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CONVERGENCE OF DIFFERENCE SCHEMES WITH HIGH
RESOLUTION FOR CONSERVATION LAWS

GUI-QIANG CHEN AND JIAN-GUO LIU

ABSTRACT. We are concerned with the convergence of Lax-Wendroff type
schemes with high resolution to the entropy solutions for conservation laws.
These schemes include the original Lax-Wendroff scheme proposed by Lax
and Wendroff in 1960 and its two step versions—the Richtmyer scheme and the
MacCormack scheme. For the convex scalar conservation laws with algebraic
growth flux functions, we prove the convergence of these schemes to the weak
solutions satisfying appropriate entropy inequalities. The proof is based on de-
tailed LP estimates of the approximate solutions, H~1 compactness estimates
of the corresponding entropy dissipation measures, and some compensated
compactness frameworks. Then these techniques are generalized to study the
convergence problem for the nonconvex scalar case and the hyperbolic systems
of conservation laws.

1. INTRODUCTION

We are interested in the convergence of finite difference schemes with high reso-
lution for conservation laws

(1.1) Ou+ O f(u) =0, u(z,0) = ug(z) € L*(R) N L>=(R).

One of the most fundamental and important second-order finite difference schemes
is the Lax-Wendroff scheme [11]. It is defined by

n n
u; +uj+1

) wIth =l — A Ao f (u]) + 2N <f’(f)ﬁ+f(u?)>
B (Bl 8T B ),

where uf = u(zj,t,), th = Y ohey Ths T = jh, Ay = T /h, Ajuj = ujp — uj,
AOUJ- = Uj41 — Uj—1, A_Uj =Uj —Uj—1, and 6;:_1/2,0 < 6() < ﬂ;’l—kl/Z < ﬂl < 400,
is a smooth function of u? and uj, (e.g. Bi1)o = const. in [11]). Moreover, this
scheme has to satisfy the Courant-Friedrichs-Lewy condition

(1.3) g0 = max (A, max |f'(u})|) <1
n J

for stabilization in general.
This scheme is designed to have the following desirable computational features:
conservation form, three-point dependence, second-order accuracy on the smooth
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regions of solutions, and stabilization for the convex case for Gy > 0 and ¢y < 1.
When ﬁ;‘H 2 = 0, the Lax-Wendroff scheme serves as not only a simple mode
for the physical phenomenon of the dissipation-dispersion couplings, but also an
example of dispersive schemes that do not converge in the sense of strong topology
(cf. [10]). Indeed, as observed by Harten-Hyman-Lax [7] and Majda-Osher [14], [15],
the second-order numerical viscosity B;ZH /2 > fo > 0 in this scheme is essential to
guarantee that the numerical solutions are nonlinearly stable and converge to the
physical solutions. The main role of the factor |Ay f'(u})| in the third term of the
scheme (1.3) is to reduce effectively viscosity in the smooth regions of solutions to
produce sharp discontinuities in numerical computations. Such a scheme does not
have a TVD property.

The main objective of this paper is to prove the convergence of the Lax-Wendroff
approximate solutions to the entropy solutions and to provide an analytical ap-
proach for such a convergence analysis for high-order finite difference schemes,
which do not preserve BV (and even L* bound). This is motivated by the fact
that any high-resolution difference scheme cannot, in general, preserve BV for the
hyperbolic systems of conservation laws, especially for the nonstrictly hyperbolic
case and the multidimensional case. Since our analysis is qualitative, we will always
assume that Gy is suitably large and €q is suitably small to make our analysis more
convenient without loss of our purpose. One can follow our analysis to get the op-
timal constants for By and €y from this approach for some concrete equations. Our
analysis is based on careful LP estimates of the approximate solutions, H~! com-
pactness estimates of the corresponding entropy dissipation measures, and some
compensated compactness frameworks.

In Section 2 we describe some compensated compactness theorems for conserva-
tion laws, which guarantee the convergence of the finite difference schemes provided
that the corresponding approximate solutions satisfy these frameworks. Since these
compactness frameworks do not need the BV estimates, this enables us to carry
through our analysis by using the L estimates and the H ~! compactness estimates,
which are weaker than the BV estimates in general.

Section 3 is devoted to the estimates of the Lax-Wendroff approximate solutions
to the convex scalar conservation laws. We obtain the uniform LP estimates of the
approximate solutions and the H~! compactness estimates of the corresponding
entropy dissipation measures by analyzing carefully the properties of this scheme
and by developing some useful estimate techniques. A global entropy error estimate
is also obtained to ensure the consistency of this scheme with the scalar conservation
laws.

In our analysis we need a technical assumption of the algebraic growth of flux
functions. This is because we do not require the L* bound or the BV bound for
the Lax-Wendroff approximate solutions to achieve our goal. One difficulty in the
analysis is the fact that the dissipation is third-order in the Lax-Wendroff scheme,
comparing with the second-order dissipation in the first-order schemes. All these
terms need to be carefully combined into a third-order term or a term consisting
of square products of second-order differences with a favorable sign. Moreover, the
factor in each combined third-order difference needs to be bounded by the growth
factor in the dissipative term in each cell. Some special treatment is also made
since the Lax-Wendroff scheme is a three-point scheme. A requirement of small
CFL number is made here to use the grid ratio A to control some growth factors.
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In order to get the compactness of entropy dissipation measures, we estimate certain
entropy inequalities with a higher growth rate.

These techniques are generalized to study the convergence of the Lax-Wendroff
scheme for the nonconvex scalar case in Section 4 and for the hyperbolic systems
of conservation laws in Section 5, and to prove the convergence of the Richtmyer
scheme [22] and the MacCormack scheme [13]-two step versions of the Lax-Wendroff
schemes in Section 6, which are widely used in industry and engineering.

In connection with earlier work on the Lax-Wendroff type schemes, we recall that
Majda and Osher [14], [15] showed the L2-stability for general scalar conservation
laws, the entropy consistency for the boundedly convergent approximate solutions
for the semi-discrete cases as well as the complete-discrete scheme for the time-
independent cases of general systems endowed with a convex entropy, the efficient
choices of artificial viscosity such as the switching techniques, and the validity of
the CFL number in their analysis. Many of their techniques have been melted into
our analysis. We also refer to [25] for the stability of the local discrete shock profile
for the Lax-Wendroff scheme.

Regarding work on the convergence analysis of full discrete high-resolution finite
difference schemes, we refer to [4] and the references cited therein for the flux-limit
schemes with slope modification or antidiffusive flux approach, which preserve L>°
bound. Since the Lax-Wendroff type schemes do not have a TVD property, our
analysis consists of two steps: One is to prove the convergence, which is an essential
difficulty here and is, however, automatically ensured by the Helly principle for the
TVD or TVB schemes, and the other is to verify the entropy consistency. The
convergence analysis of TVD or TVB schemes focus mainly upon the second step
for the scalar case, that is, the consistency proof. The convergence of a class of
semi-discrete generalized MUSCL schemes for the strictly convex case was obtained
in [19]. For the semi-discrete MUSCL scheme for the convex scalar conservation
laws, some consistency results were announced in [12], [31].

