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NUMERICAL SOLUTION OF A FAST DIFFUSION EQUATION

MARIE-NOELLE LE ROUX AND PAUL-EMILE MAINGE

Abstract. In this paper, the authors consider the first boundary value prob-
lem for the nonlinear reaction diffusion equation: ut −∆um = αup1 in Ω, a
smooth bounded domain in Rd(d ≥ 1) with the zero lateral boundary condi-
tion and with a positive initial condition, m ∈ ]0, 1[ (fast diffusion problem),
α ≥ 0 and p1 ≥ m. Sufficient conditions on the initial data are obtained
for the solution to vanish or become infinite in a finite time. A scheme for
the discretization in time of this problem is proposed. The numerical scheme
preserves the essential properties of the initial problem; namely existence of
an extinction or a blow-up time, for which estimates have been obtained. The
convergence of the method is also proved.

1. Introduction

In this paper, a numerical scheme is proposed to solve the reaction diffusion
problem: find a nonnegative function u defined on Ω, a smooth domain Rd(d ≥ 1)
and such that

ut −∆um = αup1 x ∈ Ω, t > 0
u(t, x) = 0 x ∈ ∂Ω, t ≥ 0
u(0, x) = u0(x) > 0 x ∈ Ω,

(1.1)

where m ∈ ]0, 1[ (fast diffusion problem), α > 0 and p1 ≥ m.
This problem and analogous problems have been studied from a theoretical point

of view by several authors: Aronson-Crandall-Peletier [2], Berryman-Holland [3],
Friedman-Lacey [4], Friedman-McLeod [5], [6], Levine-Sacks [13], Sabinina [15], and
Sacks [16], [17], [18]. M.-N. Le Roux has proposed a numerical method in [8] and
[9] to compute the solution of a similar problem (1.1) with m > 1 (slow diffusion
problem).

In the case α = 0, there exists an extinction time T ∗ such that the problem
(1.1) has a unique classical solution, positive on Ω × [0, T ∗[ and null for t ≥ T ∗

(see [3], [15]). Concerning this last case, a semidiscretization in time is proposed
in [10] by M.-N. Le Roux, for which the numerical solution has the same properties
as the exact solution, so it allows the calculation of a numerical extinction time.

In the case α > 0, according to the values of p1, the solution of (1.1) may vanish
or blow up in a finite time:

• For p1 ∈ [m, 1], the solution of (1.1) cannot blow up, but it may vanish in
some finite time;
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• For p1 > 1, it is possible for the solution to vanish or blow up in some finite
time according to the initial data.

Here, we study the semidiscretization in time of the problem (1.1): we propose a
scheme whose solution has the same properties as the solution of the theoretical
problem, in particular extinction or blow up in a finite time. A complete discretiza-
tion of (1.1) using a P1-finite element method has been studied in [14]; the results
obtained are the same as for the semidiscretization in time and the proofs are anal-
ogous, so, we shall not develop this point. Further, numerical results concerning
this problem or similar problems may be found in [12] or [14].

An outline of this paper follows.
In §2, we recall some theoretical results and set up sufficient conditions on the

initial data for the solution to vanish or blow up in a finite time.
In §3, we define a numerical scheme for the semidiscretization in time of (1.1)

and we prove the existence of the numerical solution. An iterative method to solve
the nonlinear equation obtained at each time step is proposed and its convergence
is proved.

In §4, we study the behavior of the numerical solution; it has similar properties
as the exact solution.

In §5, we prove the convergence of the numerical method.

2. Asymptotic behavior of the solution

By using the variable v = um, it is more convenient to work with the transformed
equation

pvp−1vt +Av = αvr, t > 0,
v(0) = v0 = um

0 > 0,(2.1)

where p = 1
m , r = p1

m ; so p > 1 and r ≥ 1. A denotes the operator −∆ of domain
D(A) = H1

0 (Ω) ∩H2(Ω).
This problem has a unique solution at least on a bounded interval ([16]).
We suppose that p satisfies the following hypothesis:

p > 1 if d ≤ 2; 1 < p <
d+ 2
d− 2

if d > 2, (H1)(2.2)

which assures continuous and compact embedding of H1
0 (Ω) in Lp+1(Ω). Then, we

denote

C(Ω) = Infϕ∈H1
0(Ω),ϕ 6=0

1
‖ϕ‖2

p+1

∫
Ω

|∇ϕ|2dx.(2.3)

We suppose also that the initial condition is in H1
0 (Ω) ∩ Cε(Ω), ε > 0.

For s ≥ 1, we denote by ‖.‖s the natural norm in Ls(Ω) and by ‖.‖∞ the one of
L∞(Ω).

Lemma 2.1. If r ≤ p, the solution v of (2.1) exists for all t ≥ 0 and satisfies

‖v(t)‖p−r
∞ ≤ ‖v0‖p−r

∞ + α
p− r

p
t, if r < p,(2.4)

‖v(t)‖∞ ≤ ‖v0‖∞ exp(
α

p
t), if r = p.(2.5)
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If r > p, the solution exists at least on the interval [0, T1], where

T1 =
1
α

p

r − p

1
‖v0‖r−p

∞
(2.6)

and satisfies

‖v(t)‖r−p
∞ ≤ ‖v0‖r−p

∞
T1

T1 − t
.(2.7)

Proof. In the same way as Sacks in [17], we obtain that the solution of (2.1) is
bounded by the solution w of the ordinary differential equation

pwp−1(t)w′(t) = αwr(t), t > 0,
w(0) = ‖v0‖∞.

(2.8)

The solution w is written w(t) = ‖v0‖∞(1 +αp−r
p ‖v0‖r−p

∞ t)
1

p−r if r 6= p and w(t) =
‖v0‖∞ exp(α

p t) if r = p.
So, it is defined for all t ≥ 0 if r ≤ p and for t < T1 if r > p and we deduce the

estimates (2.6) and (2.7).
We introduce the Lyapunov functional J∗ defined by

J∗(ϕ) =
1
2

∫
Ω

|∇ϕ|2dx − α

r + 1

∫
Ω

ϕr+1dx ∀ϕ ∈ H1
0 (Ω) ∩ Lr+1(Ω).

(2.9)

Lemma 2.2. The mapping t 7−→ J∗(v(t)) is decreasing.

Proof. By multiplying the first equation of (2.1) by vt and integrating on Ω, we
obtain

p

∫
Ω

vp−1(vt)2dx +
∫

Ω

∇v∇vtdx = α

∫
Ω

vrvtdx;(2.10)

this equality may also be written as d
dtJ

∗(v(t)) = −p ∫
Ω
vp−1(vt)2dx, so the deriv-

ative in time of J∗(v) is negative, which proves the result.

Lemma 2.3. For t ≥ 0, we have the inequality

‖v0‖p+1
p+1 − 2

p+ 1
p

J∗(v0)t ≤ ‖v(t)‖p+1
p+1.(2.11)

Proof. By multiplying the first equation of (2.1) by v and integrating on Ω, we
obtain

p

∫
Ω

vpvtdx +
∫

Ω

|∇v|2dx = α

∫
Ω

vr+1dx,(2.12)

that is
p

p+ 1
d

dt
‖v(t)‖p+1

p+1 + 2J∗(v(t)) = α
r − 1
r + 1

∫
Ω

vr+1dx.(2.13)

As the mapping t 7−→ J∗(v(t)) is decreasing, we get p
p+1

d
dt‖v(t)‖p+1

p+1 +2J∗(v0) ≥ 0;
we deduce immediately (2.11).

