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ANALYSIS OF A CELL-VERTEX FINITE VOLUME METHOD
FOR CONVECTION-DIFFUSION PROBLEMS

K. W. MORTON, MARTIN STYNES, AND ENDRE SULI

ABSTRACT. A cell-vertex finite volume approximation of elliptic convection-
dominated diffusion equations is considered in two dimensions. The scheme is
shown to be stable and second-order convergent in a mesh-dependent Lo-norm.

1. INTRODUCTION

A finite volume formulation is the preferred technique for discretising systems
of partial differential equations where conservation is the most important property
to be modelled, compressible gas dynamics being the prime example—see Jameson
[3] and a large subsequent literature. Of the various formulations that are possible,
the cell-vertex scheme is often advocated for its compactness and its accuracy for
first-order equations on distorted meshes (see Morton and Paisley [8] and Siili [17]);
moreover, Morton et al. [6] and Crumpton et al. [2] have also demonstrated the
effectiveness of the cell-vertex scheme for the compressible Navier-Stokes equations
(see also Mackenzie and Morton [7]). Numerous practical computations have, in-
deed, shown this discretisation to be of very general utility, with recent extensions to
unstructured three-dimensional meshes on general domains, and applicable to the
very high aspect ratio meshes encountered with high Reynolds number, turbulent
flows.

However, the resulting system of discrete equations is difficult to solve and its
accuracy is hard to analyse. Some of these issues can be studied with simple
model problems on rectangular meshes. In the earlier form of the method, for
purely hyperbolic problems, when it was referred to as the finite difference box
scheme of Thomas [18], Preissmann [13], Wendroff [19], Keller [4] and others, the
equations were always solved by marching in a special coordinate direction. This
is not possible with the equations for steady inviscid transonic flow and various
alternatives have been developed, based on the work of Ni [11]; marching techniques
are even less appropriate when second-order viscous terms are present, but Ni’s
techniques are still effective (see [2] and [7]). The present paper is one in a series
devoted to the analysis of the resulting cell-vertex finite volume schemes.

Scalar convection-dominated diffusion problems, with general convective velocity
fields, show both the remarkable approximation properties of cell-vertex methods
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and highlight the challenge posed by their analysis. Mackenzie and Morton [7]
presented a two-dimensional cell-vertex finite volume scheme which reduces to a
non-standard twelve-point difference scheme on a uniform rectangular mesh; they
demonstrated its accuracy in some well-known model problems and analysed its
one-dimensional analogue. Morton and Stynes [9] adopted an alternative approach
to the one-dimensional problem and analysed the case of pure convection in two
dimensions, making use of the techniques of Siili [15], [16], [17]. The present paper
is developed from this approach. The key ideas in the analysis are, firstly, to treat
the finite volume scheme as a Petrov-Galerkin finite element method with a trial
space U" consisting of continuous piecewise bilinear functions, a test space M"
of piecewise constant functions, and an associated discrete bilinear form Bh(-7 );
secondly, a mapping € from U" to M" is constructed such that B" (v, Ev) > C||v]|?
for all v in U", where C is a fixed positive constant and ||-|| is a suitable norm on U",
so that B" is coercive over U" x M". The bulk of the effort is in the construction
of this mapping.
We consider the model convection-diffusion problem

(1.1) V- (—eVu+au) = f onQ,
(1.2) u = 0 ondQ,

where Q = (0,1) x (0,1) C R?, ¢ is a small positive parameter, and @ = (a1, az) is
a variable convective velocity, @ € (C1(2))2. We assume that there exist positive
constants a; and ap such that a; > a; on Q, i = 1,2, and that f € Ly(Q).

The well-posedness of this problem can be demonstrated by multiplying (1.2) by
gu, where g is a bounded non-negative weight-function constructed so that

—eV2g—ad-Vg+ (V-d)g>0 inQ.