2. COMPACTNESS FRAMEWORKS

In this section we discuss some compactness frameworks for the approximate
solutions for subsequent developments. A pair of functions (n(u), g(u)) is called an
entropy-entropy flux pair if they satisfy ¢'(u) = n'(u)f’(u). For the scalar case,
any function is an entropy function. In the following theorem and the analysis in
Section 3 and Section 4, we will denote entropy no(u) = fu? for the convex case
and no(u) = f(u) for the general case.

Theorem 2.1. Consider the scalar conservation laws (1.1) satisfying meas{u :
f"(u) =0} =0. Let up(x,t) be numerical approzimate solutions of (1.1) satisfying
the following conditions:

(1) wy is bounded in LP for some p > 2 and (f(un),n0(un), qo(un)) is bounded in
LZ2DC7‘

(2) The dissipation measures Oyup~+ 0y f (up) and Ogno(up)+0xqo(up) are compact

(3) For any C? convex entropy pair (n(u), q(u)), Om(up) + 0xq(ur) < o(1) in D,
provided that |n(uw)| + |g(u)| < M(1+ |[u]"),r < p.
Then there is a subsequence (still denoted as) up, such that up(z,t) — u(x,t) a.e.
as h — 0 and u is the entropy solution of (1.1) satisfying On(u)+0.q(u) <0 in D’
for any C? convex entropy pair (1, q).
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We remark that, for general conservation laws, the conditions (1) and (2) imply
that w-lim f(up) = f(w-limuy,) in L? and the condition (3) implies the following
entropy condition for the Young measures v, ;, determined by the Lax-Wendroff
approximate solutions uy(x, t),

8t<1/m,t777> + 8w<1/w,taq> S 0

in the sense of distributions. We refer the reader to Chen-Lu [3] for a detailed
discussion. The proof of the L> version of Theorem 2.1 can be found in [2], [3],
[28] using the div-curl lemma of Tartar and Murat [28].

For a 2 x 2 system of conservation laws endowed with global Riemann invariants,
we have the following similar framework.

Theorem 2.2. Let up(x,t) be numerical approzimate solutions of the 2 X 2 gen-
uinely nonlinear and strictly hyperbolic system of conservation laws (1.1) satisfying
the following conditions:

(1) up, is bounded in L*;
(2) For any C? entropy pair (n,q), Om(un) + 0xq(up) is compact in H,};
(3) For any C* convex entropy pair (n,q), Om(upn) + 0zq(up) < o(1) in D',

Then there is a subsequence (still denoted as) up, such that up(z,t) — u(x,t) a.e.
as h — 0 and u is the entropy solution of (1.1) satisfying On(u)+0.q(u) <0 in D’
for any C? convex entropy (1, q).

This theorem is proved by DiPerna [5] by estimating the entropy dissipation
measures and by using the Lax entropy pairs and the compensated compactness
method. An alternative extension proof can be found in [16], [23]. Finally we state
the following two lemmas, which can be found in [17] and [2], respectively.

Lemma 2.1. The embedding of the positive cone of W~1P in Wl;cl’q is completely
continuous for all g < p.

Lemma 2.2. Let Q C R™ be a bounded open set. Then
(compact set of Wl;cl’q(Q)) N (bounded set of Wl;ClT(Q))
C (compact set of H;,}(9)),

where ¢ and r are constants, 1 < ¢ <2 < r < oco.

3. CONVEX SCALAR CONSERVATION LAWS

In this section we are concerned with the Lax-Wendroff approximate solutions
of the scalar conservation laws (1.1) with flux function f(u) satisfying

(3.1) f'w)=co>0, fPu)~O0(u™ %), for|ul>1, k=0,1,2.
For convenience, we write the Lax-Wendroff scheme (1.2) into the form
(3.2) T =l + FP 4+ HY + J7
where
(A+f(uy>)2)
Ay u? ’

T = MDA (B o Ava(ul)| Agult) |

J
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with
ul ul!
o " o(Z5) - A f(f)/Avuy :
ﬁj+1/2_ﬂj+1/2+kn |A+@(U?)| = J+1/2+O()\n|a|)

From u}, we construct the Lax-Wendroff approximate solutions on R%r:

(3.4) up(w,t) =uj, for (z,t) € [rj_1/2,Tj41/2) X [tnstnt1) -
Then we have the following main convergence theorem of this section.

Theorem 3.1. Let up(x,t) be the Laz- Wendroff approzimate solutions (3.4) of the
scalar conservation laws (1.1) and (3.1). Assume that the coefficient Bo > 0 is
suitably large and the CFL number e given by (1.3) is suitably small. Then there
exists a subsequence strongly converging to the entropy solution of (1.1) satisfying
the following entropy condition Oym(u) + dxq(u) < 0 in D’ for any C? convex
entropy pair (1,q) satisfying n*) (u) ~ O(Ju|"=*), for Ju| > 1,0 <k <r < 4m.

The proof consists of the following three subsections in which we check the three
conditions in Theorem 2.1, respectively. For simplicity of our proof, we drop the
subscript n and use the following notations:

fi= f(u;?), a; = G(U}Z)a Ajyr1/2 = a( .
ny=nl), n;=n'}), nj=n"(})),
where 7 is an entropy function of (1.1). We first introduce the following three

technical lemmas.

Lemma 3.1. If g'(u) > co > 0 and g™ (u) = cuu™ ¥ (1+0(1)) , [u| > 1, for some
constants ci, k = 0,1, 2, then there is 4> 1 and o > 0 such that
g9(u) —g(v) ag'(s), s=ua,

u—v

> ®(max(ful, b])),  with ‘I’(S):{co s<a

The proof is straightforward and hence is omitted.
Summing by parts, one has

Lemma 3.2. If {a;} and {b;} are two arbitrary sequences, then

(3.5) Ay (ajAobs) = Ao(a;Ayd;) + A_(Ata;ALb)),

and

(36) 2 Z ajbjAobj = Z(A+bj)2A+aj — Z b]?A()CLj,
J J J

provided that the above sums make sense.
Proof. The formula (3.6) comes from a direct computation. Notice that
Ao(ajbj) = ajAobj + bjAoaj + A_(A+ajA+bj) .

Multiplying both sides of the above equation by b;, taking sum for j, and summing
by parts, one arrives at (3.7). O

Using the relation 0’ f’ = ¢/, expanding n at u; in the intervals [u;_1,u;] and
[uj,uj4+1], and using the integration by parts, one has
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Lemma 3.3. If (n,q) is an entropy pair of (1.1), then

180 f; = Aogj — 577 (Atuy)?Ara; — $0f A ((Ayu;)’ay)

Ujp1
+ %n;’/ (uj — s)%a’(s)ds

j—1

.y

Uj

Uj

(1 = 9als)ds + " (€-1) [ (u; = 9Pa(s)ds.

Uj—1

Ujt1

where &;_1 and &; are some values in [u;—1,u;] and [uj, ujp1], respectively.