Now we show that if J∗(v0) ≤ 0 the solution of (2.1) tends to +∞ in the case
r ≤ p or blows up in a finite time in the case r > p.
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Theorem 2.4. If J∗(v0) ≤ 0 and r ≤ p, then lim
t−→+∞ ‖v(t)‖p+1 = +∞, except in

the case r = 1 and J∗(v0) = 0.
If J∗(v0) ≤ 0 and r > p, the solution of (2.1) blows up in a finite time Tb such

that

T1 ≤ Tb ≤ T2(2.14)

with

T2 =
1
α

p

r − p

r + 1
r − 1

1
C2(Ω) ‖v0‖r−p

p+1

,(2.15)

where C2(Ω) is a positive constant depending only on Ω.
Moreover, for t ∈ [0, Tb[, we have the inequality

‖v0‖p+1

[
T2

T2 − t

] 1
r−p

≤ ‖v(t)‖p+1.(2.16)

Proof. Let us prove the result first in the case r < p. The relation (2.12) may also
be written as

p

p+ 1
d

dt
‖v(t)‖p+1

p+1 = −(r + 1)J∗(v(t)) +
r − 1

2

∫
Ω

|∇v(t)|2dx
(2.17)

as the mapping t 7−→ J∗(v(t)) is decreasing, and by using the positive constant
defined in (2.3), we get

p

p+ 1
d

dt
‖v(t)‖p+1

p+1 + (r + 1)J∗(v0) ≥ r − 1
2

C(Ω)‖v(t)‖2
p+1.

If J∗(v0) ≤ 0, this inequality leads to ‖v(t)‖p−1
p+1 ≥ ‖v0‖p−1

p+1 + (p−1)(r−1)
2p C(Ω)t, then

lim
t−→+∞ ‖v(t)‖p+1 = +∞.

If r > p, we use the equality (2.13) and we get

p

p+ 1
d

dt
‖v(t)‖p+1

p+1 + 2J∗(v0) ≥ α
r − 1
r + 1

‖v(t)‖r+1
r+1.(2.18)

By using the Hölder inequality

‖v‖r+1
r+1 ≥ C2(Ω)‖v‖r+1

p+1 ∀v ∈ Lr+1(Ω) with C2(Ω) = (mes Ω)−
r−p
p+1 ,

(2.19)

we deduce if J∗(v0) ≤ 0, then

d

dt
‖v(t)‖−(r−p)

p+1 ≤ −αr − 1
r + 1

r − p

p
C2(Ω)

and by integrating in time we get

‖v0‖r−p
p+1

[
1− α

r − 1
r + 1

r − p

p
C2(Ω)‖v0‖r−p

p+1t

]−1

≤ ‖v(t)‖r−p
p+1.

The first member of this inequality becomes infinite at the time T2. We deduce that
T2 is a bound on the maximal time of existence, and by using the same argument
as Levine-Sacks ([13]), we obtain that the solution blows up at a time Tb ≤ T2 and
from Lemma 2.1 such that Tb ≥ T1.
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Theorem 2.5. If r ≤ p and v0 satisfies

α‖v0‖r−1
p+1 < C(Ω)/C2(Ω),(2.20)

then the solution of (2.1) vanishes in a finite time Te such that

Te1 ≤ Te ≤ Te2(2.21)

with

Te1 =
1
2

p

p+ 1
‖v0‖p+1

p+1

J∗(v0)
and Te2 =

p

p− 1
‖v0‖p−1

p+1

C(Ω)− C2(Ω)α‖v0‖r−1
p+1

.

(2.22)

Proof. From the relation (2.12) we get
p

p+ 1
d

dt
‖v(t)‖p+1

p+1 + C(Ω)‖v(t)‖2
p+1 ≤ α‖v(t)‖r+1

r+1.

The right side can be bounded by using the Hölder inequality

‖v‖r+1
r+1 ≤ C2(Ω) ‖v‖r+1

p+1 ∀v ∈ Lp+1(Ω).(2.23)

Thus by denoting ϕ(t) = C(Ω)− αC2(Ω)‖v(t)‖r−1
p+1, we get

d

dt
‖v(t)‖p−1

p+1 ≤ −p− 1
p

ϕ(t).(2.24)

We can check that if ϕ(0) > 0, namely αC2(Ω)‖v0‖r−1
p+1 < C(Ω), the mapping t 7−→

ϕ(t) is increasing, which in addition to (2.24) implies d
dt‖v(t)‖p−1

p+1 ≤ − p−1
p ϕ(0). By

integrating in time we get

‖v(t)‖p−1
p+1 ≤ ‖v0‖p−1

p+1 −
p− 1
p

ϕ(0)t.

If the right side of this inequality becomes null in a finite time, then the solution
v vanishes in a finite time Te such that Te ≤ Te2 .

From Theorem 2.4, the solution cannot vanish if J∗(v0) ≤ 0; hence the left
inequality in (2.21) proceeds easily from (2.11).

Theorem 2.6. If r > p and v0 satisfies

α
r − 1
p− 1

‖v0‖r−p
∞ ‖v0‖p−1

p+1 ≤ C(Ω),(2.25)

the solution of (2.1) vanishes in a finite time Te such that

Te1 ≤ Te ≤ Te3(2.26)

with

Te3 = T1 − T1

[
1− α(r − 1)

C(Ω)(p− 1)
‖v0‖r−p

∞ ‖vo‖p−1
p+1

] r−p
r−1

.(2.27)

Proof. From the relation (2.12) we get
p

p+ 1
d

dt
‖v(t)‖p+1

p+1 + C(Ω)‖v(t)‖2
p+1 ≤ α‖v(t)‖r−p

∞ ‖v(t)‖p+1
p+1.

Hence we deduce
p

p− 1
d

dt
‖v(t)‖p−1

p+1 + C(Ω) ≤ α‖v(t)‖r−p
∞ ‖v(t)‖p−1

p+1.
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We use the estimate (2.7) to obtain

d

dt
‖v(t)‖p−1

p+1 +
p− 1
p

C(Ω) ≤ α
p− 1
p

T1

T1 − t
‖v0‖r−p

∞ ‖v(t)‖p−1
p+1.

Let us denote C1 = p−1
p C(Ω), µ = p−1

r−p ; this inequality may be written as

d

dt

(
(T1 − t)µ‖v(t)‖p−1

p+1

)
≤ −C1(T1 − t)µ,

and by integrating in time between 0 and t, it follows that

‖v(t)‖p−1
p+1 ≤

[
‖v0‖p−1

p+1 −
C1T1

µ+ 1

]
T µ

1

(T1 − t)µ +
C1

µ+ 1
(T1 − t).

(2.28)

If v0 satisfies ‖v0‖p−1
p+1 ≤ C1T1

µ+1 , namely if α r−1
p−1‖v0‖r−p

∞ ‖v0‖p−1
p+1 ≤ C(Ω), the right

side of the inequality (2.28) becomes null at the time Te2 such that

(T1 − Te2)
µ+1 = T µ+1

1

[
1− (µ+ 1)

‖v0‖p−1
p+1

C1T1

]
.

We conclude that the function v becomes null in a finite time Te ≤ Te2 .

The left inequality of (2.26) again proceeds from (2.11).
In the particular case r = 1 (i.e., p1 = m) we have more accurate results.
We introduce the functional F defined by

F (ϕ) =
1

‖ϕ‖2p+1

∫
Ω

(
|∇ϕ|2 − αϕ2

)
dx =

2J∗(ϕ)
‖ϕ‖2p+1

∀ϕ ∈ H1
0 (Ω).

(2.29)

Let us denote λ1 the first eigenvalue of the Dirichlet problem −∆ρ = λρ, x ∈ Ω,
ρ = 0, x ∈ ∂Ω.