Our stability analysis of the cell-vertex finite volume approximation of (1.1), (1.2)
makes use of a similar construction, and also requires that the discretisation takes
particular forms at inflow and outflow boundaries. To clarify these points we have
assumed that both components of @ are strictly positive; then the construction of g
is simplified and the inflow boundaries for the reduced problem (corresponding to
e =0) are at x = 0 and y = 0, with the outflow boundaries at xt =1 and y = 1. In
any case, the presence of the zero Dirichlet boundary condition along the outflow
boundary of the reduced problem implies that, for ¢ < 1, the analytical solution
contains a thin boundary layer in the neighbourhood of this part of 992.
Wide-ranging comparisons of finite difference, finite element and finite volume
methods for this problem are given in [5] and [14]. It is shown in [5] that the
distinctive feature of the cell-vertex scheme for convection-diffusion problems is its
uniform effectiveness as € tends to 0, without the use of any adjustable parame-
ters; indeed, as highlighted below, this is also a distinctive feature of the stability
analysis. On the other hand, a dominant difficulty arises from the presence of the
spurious chequer-board mode, which of course does not appear in one-dimensional
problems. In nearly all other methods that suffer from chequer-board oscillations,
the spurious mode is damped out by the diffusion term approximation, but not in
the cell-vertex scheme where the diffusion term is transparent to the chequer-board
mode: in practical computations with the cell-vertex scheme chequer-board oscilla-
tions are controlled by a fourth-order artificial dissipation term. However, since the
inclusion of such a term complicates the analysis even further, in the present paper
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we make an assumption on the convective velocity which reduces the generation of
the chequer-board mode and so simplifies the argument.

In Section 2 we state the cell-vertex approximation of the convection-diffusion
equation (1.1) using the terminology of Petrov-Galerkin finite element methods.
In Section 3 we prove that the cell-vertex scheme is stable in a mesh-dependent
Lo-norm, uniformly as € tends to zero. In doing so, we introduce the technical
assumption on the velocity field @ (see (3.1)) which takes the form of a discrete
analogue of dya; + 0zas = 0. A general class of vector functions @ satisfying
condition (3.1) is given by

a(z,y) = (a1(z,y), az2(z,y)),
with
ai(z,y) = Ai(z) + By, az(z,y) = A2(y) — B,

where A; and As are arbitrary functions of x and y, respectively, and B is a real
constant. This gives quite a large class of velocity fields which the analysis can
handle. However, we believe that condition (3.1) could be overcome by either a
slight change in the scheme or a more sophisticated analysis: indeed, in the case of
variable-coefficient linear advection, corresponding to € = 0, the analysis of Balland
and Siili [1] establishes the stability of the cell-vertex scheme in the absence of
hypothesis (3.1). Unfortunately, the argument in [1] is difficult to extend to the
case of € > 0.

The stability of the scheme is a straightforward consequence of the discrete
Garding inequality stated in Theorem 3.5. Second-order convergence in a mesh-
dependent Lo-norm is then deduced from a superconvergence result of Balland and
Siili (see Proposition 3.1 in [1]); the resulting error estimate is stated in Theorem
3.7.

Throughout the paper, C' (sometimes subscripted) will denote a generic positive
constant, independent of € and of the mesh-size, and may take different values at
different occurrences. We denote by || - || (o) and |- |g=(q) the norm and the semi-
norm of the hilbertian Sobolev space H*(€) of index s, and by || - ||, ) the norm
of the Lebesgue space L,(Q2), for 1 < p < oco.

2. THE CELL-VERTEX DISCRETISATION

Consider the uniform square mesh
{(zi,y;) « @i =ih, y; =jh; 4,7 =0,..,N}
of step-size h = 1/N, where N is an integer, N > 3.

The approximate solution U will be assumed to be continuous and piecewise
bilinear on €2, that is, bilinear on each cell

K9 = (i1, @) X (yj-1,95)-
Following the usual route, we construct the cell-vertex finite volume approximation
of problem (1.1), (1.2) by integrating (1.1) over each cell (except for those cells that
lie adjacent to the part of the boundary of €} which is the outflow boundary for
the reduced problem corresponding to e = 0) and using Gauss’ Theorem to convert

integrals over cells into integrals over cell boundaries; we note that the outflow
boundary for the reduced problem is

{(xvy) €00 : 6(‘Tay) ’ ﬁ(zay) > O}a
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where 7i(x,y) denotes the unit outward normal to 9Q at (z,y) € 092. An approxi-
mation of the contour integrals is needed to proceed further: we use the trapezium
rule to evaluate integrals of (du — eVu), and approximate Vu by finite differences
of u. Motivated by this approximate equality satisfied by the exact solution, we
define the cell-vertex approximation of u as a continuous piecewise bilinear function
U that satisfies the same relation as v but with approximate equality replaced by
the equality sign. The equations resulting from this construction are supplemented
with a zero Dirichlet boundary condition.