Proof. Using the relation ' f = ¢’ and expanding n at u; in the intervals [u;_1, u;]
and [uj,u;j11], one has

Ujt1
niAof;j = Dog; +1f / (u; — s)a(s)ds
Ujt1 i
+ %n"/(ﬁj)/ (uj — s)%a(s)ds + %n"'(ﬁj_l)/ (uj — s)%a(s) ds,

for some &; € [uj,uj41] and &1 € [uj_1,u;]. Now using the integration by parts
to the second term on the right-hand side of the above equation, we obtain the
lemma. O

We remark here that we split the remainders in Lemma 3.3 into two cells
[uj—1,u;] and [u;,uj41]. A basic reason for this is that we do not require the
L bound of the approximate solutions, and thus need to control the growth rate.
This kind of splitting techniques will be used in several places in this section.

3.1. L? estimate. We now verify the first condition of Theorem 2.1 for the Lax-
Wendroff scheme (3.2)-(3.3). Since the flux function has the algebraic growth rate
m, we only need to show that wuy, is bounded in L? and L*™~2. The method used
here is to estimate the entropy function n with certain required growth rate. In
order to control the growth rate in the compactness analysis in Subsection 3.3, we
estimate the entropy with a growth rate slightly more than that required in this
subsection. For this reason, we choose a strictly convex entropy function

1
~ 4m(4m —1)

(3.7) n(u) ut™ 1u?

and estimate the bound of ) n(u}) for the Lax-Wendroff scheme 7.

We first expand the time increment of ) n(u}) and split it into three terms:

DOl =) = Do () =) Do () T — )?

J J J

+ A O W) @t —w) = L+ I+ I,
k=3 j

which will be estimated in this subsection, where we used the exact expansion to

the highest order to avoid the remainder in [u, u}‘“], which is difficult to control.
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Estimate of I;.  Plugging (3.2) into I7, one has
9 b= Yo+ Y
J J J

To estimate the first term, one uses the expression of J; in (3.3), the summation
by parts, and Lemma 3.1 to get

(3.10) Y mjdi ==X Bl Al Ayai|Aruy < =X Y O(s;)| Ayl
J

J J
where
csSmt s> 1
(3.11) sj = max(|u;l, [uj+1l), @(8)=:{ T
o, s<u,

for some constant ¢ > 0. Note that (3.10) is the sum of products of three first-order
differences due to the fact that the viscosity term is second-order accurate. This is
the main dissipative term that is used to control all of the error terms.

In estimating the second term, one uses the summation by parts and the expres-
sion of Hj in (3.3), and substitutes the expansion

(3.12) A-i-77;‘ = ;'IA-i-“j 1 /Il(gj)(A-i-uj) )
in the resulting terms to get
(A fi)?
2y = =N ) TR A
A2Zn (Af)? = 3N 0" ()AL F) Ay

J

(3.13)

We use the term of the right-hand side in (3.10) to control the second term in (3.13).
Notice that there is a factor (Aju;)? in the second term that can be clearly con-
trolled by the term of the right-hand side in (3.10). The factor in front of the
difference is of growth rate 2(m — 1) +4m — 4 = 6(m — 1) that is larger than 5m —4
n (3.11). Noting that there is also a parameter A? in front of this factor, therefore,
we can use the fact A|A f;/A u;j| < o to control certain powers of the growth
rate to obtain

(3.14) ZnJH < ——)\2217 (AL fi)? +Xe0C Y 0(s5)| Ay

J

for some positive constant C' > 0. This kind of simple techniques will be used in
several places in the rest of this section and we will omit the detailed explanations.

Here and henceforth, we use the notations &; and Ej as some values in [u;, u;41],
and C is a positive constant, independent of the grid size h, the CFL number, the
viscosity constant 3, and the numerical solution uy. In different contexts, they may
have different values.
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Now we estimate the term Zj n}Fj. Writing the expression of Fj in (3.3) in the
integral form and using the conservative property of entropy, one has

Sph = e [
1

Il
NIE
>
d\
@
S~—"
|
3\
=

<
S~—"
SN—
Q
~—~
%)
~—
QU
)

(3.15) — DY) [ s ua)ds

Applying the following integration by parts to the first term in the right-hand side
of the above equality

Uj41 Uj+1
/ (s —uj)a(s)ds = L (Aju;)*Ata; — %/ (s —uj)?a’(s)ds,

j—1 j—1

and plugging the above two estimates back into (3.15), we obtain
(316) Z?’];Fj < )\CZ@(SJ)|A+UJ|3
J J
Finally, one uses (3.10), (3.14), and (3.16) to get the following estimate:

(3.17)
It < =MBo Y ®(s)|Ayul* — /\QZU (AL fi)? + A1 +20)C Y B(s;)|Ayuf .

J J
Estimate of Io.  Substituting (3.2) into 5 in (3.8), one has the expansion
(3.18) Iy =3 0"(uj)(F} + HP + 2F;H; + J7 + 2J;(F; + H;)) .
J
We now estimate I term by term. In estimating the first term in (3.18), one uses
the identity

(3.19) (Aofi)® =2(A4f;)? +2(A4 fi—1)* — (A_ALf5)?,

and a direct estimate of F}; from its expression in (3.3) to get

D E =N Z?? (Asfi) + (s fi-1)?) = 322 30" () (A- AL )’
j

J

—A?Zn (A4 1)) —-/\2277 (AAL)?+ 3N A (ALf).
J
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In the first and third terms on the right-hand side of the above inequality, one

uses the Taylor expansion for A f; and some simple calculations used in estimat-
ing (3.13) to obtain

Zn;’FZ‘q?ZnJ aliy(Aguy) ——)\2277 (A_ALf;)?

+ Asochp 50| Apug]®
J

(3.20)

Notice that the first term on the right-hand side of (3.20) is exactly the same as the
second term on that of (3.17) except with a different sign, which cancel each other.
The second term on the right-hand side of (3.20) is a sum of squares of second-order
differences in a favorable sign. We will use it to control a similar term below.

To estimate the second term in (3.18), we use the identity

(3.21) A (M) ALALf T A+fﬂ L ALf A (M>

A+uj A+’U/j

and directly estimate the expression of H; in (3.3) to get

The first term on the right-hand side of the above inequality can be controlled by
the second term on the right-hand side of (3.20) in view of the fact that the CFL
number is less than 1. The last term of the above inequality involves three points.
Hence we split it into the following two terms by using the Taylor expansion for a
in the intervals [uj_1,u;] and [u;, w;11]:

At Acfi)
NS (s (35)) sma S (s- (32))
<)‘EOBZ77 la’(§-1)l|A- U‘J|(A+U‘J)

+)‘EOBZ77 la’ (&) ||A+u]|(A+U‘J) .