We have the inequality F (ϕ) ≥ C(Ω)λ1−α
λ1

, and since

d

dt
‖v(t)‖p−1

p+1 = −p− 1
p

F (v(t))(2.30)

we get

‖v(t)‖p−1
p+1 ≤ ‖v0‖p−1

p+1 −
p− 1
p

λ1 − α

λ1
C(Ω)t.(2.31)

Then, if α < λ1, the second member becomes null in a finite time, so the solution
vanishes in a finite time Te such that

Te ≤ p

p− 1
λ1

λ1 − α

‖v0‖p−1
p+1

C(Ω)
.

We easily prove that the mapping t 7−→ F (v(t)) is decreasing, then from (2.30),
we get

‖v(t)‖p−1
p+1 ≥ ‖v0‖p−1

p+1 −
p− 1
p

F (v0)t.(2.32)

In the case λ1 > 0, if F (v0) < 0, then we obtain immediately that lim
t−→+∞‖v(t)‖p+1 =

+∞; if it is not the case, by using the same argument as Friedman and McLeod
in [6], we prove again that lim

t−→+∞ ‖v(t)‖p+1 = +∞ ([14]).
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If α = λ1, then the problem has a global solution which tends to θρ1 as t −→ +∞
(ρ1 is the eigenfunction corresponding to λ1 satisfying ρ1 > 0, ‖ρ1‖L1(Ω) = 1 and
θ = (

∫
Ω v

p
0ρ1dx)

1
p ). The proof uses the same argument as Sacks in [18].

In the particular case r = p (i.e., p1 = 1) we also have more precise results
(see [10]).

We define the functional G as

G(ϕ) =
1

‖ϕ‖2p+1

∫
Ω

|∇ϕ|2dx, ∀ϕ ∈ H1
0 (Ω),

and we prove that the mapping t 7−→ G(v(t)) is decreasing. From the equality
p

p− 1
d

dt
‖v(t)‖p−1

p+1 +G(v(t)) = α‖v(t)‖p−1
p+1

we get

exp
(
− α

p− 1
p

t
)
‖v(t)‖p−1

p+1 +
p− 1
p

∫ t

0

G(v(s)) exp
(
− α

p− 1
p

s
)
ds = ‖v0‖p−1

p+1,

and since the function t 7−→ G(v(t)) is decreasing, we obtain

‖v(t)‖p−1
p+1 ≥ exp(α

p− 1
p

t)
(
‖v0‖p−1

p+1 −
G(v0)
α

)
+
G(v0)
α

(2.33)

and

‖v(t)‖p−1
p+1 ≤ exp

(
α
p− 1
p

t

)(
‖v0‖p−1

p+1 −
G(v(t))
α

)
+
G(v(t))
α

.

(2.34)

Since G(v(t)) ≥ C(Ω), if α‖v0‖p−1
p+1 < C(Ω), the solution vanishes in a finite time

Te such that

Te ≤ p

α(p− 1)
ln
( C(Ω)
C(Ω) − α‖v0‖p−1

p+1

)
.

If α‖v0‖p−1
p+1 > G(v0), then the solution tends to infinity as t −→ +∞.

3. Definition of the numerical scheme

If we use a classical Euler scheme for the semidiscretization in time of the prob-
lem, the corresponding numerical solution cannot vanish or blow up after a finite
number of time steps.

So, we generalize here the numerical scheme used in [8]: if vn is the approximate
value of the solution at the time level tn = n∆t (∆t is the time step), then vn+1 is
the solution of the equation

p

p− 1
vn+1(v

p−1
n+1 − vp−1

n ) + ∆tAvn+1 = ∆t(α1vn+1v
r−1
n + α2v

p
n+1v

r−p
n )

(3.1)

with α1 + α2 = α, α1, α2 ≥ 0.
If r ≤ p, we choose α2 = 0, α1 = α in order to avoid negative powers in the

second member.
If r > p, if α2 = 0, the solution of (3.1) may become null in a finite time, but

it cannot blow up in a finite time when this physical peculiarity appears for the
continuous problem. If α1 = 0, the solution may become null or infinite in a finite
time, but this solution is not always bounded by the solution of the differential
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equation (2.8) as it is the case for the exact solution; it depends on the values of r
and p. So we choose α1 and α2 such that the numerical solution is bounded by the
solution of the differential equation and is as close as possible to this solution.

This leads us to consider the following values of α1 and α2:

α1 = α, α2 = 0 if r ≤ p,

α1 =
2p− 1− r

p− 1
α, α2 =

r − p

p− 1
α if p ≤ r ≤ 2p− 1,

α1 = 0, α2 = α if r ≥ 2p− 1.

(3.2)

Lemma 3.1. If the solution vn is positive on Ω, vn ∈ H1
0 (Ω) ∩ Cε(Ω), (ε ∈]0, 1[)

and satisfies

α2
p− 1
p

∆t‖vn‖r−p
∞ < 1 in the case r > p,(3.3)

then the problem (3.1) has a maximal nonnegative solution v ∈ H1
0 (Ω) ∩ C2(Ω).

Besides every nonnegative solution v satisfies 0 ≤ v ≤ v.

Proof. The problem (3.1) may be written as Avn+1 = f(vn+1), where f is the
function defined by

f(u) =
p

(p− 1)∆t

[(
1 + α1

p− 1
p

∆tvr−p
n

)
vp−1

n u−
(

1− α2
p− 1
p

∆tvr−p
n

)
up

]
,

(3.4)

where f satisfies f(0) = 0.

In addition, if (3.3) is satisfied, (3.1) has a constant supersolution Cn such that

Cp−1
n =

‖vn‖p−1
∞ + α1

p−1
p ∆t‖vn‖r−1

∞
1− α2

p−1
p ∆t‖vn‖r−p

∞
.(3.5)

Hence we deduce from a result from Amann [1] that (3.1) has a minimal solution
(the null solution) and a maximal solution v ∈ C2(Ω). Besides any solution satisfies
v ∈ C2(Ω) and 0 ≤ v ≤ v.

Lemma 3.2. Under the hypothesis of the previous lemma, (3.1) has at most one
positive solution.

The proof is the same as in [8].
In order to set up a sufficient condition for the solution of the numerical sheme

to be positive, we introduce the functional F , which is defined by

F (ϕ) =
1

‖ϕ‖2
p+1

∫
Ω

(
|∇ϕ|2 − α1ϕ

r+1
)
dx, ∀ϕ ∈ H1

0 (Ω) ∩ Lr+1(Ω).

(3.6)

Lemma 3.3. Under the hypothesis of the Lemma 3.1 and if vnsatisfies

p− 1
p

∆tF (vn) < ‖vn‖p−1
p+1,(3.7)

then (3.1) has a positive solution in H1
0 (Ω) ∩C2(Ω).
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Proof. Let us introduce the set K and the functional Jn on H1
0 (Ω)

K =
{
v ∈ H1

0 (Ω)/
∫

Ω

(
1− α2

p− 1
p

∆tvr−p
n

)
|v|p+1dx = 1

}
,(3.8)

Jn(v) =
∫

Ω

|∇v|2dx − p

(p− 1)∆t

∫
Ω

vp−1
n

(
1 + α1

p− 1
p

∆tvr−p
n

)
v2dx,

(3.9)

and let us consider the minimization problem ϕn ∈ K, Jn(ϕn) = min
v∈K

Jn(v). By

using a Hölder inequality, we easily set

Jn(v) ≥ − p

(p− 1)∆t

∫
Ω

vp+1
n

(
1 + α1

p−1
p ∆tvr−p

n

) p+1

p−1

(
1− α2

p−1
p ∆tvr−p

n

) 2

p−1

dx, ∀v ∈ K.

Hence, Jn has a lower bound on K.
Let ϕn,k be a minimizing sequence; since Jn(|ϕn,k|) = J(ϕn,k), we may suppose

ϕn,k≥0. This sequence is bounded in H1
0 (Ω), so we can extract a subsequence, again

labeled ϕn,k, which converges to ϕn weakly in H1
0 (Ω) and strongly in Lp+1(Ω).