In order to give a precise definition of the cell-vertex finite volume scheme, we
shall employ the terminology of Petrov-Galerkin finite element methods. Thus,
we let U denote, for a mesh of size h, the linear space of all continuous piecewise
bilinear functions that vanish on 9, and let M” denote the linear space of piecewise
constant functions on the mesh which vanish on those K% for whichi = N or j = N.
Let I : (H}(Q)NC(Q))? — (U")? be the interpolation projector onto (U")2. The
desired discretisation of the convection term is obtained by defining the bilinear
form B, : U" x M" — R by

(21) Bc(va) = (V-Ih((iw),p),

where (-,-) is the inner product in Lo(£2). It is easy to see that the use of this
bilinear form is equivalent to applying Gauss’ Theorem followed by the use of the
trapezium rule. Indeed, for v € C(Q) let v;; denote v(z;,y;), and for ¢ € M" let
q" denote the value of ¢ on K%; then, by choosing p in (2.1) as the characteristic
function x* of the cell K%, we have that

i, h
Be(w,x"”) = B [((a1w)ij + (a1w)i j—1 — (@1w)i—1j — (@1w)i—1,j-1]
+5 [(a2w)ij + (a2w)i—1,j — (agw); j—1 — (a2w)i—1,-1]
(2.2) = hpydz(ar1w)i; + hugdy(azw)ij,

where we have employed the finite difference operators

bavij = Vij — Vi1, byvij = vij — Vij-1,
pavig = (vij +0ie15)/2 pyvij = (Vi + vij-1)/2:

We use the methods of Mackenzie and Morton [7] to discretise the diffusion term
in (1.1), together with a simple second-order boundary condition on the inflow
boundary. For this purpose we consider the bilinear form By : U" x M" — R
defined by

(2.3)
N-1IN-1
By(w,p) = —¢ Z Z hp" [y (W )ij — fry (Wa)im1,5 + flo(Wy)ij — fla(wy )i j—1],
i=1 j—1

where, for j =1,... ,N — 1, we set

A _ T ey wig = papywig), =1, N —1,
(2.4) iy (a )i { h=H(2pywij — 5yw2;), ifi=0,

with fiz(wy);; defined analogously.
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Now the cell-vertex finite volume approximation of (1.1), (1.2) is defined as
follows: find U € U" such that

(2.5) B™U,p) = Ba(U,p) + Bc(U,p) = (f,p) Vpe M"

This is a system of (N — 1)? linear equations in the (N — 1) unknowns U;;, the
nodal values of the continuous piecewise bilinear function U € U", where i,j =
1,...,N — 1. In the next section we show that B" is coercive over U" x M", and
therefore U is well-defined.

3. STABILITY AND CONVERGENCE

The crucial step in the analysis of the cell-vertex scheme is to prove stability via
a discrete Garding inequality that guarantees coercivity in a generalised sense. Let
Ph . Ly(Q) — M" be the orthogonal projector onto M". Tt is easily seen that
(Phw)V = o ftyws; for any w in U". We shall consider

B"(w, GP"w + AP"V - I"(aw)),

where G and \ are suitable elements in M" chosen so as to achieve the desired
coercivity. We analyse this expression in the following four lemmas.

Let Q5 = (0,2n-1) X (0,yn—1). Then, as in Sili [15], [16], [17], Morton and
Siili [10], and Morton and Stynes [9], we define the I2(§2,)-seminorm |v[;,(q,) of a
locally integrable function v by

1/2
2 Y

Wl = Y. B

K CQp,

1
ﬁ/Kﬁvdxdy

We note that this seminorm is a norm on the linear space U".

Lemma 3.1. Assume that there exist positive constants ay and as such that a; >
aq, 1 =1,2, and that

(3.1) ,uméy(al)ij + 6Iuy(a2)ij =0

for all i and j. There exist G € M" and positive constants C;, i = 1,2,3,4, such
that C; > G¥Y > Co, GY — G > C3h and G — G+ > Cyh for all i and j,
and
N1y ‘
Bc(w,GPhw) > 202|w|122(9h) + h(quGN_l’j — CQh)(ILLwa_l)j)2

[

<

1 .
i h(§a2GZ>N_1 — Cah) (pawin—1)%,
1

=2

B

for all w € U™ and for all h < ho(a@), where ho(a@) depends only on lallc2 () -

Proof. From (2.2) and the definition of M" we have that

N—-1N-1
(32)  Be(w,GP"w) =" hGY (o piywi) [ty b (arw)ij + paby(asw)is].

i=1 j=1
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Using the elementary identities
6x(be) = (kab)(6zc) + (620)(pz0),
1
pa(be) = (tab)(pac) + 1(6wb)(6w0)

and their 6, y, analogues, we can rewrite (3.2) as

N—-1N-1

(w, GPh Z Z hG] Uzﬂywlj) [6r#y(al)ij "’Nzéy(@)ij]
=1 j=1

| NNl

"‘Z Z Z hG* (pa piywis ) (8 0ywis) 1126y (a1)ij + Sxpy(az)is)

i=1 j=1

N—1N-1

+ Z Z hG" (g prywiz ) (Oupiywis) [fra bty (a1)ij + 5626y (a2)i;]
i=1 j=1
N-1N-1 1