The last term only involves two points and hence can be directly estimated. In the
last second term, we use the Holder inequality to split it again to obtain

277 |a’(§-1)I]A- U’J|(A+u3 <Z|U“J|4m 2|53— "2 An UJ|(A+UJ)

J

<CY (s Ayl

J
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The methods used here will be applied to estimating the similar terms. With the
above three estimates, we arrive at

(3.22)
1"rr2 1y A+fj—1 ? 3 3
ZUH < ZA ZU (A A+fg N +)‘EOCZ(I)(Sj)|A+uj| .
J

+Uj-1

The third term in (3.18) consists of products of a factor of first-order difference and
a factor of second-order difference, we utilize a symmetric property to transform it
into a sum of products of three differences. In doing this, we first split the positive
function 7", and sum by parts to get

A 2
S aaaa- (G0
J

J
AL f)? A fi1)2
= _%)\32 ﬂ;_/Aij |:A_ (\/177;/%) —A_ /77;/ % ]
J

A
=N AL) A+< 0 ofj *fﬂ)

J

143 (A+fa 1)
MR DU L et

J

(3.23)

Now the last term consists of products of three differences and hence can be di-
rectly estimated. The first term has some symmetric property after switching the
difference operator A, with Ag. This can be done by using Lemma 3.2 as follows.

" A f 1" " A f
ij( WAL AL (Do) Iu;:;( WAL B0 (/A ) T
At

Ajuy

+ Z A4 fi) A (D0 AL ) X

Again the last term in the above equality is a sum of products of three differences in
u; and hence can be estimated directly. The first term can now be transformed into
a sum of products of three differences by using Lemma 3.3 where b; are replaced

77;'/A+fj~

(3.24)
1 ! A+l 1 2 AL f;
e I G R ey

-3 ( 77§"A+fj)2Ao(A+fj>.

- AL u;
J +

Finally, combining all the estimates (3.23)-(3.24), we arrive at

(3.25) Zn”F Hj < XegC Yy ®(s;)| A uf

J
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Estimating the remainder three terms in (3.18) is rather simple since each of
them consists of more than three difference factors. We estimate them as follows:

(3.26)
2
ZWHJ2 =\? Z (Bf41jalAsajlAsuy)” < AeoBTC Y~ B(s))|Avuyl,
J
and
(3.27)
2Zn”J Fj+ Hj) = —AQZn”A (B4 12l Agaj| A ) Ao f;

+ )\3 Z ny A 5J+1/2|A+%|A+UJ)A—(@j+1/2A+fj)
J

< Meo +5)B1C > 0(s;)|A yu .
J
The estimate of 5 is now completed by combining (3.20) and (3.22) with (3.25)-
(3.27).

1)‘2 Zna ]+1/2 A+uj)2 - %)‘2 Z(l - 2)‘2%‘2—1/2)77}/(A—A+fj)2
J
+ )\50(1 teoteg+ B+ 00D (s Ayu,l.
J

(3.28)

Estimate of Is.  The estimate of I3 is rather easy. We first substitute the expan-
sion of uf*! — u in (3.2)-(3.3) into I5 to get

(3.29) T3] < Z o Zln D@1 F51* + [Hy |+ 150")
j

Using the expressions in (3.3), we have

(3.30)

|I3 Z k! Z|77 ()‘]€|A+fj|k"‘)‘k|A fj|k+)\2k|aj+1/2A+fJ|
+ MK laj_1 oA f1F + 2281)F|ALa; Ay uglF + (2A51)’<|A_ajA_uj|k>

SACY (e Hed" g8 DD sl Aruyl
J

We have now estimated all I, Is, and I3. Using (3.17), (3.28), and (3.30), we
obtain

n n A
DO =) < =560 ) (s Al N (1 - 2¢7) zn (A_ALf)?
J

J
4m
+AC (1 +eofr + Zag—lﬂf> Z B(s;)|Aruyl?.
J

k=2
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Choosing 3y large and g¢f3; small, one has
Dot =) < =ACH Y B(sy)|AvaglP = A2Co Y (AAL )
J J J
This gives the following proposition.

Proposition 3.1. Under the same assumptions of Theorem 3.1, we have

(3.31) Z" A ST e(sH)AW PR+ A2 Y (ALALfWh) h < C,

k<n;j k<n;j
where n is the entropy function given by (3.7).
As an immediate consequence, we have
Corollary 3.1. Under the same assumptions of Theorem 3.1, we have

|l am + H (un),no(un), qo(up )HL4m/<2m y < C, C independent of h,

loc

where (1o, qo) is the entropy pair given by (2.2).

3.2. Entropy inequality. We now estimate the entropy inequalities as stated in
the third condition in Theorem 2.1 for the entropy functions of form

(3.32) n(k) (u) ~ O(|u|2é_k) , for|ul>1, k=0,1,---,2¢,

where ¢ < 2m is a positive integer. In the next subsection, we will use the integer
¢ < (13m—3)/6 in the compactness arguments. We will always take £ < (3m+1)/2
for using Theorem 2.1 to ensure the entropy inequalities. For any ¢(z,t) € C},
¢ > 0, denote ¢} = @(x;,t,) and

hz¢n n+1 n 1)\hz¢n J+1 ( ’;7,_1))
We decompose Ih into the following three terms that are similar to (3.8).
(@) = I3 05Ty 4 1 DG Hy + 1D 65 (i + Ao
; _ ™
+ thﬁ” (F? +H2+2FH +J2 +2J5(F; + Hy))

20—1

3.33 n, (k
(3.33) +h Y ES e (Fy + Hy o+ )"
k=3 7,n
2@),20;" GO (Fy + Hj + J;)*
=1 (9) +I2 (6) + 13(9) -
Notice that there is a remainder term in Iy with £&* € [u},u}*"]. This term can

be estimated by using the fact that 1?9 is uniformly bounded for the entropy
functions of form (3.32). We now estimate all these terms in the same order as those
in Subsection 3.1 to keep consistency. We will skip some parts of the estimates,
which are similar to the corresponding parts in the previous subsection.

Estimate of I'.  Similar to the estimate (3.10), one can use the identity

(3.34) Ap(¢7m;) = 5(67 + &fy) Aty + 5(0f + 01 As o)
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and the expression of J; in (3.3) to get
> Z Te12(0F + 0 ) Ay Ay as| Ay u

-3 Z Bi1 2 (0 + Mjp1) A1 0F 1A 0| Aguy.
Jim
Applying Lemma 3.1 to the first term on the right-hand side and estimating the
second term directly, one has

Z oim;J; < — $MBo Z(Gﬁ + ¢711)P(s)| Ay
Jn 7n
(3.35)
+ABIC D@ (59|84 wl* | Ay
J.n
where s; and ®(s) are determined by (3.11). With this good term in our hands, we
now estimate other terms. Notice that
n _ 142 n (A—i-fj)Q 142 n (A+fj)2

;éf’j ;= —3A ;% Aeli=R T 2 ;72§+1A+¢j A
As in estimating (3.13)-(3.14), expanding A7} and Ay f; in the first term on the
right-hand side of the above equality and estimating the resulting terms directly,
we have

ST eruiH; < 2> o) (AL f)? +)\EOCZ¢ (57| A2
Jjn 7n

(3.36)
+Xe0C Y s, 0(s5)| A uy)? |A+¢g|.

