv 41)
=1

-/
K2

<C’—1Z max |w..| + max |w v I
= 0y P <Ki+1,j| m| Ki.j| $| |,ut Z)J|

./
3
_ . 1
<c¢§j( max  |wsl/ min |wm|)—<wi7j—wi+1)j>|utvm|%
P Kita,j hiy1

KijUKit1,;

since (4.14) implies that w; j — w1, > 0,

IR .
<Cy 12%(%3‘ — wit1,5) i %, using (4.15),

200 Z hitt (wi,j — wit1,5) levis I,

on choosing ~v sufﬁ01ent1y large, independently of € and of the mesh used.
Thus, from (4.24) — (4.26) and (4.19) we obtain

Qe > |U$|l2 b)), Zk Z Wi, — Wit1,5 |,ut'Uzj| — Ch°h +1|U|l Q)
1=

Combine this with (4.20) and use (4.14) to complete the proof. |
We now prove the main result of this section.

Theorem 4.2. Assume that ¢ < a(hy—1 + hy) and that (4.19) holds. If u €
C3(QF™), then

Ju— "] gy < Ch (||u||03(9++) + 1 g3 o, ))
sy —1 \1/2
+C (h h +1) (HfHL2(Q) + H“O||L2(0,1) + |u|H3(Q<T+)> )
are as in (4.11) and (4.13) respectively, s is as in (4.12), and

b2 1/2
15(20) T lu—u }12(90)}

13(9%) and | - |1,(0y) defined similarly to (3.9) and | - |, qn)-

where Qy and Q(')" +

ju— uh|E(Qo) = {E |1e(uz) = fie(u ol

with |1 (u5) — fe ()
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Proof. Applying Lemma 4.2, we obtain
|§Il (Q+ + b|€|2 Q+

(4.27) . o
SB(é,wa)Jrgléllz(afm) + R hi Lo l€l] g+

Recalling (4.6), we obtain

i

B(&,Ru&) =Y hikjwij n&i;Bi;(€)

j=11i=1

1L
STIER 5100+ 35 20 D hik i 1B @)

j=1i=1

(4.28)

Put this into (4.27) to get
(129)

|§m ()t bIEl?

’

1.4 o
EZth Wi [Big €)1 + 1€l o o) 0 T CR R €] i)

>~ C{|§|B€(Qi{) + |€|l22(879+ } + Chs i +1|€|l (Q++)

since w(,t) <2 on Q, where | - |,y o+ is defined similarly to | - |i,o_on).-
Appealing to Theorem 4.1, we obtain

(4.30)
gy <C= o (17 H{ e Qe = Yl oo Wl |
+ Ch? |U|H3(QO+)
SChH“HcS(Q0++)a

using (4.19).
By (2.10),

(4.31) |€|z2(a,sz0+) = |7l|z2(a,szg) < Ch? }UO}H?’(O,:EI-/) )

by virtue of (4.2).
For the last term in (4.29), we have

h
Eliacagsy < [ 1o+ + 1uliag) + 1l g +)
< (|f|l2(52h) + }uo}lz(a,ﬁh) + |u|l2(90++)) 4 Ch2|u|H3(QO++)7

according to Theorem 3.2 and (4.1).
Clearly, for any w € L?(),

|w|zz(szg++) < wlpyany < lwllzy9),

by a Cauchy-Schwarz inequality. Also,
Julzaioy < € (1720 + 16 o)

121
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Thus,
(4.32) €huzs) < C (I 2y + 8] ooy ) + CH2l gy
Collecting (4.30) — (4.32) into (4.29) yields
1/2
{ |§w|l Q+ + |§|l2(ﬂi{),w}
(433) S Ch”“”cS Q++) + Ch2|u0|H3(O,Ii/)

sh 1/2
w0 ()" (17100 + [0 200y + olscas)) -
Note that by (4.18),

(434) €|€$|l2 af) + |§|l2(ﬂo) = €|€$ (Q0), + |§|l2(Q+
Combining (4.33) with (4.34), invoking the triangle inequality and using Lemma
4.1, we obtain the desired result. O

Remark 4.1. The assumption that u € C3(Q§ ™) in Theorem 4.2 can be guaranteed
if the data is sufficiently smooth and satisfies certain compatibility conditions at
the corner (0,0) of §2; see Ladyzenskaja et al. [7].

Corollary 4.1. Assume that the hypotheses of Theorem 4.2 hold and

(4.35) hivi = hi +O(h?)  fori=1,...,4
and

(4.36) hiy1 = O(R®)  for some K > 0.
Then

= 0|y < OB (Il gsagsy + 1m0, + Ifllac@) + [4]] 2oy )

Proof. By inspecting the proof of Theorem 4.2, we see (cf. (4.30)) that when (4.35)
holds, then

(4.37) |§|1§(QO+) < Ch2|\u|\03(93+)'
Hence from (4.29), (4.37), (4.31) and (4.32), we have

1/2
{5|€$|z2 of)w T |§|l2(9+) w}
(438)  <Cn? (||u||cs<go++>+|u°|Hs<o,wi/>)
S 1/2
+C (h°hyt)) (HfHL2(Q)+||UOHL2(071)+|u|H3(Qo++))'

Since (4.36) implies hZ 41 = O(h™"), we take s = r + 4 in (4.38). Now arguments
exactly the same as in the proof of Theorem 4.2 lead to the desired result. O

Corollary 4.2. Assume that the hypotheses of Theorem 4.2 hold and that there
exists a positive constant c1, which is independent of € and of the mesh, such that

(4.39) e<ch? fori=1,...,i+1.
Then
|u— uh}E(QO) < Cn? (”“”03(90”) + 1130, 0) + 1Fllz2() + H“OHLz(o,l)) :
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Proof. From the proof of Lemma 4.2, we see that when (4.39) holds, one can get
(cf. (4.25)), for each v € Ul,

B(v, R,v) > + b|v|122 C’h5|v|l22(ﬂg+).

|”$|z Q) w Q) w |”|12 o_ 0w

Hence, similarly to the derivation of (4.29), using (4.28), we obtain

2
|€$ l2(08)w + b|§|12(93),w

1 L& s
(440) < z Z Z hlk] Wi,j |Bi7j (§>|2 + T|€|?2(6,Q§),u +Ch |§|122(QO++)

j=11i=1
2 s 2
< C{IEB g+ €2 o_apy b + ORI oy

Also, from (4.30) we see that (4.39) implies (4.37). It then follows from (4.40),
(4.37), (4.31) and (4.32) that

1/2
{ |§1 I2(QF),w + |§|12 aP), }
< Ch? (H’UJHC?’(Q?{+) + |u0|H3(07$i')>

+ 02 (|l ey + 1%l ooy + el oo ) -

Choose s = 4 and follow the same argument as in the proof of Theorem 4.2 to
complete the proof. O

Remark 4.2. The assumption (4.19) is reasonable, since we are interested in the
singularly perturbed case. Theorem 4.2 tells us that under this assumption, away
from any layers, the scheme (2.9) — (2.12) on an arbitrary tensor product mesh is
first-order accurate in the [ seminorm, as one can choose s sufficiently large to
make the term Chsh;il negligible. Corollary 4.1 indicates that if we work with an
almost uniform mesh, then the method becomes second-order accurate in smooth
regions. Corollary 4.2 shows that when the diffusion parameter € is relatively small,
the method is second-order accurate on any general tensor product mesh, away from
any layers. Nevertheless, this I3 seminorm is of course not strong enough to exclude
checkerboard oscillations from the computed solution.
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