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IMPLICIT-EXPLICIT MULTISTEP FINITE ELEMENT
METHODS FOR NONLINEAR PARABOLIC PROBLEMS

GEORGIOS AKRIVIS, MICHEL CROUZEIX, AND CHARALAMBOS MAKRIDAKIS

ABSTRACT. We approximate the solution of initial boundary value problems
for nonlinear parabolic equations. In space we discretize by finite element
methods. The discretization in time is based on linear multistep schemes.
One part of the equation is discretized implicitly and the other explicitly.
The resulting schemes are stable, consistent and very efficient, since their im-
plementation requires at each time step the solution of a linear system with
the same matrix for all time levels. We derive optimal order error estimates.
The abstract results are applied to the Kuramoto-Sivashinsky and the Cahn-
Hilliard equations in one dimension, as well as to a class of reaction diffusion
equations in R”, v = 2, 3.

1. INTRODUCTION

In this paper we construct and analyze implicit-explicit multistep schemes for
the time discretization of a class of nonlinear parabolic problems of the form: Given
T>0and v’ € H, find u: [0,7] — D(A) such that

) u'(t) + Au(t) = B(u(t)), 0<t<T,

1.1

( u(0) = u?,
where A is a linear, selfadjoint, positive definite operator on a Hilbert space (H, (-, -))
with domain D(A) dense in H, and B : D(A) — H is a (possibly nonlinear) differen-
tiable operator. Considering a finite dimensional subspace Vj, of V, V := D(A'/?),
we are led to a semidiscrete problem approximating (1.1): We seek a function up,
up(t) € V, defined by

(1.2) up,(t) + Apun(t) = Bu(un(t)), 0<t<T,
' un(0) = up;
here u9 € V}, is a given approximation to u’, and Ay, Bj, are appropriate operators
on V}, with Ay, linear, selfadjoint and positive definite.

Following an idea of Crouzeix, [3], for the time discretization of parabolic equa-
tions with time dependent coefficients, we combine implicit and explicit multistep
schemes to discretize (1.2) in time: Implicit schemes are used for discretizing the
left-hand side of the o.d.e. in (1.2), and explicit schemes for the nonlinear right-
hand side. Thus, letting k& be a (constant) time step, ¢, = nk,n = 0,..., N,
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T = Nk, we define a sequence of approximations U", U™ € V3, to u™ = u(t,), by

q—1
(1.3) Za Ut 4 kZﬂlAhU"“ =k _ viBp(U").
=0 1=0 1=0

A scheme of this form is characterized by three polynomials a, 5 and =,

q q q—1
=Yl B =) 8¢, ) =D v
i=0 =0 =0

We note that, when By, vanishes, the scheme (1.3) reduces to the implicit linear
multistep method («, 3) (or (p,o) in the notation of Dahlquist) for the equation
u}, (t) + Apup(t) = 0; similarly if Aj, vanishes, the scheme (1.3) reduces to the
linear multistep method («,7), which is explicit since v, = 0, for the equation
u},(t) = Bp(un(t)). The scheme (1.3) is a combination of the methods (c, 5) and
(a,7y); it is linearly implicit and nonlinearly explicit. We shall refer to it as the
(a, B,7y) scheme.

We shall assume in the sequel that the method (v, 3) is strongly A(0)—stable;
this implies, in particular, that o3, is positive, which in turn ensures invertibility
of the operator a,I + kB, Ap. Thus, given UY,... Ut in V},,U4,...,UN are well
defined by the («,3,7) scheme. We will assume in the sequel, without loss of
generality, that both o, and (3, are positive.

For the analysis of the scheme (1.3) we will need some additional assumptions for
the operators A and B as well as for the finite dimensional spaces V}; the operators
Ay, and By, will then be appropriately defined. Let, thus, |- | denote the norm of H,
and introduce in V' the norm || - || by |lv|| = (AY/?v, AY/?v)1/2. We identify H with
its dual, and denote by V' the dual of V', again by (-,-) the duality pairing on V'
and V, and by || - ||« the dual norm on V’. We assume that B can be extended to
an operator from V into V', which is differentiable, and an estimate of the form

(1.4) (B ()w, )| < AJwllllw]| + p@)w] |w] Vv, w,weV

holds with a constant A < 1 and a functional p(v) which is bounded for v bounded
in V. Indeed, depending on the particular («, 3,7) scheme, we shall need to assume
that the constant A is appropriately small. Further, the assumption that p(v)
is bounded for v bounded in V will suffice to derive our results under some mild
meshconditions; these conditions can be weakened if u(v) is bounded for v bounded
in some appropriate weaker norms, and even avoided if u(v) is bounded for v
bounded in H.

We will assume in the sequel that (1.1) possesses a solution which is sufficiently
regular for our results to hold. Uniqueness of smooth solutions follows easily in
view of (1.4).

For the space discretization we use a family V},, 0 < h < 1, of finite dimensional
subspaces of V. In the sequel the following discrete operators will play an essential
role: Define P, : V! — V;,, R, : V — V},, Ay : V — V4, and the nonlinear operator
By :V —V, by

(Pov, x
(ARpv, x
(Ah(pv

(Bn(%);

v,X) VX € Vh,
Av,x) Vx €V,
Ap,x) VX € Vh,

)=
)=
x) =(
x) =(B(p).x) VX € V.
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Then, obviously, A, R, = P,A and B, = P,B.