Jm

Using Lemma 3.4, one has

> (miFs + 5Moa;) = —5A Y 0 (180 f; — Dog;)
J,n j,m

= 1)\Z¢n< A+Ug) Ayaj — 7];// ' (uj—5)2a’(s)ds)

- l)\z $ra;An] (Aguy)? — I nai(Aguy)? Ayl
7n

uj

Uj+1
)\Z (b”[ (&) / (uj — s)%a(s)ds + 77’”(5;‘—1)/ (uj — s)%a(s)ds|.
Uj—1
Each term on the right-hand side of the above equality is the sum of products of
three differences and, therefore, can be directly estimated by similar arguments as
n (3.15)-(3.16).

> &5 (3F; + 33 Mog;)
Jm
(3.37) 3 2
A0S (67 + 1)U A s + 505 Ay P46
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Using (3.35)-(3.37), we have
I'(¢) < —3ABoh D (&} + &)@ (s)|Aguyl* — X"hzcﬁ" T(ALf)?
7,n

(3:38) A0t B)CRY [wy (s Ay

J.n
+sj<b<sj>|A+uj|2|A+¢;|] .

Estimate of I}.  Using the identity (3.19), one can decompose the first term in
I} and estimate similar to that of (3.20) to obtain

(3.39)
Z n //F2 1)\2 Z (b?’b 77] + 17]+1 (A_.,_fj)Z - i)\z Z¢;}77;‘/(A—A+fj)2
im o

uz Znﬁl (At fi)? Ay

<A Z«ﬁjam/gm (A yuy)? A?Zw A_ALf)

jn

RCT) M [CRTNLIHINVHLER TSI R
Estimating the second term of I} is similar to that of (3.21)-(3.22) by
Arfimi\?
T H? < L)t ! (AZA i
;qs <3 Z¢ 2 Vreee

+ Aasc D (@7 + o) D(s5)|Apul

Jin

(3.40)

The main idea in estimating the third term in I is to utilize the symmetric property.
It involves some similar techniques as in estimating (3.23) and (3.24). We omit
detailed calculations here and write down the resulting terms as follows:

Al f:)2
St =~ S sora- (1)
Jmn jn + Uy
" n A f
e (R G
" A ) - 2
a3 () |

A 2
Jm

(A-l‘f_] 1) A ,'7/_/:|
—_—A_ il

+ 07 Dof;
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Clearly the terms on the right-hand side of the above equality are the sums of three
difference products of u} and hence can be estimated directly.

NG FH; < AEOY (07 + 0241)D(s) | Ay
J.n Jm

+AeGC D 5 P(s) Ay (|AL g7+ A0

Jm

(3.41)

The remainder three terms in I} can be similarly estimated as in the estimates (3.26)
and (3.27).

Z¢nnllj2+22¢n //J F—FH)

(3.42)
< Aeo(Br + 61 )C Y (67 + 6700 (s5) | Avuyl®.

Jsn

Therefore, combining (3.39)-(3.40) with (3.41)-(3.42), we have the following esti-
mate for I}

thcﬁ" (Apf)? = EN2h S ¢n (1 — 222 (A_AL f;)?
Jm
(3.43) * W‘o(l g0+ ed + B+ )R Y (6] + 6)@(s))| A uyl
7,n
+ )\80(1 + €Q)Chzqu)(Sj)|A+uj|2(|A+¢?| + |A_¢;L|) .
7,n

Estimating I is straightforward as in that of (3.29) and (3.30). One can obtain

4m
(3.44) I}(¢) S ACKY (67" +e0"  +ef718) D (87 + 67 )0(si)| A uyl
7,n
Finally, we have the following estimate of Ij, after combining (3.38) with (3.43)-
(3.44):

In(¢) < —1\Boh Z(d)}‘ + 1)@ ()| Ay

1)\2(1—250 Yo (A_ALf;)?

J.n
F A1 +e0+B1)Ch Y 5;®(s5)| A, (|AL6F | + [A_¢7])
J.n
4m

+ /\0(1 + 0B + Zsé“_lﬂf)hz:@ﬁ? + O 1) (s5) | Ayl
J.n

k=2

Choose [y large and €931 small. Then we have

In(¢) < —3ABoh Y (87 + ¢4 1)®(s5)| A yuy
J.n

+ABICRY 530 (s)| A (1AL 7]+ [A_g?]) .

Jsn
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Now we deal with the last term in the above inequality. From the Holder in-
equality, one has

AR s @(sy)| AP (1AL o7+ [A-g7]) < M T dllea D B(sy)si(Agu)?
Jsn (xj,tn)€EQ
1/3 2/3

<Ch B glloe | DD sPTIMTn > o(sy)|Aul’h

(zj,tn)EQ (zj,tn)€EQ
Let 6/ —9m + 3 < 4m. Then
AR ()| Ay (18467 + A=) < Ch* 3¢ e
j,n
Substituting it back to (3.33), we have the following proposition.
Proposition 3.2. Under the same assumptions of Theorem 3.1,
(3.45)
Z¢" ujth) ))h + AZQS” (uf1) = a(uf_y))h < ChO7V2 gl oo

holds for any ¢ € C&, ¢ >0, where (n,q) is the entropy pair given by (3.32).

3.3. H~! compactness of entropy dissipation measures. For the entropy
pair (1, q), we define the following functional as the entropy dissipation measures

(3.46)  My() = / / ((u)0u6 + q(un)0nd) dadt, ¢ € Cy |

for the approximate solutions uy(x,t) defined by (3.4). In this subsection, we will
show that M, is compact in H~! for the entropy pairs (u, f(u)) and (1o, qo) with
no(u) = u?.

From Proposition 3.1, we can easily get from the Holder inequality that | M (¢)]
< C||dllwr.@m+1)/am) . Hence My, is bounded in ngcl'q for g==2—= 2’”_1 >2. Lemma 2.2
tells us that Mj, is compact in H1 as long as we can prove that My, is compact in

WIOC P for some p < 2. We define the following two functionals:

(3.47)  In(¢ Z¢" ulth) )h+ % AZ¢" ultyy) —q(uf_y))h,

and Ap(¢) = I(¢) + My(¢) for any strictly convex entropy (1, q) and ¢ € CL. It
is easy to show that

(3.48)
Ap(¢) = Z(W?H 77?)/ ]+1/2(¢(x,tn+1) — (), tn)) da

Jmn j—1/2

tnt1
- %Z(‘I?H - q;’)/t (2¢($j+1/2, t) — ¢(33j7tn) - ¢(33j+1,tn)) dt.
gn n
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Estimating directly and using the Holder inequality and Proposition 3.1, one obtains
(3.49)

M@ < llloe Do (™ = mp (B + gy — g lmah®)
(xj,tn)EQ

2
« 3k k 3
SN (zwﬁ>|<|Fj|k+|Hj|k+|Jj|’“)+Alq’<fj>llﬁ+ujl>
(xj,tn)€EQ \k=1
SAChTpllea DT @(sy) A ul]
(wj7tn)€Q
< NECR B glles — 0, for § <a<1.