+ hG™ (Hapywig) (pobywi ) |7 006y (a1)ig + papty(az)is)
i=1 j=1

(3.3) =51+ 5+ 535+ 54

We define
G(z,y) = e~ (F1i1tray;—1) for (z,y) € K,

where x;, [ = 1,2, are positive constants which will be chosen appropriately in the
course of the proof.
First we bound S; from below. Observing that

[y

(3.4) (e prywi)? < 5[(waij)2 + (pewij-1)?],
it follows that
| N-IN-1 -
Sl Z —5 Z hZGU (uzwij)2|Aij|
i=1 j=1
| NNz -
(3.5) -5 h2GH 4 (ppwig)?| Ai g ],
i=1 j=1

with a similar bound in terms of (u,w;;)?, where

1
E (6zﬂy (al)ij + ,Uzéy (GQ)ij)-

Noting that G¥ > G%*! and separating out the term with j = N — 1 from the
first double summation,

(3.6) Aij =

1 N—-1N-2 N
(3.7) iz =3 >0 WG (w2 Ayl + A )
i=1 j=1
1 N-1 )
(3.8) —3 RGN (pwi n—1)? | Ai v 1.

s
Il
-
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Now (pizbij)(62bij) = (1/2)8:b;; we use this identity and sum by parts to get

L N=2N-
% T3 (ywyy)*(GY BY — G B
=1 j5=1
1 N-1,jpN-1,j
(39) +§; HyWN — 1] G 1>JB 1,]7

ij 1
BY = h(papy(a1)i; + 766y (az)is)-
Let us write
G Bl _ qitligitli — (Gij - Gi-i—l,j)Bi-i-Lj LG (Bij _ Bi+17j).
Recalling the definition of G, it follows that
GY — G > %fsth” :
provided h < 1/k;. In addition, since ay, az € C*(Q),
Bij = h(al)ij + O(h2) = h(al)i_l)j + O(h2)
Thus, for 0 < h < hg, where hg = ho(a@), we have
.. 1
BY 2 §ha1.

Similarly, for 0 < h < hg, where hg = ho(d@) (with a possible adjustment of the
previous hg),

|BY — BN < 21|Vl 1, (o)
Consequently,
GYBY — GTLIBTL > p2Gi (Zmal - 2|V67|Loo(ﬂ)) :

Returning to S3, we deduce that

N2N1

1
Sy > = Z > RAGY (pywig) ( rion —2||Val| Q))
=1 j=1
L V-1 ‘
+7 D hGYN T (pywn ) e
=1
Analogously,
1 N—-1N-2 - 1
Sz 3 2 Z; WG (ppwig)® <Zf4326¥2 - 2|Vd|Loo(Q)>
L V-
i, N—1
+3 ; RGN (ppwi v —1) % as.
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Now combining the lower bounds for S7 and S; we obtain

N—-1N-2

1 . 1
_Sl +S; > Z Z hQGU Mwwlj) (gﬁ&gag — ||Va|\Lm(Q) — ZlAU + Ai7j+1|)
i=1 j=1
1 N-—
+1 Z RGN (ppwi n—1)? (a2 — h|A; N-1]) -

Noting that [A; j+1)| < 2[|Va|L_ () for 0 < h < hg, where hg = ho(a@) (with a
possible adjustment of the previous hg), it follows that

1
as — h|A; noa] > 502
Choosing k9 such that
pe = — (14 2|Val )
Z o -

it follows that for 0 < h < hg, where hy depends only on a,

N—-1N-2 1 N—-1
—sl+s4 > D0 > WG (pawi)® + S Z G (pawi N 1)
=1 j5=1 =

Similarly, choosing k1 such that
8
> — (1+2||Va
L2 o (1+2[Val L)

and using the alternative bound for S7, we have that

N—-2N-1 N-1

1
_Sl +55 2 Z Z h?G( Nywm) + O‘l Z hGN™ 13(,“wa 13)2-
i=1 j=1 Jj=1
Finally,
N—2N-1 - N—1N-2 -
S1+ 83+ 8, > Z Z h2G (pywij)* + Z Z h2GY (pzwij)?
i=1 j=1 i=1 j=1
1 N-1 N-1
+= 061 ZhGN 17‘](/14 WN— 17_]) + 042 hGZN 1(/141sz 1)27
j=1 =1

provided h < ho(a@), and k;, ¢ = 1,2, are chosen as indicated above. Inserting this
lower bound into (3.3) and recalling that due to (3.1) the term Sz = 0, we deduce
that