In the error analysis we shall use the approximation properties of the “elliptic
projection” Rjp. We assume that Rpv is an approximation to v of order r, provided
that v is sufficiently regular,

(1.5) |v — Rpv| 4+ h¥?||lv — Ryv|| < M (v)h",

where r and d are two integers, 2 < d < r, and M (v) is bounded if an appropriate
norm of v is bounded. We further assume that

(L6) | B(v) - B(Ru)|l. < M)A

We emphasize that the condition (1.6) serves consistency purposes only. It is
needed to prove consistency of the (o, 3,7) scheme—and, in fact, already of the
semidiscrete problem (1.2)—for Rpu of optimal order with respect to h. It is
somehow restrictive though, since it essentially means that, if A is a differential
operator of order d, then B may contain derivatives of up to order d/2 only. For
some concrete differential equations, however, one can get by with a less stringent
condition by taking into account in the definition of R; the terms of B of order
higher than d/2.

The scheme (1.3) is very efficient since its implementation requires at every time
step solving a linear system with the same matrix for all time levels. If the order of
both the implicit and the explicit scheme is p, then under some mild meshconditions
and for appropriately small )\, and appropriate starting values U°,..., U971, we
derive the optimal order error estimate

omax, |u(tn) = U"| < (kP +R").

An outline of the paper is as follows: Section 2 is devoted to the analysis of a
simple one step semiexplicit scheme of first order accuracy; its purpose is to motivate
the analysis, in section 3, of more general multistep schemes of higher accuracy.
Finally, in the last section, we apply our abstract results to three examples, namely
the Kuramoto-Sivashinsky equation and the Cahn-Hilliard equation in one space
dimension, and to a class of reaction diffusion equations in R”, v = 2, 3.

2. AN IMPLICIT-EXPLICIT ONE STEP SCHEME

As a motivation for the analysis of multistep schemes, we study in this section
the simplest implicit-explicit scheme which is a combination of the backward Euler
and the Euler method.

Let U° € V, be given. We define fully discrete approximations U™ € Vj, to u(t,),
recursively by

Un+1 _ Un
k

Our main concern in this section is to analyze the approximation properties of the
sequence {U"}. As an intermediate step, we shall show consistency of the scheme
(2.1) for the elliptic projection of the solution w of (1.1). Let

(2.1) + AU = BL(U™), n=0,...,N—1.

W(t) = Ryu(t), W) eVh, 0<t<T.
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We note for later use that, in view of the definition of Ry, |W(¢)| is obviously
bounded by ||u(t)||, and thus bounded uniformly in A and ¢,

(2.2) supsup |[WW ()| < C.
oot

Consistency. The consistency error E™ of the scheme (2.1) for W is given by
(2.3)  kE" = (W™ - W) + kAW — kB, (W), n=0,1,...,N—1.
Using the relation Ay, Ry, = P,A and the definition of By, we rewrite E™ as
kE™ = Ry (u™ —u™) + kP, Au™' — kP, B(Rpu"),
and thus, in view of (1.1), E™ = E} + ET, where
kE} =(Rp, — P,)(u" ™ —u") + P,(u" ™ —u™ — ku' (tp11))

2.4
24) + kPy(B(u™t') — B(u™)),
and
(2.5) Ey = P,(B(u") — B(Rpu") ).
Obviously

. T < ™).
(2.6) O§?§a§—1|El | <C(k+h")
Further, in view of (1.6),

. e < "
(27 x|, < Ch

Next, we show optimal order rate of convergence of our approximations to the
(sufficiently regular) solution of (1.1), provided that the initial approximation U° €
V), satisfies

(2.8) [u® — U°| + h¥2||u’ — U°| < c(u)h".
We first introduce some more notation: For v € V and b > 0, let
1/2
Iollo == {lv|* + bk[lo]} ",
and set [|v]| := ||v||1. Further, let
(2.9) m = sup{p(v) : o] < sup lu(t)]| +1}

with p(v) as in (1.4).
The main result in this section is given in the following theorem:

Theorem 2.1. Assume that k and h?"k~' are sufficiently small. Then, we have
the local stability estimate

n—1
W — Uil < e { W — U0l + k1)

(2.10) =0

n—1
1 oy 1/2
=k B
Ve
and the error estimate

(2.11) Jnax lu(tn) = U™ < C(k+h").
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Proof. Let p* = u™ — W™ and 9" = W" — U™ n =0,...,N. Then, according to
(1.5),

. < .
(2.12) Jnax lp"| < Ch

Further, in view of (1.5) and (2.8),
95 < [9°] + k129
< Ch" + CEkY2hr=4/2

i.e., since d < r,

(2.13) 9%y < C(k+h7) .

Now, if we assume that (2.10) holds, using (2.13), (2.6) and (2.7), we obtain
. n < T

(2.14) omax [[9"[x < C(k + 17),

and then (2.11) follows in view of (2.12). Thus, it remains to prove (2.10). To this
end, we proceed as follows: From (2.1) and (2.3) we obtain an error equation for
A

O kAT =0" 4+ k(By(W™) — Bo(U™)) + kE"

1
:ﬁ”+k/ B, (W" — s9™)9"ds + kE™, n=0,...,N—1.
0

According to (2.13), (2.6) and (2.7), there exists a constant C, such that
N—1

N-1
) 1 .
T — U0+ 3 1B+ ————(k 3 B2}
Jj=0

(2.15) = V21— N

<C,(k+1").