This implies that Ay is compact in ngcl Profor pp < 1+Lo¢ < 2. We know from

Proposition 3.2 that I;, can be split as I, (¢) = I7(¢) + I3 (4) such that
(3.50) I <0, ()] < Che 28] e .

P2 for 1 < pa < 2. The remainder

is to show that I7" is also compact in W, . *? for some p < 2. Since I} is negative due
to (3.50), we know from Lemma 2.1 that we only need to show that I} is bounded
in ngcl’p for some p < 2. This is a direct consequence of (3.46), (3.49), and (3.50).
Thus, we have the following proposition.

Consequently, we have that I} is compact in ngcl

Proposition 3.3. Under the same assumptions of Theorem 3.1,

(3.51) Orup 4 Ou flun),  O¢mo(un) + Owqo(un) are compact in H,

loc

where (1o, qo) is the entropy pair given by (2.2).

As a consequence of Theorem 2.1, Corollary 3.1, Proposition 3.2, and Proposi-
tion 3.3, we conclude Theorem 3.1 for the convex scalar conservation laws.

4. EXTENSION TO THE NONCONVEX CASE

For the nonconvex scalar conservation laws, the second-order numerical viscosity
term

AD_ (B jol As f' ()| A )

is degenerate at the points {u | f”(u) = 0}. Typically such a degenerate point
occurs near the contact discontinuities, which is quite sensitive to the stability of
the discontinuities.

To assume the stability, we consider the following second-order numerical vis-
cosity in the Lax-Wendroff schemes:

(4.1) AAZ (B ol Al | Ay ul)

with 37, 5 € (Bo +O(|d']). B1 + O(la'])), Bo > 0, for the nonconvex scalar case.
This covers both the convex case (the convexity implies Sy > 0) and the non-
convex case. With such a numerical viscosity we can use the same arguments as in

Section 3, when C' > 1 and ¢y < 1, to obtain the same viscosity estimate

(4.2) > (s |up —uly, PR < C

Jsn
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and entropy estimate
(4.3) doa(t) <o)
J J

for n” = u*™. Using these estimates, we can similarly verify that the corresponding
approximate solutions up(z,t) satisfy the three conditions in Theorem 2.1 for any
convex entropy pair. Therefore we have the following convergence theorem for the
scalar conservation laws (1.1) whose flux functions satisfy

(4.4)
meas{u | f"(u) =0} =0, FE () ~ O(lu|™ %), forjul>1, 0<k<m.

Theorem 4.1. Let up(z,t) be numerical approximate solutions, generated from the
Laz-Wendroff scheme (1.2) endowed with the numerical viscosity (4.1), of the scalar
conservation laws (1.1) satisfying (4.4). Assume that the coefficient By in (4.1) is
suitably large and the CFL number ey given by (1.4) is suitably small. Then the se-
quence up, has a strong convergent subsequence and the limit function is the entropy
solution of (1.1) satisfying the entropy inequalities Oin(u) + Opq(u) < 0 in D',
for any convex entropy pair (n,q) satisfying n® (u) ~ O(ju|"=*), for |u| > 1,
0<k<r<idm.

Proof. Only one thing we should check is that, for any such a C? entropy pair
(n(u), q(w)), On(un)+ 0xq(up) is compact in H; L. This can be achieved as follows.
For any C? entropy pair (7, q), there exists Cy > 0 such that |”| < Co|n”| where
7% 18 a strictly convex entropy. Define 7 = Cyn. — 1. Then 7 is a convex entropy.
Noting that both 9;7(up) + 0:G(up) and . (up) + Oxg«(up) are compact sets in
ngg, one obtains that dyn(up) + 9q(up) is compact in ngcl. This completes the

proof. O

Remark. The assumption (4.4) can be relaxed to more general flux functions for the
Lax-Wendroff scheme. The strong convergence becomes weak one in L™, r < 4m,
and the limit function is the weak solution satisfying the entropy condition for
the Young measures v, ; determined by the Lax-Wendroff approximate solutions
up(x,t):

8t<Vw7t777> + 8w<1/w,ta q> S 07

for any convex entropy pair (7, ¢q) in the above theorem.

5. EXTENSION TO HYPERBOLIC SYSTEMS

We write the Lax-Wendroff scheme in the following form

(5.1) It =l + F 4+ HY + J7

Here
n n n ui + un-l‘l n
(5.2) Fj' = =300 f (uf),  Hj = 30°A- <a(%)A+f(uj)>’
Tj = A (B | A | A},

where the scalar function ﬁ;ﬂrl /22 Bo > 0, for some 3y, is smooth with respect to

u} and v}, and is bounded from below. We assume that

(5.3) sup |uj| < M.
7,
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In this section we show the convergence of such a scheme for 2 x 2 systems and
the entropy consistency of the boundedly convergent Lax-Wendroff approximate so-
lutions with general hyperbolic systems of conservation laws with a convex entropy.
This depends on the following estimates.

5.1. Dissipation estimates. We first start with the entropy estimate. Let n be
a C? convex entropy function. As in the scalar case, we take the Taylor expansion
to the time increment of the entropy to get

Z(n( n+1 Zn n n+1 u?)

J
(5.4) QZ L () (- )

+ZO n+1 n|3)511—|—]2—|—13.

We will keep the same order of the estimates as in Section 3 and will only emphasize
the new features, which are different from the scalar case. The arguments similar
to those in Section 3 will be omitted. We point out here that some of the estimates
in this section are simpler than the ones in Section 3 since we assumed the uniform
boundedness of the approximate solutions.

Estimate of I1.  Asin (3.11), we directly estimate that

(55) > )T ==A> BiraplAiu AL () Avu; < =25 Y |A sl
J J J
using the expression of J; in (5.2), the summation by parts, and the convexity of
n. This gives us the main dissipative term. Here we used the notation £,/ =
B(u;,ujt1), which is a scalar function. We remark that (5.5) is the only place we
restrict the viscosity B(uj, uj41) to be a scalar function.
As in estimating (3.13) and (3.14), we have

Z(%‘)THJ‘ =3\ Z(A+U;)Taj+l/2A+fj

(5.6) g J
= 3N (M) e A fi + Aeo Y O(A ).
J J

Notice that the necessary and sufficient condition for a function 7 to be an entropy
is that n" f" is symmetric, that is, 7a; = (aJ)T . One has from (5.6)

(B7) D> ) Hy = =3 (A AL f + Xeo Y O(A u,l)
J J J

In estimating the first term of I;, we use the conservative property of entropy.
Denote @; = % (uj—1 + uj41). Similar to (3.16)-(3.17), one can obtain
(5.8)
S ()T )\Z ) / s+ 080w) d0 gy = Do S 0(1A ).

J 172 J

Combining (5.5) Wlth (5.7)-(5.8), we have the following estimate of I7.
(5.9) L <=My [Avuy + AsoClA us P — 3N Y (Ay ) A f;

J J
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Estimate of Ir. As in (3.19), we substitute (5.1)-(5.2) into I and have the follow-
ing expansion.