Hence we have ϕn ≥ 0, ϕn ∈ K and for all v ∈ H1
0 (Ω), we obtain

Aϕn −
(

p

(p− 1)∆t
vp−1

n + α1v
r−1
n

)
ϕn = Jn(ϕn)

(
1− α2

p− 1
p

∆tvr−p
n

)
ϕp

n.

(3.10)

Then, if Jn(ϕn) < 0, the solution vn+1 of the problem (3.1) is defined by

vn+1 =
(
−p− 1

p
∆tJn(ϕn)

) 1
p−1

ϕn.(3.11)

It remains to determine a sufficient condition for Jn(ϕn) < 0.
Since the function ψn = (

∫
Ω
(vp+1

n − α2
p−1

p ∆tvr+1
n )dx)−

1
p+1 vn belongs to K, we

necessarily have Jn(ϕn) ≤ Jn(ψn), where

Jn(ψn) = ‖vn‖2
p+1

(
F (vn)− p

(p− 1)∆t
‖vn‖p−1

p+1

)

×
(∫

Ω

(
vp+1

n − α2
p− 1
p

∆tvr+1
n

)
dx

)− 2
p+1

.

(3.12)

Hence if Jn(ψn) < 0, namely if p−1
p ∆tF (vn) < ‖vn‖p−1

p+1, then we obtain Jn(ϕn) < 0
and (3.1) admits one positive solution.

Now we prove that the numerical solution is bounded by one of the differential
equations (2.8), as it is true for the exact solution.

Lemma 3.4. If the parameters α1 and α2 are chosen as in (3.2) and if the hy-
potheses of Lemmas 3.1 and 3.3 are satisfied, we have the inequality

‖vn‖∞ ≤ ‖v0‖∞
(

1 + α
p− r

p
‖v0‖r−p

∞ tn

) 1
p−r

if r 6= p,(3.13)
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‖vn‖∞ ≤ ‖v0‖∞ exp
(α
p
tn

)
.(3.14)

Proof. We denote by wn the solution of the differential equation (2.8) at the time
level tn = n∆t,

wn = w0

(
1 + α

p− r

p
∆twr−p

0

) 1

p−r

if r 6= p,

wn = w0 exp
(α
p
tn

)
,

and we prove the lemma recurrently: the result is true for n = 0 since w(0) = ‖v0‖∞.
Then wn+1 is a supersolution of (3.1) if f(wn+1) ≤ 0; namely

vp−1
n

(
1 + α1

p− 1
p

∆tvr−p
n

)
≤ wp−1

n+1

(
1− α2

p− 1
p

∆tvr−p
n

)
,

that is

vp−1
n

(
1 + α1

p− 1
p

∆tvr−p
n

)

≤ wp−1
n

(
1 + α

p− r

p
∆twr−p

n

)p−1
p−r

(
1− α2

p− 1
p

∆tvr−p
n

)
if r 6= p

and

vp−1
n

(
1 + α

p− 1
p

∆t
)
≤ wp−1

n exp
(α(p− 1)

p
∆t
)

if r = p.

As ‖vn‖∞ ≤ wn, in the case r = p, the above inequality is immediately verified and
in the case r 6= p it will be true if

1 + α1
p− 1
p

∆twr−p
n ≤

(
1− α2

p− 1
p

∆twr−p
n

)(
1 + α

p− r

p
∆twr−p

n

)p−1
p−r

.

(3.15)

Let us prove that this last inequality holds if α1 and α2 are chosen as in (3.2). For
this, we consider the mapping h : x 7−→ (1 − α2x)(1 + α x

µ ), where µ = p−1
p−r , r 6= p.

This function is defined for x ≥ 0 if r < p and for −α x
µ ≤ 1 if r > p. Moreover, it is

easy to check that h′′(x) ≥ 0 ∀x ∈ [0, −µ
α [. So we have the inequality h(0)+xh′(0) ≤

h(x). In particular, for x = p−1
p ∆twr−p

n , we obtain the inequality (3.15). We deduce
‖vn+1‖∞ ≤ wn+1, which achieves the proof.

Computation of the positive solution of the numerical scheme. Equation
(3.1) may be written as

Avn+1 = f(vn+1),
where f is the function defined in (3.4).

In order to compute a numerical solution of (3.1), we use a result of Keller [7].
The function f satisfies the inequality f(v) − f(u) ≥ −m(v − u), where m is the
function defined on Ω by

m =
p

(p− 1)∆t

(
pCp−1

n

(
1− α2

p− 1
p

∆tvr−p
n

)
− vp−1

n

(
1 + α1

p− 1
p

∆tvr−p
n

))(3.16)

with Cn defined in (3.5).
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So if we define the sequence (vn+1,j)j≥0 by

(A+mI)vn+1,j+1 = f(vn+1,j) +mvn+1,j(3.17)

or

(A+mI)vn+1,j+1 =
p

(p− 1)∆t

(
1− α2

p− 1
p

∆tvr−p
n

)(
pCp−1

n − vp−1
n+1,j

)
vn+1,j ,

(3.18)

we obtain a monotone sequence if the first iterate is a subsolution or a supersolution;
it is the choice of vn+1,0 that determines whether the sequence is decreasing or
increasing. This sequence converges to the solution. For example, we can choose
vn+1,0 = Cn since Cn is a supersolution and the sequence (vn+1,j)j≥0 is a decreasing
sequence converging to vn+1.

If r > p, the constant Cn may be very large when tn is close to T1. So we
shall prove that in this case we again obtain a convergent sequence (vn+1,j)j≥0 by
choosing vn+1,0 = vn.

In order to prove this result, we need the following lemma.

Lemma 3.5. For n ≥ 1, we have the inequality

vn+1 ≤
(

2 + α1
p−1

p ∆t‖vn‖r−p
∞

1− α2
p−1

p ∆t‖vn‖r−p
∞

) 1
p−1

vn if r ≥ p.(3.19)

Proof. Let τ ≥ 1; the function τ
1

p−1 vn will be a supersolution of (3.1) if

Avn ≥ p

(p− 1)∆t

((
vp

n + α1
p− 1
p

∆tvr
n

)
− τ

(
vp

n − α2
p− 1
p

∆tvr
n

))
,

but

Avn =
p

(p− 1)∆t

(
vp−1

n−1

(
1 + α1

p− 1
p

∆tvr−p
n−1

)
vn −

(
1− α2

p− 1
p

∆tvr−p
n−1

)
vp

n

)
,

which implies Avn ≥ − p
(p−1)∆tv

p
n. Then for n ≥ 1, the inequality will hold if

p

(p− 1)∆t
(τ − 2)vp

n ≥ α1v
r
n + τα2v

r
n,

which will be true if

τ ≥
2 + α1

p−1
p ∆t‖vn‖r−p

∞
1− α2

p−1
p ∆t‖vn‖r−p∞

.

Theorem 3.6. If r ≥ p and vn+1,0 = vn(n ≥ 1), the sequence (vn+1,j)j≥0 con-
verges uniformly to vn+1.

Proof. Let us consider the sequences (wj)j≥0, (zj)j≥0 obtained from (3.18) with the
following respective initial values:

w0 =

(
1− α2

p−1
p ∆t‖vn‖r−p

∞
2 + α1

p−1
p ∆t‖vn‖r−p

∞

) 1
p−1

vn+1, z0 = Cn.

The following inequalities hold: w0 ≤ vn ≤ z0 (see (3.19)). Since the operator
(A+mI) is monotone and the mapping u 7−→ f(u) +mu is increasing, we deduce
that wj ≤ vn+1,j ≤ zj .