Next, we split the error 9" as 9" = 97 + 9%. Here 99 = 99, 99 = 0, and 97,
n=1,..., N, are recursively defined by

1
(2.16) O kAT = 97 + k/ B (W" — s0™) 07 ds + kE, i=1,2.
0

We shall show inductively that, for n =0,..., N,

n—1
(2.17) B7 s < et {0on + k> 1B}
j=0
and
1 n—1 ) 12
(2.18) [ PN — v S} 7] R
V20 =) JZ_;

Obviously, (2.10) follows from (2.17) and (2.18). The estimates (2.17) and (2.18)
are of course valid for n = 0. Assume that they hold for some n, 0 <n < N — 1.
Then, according to (2.15) and to (2.10), which also holds for n, we have, for & and
kE~'h2" small enough,

1
97 < \/—Xc*uﬁ”? +ETY2hm) <1,
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i.e.,

(2.19) sup p(W" —s9") <m
0<s<1

Taking in (2.16) the inner product with 1971-”1 and using the definition of A; and

By, we obtain

97112 = (97, 977) + k/ (B, (W™ — s0™) 97, 071) ds + k(E}, 9;77),

and thus, in view of (1.4) and (2.19),
(2:20) 07 < (1 +mE)[OF| |07+ AR OF I 197+ k(BT 977, i =1,2.
Therefore,

97X < (1 + mk) (1971077 + Mell9T 197 H]) + KB 97+

< (L +mE) T IAI0T Ix + KIET] 107 A

ie.,
(2.21) 97 Ix < (1 +mk) |97 Ix + K| ET|.
From (2.21) and the induction hypothesis, it easily follows that (2.17) holds also
for n + 1. Similarly,

9511 < 5 (14 mk)*05 | + |192’L1|2 + AR5 1%+ SAR[95

1

———Kk||EP|I? + (1 — Nk|lo5™!
VB (= DRI
ie.,
n n n 1 3
9513 < (1 + mk)* 052 + M| 0311 + ML I

and, therefore,

n n 1 3
(2.22) 95X < (1 +mk)* 9313 + 30— 1P I3 -
From (2.22) and the induction hypothesis, it easily follows that (2.18) holds for
n + 1 as well, and the proof is complete. O

Remark 2.1. The weak meshcondition “k~'h?" small” is used in the proof of The-
orem 2.1 only to show that ||¢¥"|| < 1 which implies (2.19). If u(v) is bounded for
v bounded in a weaker norm, one can get by with an even weaker meshcondition.
Assume, for instance, that p(v) is bounded for v bounded in a norm || ||*, for which
an inequality of the form

(2.23) loll* < ol + Pl ~“lv]l®, v eV,

holds for some constant a,0 < a < 1. Then, assuming that (2.17) and (2.18) hold
for some n, 0 < n < N — 1, according to (2.15) and (2.10), which is also valid for
n, we have

[0 < [0 + [0 e |0
< Culk +h) + CA™ 2,2 (k + hT),

and thus a condition of the form “k and k~*h?" sufficiently small” guarantees that
[|[9™]]* is small, bounded by 1 say, and this in turn implies that (2.19) is satisfied
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for an appropriately defined constant m. In particular, if u(v) is bounded for v
bounded in H, no meshcondition is required for the results of Theorem 2.1 to hold;
we only have to assume that k& and h are sufficiently small. These remarks apply
equally well to the more general multistep schemes which will be investigated in
the next section.

In the applications in Section 4, in the case of the Kuramoto-Sivashinsky equation
w(v) will be bounded for v bounded in H, and no meshcondition will be needed; for
the Cahn-Hilliard equation, ,u( ) will be bounded for v bounded in a norm || - ||* for
which (2.23) holds with a = %, and thus we only have to assume that k and k=1h1"
are sufficiently small.

Similarly, the same idea can be applied also when u(v) is bounded for v bounded
in a stronger norm. Then, in special cases, the convergence result of Theorem 2.1
is still valid but under a stronger meshcondition. A particular example, where this
can be done, is analyzed in section 4.

Remark 2.2. The assumption V;, C V is not essential in our analysis. One can
treat the case Vj, ¢ V by redefining the discrete operator Bj, and appropriately
modifying the assumptions (1.4) and (1.6). We shall not dwell on this.

3. MULTISTEP SCHEMES

In this section we shall analyze implicit-explicit multistep schemes of higher order
accuracy.

Let («, 8) be an implicit multistep scheme and a(-), 8(:) be the corresponding
polynomials introduced in section 1. We order the roots (;(z), 1 < j < ¢ (resp.
(j(00) ) of the polynomial w,(-) = a(-) + zA(-) (resp. B(-)) in such a way that the

functions ;(-) are continuous on [0, +00] and that the roots &; := (;(0), j =1,...,s,
satisfy |¢;| = 1; these unimodular roots are called the principal roots of a(-) and
B(;)

the complex numbers A\; = = L al(e) Are called the growth factors of £; . We assume
that the method («, ) is strongly A(0)—stable, that means,

(7) forall 0 <z < oo andforall j=1,...,¢, there holds |(;(x)| <1,
and
(#4)  the principal roots of « are simple and satisfy: Re A; >0, j=1,...,s

We also consider an explicit multistep scheme («,7) and we assume that both
methods (o, 3) and (a,~) are of order p, i.e., (with the convention 0° = 1)

q q q—1
(iii) oiter =0y i =Y iy, €=0,1,...,p.
1=0 1=0 1=0

An example of a class of («, §,7) methods satisfying the above assumptions with
the order p = ¢ is given by the polynomials

Z% -1, B)=¢?, and y(¢)=¢9—(¢C—-1)9.

The corresponding implicit (c, 3) schemes are the well-known B.D.F. methods
which are strongly A(0)—stable for 1 < ¢ <6.
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Remark 3.1. The hypothesis (iii) may be written in the equivalent form
a(e®) = 26(e%) + O(zP™1) = 2y(e) + O@P+Y), asz — 0,
which implies

(3.1) Bly) —v(y) =O0((y — 1)), asy— 1.