L=3) Fin/Fj+5y Hin/H+) Fn/H,
(5.10) Jl T n : T " ’
+5 Y Sl gy Sl (Fy + Hy).
7 ;

The estimate of the first term in (5.10) is similar to that in (3.20)-(3.22) by the
identity (3.20). Putting all products of three differences together in O(JAu;|?),
one has

STEIE =X (AL ) AL f = I (ALAL ) ] A_ALS
J J J
203004 ).
J
The estimate of the second term in (5.10) is similar to that in (3.23)-(3.24). After
putting all products of three differences in O(|Aju?(), the remainder term is the

sum of products of two second differences, which can be controlled by the last term
in (5.11).

(5.11)

(5.12)
ZHJ-T??;'HJ‘ = ?\4ZA—(aj+1/2A+fj)T77§IA—(%‘+1/2A+fj)
J J

=M (A A af e A AL f+ el Y O(1Avusl)
J J

The main idea in estimating the third term in (5.10) is to utilize the symmetric
property so that every term can be combined into the product of three differences.
For any symmetric matrix A, we have as in Lemma 3.1 that

(5.13) = (Doby) Ab; = 1> b AgAb; — 3> (ALb;)TALAALD; .
J J J

Similar to (3.25)-(3.27), we have

SR H; = 31X (Aof) 0] A (04120 1))
J

J
= 1A% D Ao 77§'/A+fj)T\/77_§/ajA+uj +Aeg Y O(1ALuyl*) .
J J

We know from (5.6) that  /n/a;(,/n} )_1 is symmetric. Hence we can apply the
identity (5.13) to the first term on the right-hand side of the above equality with
bj replaced by ,/n7A f;. As a result that every term now is decomposed as the
product of three differences, we obtain
(514) SOF =2t Y 004 u?).

J J

The estimate of the last three terms in (5.10) is rather straightforward since
every term is the sum of products of more than three differences. One has from a
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direct estimate that

(5.15) S g +22JT (Fj+ Hj) < Xeo > O(|A ug)?).
J

J

Finally, combining (5.11)—(5.12) with (5.14)-(5.15), we have

L<INY (AL /) AL f; = 30D (AALf) fA_ALS
J J

I (ACAL) o e ACALf 4 e Y O(1A ).

J J

(5.16)

Estimating I3 simply follows from the fact that each term is the sum of products
of more than three difference factors

(5.17) |I] < C Y (P + [H P+ 1151%) < AegC Y 1Ayl
J J
Combining (5.9) with (5.16), we have

ST =) <= Ao Y 1A uP = AN =)D (A_AL) I ALALS;
J

J J
+ A1 +e0+0)C > [Au;f.
J
For By large and ey small, we have
D =) < =ACHY AP = N0 Y [AAL SR
J J J

This gives

Proposition 5.1. Let u} be the Laz- Wendroff approzimate solutions (5.1)-(5.2) of
the hyperbolic systems of conservation laws (1.1) with a convex entropy n. Assume

that uyp, is uniformly bound and the coefficient 8 in (5.2) is suitably large and the
CFL number ey given by (1.3) is suitably small. Then

(5.18) Z” YA D AR+ N DT ALA fWh)PR < C.

k<n;j k<n;j

5.2. H~! compactness estimates. For any C? convex entropy pair (1,q) and
any ¢(z,t) € Cj, ¢ > 0, we denote ¢7 = ¢(x;,t,) and

In(¢ —hZ¢" ) )+ AZ¢" ufr) = q(uj_y)).

As (3.37), we have from the Taylor expansion that

= B> 60 ()T Fy + $ABog; + ()T Hj + ()T )
J.n
(5.19) +%h2¢?(Fj+Hj+J)T (F; + Hj + J;)

+3h Yo" (©)(F) + Hy + J;)° = I1(9) + I3() + I5(9).
j,n
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Estimate of It'.  The estimate of the last term in I} is similar to that in (3.38)
and (3.39).

(5:20) S 6m 0T ; < 3080 SO(87 + 67 Ay as 4 AC ST A s PlA 87
YR J.n Jsn

Similar to that in (3.41), one can obtain

(5.21)
ST TH <= 3N M AL ) 0 AL fi + Ae0C D (67 + ¢ )| Ay
Jsm J,m J,m

+220C Y 1A u,*|A g7

Jsn

The estimate of the first term in I? is similar to that in (3.40). One has

Z¢?((77;‘)TFJ + 32 Aogs) = _%)‘ZQS?((W;)TAOL‘ — Aogj)
Jn Jn
<SACDY (@] + 87 0)|Avu P+ A0 Y A uyP|AL g7
Jn J.n

The estimates (5.20)-(5.21) yield

IT(¢) < —$XBoh > (&7 + &) Ayus|* — INR D (A4 £) 0] AL f;
j,n

Jsn

+ AL +20)Ch Y (&) + 67 )IALu [P+ M1+ 0)Ch Y A u*[AL g7
Jjn Jm

We can similarly estimate I3 and I?. Finally we have

In(¢) < —3ABoh Y (87 + ¢ )| A ru [P = N2Ch Y 7 (A_AL f;)?

j7n j,’I’L
FACRY A ui P (JAL )+ [A_T]) + ACegh Y (67 + ¢y )| Agu]®.
j,’I’L j7n

We choose (3 large and ¢y small and then have
I(8) S ACRY A u [ (|Ar 6| + |A-67]) < h* ' 3|g]lcw -
J,n
Therefore, we obtain

Proposition 5.2. Under the same assumptions of Proposition 5.1,
(5.22)

Z¢n ul*th Nh+ 1 /\Zéf’n ufir) = q(ujy))h < O3 gl e,

for C’2 convex entropy pair (1,q) and ¢ € C§, ¢ > 0.

Similar to Section 3.3, we can show that 9;n(up) + 9xq(up) is compact in Hy !
for any convex entropy pair (7,q). For a general entropy function we write it
as a linear combination of two convex entropy functions as we have explained in

Section 4. Hence we have
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Proposition 5.3. Under the same assumptions of Proposition 5.1, Oim(up) +
Owq(up) is compact in H ' for any C? entropy pair (n,q).

loc

5.3. Convergence and entropy consistency. Now we are concerned with the
convergence of uniformly bounded approximate solutions of 2 x 2 systems of conser-
vation laws endowed with global Riemann invariants and the entropy consistency
of boundedly convergent Lax-Wendroff numerical solutions of general hyperbolic
systems of conservation laws with a convex entropy.

One important example of the 2 x 2 systems is the elasticity equations (cf. [5]):

0w —O,u=0, Owu — yo(v) =0,

where u is the specific volume, v is the strain, and o is the stress-strain relation
satisfying ¢’(v) > 0. The numerical experiments indicate that the Lax-Wendroff
approximate solutions (vp,uy) are uniformly bounded. It is important from the
viewpoint of numerical analysis whether uniformly bounded Lax-Wendroff numer-
ical solutions may generate some oscillations. The following theorem shows that,
if (vp,up) is uniformly bounded, then it indeed strongly converges to the corre-
sponding entropy solution. The proof follows from Theorem 2.2, the estimates in
Sections 5.1 and 5.2, and similar compactness arguments as in the scalar cases.