N—-2N-1 N—-1N-2
Be(w,GP"w) > Cy Z Z h3( (Hywi;) )2+ h2(,uzwij)2
i=1 j=1 i=1 j=1
(3.10)
N-1 N-1

1 N—1,j i N—
+ 3| Z hG 1’J(uwa_1,j)2 + g Z RGN (ppwi n—1)?

j=1 i=1
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for all w € UM and for all h < ho(@). To complete the proof of the lemma we bound
from below the right-hand side of this inequality in terms of ||wl|;,(q,). This is
easily accomplished by defining

1
pawij = ﬁ/K] wdz dy,

and noting that, for w € U,

—1N-1

lwlli, ) = Zzh pwij)?,

=1 j5=1

1
pwij = 5 (HeWij + pzw; j—1),

2
and
1
pwig = 5 (ywij + pywi-1,5)-
Since
2 _ 1 2 1 2
(pwi)” < 5 (Hewig)” + 5 (Howij-1),
and w = 0 on 012, it follows that
N—1N-1 N—1N-2 N-1
Co h2|pwii|* < Co R (pzwif)® + Coh Y hlpewi n—1).
i=1 j=1 i=1 j=1 i=1
Similarly,
~1N-1 N-—2N-1
Cs Z Z h2|Mww| < Cy Z Z R3( (Hywij) )2+ Cyh Z h(pywn— 173
=1 j=1 i=1 j=1

Substituting the sum of these two inequalities into (3.10), we deduce the desired
coercivity of the bilinear form B.(-,-) for all w € U" and for all h < ho(a). O

We note that condition (3.1) was necessary in order to remove the term S that
contained the second-difference 6,0,; this term cannot be absorbed into any of the
positive terms in the lower bound on B.(w, GP"w).

Lemma 3.2. For all w € U" and all \ € M", X >0,
Be(w, AP"V - I"(@w)) = M2V - I"(@w)|}, 0,

Proof. This is immediate from (2.1). |

Lemmlgl 3.3. Assume that there exist positive constants Cy and Cs such that G >
Co, |GY — G~ < Csh, and |GY — G*I=1| < Csh for all i and j. Then there
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exist positive constants Cg = Cs(Ca, Cs

~—

and hy = h1(Cq,C5), such that

1 N N-1
By(w, GP"w) g Z B2 (fiy (we)i—1.4)?
i=1 j=1
N-1 N
+ ZhQ fiz(wy )ij-1) _065|w|122(9h)
i=1 j=1
o[- N-1
~3h ZhGZN Y ppwi -1 2 —I—ZhGN LI pywn -1 4]?
i=1 j=1

for all w € U and all h < hy.

Proof. We give details only for the fi, terms, postponing the analogous contribution
from the /i, terms of (2.3) until later in the proof. Thus we write, for any w € U",

—1N-1
By(w, GP"w) = —¢ Z Z WG (1 prywig) [fry (wa )i — fiy (wz)i—1,5] + (wy terms)
=1 j=1
-1 -1
(3.11) =c) h { Y iy (wa)im15(GY papywiy — G e pywia )
j=1 i=2

— iy (o) N-1,;GN T pa w15+ ﬂy(wm)o,le’jumuywm} + (wy terms).

Now for 1 <47 < N we have that
GY pppywi; — G pppywiy j = hGY iy (wy)i—1,; + (G¥ — G ) g pywi—y 5.

Therefore, using |G — G*~19| < Csh together with the arithmetic-geometric mean
inequality, we get

iy (Wa)i—1,5 (G papywiy — G~ i prywi—1 5)
> b [GY (fiy (wa)i1,5)* — Cslfiy(wa)i-1,j paptywi—1,]
(312) > L0 (G iy (we)io15)? — CRHGT) ™ Grapmywi 1))
On the other hand,
—fiy(We)N=1,j pobywn—1; = h(fy(we)n-17)% = fiy(We) N1 HallyWn,j
> 2 e — g (w1,

and therefore

—fy(wa)N—1,;G" T pgpywn_1; > gGN_l’j(ﬂy(wm)N—l,j)Q
(3.13) L e i gun )2

8h
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Analogously, since fi, (w3 )o,; + fiy(wz)1,; = (4/h) pzpiywi j, it follows that

A h, . h . .
fly(We)o,j Pattywrj = Z(Ny(wm)o,j)Z + Ay (s )o gy (e )15
h, . h . .
(3.14) 2 g(#y(wm)ogy - g(uy(wm)l,j)2,
and therefore
. 1, hvjos o hoags 2
(3.15)  fiy(wa)o ;G propywi j > 3G (fiy (wz)o,5)" — 3G (fiy(we)1,5)"