472 M.-N. LE ROUX AND P.-E. MAINGE

Besides, since w0 is a subsolution of (3.1), the sequence (wj)j≥0 is a monotone
increasing sequence converging uniformly to vn+1. In the same way, since z0 is
a supersolution of (3.1), the sequence (zj)j≥0 is a monotone decreasing sequence
converging uniformly to vn+1. Therefore, the sequence (wj)j≥0 converges uniformly
to vn+1.

Remark 3.7. We also observe that the sequence (vn+1,j)j≥0 converges more rapidly
by taking vn+1,0 = vn in the case r < p.

4. Properties of the numerical solution

In this part, we check that the numerical solution has the same properties as
the exact solution. We prove that the solution of the numerical scheme exists
and remains positive during at least a finite lapse of time and we obtain sufficient
conditions for this solution to become infinite or null in a finite time.

Lemma 4.1. For n ≥ 0, we have the inequality

p− 1
p

∆t
1

‖vn+1‖2p+1

∫
Ω

(
|∇vn+1|2 − α2v

r−p
n vp+1

n+1 − α1v
r−1
n v2

n+1

)
dx

≤ ‖vn‖p−1
p+1 − ‖vn+1‖p−1

p+1.

(4.1)

Proof. By multiplying equation (3.1) by vn+1 and integrating on Ω, we get

p

p− 1

∫
Ω

v2
n+1

(
vp−1

n+1 − vp−1
n

)
dx+ ∆t

∫
Ω

|∇vn+1|2dx

= ∆t
(
α1

∫
Ω

vr−1
n v2

n+1dx + α2

∫
Ω

vr−p
n vp+1

n+1dx

)
.

Besides, we have the inequality∫
Ω

v2
n+1

(
vp−1

n+1 − vp−1
n

)
dx ≥ ‖vn+1‖2

p+1

(
‖vn+1‖p−1

p+1 − ‖vn‖p−1
p+1

)
.

We deduce the result.

Lemma 4.2. For n ≥ 0, we have the inequalities.
If r ≤ p,

‖vn‖p−1
p+1 − ‖vn+1‖p−1

p+1 ≤
p− 1
p

∆t
1

‖vn‖2p+1

∫
Ω

(
|∇vn|2 − αvr+1

n

)
dx.

(4.2)

If r > p,

‖vn‖p+1
p+1 − ‖vn+1‖p+1

p+1

≤ p+ 1
p

∆t
(∫

Ω

(
|∇vn|2 − αvr+1

n

)
dx+ α2

p− 1
p+ 1

∫
Ω

vr−p
n

(
vp+1

n − vp+1
n+1

)
dx

)
.

(4.3)
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Proof. From Lemma 3.3, the solution of (3.1) is written as

vn+1 =
(
− p− 1

p
∆tJn(ϕn)

) 1
p−1

ϕn.

Moreover, the function ϕn as an element of K satisfies∫
Ω

(
1− α2

p− 1
p

∆tvr−p
n

)
ϕp+1

n dx = 1.

With both the previous arguments, we obtain(∫
Ω

(
1− α2

p− 1
p

∆tvr−p
n

)
vp+1

n+1dx

)p−1
p+1

= −p− 1
p

∆tJn(ϕn).

Besides, from (3.12) we get

Jn(ϕn) ≤ Jn(vn)
(∫

Ω

(
1− α2

p− 1
p

∆tvr−p
n

)
vp+1

n dx

)− 2
p+1

,

and we obtain

−p− 1
p

∆tJn(vn) ≤
(∫

Ω

(
1− α2

p− 1
p

∆tvr−p
n

)
vp+1

n dx

) 2
p+1

×
(∫

Ω

(
1− α2

p− 1
p

∆tvr−p
n

)
vp+1

n+1dx

) p−1
p+1

.

(4.4)

If r ≤ p, then α2 = 0 and we get

−p− 1
p

∆tJn(vn) ≤ ‖vn‖2
p+1‖vn+1‖p−1

p+1,

since

Jn(vn) =
∫

Ω

(|∇vn|2 − αvr+1
n )dx− p

(p− 1)∆t
‖vn‖p+1

p+1,

we deduce (4.2).
If r > p, then α2 > 0 and by using the Young inequality, we get

−p− 1
p

∆tJn(vn) ≤ 2
p+ 1

∫
Ω

(
1− α2

p− 1
p

∆tvr−p
n

)
vp+1

n dx

+
p− 1
p+ 1

∫
Ω

(
1− α2

p− 1
p

∆tvr−p
n

)
vp+1

n+1dx,

and by using the definition of Jn, we obtain

−p− 1
p

∆t
∫

Ω

(
|∇vn|2 − α1v

r+1
n

)
dx ≤ p− 1

p+ 1

(
−‖vn‖p+1

p+1 + ‖vn+1‖p+1
p+1

)
−p− 1

p
∆tα2

∫
Ω

(
2

p+ 1
vp+1

n +
p− 1
p+ 1

vp+1
n+1

)
vr−p

n dx,

which gives the result.

Lemma 4.3. For n ≥ 0, we have∫
Ω

vp−1
n (vn+1 − vn)2dx ≤ 2

p+ 1
p

∆t(J∗(vn)− J∗(vn+1)).(4.5)
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Proof. From the following inequality shown in [8],

ap−1(b− a)2 ≤ ap+1 − bp+1 +
p+ 1
p− 1

b2(bp−1 − ap−1),

we deduce that∫
Ω

vp−1
n (vn+1 − vn)2dx ≤ ‖vn‖p+1

p+1 − ‖vn+1‖p+1
p+1 +

p+ 1
p− 1

∫
Ω

v2
n+1(v

p−1
n+1 − vp−1

n )dx.

Besides, we have∫
Ω

v2
n+1(v

p−1
n+1 − vp−1

n )dx

=
p− 1
p

∆t
(
−
∫

Ω

(
|∇vn+1|2 − α1v

2
n+1v

r−1
n − α2v

p+1
n+1v

r−p
n

)
dx

)
.

Therefore, the previous inequality becomes∫
Ω

vp−1
n (vn+1 − vn)2dx ≤ ‖vn‖p+1

p+1 − ‖vn+1‖p+1
p+1

+
p+ 1
p

∆t
(
−
∫

Ω

(|∇vn+1|2 − α1v
2
n+1v

r−1
n − α2v

p+1
n+1v

r−p
n )dx

)
.

If r ≤ p, we have the inequality

‖vn‖p+1
p+1 − ‖vn+1‖p+1

p+1 ≤
p+ 1
p− 1

‖vn‖2
p+1(‖vn‖p−1

p+1 − ‖vn+1‖p−1
p+1),

and from (4.2), we get

‖vn‖p+1
p+1 − ‖vn+1‖p+1

p+1 ≤
p+ 1
p

∆t
∫

Ω

(|∇vn|2 − αvr+1
n )dx.

If r > p, we use the inequality (4.3) directly and we obtain r > p and r ≤ p∫
Ω

vp−1
n (vn+1−vn)2dx ≤ p+ 1

p
∆t
∫

Ω

(
|∇vn|2 − αvr+1

n

)
dx

+ α2
p− 1
p

∆t
∫

Ω

vr−p
n

(
vp+1

n − vp+1
n+1

)
dx

− p+ 1
p

∆t
∫

Ω

(
|∇vn+1|2 − α1v

2
n+1v

r−1
n − α2v

p+1
n+1v

r−p
n

)
dx.

By using the Young inequality, we easily prove that∫
Ω

vp−1
n (vn+1 − vn)2 dx ≤ 2

p+ 1
p

∆t (J∗(vn)− J∗(vn+1)) ,

and we deduce that the sequence (J∗(vn))n≥0 is nonincreasing.
Now we state an existence theorem concerning the positive solution of the nu-

merical scheme.