Since 8 — v is a polynomial of degree ¢, we necessarily have p < q; recall that, cf.
Cryer [5], the strong A(0)—stability of the («, 3) scheme implies also that p < ¢. In
the same paper Cryer (see also Grigorieff and Schroll [8]) shows that for any ¢ there
exists an («a, 3) g-step A(0)—stable method of order ¢. Following the proof given in
Hairer and Wanner, [9, Thm. 2.2, p. 270], it can be seen that these methods can
be chosen to be strongly A(0)—stable. On the other hand, given an (a, 3) method
of order p = ¢, and since the degree of v is < g — 1, we deduce from (3.1) that the

(av, ) scheme will be of order q if and only if () = B(¢) — By(¢ — 1)7.

In the sequel assume that we are given approximations U%, U!,... , U1 ¢ V,
to u, ..., u9"! such that
q—1
(3.2) (|Wj — U]+ KM W — Uj||) < (kP + h").
=0

We define U™ € Vj,, n = ¢, ..., N, recursively by the (a, 3, ) scheme (1.3). We shall
prove in this section that the method (1.3) is stable, and we shall show convergence
of the approximations U™ to u(t,), as h and k tend to zero. In particular, under a
mild meshcondition and for A sufficiently small, we derive the optimal order error
estimate
max |u(t,) — U"| < c(k? + h").
0<n<N

As in the previous section, we shall first show consistency of the scheme (1.3) for
the projection W, W (t) = Rpu(t), 0 <t <T.

Consistency. The consistency error E™ of the scheme (1.3) for W is given by

q q q—1
(33) KE™ =" aaW"™ 4 k> BAWT = kY B (W,
’ i=0 i=0 i=0

n=20,...,N —q.
Using the relations A, R, = P,A and By, = P, B, we can rewrite (3.3) as

q q qg—1
KE™ = Ry Y oau™ + kP Y BiAu™ — kP Y yiB(Rpu™),
=0 =0 =0

and thus, in view of (1.1), we split E™ as E™ = E}* + EF, where

q q
kE{L Z(Rh — Po) Z aiu"H + P, Z (aiu”'” — kﬁiu’(tn+i))
1=0 1=0

(3.41) . 2
+ kP, ( Z B B(u™t) — Z %B(u”“))
i=0 i=0
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and
q—1

(3.4ii) By =P,» % (B"™) — B(Ryu"t")) .
i=0

First, we will estimate ET. Using (1.5) and the fact that a1 +- - -+ a4 = 0, we easily
see that

< Ckh".

q
(3.50) ‘(Rh ~ P> aunt
1=0

Further, in view of the consistency properties of (o, ),

q
(3.5ii) (0™ — Kt (tn 1)) ‘ < CkPH
=0
Moreover,
q _ q—1 _
> BB =Y Bt
=0 i=0
1R (k) O o0 B (k) o
=B B t) = Y Y e B)(t) + ¢
1=0 £=0 1=0 £=0
p—1 .y q q—1 Y
k _ 0 .
= (it = St o Blu(ta) +
£=0 1=0 =0

where the last equality holds in view of the consistency properties of («,3) and
(a,7), and, obviously, |¢™| < ckP. This relation and (3.51,ii) yield

. < P Ty
o ocmax BV < C(k" +h7)
Finally, using (1.6), we obtain

n < r
(3.7) oz || Eg|l. < O,

which completes the estimate of E™.

Convergence of the multistep scheme. Let ¢* = W" — U" n = 0,...,N.
Then (3.3) and (1.3) yield the error equation for 9"

q q q—1
(38) D a4+ k> BiAWT =k Yy Bu(W) — By(U™)} + kE™
1=0 1=0 =0

According to the splitting of E™, we introduce 19{ and 19%, cf. section 2, by

1
0
+kE}, j=1,2,n=0,...,N —gq,

4q q q—1
n—+i n4i __ n-+i nti i
oy Dol R B kY [ B s ds
=0 i=0 i=0

with initial values ) = 9/ and ¥} = 0 for j = 0,...,q — 1. Then, obviously,
9" =97 + VY.
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In the sequel we shall use the notation

19;_1-5‘(1—1 E(;jn
S R I I B et
gn : Qg T PgT

J 0

1
A; = 6i(kAp), F; = %./ B;I(Wn-l-i _ 519n+i) ds,
0

Aq—l Aq_g R AO F%—l Ce F%
I 0 0 0 ... 0

A = A(kAy) = . , Ta=| e
0 I 0 0 0

and

(0rg + KBy Ap)9; T4

(ag + kB, An) OF =

(ag + KBy An)V7}

Equation (3.9) can then be written in the form

(3.10) (g + kBgAn)O) T = (g + kB, An) AO} + k1,07 +k EF, j=1,2.
We quote the following result from Crouzeix, [3]:

Lemma 3.1. There exist a constant n, with 0 < n < 1, and a continuous map
H : RY — C9%9 such that for all x > 0 the matriz H(z) is invertible and the
Euclidean norm || - ||2 of the matriz L(x),

z) = %H(@*A(@Hw
is less or equal to one for all z > 0.
Let
H=H(kA), L=LkAy),
and

n __ —1lan T _ —1 on —len.,
Y =H'er T =H T, & =H e

then, we can rewrite (3.10) as
(3.11) (0 + kBgAR)Y" ™ = (ovq + kmpyAn) LY + KT, HY + kE?,  j=1,2.

In view of the fact that ||H(x)|2, ||H(x) |2 are uniformly bounded, see relations
(3.27) and (3.28) in [3], it suffices to estimate Y™. We adjust in this section the
definition of || - || to the scheme under consideration by setting

ol = (aqlof® + Bokllol?)/?, veV.
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Further, for V = (vy,...,v,)T and W = (wy,...,w,)T in H? or in V7 we shall use
the notation

(VW) = Z<w V] := (Z wi?) ",

Wi = (3 ), |||V|||—(vazn|) W= (),
im1 =1

i MV
and, for a linear operator M : H? — H, we set |M| := supycpga v20 %

The main result in this paper is given in the following theorem:

Theorem 3.1. Assume that the constant X in (1.4) is appropriately small (depend-
ing on the particular scheme) and that k and h®"k=' are sufficiently small. Then,
we have the local stability estimate
q—1 n—q
971+ K207 < Ce {3 (107) + K2100) + kY 1)

-0 j=0

n—q
+(RYIED Y n=a-1,.N,

<.