Substituting (3.12)—(3.15) into (3.11), absorbing the last term of (3.15) into the
corresponding term of (3.12), and noting that G¥ > C5, we deduce that

. 1 N-1 N N-1 N
Bg(w, GP w)2§C26 thy Wy )i—1,5]° +ZZh|uz wy)ij—1]?
j=1 i=1 i=1 j=1
1 N-1N-1 N-1N-1
_5065 h2|,uz,uywi—l7j|2 + Z h2|ﬂrﬂywi,j—1 2
j=1 i=2 i=1 j=2
N-1 N-1
ZhGlN Ypgwi y-1]? —|—ZhGN L w1 2

j=1

with Cs = C2/C%, where we have assumed that h is sufficiently small, namely
h < h1(Cy, Cs). Recalling the definition of |-|;, (q, ), we obtain the desired result. [

We note that with G% = e~ (F1Zi-1+52y;-1) and k; and ks chosen as in the proof
of Lemma 3.1 all hypotheses on G in Lemma 3.3 are satisfied.

Lemma 3.4. For all w € U" and all \ € M", X >0,

N N-1
| Ba(w, APV - T"(@w))| < (e/V2)[D D h(N T 4+ X7) (i (wa)i—1,5)?
i=1 j=1
N—-1 N o 3 N—-1N-1 3 3
H Y RNITT RN (g (wy )i 1) 2D RAI (PP - I aw)) 7)),
=1 j5=1 =1 j5=1

where we set A% = X0 = 0.
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Proof. As in the proof of Lemma 3.3, we write out the details only for the fi, terms.
The Cauchy-Schwarz inequality gives
|Bd(w APhY - IM (Gw))|
—1N-1 -
<e Z > XTR|(P"Y - 1M (Gw)) Y |
=1 j5=1
X|fiy(wz)ij — fiy(wz)i-1,j] + (wy terms)
—1N-1
<€{Z > Nl (w2)is = fiy (w2 )i}
=1 j=1
N-1N-1 -
x{ ANIR((PPY - I (@w)) )22 + (w, terms)

+(e/V2) )\”h (P"V - I"(@w))¥)? + (w, terms)
i=1 j=1
N—

N
=(/V2) Y D> R 4+ A (jiy (w)io15)

[

s
Il
-

<
Il
-

N—
+(e/V2 )Z NIR((PPY - " (@w))7)? + (w, terms).

1 9=

=

3

J
Including the w, terms, we obtain the desired result. O
We now combine these four lemmas to reach our coercivity bound.

Theorem 3.5. Assume that there exist positive constants oy and «o such that
a; > «q, 1 =1,2, and that

paby(a1)ij + zpiy(az)i; =0
for alli and j. Choose G € M such that Cy > Gi; > Cy >0, GY —G*1i > Csh,
GY — GHWTL > Cyh, |GY — GI1| < Csh and |GY — G*~Y| < Csh for all i and j.
Let A € M" be defined as follows:
2 = skh, if h =22,
0, otherwise,

with the convention that \% = \"¥ = 0.
Then, for all h < min (ho(@), h1(C2,Cs)) and all & such that

:h 8h\ !
(3.16) UL (1 — —) =12,
e Q;

we have that
1
(3.17)  B"(w,GP"w + A\P"V - I"(aw)) > Cawl}, (g, + §|)\1/QV IM@w)[7,q,)

for all w € U". Here ho(a@) and hi(Ca,Cs) are as in Lemmas 3.1 and 3.3, respec-
tively.
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We note that a function G satisfying the conditions of Theorem 3.5 has been
constructed in Lemma 3.1. The hypothesis (3.16) requires the mesh Péclet number
to be greater than or equal to 1 + Ch; this condition is automatically satisfied for
the convection-dominated diffusion equations considered here.

Proof. Adding the results of the previous lemmas, we obtain

B"(w, GP"w + \P"V - I"(Gw))
> (202 — Cee)|wli, g, ) + A2V Ih(ﬁw)hi(ﬂh)
N—-1N-1
XY (P - I (@w))™)?
Jj=1
1

[\~
0

S

-
Il
-

h[%hcz - %(AHJ + X))y (wz)i-1,5)°

_|_
™
I IM=

+
)
g
=
=
| =
>
&

- %w‘ﬂ‘-l XY (10, )15 1)?