Theorem 4.4. In the case r ≤ p, if J∗(v0) ≤ 0, then (3.1) has for n ≥ 0 a positive
solution vn+1 ∈ H1

0 (Ω) ∩ C2(Ω). If J∗(v0) > 0, then this problem has a positive
solution at least until the time Te1defined in (2.22); this solution can become null
after this time.
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Proof. For n ≥ 0, (3.1) has a maximal solution. We prove that this solution is
positive and then unique during a nonempty lapse of time. From (4.2), we have

‖vn‖p+1
p+1 − ‖vn+1‖p+1

p+1 ≤
p+ 1
p

∆t‖vn‖2p+1F (vn)(4.6)

and F (vn)‖vn‖2
p+1 ≤ 2J∗(vn)− α r−1

r+1‖vn‖r+1
r+1.

Since the sequence (J∗(vn))n≥0 is decreasing, we get F (vn)‖vn‖2
p+1 ≤ 2J∗(v0)

and we deduce

‖v0‖p+1
p+1 − 2

p+ 1
p

J∗(v0)tn+1 ≤ ‖vn+1‖p+1
p+1.(4.7)

So, if J∗(v0) ≤ 0, the solution (vn)n≥0 is positive for any n ≥ 0, and if J∗(v0) is
positive, it is positive at least until the time Te1.

We deduce from Lemma 3.4 that this solution is always bounded.

Theorem 4.5. In the case r > p, if J∗(v0) ≤ 0, then (3.1) has a positive solution
for n ≥ 0 at least until the time T1 defined in (2.6).

If J∗(v0) > 0, (3.1) has a positive solution during a nonempty lapse of time; this
solution may become null only after the time Te1 , or blow up only after the time T1.

Proof. In this case, from Lemma 3.4, (3.1) has a bounded solution at least until
the time T1 and from the inequality (4.3), we get

‖vn‖p+1
p+1 − ‖vn+1‖p+1

p+1

≤ p+ 1
p

∆t
(
J∗(vn)−

(
α1
r − 1
r + 1

+ α2

(
r − 1
r + 1

− p− 1
p+ 1

))∫
Ω

vr+1
n dx

)
− α2

p− 1
p

∆t
∫

Ω

vr−p
n vp+1

n+1dx,

and again we obtain

‖vn‖p+1
p+1 − ‖vn+1‖p+1

p+1 ≤ 2
p+ 1
p

∆tJ∗(vn).

Then the inequality (4.7) holds and we conclude as in the previous theorem.

Theorem 4.6. If r ≤ p and J∗(v0) ≤ 0, then lim
n−→+∞ ‖vn‖p+1 = +∞, (except in

the case r = 1 and J∗(v0) = 0).

The proof of this theorem is analogous to the proof of Theorem 2.4.

Theorem 4.7. If r > p and J∗(v0) ≤ 0, then the solution of the numerical scheme
blows up in a finite time T ∗b such that

T1 ≤ T ∗b ≤ T ′2 with T ′2 ≥ T2 defined in (2.15).(4.8)

Proof. According to the definition of Jn in Lemma 3.3, we have

p− 1
p

∆tJn(vn) = −‖vn‖p+1
p+1 +

p− 1
p

∆t
(

2J∗(vn) +
(
α2 − r − 1

r + 1
α

)
‖vn‖r+1

r+1

)
.

Since the sequence (J∗(vn))n≥0 is decreasing, if J∗(v0) ≤ 0, then we get J∗(vn) ≤ 0;
hence

‖vn‖p+1
p+1 +

(
r − 1
r + 1

α− α2

)
p− 1
p

∆t‖vn‖r+1
r+1 ≤ −p− 1

p
∆tJn(vn).(4.9)
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From the inequality (4.4) we have

−p− 1
p

∆tJn(vn) ≤ ‖vn+1‖p−1
p+1

(∫
Ω

(
1− α2

p− 1
p

∆tvr−p
n

)
vp+1

n dx

) 2
p+1

.

(4.10)

Therefore, by using this estimate in (4.9), we obtain

‖vn‖p+1
p+1 +

(
r − 1
r + 1

α− α2

)
p− 1
p

∆t‖vn‖r+1
r+1

≤ ‖vn+1‖p−1
p+1

(
‖vn‖p+1

p+1 − α2
p− 1
p

∆t‖vn‖r+1
r+1

) 2
p+1

;

hence we get

‖vn‖p−1
p+1

1−
(

r−1
r+1α− α2

)
p−1

p ∆t ‖vn‖r+1
r+1

‖vn‖p+1
p+1(

1− α2
p−1

p ∆t ‖vn‖r+1
r+1

‖vn‖p+1
p+1

) 2
p+1

≤ ‖vn+1‖p−1
p+1.

Besides, by taking into account the inequality (1 − qx)−1 ≤ (1 − x)−q (0 ≤ q ≤ 1,
0 ≤ x ≤ 1) and using a Holder inequality, we deduce that

‖vn‖p−1
p+1

1 +
(

r−1
r+1α− α2

)
p−1

p ∆tC2(Ω)‖vn‖r−p
p+1

1− 2
p+1α2

p−1
p ∆tC2(Ω)‖vn‖r−p

p+1

≤ ‖vn+1‖p−1
p+1.

(4.11)

In order to simplify the notations, let us denote

γ =
2

p+ 1
p− 1
p

α2C2(Ω),

β =
(
r − 1
r + 1

α− α2

)
C2(Ω)

p− 1
p

,

δ = C2(Ω)
p− 1
p

, zn = ‖vn‖p+1.

It is easy to verify that the quantity (γ + β) is positive. From (4.11), the sequence
(zn)n≥0 is increasing and satisfies

(γ + β)∆t
zr−1

n

1− γ∆tzr−p
n

≤ zp−1
n+1 − zp−1

n .

Otherwise, for a, b > 0, we have the inequality (see [14])

bp−1 − ap−1 ≤ p− 1
r − p

br−1
(
ap−r − bp−r

)
.(4.12)

Hence we obtain

r − p

p− 1
(γ + β)∆t

zr−1
n z1−r

n+1

1− γ∆tzr−p
n

≤ zp−r
n − zp−r

n+1;

namely,

γ∆t+

(
(γ + β)

r − p

p− 1

(
zn

zn+1

)r−1

− γ

(
zn

zn+1

)r−p)
∆t ≤ zp−r

n − zp−r
n+1.
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Let us consider the function f : x 7−→ (γ + β) r−p
p−1x

r−1 − γxr−p. The previous
inequality is written

γ∆t+ f(
zn

zn+1
)∆t ≤ zp−r

n − zp−r
n+1.(4.13)

The function f achieves its minimum at the point x0 such that xp−1
0 = p−1

r−1
γ

γ+β and
is decreasing on the interval [0, x0], then we shall use the estimates, f( zn

zn+1
) ≥ f(1)

if x0 ≥ 1, and f( zn

zn+1
) ≥ f(x0) if x0 < 1.

If x0 < 1, we obtain γ r−p
r−1∆t ≤ zp−r

n − zp−r
n+1; if x0 ≥ 1, we get (γ + β) r−p

p−1∆t ≤
zp−r

n − zp−r
n+1.

It remains to know the sign of (x0 − 1) according to r and p. Let r0 ∈ [p, 2p− 1]
be the unique root of the equation (r0 + 1)3 = 2(p+ 1)(r20 + 1). We easily get the
following results.

• If p ≤ r ≤ r0, then x0 < 1 and we obtain

‖vn‖r−p
p+1 ≥ ‖v0‖r−p

p+1

(
T ′2

T ′2 − tn

)
(4.14)

with T ′2 = (p+1)(r−1)2

2(r−p)(r+1)T2; we conclude as in Theorem 2.4.
• If r0 < r ≤ 2p − 1, then x0 > 1 and the inequality (4.14) holds with T ′2 =

(r−1)(p+1)
p2−1−(r−p)2T2.