Theorem 5.1. Consider a 2 x 2 genuinely nonlinear and strictly hyperbolic system
of conservation laws (1.1) endowed with global Riemann invariants. Let up(x,t) be
the Lax- Wendroff approzimate solutions. Assume that up, is uniformly bounded and
the coefficient B in (5.2) is suitably large and the CFL number gy given by (1.3)
is suitably small. Then there is a subsequence (still denoted as) up such that
up(x,t) — u(x,t) a.e. ash — 0 and u is the entropy solution of (1.1) satis-
fying Om(u) + 9-q(u) <0 in D' for any convex entropy (n,q).

For a general system, we conclude that the numerical solutions of the Lax-
Wendroff scheme, if they are boundedly convergent, then converge to the entropy
solutions. A similar result has been obtained by Majda and Osher [15] for the
semi-discrete case of time-dependent systems and for the fully discrete case of time-
independent systems.

Theorem 5.2. Consider a general system of genuinely nonlinear and strictly hy-
perbolic conservation laws (1.1) endowed with a convex entropy. Let up(x,t) be the
uniformly bounded Lax-Wendroff approzimate solutions converging boundedly a.e.
to u(x,t). Assume that the coefficient B in (5.2) is suitably large and the CFL
number gg given by (1.3) is suitably small. Then wu is the entropy solution of (1.1)
satisfying On(u) + 0zq(u) <0 in D" for any convex entropy pair (1,q).

A typical example for such a system is the system of gas dynamics in Lagrangian
coordinates:

v —u
O |lul+0. p =0,
E pU

where v > 0 denotes the specific volume of the gas, u the velocity, p > 0 the
pressure, ' = %u2 + e the total specific energy and e the specific internal energy.
The additional conservation law assumes the form 9;(—S) < 0 for physical solutions.
For polytropic gases, —S(v,u, E) = —log(E — $u?) — (y — 1)logv is a strictly
convex function of the state variables v, u, and E for v > 1, a fixed constant,



1050 GUI-QIANG CHEN AND JIAN-GUO LIU

1 2
E__
andp=(y—1) UZU = A(S)v". Theorem 5.2 indicates that uniformly bounded
convergent Lax-Wendroff approximation is consistent with this system.

6. THE MACCORMACK SCHEME AND RICHTMYER SCHEME

An efficient implementation of the Lax-Wendroff scheme is to use two step
splitting methods. One particularly popular version is the following MacCormack
scheme:

j=uy = Ay f(u )

6.1
(o u}”l 3(uf +@}) = ANA_f(@]) + AA_ (6741 o] At ' (u])|Agul) .

The convergence of this scheme is very much similar to what we did for the Lax-
Wendroff scheme in Sections 3-5. We only state some convergence theorems and
show those arguments that are different from ones of the previous sections.

We first rewrite the MacCormack scheme (6.1) as follows

(62) = o HY - E T
where

Fi = _%)\nAOf(u?)a

J

(A f(u}))?
Hn _ l)\?A_ AL S e
J PAR ( A+U;L )7
63)  H = 3AA(F0) - F@E) - £ )

N SN )
) a(u}) — Ay fi/Aju;
n =37 + A —2
i+1/2 = Pjt1/2 |Atayl

Clearly, we can carry out the analysis without any difference in the absence of the
term H]" We only point out that H]" can only produce third-order terms and can
be controlled by the viscosity term based on the following facts.

First, we notice that 4" in (6.1) is always in the interval [u},u}, ] provided the
CFL number is less than 1/2. Using the Taylor expansion and (6.1), one has
(6.4)
Flf) = f@y) = f'(uf)(uj —aj) = g f"(E)(uf —a})? = g2 f" () (A4 f(u)))™.
Substituting (6.4) into H; and using the summation by parts, one has
(6.5)

SO == B At €A < A R A

J

S ) (A7) = 100 Zn'%u?)( _(a’<s§><A+f<uy>>2>)
6.6) I
< e CZ(I) )AL U,
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S B = b S ) A )0 )OS
(6.7)
< /\agOZfD |A+u"|3
J

Now we treat another two step version of the Lax-Wendroff scheme—the Richt-
myer scheme,

(6.8) U)o = %(“ +ujyg) - %)\A+f(“?)a
W =l = AALF () AA (B ol A F Al

We can rewrite it into the form
(6.9) W =l + F 4 HY + H 4+ 7
where
(6.10)

FJn = _%)\nAOf(u;L) ’

Ay fi)?
n _ 142 (Ay J
Hj = 5)‘”A_(7A+uﬂ ),

H} = %/\nA— (f( 7) A+ fugfen) = 2 (@5 ) — f/(u?+1/2)(u? + U§+1 - 21]?)) )

n n n an aj — A+fn/A+un
=MD (Bl Asa(u)|Asu) By + AR
| +uj|

It is also easy to verify that H ; can produce only third-order terms and can be
controlled by the viscosity term.

Therefore we have the following theorems corresponding to those of the Lax-
Wendroff scheme in Sections 3-5 under the same assumptions.

Theorem 6.1. Let up(x,t) be approximate solutions of the convex scalar conser-
vation laws (1.1) and (3.1) by the the MacCormack scheme (6.1) or the Richtmyer
scheme (6.8). Then there is a subsequence strongly converging to the weak solution
of (1.1) satisfying the entropy inequalities.

Theorem 6.2. Let up(x,t) be approzimate solutions of the scalar conservation
laws (1.1) or (4.4) by the MacCormack scheme (6.1) or by the Richtmyer scheme
(6.8) with the artificial viscosity term (4.1). Then there is a subsequence strongly
converging to the weak solution of (1.1) satisfying the entropy inequalities.

Theorem 6.3. Consider a general 2 x 2 genuinely nonlinear and strictly hyper-
bolic system of conservation laws (1.1) endowed with global Riemann invariants.
Let up(z,t) be the uniformly bounded approzimate solutions of the MacCormack
scheme (6.1) or the Richtmyer scheme (6.8). Then there is a subsequence (still
denoted as) up, such that up(z,t) — u(x,t) a.e. ash — 0 and u is the entropy
solution of (1.1) satisfying Oym(u) + 0.q(u) <0 in D’ for any C? convex entropy
pair (1, q).

Theorem 6.4. Consider a general system of hyperbolic conservation laws (1.1) en-

dowed with a convex entropy. Let up(x,t) be the approzimate solutions of the Mac-
Cormack scheme (6.1) or the Richtmyer scheme (6.8). If up converges boundedly
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a.e. u(x,t), then u(x,t) is the entropy solution of (1.1) satisfying Oin(u) + 0q(u) <
0 in D' for any C? convex entropy pair (0, q).
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