(3.12)

and the error estimate

n D r
(3.13) OgilaéxNW( n) — U < C(KP 4+ h").

Proof. Let p" =u" — W",n=0,...,N. Then, according to (1.5),

(3.14) Oinax o™ < Ch'".

Now, if we assume that (3.12) holds, using (3.2), (3.6) and (3.7), we obtain

(3.15) Oinax [9"] < C(kP +h"),

and (3.13) follows immediately from (3.14) and (3.15). Thus, it remains to prove
(3.12). According to (3.2), (3.6) and (3.7), there exists a constant C, such that the
right-hand side of (3.12) can be estimated by C,(k? + h"),

q—

,_-

s O (|ﬂﬂ|+k1/2||w||)+kZ|EJ|+ 03 I )%
: 7=0 7=0
< Cu(KP+h").

We will estimate J" by estimating Y;". In fact, we shall show that for some ¢ =
e\ (o, 8,7)), 0 < e < (1 —n?)p, with n as in Lemma 3.1,

n—1
k .
(3.17) 1Y < e YY) 34
fir+ =5 )
and
n—1
1 Sinay1/2
3.18 Y| < ™ — (K &3
(3.18) 15" <e \/g( ZO I€11%)

Then, (3.12) follows, and the proof will be complete. We shall use induction: The
estimates (3.17) and (3.18) are valid for n = 0. Assume that they hold for 0,...,n
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0 < n < N — q. Then, according to (3.16) and (3.12), which is then valid for
0,...,n+¢q— 1, we have, for k and k~'h?" small enough,

max ||| < CL (kP24 kY2 <1
0<j<n+q—1

i.e.,

3.19 su max Wi —s¥) <m
( ) 0<581 0<j<n+g—1 a ( ) -

Taking in (3.11) the inner product with Yj"H, we have
Y71 = (g + BnBe An) LY YY) + BT MY Y
+EER YY), j=1.2.
First, we shall estimate the second term on the right-hand side of (3.20). Let

X, Y eV?and X' = H'X,Y' = HT Y, and recall that fn = H~'T,,. Then, if
x;,y; are the components of X and Y, respectively, we have

(3.20)

(X, Y') = (I X,Y) Z%/ (B (W — 50" )2y 1) ds .

Using here the induction hypothesis, which ensures (3.19), the assumption (1.4)
and the fact that ||H(z)||2 and |H(x)7!||2 are uniformly bounded, we see that
there exists a constant M; such that

(o X, Y')] < My XY )] +m| X[ [Y])
Therefore,
(321)  |EHYP Y] < MY Y 4 VP YY), G =1,2.

Next, we shall estimate the first term on the right-hand side of (3.20). Lemma 3.1
implies that
(3.22) |£] < 1.
We also have
(g + knByAn) LY YT = aq (LY Y] + knBy (£ (A,7Y]), 42+,
i.e., in view of (3.22),
gy (@0 IBANCY Y] < ag VY s kY 1,
j=12
From (3.20), (3.21) and (3.23), we obtain
(3.24) Y717 <o YLV + (M0 + nﬁqlklle”II Dy
+ Mymk| Y)Y + R(ES, Y)Y, j=1,2.
Therefore, with A = L)ﬁq and ¢ = ngl,
7P <1+ emb)ag [Y Y 4 Bakl[Y YY)+ RIET] 1Yy
(L4 emk) (g VI 1YY+ Bakl|[Y | Y H1) + RIET| Y+,

i.e.,

(3.25) Y7 < (1 + emb) Y7 e

k
Vv Qq
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From (3.25) and the induction hypothesis, it easily follows that (3.17) holds also for
n+1. Similarly, with A = MLI {[B4(Bq — €)]"/2 = mpBy} for some g, 0 < & < (1—n?%)B,,

and ¢ = Mo,
Qq

Y7117 <1+ emb)aq V3| Y4+ 18,(8g — )]/ 2RIYS Y5 |

1 = €
—klER 2 2k Y’n.+1 2.
+ o HIERIZ + SR

Thus,
n+12 1 2 n|2 1 n+12 1 ni 2
IYZH I <50+ omb)Pag V3 + SaglVy 4 5 6kl |
1 . 1~
+ GBIV + kI,
i.e.,
n n k ~’I’L
(3.26) Y34 < (1 + emk)? Y3 |* + i€ [

From (3.26) and the induction hypothesis, it easily follows that (3.18) holds for
n + 1 as well, and the proof is complete. O

Remark 3.2. Initial approrimations. Assume that the data of the problem are
smooth enough such that one can compute the time derivatives u()(0), j =1,...,
p — 1, of the exact solution at ¢ = 0. Then, it is easily seen that U? = W° and
U™ = RpyT2u(0), m=1,...,q— 1, with

(mk)P—1 (

TP u(0) = u® + mku™(0) + - - + Wu P0), m=1,...,q—1,

satisfy (3.2).

4. APPLICATIONS

In this section we shall apply our abstract results to two examples in one space
dimension, namely the periodic initial value problems for the Kuramoto-Sivashinsky
equation and the Cahn-Hilliard equation, and to a class of reaction diffusion equa-
tions in RY, v = 2, 3.