• If 2p − 1 < r ≤ p +
√
p2 − 1, then x0 ≥ 1 and (4.14) holds with T ′2 =

(r−1)(p+1)
2(r−p) T2.

• If r ≥ p+
√
p2 − 1, then x0 < 1 and (4.14) holds with T ′2 = (r−1)2(p+1)

2(r+1)(p−1)T2.

Thus we obtain an upper bound on the blow up time according the values of r
and p and we can check that T ′2 ≥ T2 in all cases.

Remark 4.8. The difference between the times T2 and T ′2 proceeds from the upper
bound of the second member of the inequality (4.4) we used to obtain (4.10).

We now set up a sufficient condition on the initial data for the numerical solution
to vanish in a finite time.

Theorem 4.9. If r ≤ p and if v0 satisfies (2.20), then the solution of (3.1) van-
ishes in a finite time T ∗e such that Te1 ≤ T ∗e ≤ Te2 with Te2 defined in (2.22).

The proof of this theorem is analogous to that of Theorem 2.5.

Theorem 4.10. If p < r < 2p− 1 and if v0 satisfies

α
r − 1
p− 1

‖v0‖p−1
p+1‖v0‖r−p

∞ ≤
(

1− α
p− 1
p

‖v0‖r−p
∞ ∆t

)
C(Ω),(4.15)

then the solution of (3.1) vanishes in a finite time T ∗e such that Te1 ≤ T ∗e ≤ T ′e3
.

And, if there exists a positive constant δ1 such that

α
r − 1
p− 1

‖v0‖r−p
∞ ‖v0‖p−1

p+1 ≤ C(Ω)(1 − δ1),(4.16)

then we have the estimate Te3 − T ′e3
= O(∆t) with Te3 defined in (2.27).
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Proof. The inequality (4.1) may be written as

‖vn+1‖p−1
p+1 − ‖vn‖p−1

p+1

≤ p− 1
p

∆t
1

‖vn+1‖2p+1

×
(
−
∫

Ω

|∇vn+1|2dx+ α2

∫
Ω

vr−p
n vp+1

n+1dx+ α1

∫
Ω

vr−1
n v2

n+1dx

)
and by using the Sobolev constant C(Ω) we easily get

‖vn+1‖p−1
p+1 − ‖vn‖p−1

p+1

≤ ∆t
p− 1
p

(
−C(Ω) + α2‖vn‖r−p

∞ ‖vn+1‖p−1
p+1 + α1‖vn‖r−p

∞ ‖vn+1‖p−1
p+1

)
;

namely

‖vn+1‖p−1
p+1

(
1− α2

p− 1
p

∆t‖vn‖r−p
∞

)
≤ ‖vn‖p−1

p+1

(
1 + α1

p− 1
p

∆t‖vn‖r−p
∞

)
− p− 1

p
∆tC(Ω).

From Lemma 3.4, we have ‖vn‖r−p∞ ≤ T1
T1−tn

‖v0‖r−p∞ ; that is, ‖vn‖r−p∞ ≤ p
r−p

1
α

1
T1−tn

.
Hence we obtain

‖vn+1‖p−1
p+1

(
1− α2

α

p− 1
r − p

∆t
1

T1 − tn

)
≤ ‖vn‖p−1

p+1

(
1 +

α1

α

p− 1
r − p

∆t
1

T1 − tn

)
− p− 1

p
∆tC(Ω).

By using the notations C1 = p−1
p C(Ω) and µ = p−1

r−p , the previous inequality be-
comes

‖vn+1‖p−1
p+1

(
T1 − tn − α2

α
µ∆t

)
≤ ‖vn‖p−1

p+1

(
T1 − tn +

α1

α
µ∆t

)
−∆tC1(T1 − tn).

(4.17)

In the case r < 2p− 1, we have α2
α = 1

µ and α1
α = µ−1

µ , and by multiplying (4.17)
by (T1 − tn+1)µ−1, we obtain

(T1 − tn+1)
µ‖vn+1‖p−1

p+1

≤ ‖vn‖p−1
p+1(T1 − tn + (µ− 1)∆t)(T1 − tn+1)

µ−1

−∆tC1(T1 − tn)(T1 − tn+1)µ−1.

(4.18)

Since µ ≥ 1, we get (T1− tn +(µ−1)∆t)(T1− tn+1)µ−1 ≤ (T1− tn)µ and we obtain

‖vn+1‖p−1
p+1(T1 − tn+1)

µ ≤ ‖vn‖p−1
p+1(T1 − tn)µ − C1∆t(T1 − tn)(T1 − tn+1)

µ−1
,

which implies

‖vn+1‖p−1
p+1(T1 − tn+1)

µ ≤ ‖v0‖p−1
p+1T

µ
1 − C1∆t

n∑
j=0

(T1 − tj)(T1 − tj+1)
µ−1.

Since the mapping t 7−→ (T1 − t+ ∆t)(T1 − t)µ−1 is decreasing, we have

∆t
n∑

j=0

(T1 − tj)(T1 − tj+1)
µ−1 ≥

∫ tn+2

∆t

(T1 − s+ ∆t)(T1 − s)µ−1ds,



NUMERICAL SOLUTION OF A FAST DIFFUSION EQUATION 479

that is

∆t
n∑

j=0

(T − tj) (T1 − tj+1)
µ−1

≥ 1
µ+ 1

(
(T1 −∆t)µ

(
T1 +

∆t
µ

)
− (T1 − tn+2)

µ

(
T1 − tn+1 +

∆t
µ

))
.

Hence we obtain

‖vn+1‖p−1
p+1(T1 − tn+1)

µ

≤ ‖v0‖p−1
p+1 −

C1

µ+ 1
(T1 −∆t)µ

(
T1 +

∆t
µ

)
+

C1

µ+ 1
(T1 − tn+2)

µ

(
T1 − tn+1 +

∆t
µ

)
.

If v0 satisfies

‖v0‖p−1
p+1 <

C1

µ+ 1
(T1 −∆t)µ

(
T1 +

∆t
µ

)
,(4.19)

then the right side of this inequality will be null for tn+1 = T ′e3
such that(

T1 − T ′e3
+

∆t
µ

)(
T1 − T ′e3

−∆t
)µ

= (T1 −∆t)µ

(
T1 +

∆t
µ

)
− µ+ 1

C1
‖v0‖p−1

p+1T
µ
1

= (T1 −∆t)µ

(
T1 +

∆t
µ

)
− T µ+1

1 + (T1 − Te3)
µ+1

.

Since T ′e3 is bounded, we deduce easily that (T1−Te3)µ+1−(T1−T ′e3)µ+1 = O(∆t),
which gives Te3 − T ′e3 = O(∆t) if the quantity (T1 − Te3) is greater than a positive
real δ (independent of ∆t). Then, as (T1−Te3)µ+1 = T µ+1

1 (1− µ+1
C1T1

), the estimate
holds if there exists δ1 > 0 such that µ+1

C1T1
≤ 1− δ1 or if v0 satisfies (4.16).

Besides, as (T1 −∆t)µ(T1 + ∆t
µ ) ≥ T µ

1 (T1 − µ∆t), the inequality (4.19) holds if
‖v0‖p−1

p+1 ≤ C1
µ+1 (T1 − µ∆t); namely

α
r − 1
p− 1

‖v0‖r−p
∞ ‖v0‖p−1

p+1 ≤ (1 − α
p− 1
p

∆t‖v0‖r−p
∞ )C(Ω).

The lower bound Te1 of the extinction time proceeds from Theorem 4.4.

Theorem 4.11. If r ≥ 2p − 1 and if v0 satisfies (2.25), then the solution of the
numerical scheme vanishes in a finite time T ∗e such that Te1 ≤ T ∗e ≤ Te3 .