N
Il

-
<
I

=

£ s
(Oél — E)GN Li OQh) (,uwa_Lj)Z

_|_
i
;.‘»—-
N

2
L

(3.18)

_|_

1 €\ i
h <§(OLQ — E)Gl’N_l — CQh) (uzwLN_l)?

s
Il
-

Recalling our assumed lower bound on «;h/e, it follows that the last two sums are
non-negative. In order to deal with the remaining terms, we need € so small that
2C5 — Cge > C5 > 0; since Cg = 052/02, this can be achieved by supposing that
£ < (Cy/C5)%. Next, we claim that

2e

V2

for each i and j. For if A = 0, the inequality is trivial. If \¥ # 0, then € < h/(2v/2)
by hypothesis, as required.
Finally,

hAY < %hQ)\ij

1 oL - 1
(NThd 2\ < gCgh,

S

2
and similarly,

1
ﬁ

Using the above inequalities in (3.18), the result follows. |

. - 1
(NI 1\ < SCah.

We can now derive a bound on u — U.
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Theorem 3.6. Suppose that the hypotheses of Theorem 8.5 hold. Then, for all
sufficiently small € and h, such as in (3.16)

lu—Uliyn) + |/\1/2V SIME(u

= U)liycan)
N-1N-1 1 (v
< C¢l Z ZhQ Uy, ij—E ug (2, y) dy
i=1 j=1 Yj—1
o 1 [vi
—fy (ug)i—1,5 + —/ Uy (i-1,Yy) dy]
hJy,

+%[ <uf>ij—1/“ o, u;) da

Doty [ o) )
+C|V - (Ih(au) - au)|l2(ﬂh) + |u— ']y,
where u! is the interpolant of u from U"
Proof. For brevity, set

0 =GP"(u! —U)+\P"V - I"a(u' —U))
and

. 1. 1 Yj 1 Yj
X" :E[Ny(u:i)ij_ﬁ/ wa (@i, y) dy — fiy (ug)i- 1a+—/ Ua (-1, ) dy]
Yj—1
1 . 1 [%
+E[M1(Ué)ij -7 - uy (2, y;) de — )ij—1 + h/

(@,yj—1) dz].
From Theorem 3.5 we have that
! = ULy, + N2V - I a! = 0))IF,
< CB"u! —U,0) = CB"(u!,0) — C(f,6)
= CB"(u!,0) — C(V - (—eVu + du),0)
NZIN-1 P
= —Ce R0V + C(V - I"(@u!) — V - (Gu), )
i=1 j=1
N-1N-1 -
< Wl (el Y0 30 RRIPIV2 41V - (1" (@) = )y -
i=1 j=1
Noting that I"(au’) = I"(@u), we deduce that
|u! = Uliy,) + N2V - I = U) i)
N—-1N-1 -
< e[y DRIP4+ OV - (IMau) - @u)iy (o,
i=1 j=1
We combine this with the triangle inequality
|u - U|l2(Qh) < |u - u1|l2(Qh) + |u1 - U|l2 Qpn
and recall the definition of Y/ to complete the argument O

Hence we easily obtain our final bound on the global error



CELL-VERTEX FINITE VOLUME METHOD 1403

Theorem 3.7. Let the hypotheses of Theorem 8.5 hold. Suppose, further, that
u € H3(Q) N HIQ), s > 2, and assume that the entries of @ belong to C*)(Q),
where (s) denotes the smallest integer greater than or equal to s. Let A be as in
Theorem 3.5.

There exist positive constants Ky, Ko and K3 such that

lu—Ulyny + N2V I"E(u—U))iyan)

(3.19) < Ki(g,u)h™ ™ + Ko(e,u)h™ " + K3(u)h™,
where
Ki(e,u) = Cielulgritiq) + Colulgm (), 1 <y <min(s,3),
Ky(e,u) = 0181/2|\u|\Hr2+1(Qh), 2 < ry < min(s, 3),
Ks(u) = Cslulgrsay)s 1<r3<2.

The proof of this theorem relies on the following superconvergence result (see
Balland and Siili [1]).

Proposition 3.1. Given that s is a real number, s > 1, there exists a constant C,
independent of the mesh-size h, such that

| P" (v d-v. (I’Ldﬁ) oy < Ch M dl ey, with 1< r < min(s, 3),

for all d = (dy,dy) in (H*(Q))2.
We shall also need the following boundary layer estimate.