4.1 The Kuramoto-Sivashinsky equation. We consider the periodic initial
value problem for the Kuramoto-Sivashinsky (KS) equation: For T, v > 0 we seek
a real-valued function u defined on R x [0,T], 1-periodic in the space variable and
satisfying

(4.1) Ut + Uy + Ugy + VUgzee =0 in R X [0,T]
and

(4.2) u(+,0) = u° in R,

where 1 is a given, smooth 1-periodic function.

The periodic initial value problem (4.1)—(4.2) is well-posed, cf. [13], [17]. For
numerical methods to this problem see, e.g., [1] and the references therein. The
KS equation is related to turbulence phenomena in chemistry and combustion, and
arises also in plasma physics and in two-phase flows in cylindrical geometries, see
[18] and [14].
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For s € Ny, let H},, denote the periodic Sobolev space of order s, consisting

of the 1-periodic elements of Hf,. (R), and let || - || zs be the norm over a period
in Hj,,. The inner product in H := Lgcr = Hgor is denoted by (-,-), and the

induced norm by |- |. Let A: H% . — H be defined by Av = v/(vzeee + v). Then
V := D(A'Y?) = H2,,, and the norm in V is given by [[v]| = v1/2(|vga|? + [v]*)!/2.

Let B:V — H be given by B(v) = —vg4 — vv; + vv. Then,
B' (v)w = —wyy — (vw), + vw,
and thus by periodicity
(B (v)w,w) = (wz,ws) + (v, wwy) + v(w,w) .

Therefore, in view of the inequality ||w||z~ < |w|+ |w'|, w € H},,

(B’ (v)w, )| <Jwe| [wa| + [oll|w]| Lo [wa] + v|w] |w]
S+ Dwsl |we| + v]w| [w] + |v] [w] ws],

and thus, using the inequality |uz|? < |u||uzz|, u € V, we easily see that the
condition (1.4) is satisfied for any A > 0,

(4.3) (B'(w)w,w)| < Mwllllw] + p)wl ], Yv,w,weV,

with p(v) == 55 [14 2 A2 +2|v[(1 + [v]) ] . We note that, since A can be taken
arbitrarily small, our results hold for this problem for all implicit-explicit schemes
satisfying our stability and consistency assumptions; further, since u is bounded for
v bounded in H, the meshcondition of Theorems 2.1 and 3.1 is not needed here, cf.
Remark 2.1.

For the space discretization, we let 0 = zg < 1 < --- < xy = 1 be a partition of
[0,1], and h := max;(xj11 —x;). Setting xj741s :=j+xs, jE€Z, s=0,...,J—1,
this partition is periodically extended to a partition of R. For integer r > 4, let
V}, denote a space of at least once continuously differentiable, 1-periodic splines
of degree r — 1, in which approximations to the solution u(-,t) of (4.1)—(4.2) will
be sought for 0 < ¢t < T. The following approximation property of the family
{Vh}to<h<1 is well known, cf. e.g., [16],

2
(4.4) Xiggh;ohﬂ‘nv — s < ch o, vE Higy 2<s <.
We define the elliptic projection operator Ry : V — Vj, by
(4.5) (v—=Rpv)".X")+ (v—Rpv,x) =0 Vx € V.
It is easily seen that
2

(4.6) Zthv — Rpolly <ch®|vllgs, veHY.,, 2<s<r;

j=0

thus, in particular, the estimate (1.5) holds in this case with d = 4. Next, we will
verify (1.6). For v,w € V, and w := Rpv, we have
1
(B(v) = B(w),w) = (v = w,0") + (v +w)(v — w),w') +v(v —w,w),
and, by (4.6),

(B(v) = B(w),w)| < C A+ [|vllz2) vl "],
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i.e.,
(4.7) 1B(v) = B(Rpv)llx < C(1+ [[ofg2)[v] a-h",
and thus (1.6) holds. Let W (t) := Rju(t), and assume that we are given approxi-
mations U, ..., U ! € V}, to u®,...,u?"! such that
q—1
(4.8) Y (|Wj — U + KV Wi —Uj||> < (kP + 7).
§=0

Then, we define U™ € V},, n =g, ..., N, recursively by the («, 3,7) scheme
q q
Yo aU™ ) ke Yy B {USTX) + (U X))
i= i=0

(4.9) i, _ o .
=k % {07 X) = UTURT ) + v(UT )}
i=0
Vx €W, n=0,...,N —q,
where (a, 8) and («,7) are multistep schemes of order p, and (a, ) is strongly
A(0)—stable. Then, Theorem 3.1 yields, for sufficiently small k and h, the error
estimate

(4.10) max [u" — U"| < e(kP + h").
As already mentioned, (4.10) holds for all (a, 3,+) schemes satisfying our stability

and consistency properties.

Remark 4.1. Tt is not difficult to verify that the estimate (4.10) remains valid if the
approximations U™ € V},, n =gq, ..., N, are defined by

q
Zai(Un-H + kVZBZ U;’L;-’L’ //
=0

(4.9') , o
- ’?Z% {Ur,x) - Uz 0}

V€W, n=0,...,N—q.

4.2 The Cahn-Hilliard equation. We consider the periodic initial value problem
for the Cahn-Hilliard (CH) equation: For T' > 0 we seek a real-valued function u
defined on R x [0, 7], 1-periodic in the space variable and satisfying

(4.11) Uy + Uggoe — (U3 —U)ee =0 in R x[0,7]
and

(4.12) u(-,0) = u° in R,

where 1 is a given, smooth 1-periodic function.

The problem (4.11)—(4.12) is well-posed, see Temam [18] and the references
therein. For numerical methods for this problem we refer to, e.g., [6], [12]. The CH
equation describes the dynamics of pattern formation through phase transition, cf.,

g, [18].

We shall use the same Hilbert spaces, and approximating spaces as in subsection

4.1. Welet A: H% = — H be defined by Av = vy342 + v. Thus, the norm in V,

per
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V= D(AV2) = H2, , is given by [[v]| := (Josa|? + [0[2)/2. Let B: V — H be
given by B(v) = (v® — v)zs + v. Then,
B'(v)w = 3(v*w)pp — Wex +w.

In this case we can show that

(4.13) (B’ (v)w,w)| < Ajwllllw]l + p)w| ], Yo,w,weV,
with p(v) =1+ 2\/1§A{(1 + 3||v]|2 0 +6||v|| Loo [vz])? + 36]|v]|2 < |v2|?}. We note that

1 is bounded for v bounded in H,,,. Further, since

(4.14) lolla < ol + [0 202, Vo eV,

we conclude that a condition of the form (2.23) holds in this case with a = 3.

The projection Ry, is also in this case defined by (4.5). In particular, in view of
(4.6) the condition (1.5) is satisfied. Moreover, it is easily seen that

(4.15) IB(v) = B(Ryv)|lx < C(L+ [vll7p) o]l m-h",

[\

and thus (1.6) holds in this case. Let W (t) := Rpu(t) and assume that we are given
approximations U°, U, ... U9~ € V}, satisfying (4.8). Then we define U™ € V},,
n=gq,...,N, recursively by the («, 3,7) scheme

q q
S U )+ kY B UL X + (U )}
1=0 =0

(4.16) o |
=k > (U = U + (U0}
i=0
V€W, n=0,...,N—q,
where (a, 8) and («,7) are multistep schemes of order p, and (a, ) is strongly

A(0)—stable. Then, taking into account (4.14) and Remark 2.1, an application of
Theorem 3.1 yields, for k and h*"k~! sufficiently small, the error estimate

(4.17) max [u" — U™ < e(kP 4+ h").

4.3 A reaction diffusion equation. In this subsection we shall apply our results
to a class of reaction diffusion equations: Let 2 C R, v = 2,3, be a bounded
domain with smooth boundary 0€2. For T' > 0 we seek a real-valued function wu,
defined on Q x [0, T, satisfying

ur — Au= f(u) in Qx[0,7T],

(4.18) u=0 on 9Q x [0,T],
u(-,0) = u® in Q,
where u° is a given smooth function and f : R — R is a smooth function. We are

interested in approximating smooth solutions of this problem, and assume therefore
that the data are smooth and compatible such that (4.18) gives rise to sufficiently
regular solutions.

We shall distinguish two cases. Assuming that f satisfies a polynomial growth
condition of order at most p, see (4.19) below, and provided that p < 4 for v = 3,
we show that the abstract theory of sections 2 and 3 is directly applicable and
yields, without any additional assumptions on the discretization spaces, optimal
order error estimates for all («, 3,7) schemes considered in this paper. For general
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f our results apply as well, provided that meshconditions stronger than those of
Theorem 3.1 are fulfilled.

Reaction diffusion equations model various physical phenomena related, for in-
stance, to phase transitions, chemical reactions, pattern formation, cf., e.g., [2],
[7], [10] and their references. The Allen-Cahn model (p = 3), which in the limit
describes evolution by mean curvature, [2], [7], and generalized Ginzburg-Landau
equations, [10], are reaction diffusion equations of particular interest with polyno-
mial nonlinearity.

Let H® = H*(2) be the usual Sobolev space of order s, and || - || g+ be the norm
of H*. The inner product in H := L?(Q) is denoted by (-, -), and the induced norm
by |- |; the norm of L*(Q), 1 < s < o0, is denoted by || - || =() and simply by || - ||z
for Q@ = Q. Obviously, V = H}(Q) = H} and the norm in V is equivalent to the
H' norm.

We now consider the case that f satisfies the following growth condition: there
exists L € R such that

(4.19) P& SLA+[e™) VeeR.
In the sequel, we shall use the Sobolev inequality
(4.20)  |lvllos < Clvllzr, 1<s<ooforv=2, and1<s<6forv=3,
as well as its consequence
(4.21) lollzs < Cllollzz" ol v =23,
Let B:V — V', B(v) = f(v). First, we note that B is well defined. Indeed, for

v,w eV,

(F(0),w) = ( / F(sv)vds,w) + (£(0), w),

and, therefore, by (4.19) and Hélder’s inequality,

a2) 1wl <[ ([ 1) ol + 0+ ol ol ),

and thus, in view of (4.20), we see that f(v) € V', provided p < 5 for v = 3.
Further, by (4.19), for v,w,w €V,

[(f ()w,w)| < C/Q [0~ wllwldz + Cllw]| L2 [|w]l 2

1/2
<o [ 1P Vo) " fulgallwl + Clullzzwlze,
Q
i.e., in view of (4.21),
-1 4-v 4-v v v
(4.23) [(f')w,w)| < Cllollan [w] T w7 lw][*|w]* + Clw] |w] .
Thus, B is differentiable. Furthermore, (4.23) and Young’s inequality (ab < ca®+
4 /a0 1 1 .
qu, E—F?—l)ywld
(B’ (v)w,w)| < Celw]l ]
(4.24) o o)
+ 01+ 852 (ol gan) ] ol
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Therefore, by Sobolev’s inequality, we see that, for p < 4 when v = 3 (and for any
p when v = 2), the assumption (1.4) is satisfied with A = C J ¢,

v 4(p—1)

p(v) =C+C e (|v]lpee-v) 7,

and p(v) is bounded for v bounded in V. Again, A can be taken arbitrarily small
and thus our theory applies to all (a,3,7) schemes satisfying our stability and
consistency assumptions.