Proposition 3.2. Let D = (0, A) x (0, B), where A, B > 0. Suppose that r is a
positive real number, and let D, = (0,7) x (0, B) with 0 < 7 < A. Then

ul g (p,y < CTY2||u]| g1 (.-

Proof. We shall prove the estimate for 0 < r < 1; for » > 1, the proof is identical.
According to a classical result (see, for example, Chapter 1, Section 4, of Oganesian
and Ruhovec [12]):

(3.20) [ull Lo,y < O3l -
Consequently,

(3.21) lulmi o,y < Ol w2 (D).
Combining (3.20) and (3.21) we also have that

(3.22) lull s,y < CT2 0l 2y

Now inequalities (3.20) and (3.22) imply that Z : u — wu is a bounded linear
operator from H*(D) to La(D,) and from H?(D) to H'(D,). Using the K-method
of function space interpolation it follows that Z is a bounded linear operator from
H™ (D) to H"(D,), for 0 < r < 1, and that

||u||Hr(DT) < CT1/2|‘UHHT+1(D).
Therefore also,
|u|HT(DT) < CT1/2HUHH7‘+1(D), O0<r<l.

For r = 0 and r = 1, the desired inequalities are (3.20) and (3.21), respectively. O
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Proof. (of Theorem 3.7) Let us label the three terms on the right-hand side of the
inequality in Theorem 3.6 by T3, T> and T5.

We begin by considering 73. For the sake of notational simplicity, we define, as
in the proof of Theorem 3.6,

y 1 . 1 Yj 1 Yj
XY = <y (uh)i — + e (5, y) dy — flo (uf)io1j + + Ug (2i-1,Y) dy]
h Yj—1 h Yj—-1
1 p 1
+E @ y’ij_E/ y(@,y5) do — fiz(uy )i - 1+h/ y(T,yj-1) de]

—X(1)+X(2) 1<i,j<N-1.

For2<i< N-1land1l<j<N—1,asimple application of the Bramble-Hilbert
lemma yields

Xl < Ch72h Mulgrry), 2 <7 <min(s,4),
where Tj; = (2i—2,Zi41) X (yj—1,y;). Consequently, for2<i < N—-land1<j<
N-1,
N-1N-1 - 1/2
h2|XEJ1)|2 < Chr_2|U|H7‘(Q), 2 < r < min(s,4).
i—2 j—1

Now let us consider the case when ¢ =1 and 1 < j < N — 1; recalling the definition
of fi,(ul)o; and appealing to the Bramble-Hilbert lemma, we deduce that

1/2 1/2
N-1 N1y
2) 15 |2 2 22| |2
> P ) < > R i g ) < 1)
j=1 j=1
S Cht_2|U|Ht(QO), 2<t S min(s, 3),

where Qg = (20, 22) X (Y0, yn-1). Combining these two bounds we get

1/2

R x < C(h 2 lular ) + R 2 ulae ),
1

=1 7

with 2 < r < min(s,4) and 2 < ¢t < min(¢,3). Exploiting the boundary layer
estimate stated in Proposition 3.1,
[ul e gy < CRY2|[ull v ay,)-
Thus,
1/2

€ R x1? < Ce(h™Mul e ) + B2 |ul e ay)),
L

z
L
z
L

@
I
=

<
I

with 1 < r <min(s, 3), 2 <t < min(s, 3). Similarly,
1/2

€ h2|Xéj§)|2 < Ce(h"Mulgr1(a) + A 2R 2 |u v qy))s
L~

=
L
=
L

s
Il
-

<
Il
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with 1 < r < min(s,3), 2 < ¢ < min(s,3). Thus, recalling from the statement of
Theorem 3.5 that ¢ < Ch, it follows that

Ty < Ci(eh" Mulgr ) + 2R ul gesi @),
for 1 < r <min(s,3), 2 <t < min(s, 3).

Term T5 is estimated using Proposition 3.1 with d= au; we obtain the bound
T < OQhT_1|U|Hr(Qh), 1<r< min(5,3).

Finally, the term T35 can be bounded using a standard interpolation error estimate
to obtain

T3 < C3h"|ulgr ), 1 <r <min(s,2) =2.

Combining the bounds on T3, T» and T3 yields the desired error estimate. O

4. CONCLUSIONS

In this paper we have been concerned with the stability and the convergence of
a cell-vertex finite volume method for linear elliptic convection-dominated diffusion
equations in the plane. Using a combination of techniques from the theory of
finite difference and finite element methods we proved that the scheme is stable,
uniformly as the diffusion coefficient tends to zero, and second-order convergent. In
addition to the error bound in the mesh-dependent l;-norm, Theorem 3.7 implies
that, provided u € H*(Q) N H{ (), the derivative of the global error in the stream-
wise direction is O(h3/2), as long as h > 21/2¢. The results presented here may be
extended to tensor-product non-uniform meshes.
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