We further analyze the case that f satisfies the growth condition (4.19), with
p < 4 for v = 3, by introducing the discretization spaces V},; the case of general f
shall be discussed at the end of this section. For simplicity, let V}, be the subspace
of V defined on a finite element partition 75, of €, and consisting of piecewise
polynomial functions of degree at most r — 1, r > 2. Let hx denote the diameter
of an element K € 73, and h = maxge7, hx. We define the elliptic projection
operator Ry, Rp : V — Vj, by

(VRLv,Vx) = (Vv,Vx) Vx € V.

We assume that (we do not attempt here to deal with problems that may arise in
the case of a curved boundary 02 concerning the requirement V;, C V, cf. Remark
2.2)

(4.25) |v — Rpv| + hllv — Ryv|| < CR"||v||g-, v € H™ N Hg;

then, in particular, the estimate (1.5) will hold in this case with d = 2. Next, we
will verify (1.6). We shall further assume that

(4.26) sup{||Rpv|=~ :0<h <1} < Clv||gr, ve H NH).

For v € H" N H}, we have

B(v) — B(Rpv) = /0 f'(v—7(v—Rpv))dr (v— Rpv);

using here the Sobolev inequality ||v||~ < C||v|| g~ (r > 2) and (4.26), we conclude,
in view of (4.25),

(4.27) |B(v) — B(Rwv)| < O BI(v) o] -

with M (v) bounded for v € H” N H} bounded in H”. Thus, (1.6) is satisfied.
Now, let W (t) := Rpu(t), and assume that we are given approximations U°, ...,
Ut eV, to u,...,u9" ! such that

=

(4.28) (|Wj — U]+ KM W — Uj||) < (kP + h").

<

<.
Il
o

Then, we define U™ € V},, n =g, ..., N, recursively by the («, 3,7) scheme

q q
> U )+ kY B(VU, V)
1=0 1=0
qg—1
=k %(fU"),x) Vx€Vi, n=0,...,N—q
=0

(4.29)
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where (a, 8) and («,7) are multistep schemes of order p, and (a, ) is strongly
A(0)—stable. Then, Theorem 3.1 yields, for sufficiently small k¥ and k~1h?", the
error estimate

(4.30) max [u™ — U™ < c(kP? + h").

Remark 4.2. By (4.24), we see that (1.4) holds for any A > 0 with u(v) bounded
for v bounded in L2(»~1 . Using this fact, Sobolev’s inequality

[vllze < Clol'=*[lv]l*,

a = V%, v = 2,3, (with s < 6, of course, for v = 3) and Remark 2.1, it is
easily seen that the meshcondition £~'h?" < ¢, under which (4.30) holds, can be

weakened. We shall not dwell on this.

We close this subsection by briefly considering the case of a general smooth
function f, as well as the case that f satisfies (4.19) for v = 3 but with p > 4.
First, we note that in our analysis it suffices to assume that B is well defined and
differentiable on a subspace V of V' N L containing V},, for all h. By tracing back
the proof of (4.24) we see that in this case p(v) is bounded, provided that

/ | (o(a))? de
Q

is bounded. Note that the assumption k~'h2" < ¢, for appropriate ¢, of The-
orem 3.1 is only used to show that ||¥"] < 1, which implies (3.19), i.e., that
u(W7 —s97), s € (0,1), is bounded by a constant. In the case under investigation,
by using appropriate inverse inequalities, we show that if stronger meshconditions
are satisfied, then supg .,y [ |f/ (W7 — s97)|? dz is bounded by a constant inde-
pendent of h and k, and thus (W7 — s19) will be bounded by an appropriately
defined constant m, i.e., (3.19)—and, consequently, the error estimate of Theorem
3.1—will remain valid. We will distinguish the following cases: v = 2 and general
f, v =3 and f satisfies (4.19) with p > 4, and v = 3 and general f.

i. v =2 and general f.  First, we note that

Ixllze < Cllog(W)|"lIxllm Vx € Vi,

with h = minger, hi, cf. [19, p. 67]. Obviously, [, |f (x(x))|?dz is bounded if
lIx||z> is bounded. Now,

max |9z~ < Cllog(h)[Y?  max [|97],
0<j<n+q—1 0<j<n+q—-1

and thus, according to (3.16),

max ||¥]|r~ < C,C|log(h)|Y/?(kP~Y/2 4+ E=/2h7).
0<j<n+q-1
Therefore, if k and h are chosen such that |log(h)|k*~! and |log(h)|k~1h?" are
sufficiently small, then (W7 — s¥/) will be bounded, and the convergence results
hold.
il. v =3 and f satisfies (4.19) with p > 4. If s > 6, we have

5=6
(4.31) Ixllzs) < CR™ 25 |[xlla1 () VX € Vi
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Indeed, employing standard homogeneity arguments, one can show that for an
arbritrary element K € 7,
s—6
Ixllze(r)y < Chye 2 (IVxllacry + Xl zocxy)

and (4.31) follows in view of (4.20). Hence,

max ||#||pe-n < CA %D max |07
0<j<n+q-1 Osjsntq—1
o=t o=t
Therefore, if k and h are such that A~ »=1k?’~1 and k='h~ »—1h2" are sufficiently
small, then, as before,

; p—4
max 97| pao-1y < Cuh ™21 (kP72 4 k7127 <1,
0<j<n+qg—1

u(W7 — s897) will be bounded in view of (4.24) and (4.26), and our convergence
results hold.
iii. v =3 and general f. In this case,

Ixllz= < CR™2|xllms Vx € Vi,

as one can see by modifying the proof of the two dimensional case. By the same
arguments as for v = 2, the convergence results of this paper hold, provided that
Q_1k2p_1 and k‘lﬁ_lhzr are sufficiently small.
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