Proof. In this case, we have α1 = 0 and α2 = α; then by multiplying the inequality
(4.17) by (T1 − tn)µ−1, we obtain

‖vn+1‖p−1
p+1(T1 − tn − µ∆t)(T1 − tn)µ−1 ≤ ‖vn‖p−1

p+1(T1 − tn)µ −∆tC1(T1 − tn)µ
.

Since the inequality

(T1 − tn − µ∆t)(T1 − tn)µ−1 ≥ (T1 − tn+1)µ,

holds, we get

‖vn+1‖p−1
p+1(T1 − tn+1)

µ ≤ ‖vn‖p−1
p+1(T1 − tn)µ − C1∆t(T1 − tn)µ

,
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which implies

‖vn+1‖p−1
p+1 ≤ T µ

1 ‖v0‖p−1
p+1 − C1∆t

n∑
j=0

(T1 − tj)
µ
.(4.20)

But,

∆t
n∑

j=0

(T1 − tj)
µ ≥

∫ tn+1

0

(T1 − s)µds =
1

µ+ 1

(
T µ+1

1 − (T1 − tn+1)µ+1
)
.

From this estimate and (4.20), we obtain

‖vn‖p−1
p+1 ≤

(
‖v0‖p−1

p+1 −
C1T1

µ+ 1

)
T µ

1

(T1 − tn)µ
+

C1

µ+ 1
(T1 − tn).

If ‖v0‖p−1
p+1 ≤ C1T1

µ+1 , then the right side of this inequality becomes null at tn = Te3.
Thus the solution vanishes in a finite time T ∗e ≤ Te3 and from Theorem 4.4 such
that Te1 ≤ T ∗e .

In the particular case r = 1 we obtain the following results analogous to the
theoretical case (see [14]).

• If α < λ1, the numerical solution vanishes after a time T ∗e such that

Te1 ≤ T ∗e ≤
p

p− 1
λ1

λ1 − α

‖v0‖p−1
p+1

C(Ω)
.

• If α = λ1, the numerical solution converges in Lp+1(Ω) to θρ1 with

θρ1 ≤
(∫

Ω

vp
0ρ1dx

) 1
p

.

• If α > λ1, then lim
n−→+∞ ‖vn‖p+1 = +∞.

In the particular case r = p we have the following inequalities (see [11]):

p− 1
p

∆tG(vn+1) ≤
(

1 + α
p− 1
p

∆t
)
‖vn‖p−1

p+1 − ‖vn+1‖p−1
p+1 ≤

p− 1
p

∆tG(vn).

Since the sequence (G(vn))n≥0 is decreasing, we obtain

‖vn‖p−1
p+1 ≥

(
1 + α

p− 1
p

∆t
)n(

‖v0‖p−1
p+1 −

G(v0)
α

)
+
G(v0)
α

and

‖vn‖p−1
p+1 ≤

(
1 + α

p− 1
p

∆t
)n(

‖v0‖p−1
p+1 −

G(vn)
α

)
+
G(vn)
α

.

Therefore, if v0 satisfies α‖v0‖p−1
p+1 < C(Ω), there exists a time Te = N∆t such that

the solution of the numerical scheme becomes null and we have(
1 + α

p− 1
p

∆t
)N

≤ C(Ω)
C(Ω)− α‖v0‖p−1

p+1

.

• If v0 satisfies α‖v0‖p−1
p+1>G(v0), then lim

n−→+∞ ‖vn‖p+1 = +∞.
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5. Convergence of the numerical scheme

Let T ∗∆tbe the time existence of the numerical solution. We define a piecewise
linear approximation u∆t of the weak solution u of (1.1) by

u∆t=v
p
n +

t− tn
∆t

(
vp

n+1 − vp
n

) ∀t ∈ [tn, tn+1], t ≤ T ∗∆T ,(5.1)

and we denote T ∗ = inf
0<∆t<∆t0

T ∗∆t(T
∗ ≥ T1).

Let T < T ∗. Here we prove that the solution of the numerical scheme converges
to the weak solution of (1.1) on the interval [0, T ].

We need the following two lemmas.

Lemma 5.1. If v0 ∈ H1
0 (Ω)∩Cε(Ω), (ε ∈]0, 1[), then there exists a positive constant

C depending on Ω, α, p, r such that

N∑
n=0

∫
Ω

vn+1(vn+1 − vn)(vp−1
n+1 − vp−1

n )dx ≤ p− 1
p

∆t(1 + C∆t)(J∗(v0)− J∗(vN )).

(5.2)

Proof. By multiplying (3.1) by (vn+1 − vn) and integrating on Ω we get

p

(p− 1)∆t

∫
Ω

vn+1(vn+1 − vn)(vp−1
n+1 − vp−1

n )dx

=
[
−1

2

∫
Ω

|∇vn+1|2 dx+
1
2

∫
Ω

|∇vn|2 dx + α

∫
Ω

vr
n(vn+1 − vn)dx

]
+
[
−1

2

∫
Ω

|∇(vn+1 − vn)|2 dx

+ α2

∫
Ω

vr−p
n (vn+1 − vn)(vp

n+1 − vp
n)dx

+α1

∫
Ω

vr−1
n (vn+1 − vn)2dx

]
.

(5.3)

By using the Young inequality, we have

α

∫
Ω

vr
n(vn+1 − vn)dx ≤ α

r + 1

(
‖vn+1‖r+1

r+1 − ‖vn‖r+1
r+1

)
;

hence

−1
2

∫
Ω

|∇vn+1|2dx+
1
2

∫
Ω

|∇vn|2dx + α

∫
Ω

vr
n(vn+1 − vn)dx ≤ J∗(vn)− J∗(vn+1).

(5.4)

Besides, we have

−1
2

∫
Ω

|∇(vn+1 − vn)|2dx ≤ −λ1

2

∫
Ω

(vn+1 − vn)2dx.(5.5)

If r ≤ p, then α1 = α and α2 = 0 and the second part of the second member of
(5.3) may be bounded by∫

Ω

(
αvr−1

n − λ1

2

)
(vn+1 − vn)2dx.(5.6)
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Let us denote Ω+ = {x ∈ Ω/vr−1
n (x) > λ1

2α}; so the quantity (5.6) may be bounded
by ∫

Ω+

αvr−1
n (vn+1 − vn)2dx ≤ α

(
2α
λ1

)p−r
r−1

∫
Ω

vp−1
n (vn+1 − vn)2dx,

and from Lemma 4.3, we obtain∫
Ω

[
αvr−1

n − λ1

2

]
(vn+1 − vn)2dx ≤ C∆t(J∗(vn)− J∗(vn+1))(5.7)

with C = 2αp+1
p (2α

λ1
)

p−r
r−1 .

If r > p, then we denote M = supn∆t≤T ‖vn‖∞, and the second part of the
second member of (5.3) is bounded by∫

Ω

(
α1M

r−pvp−1
n + α2pM

p−1vr−p
n − λ1

2

)
(vn+1 − vn)2dx.(5.8)

If we denote Ω+ = {x ∈ Ω/α2pM
p−1vr−p

n > λ1
2 }, then this quantity is bounded by∫

Ω+

(
α1M

r−pvp−1
n + α2pM

p−1vr−p
n

)
(vn+1 − vn)2dx.

If r < 2p− 1, then we have the estimate vr−p
n ≤ (2α2pMp−1

λ1
)

2p−r−1
r−p vp−1

n on Ω+, and
if r ≥ 2p − 1, then we have the estimate vr−p

n ≤ M r−2p−1vp−1
n . So in these two

cases, we obtain∫
Ω

(
α1M

r−pvr−p
n + α2pM

p−1vr−p
n − λ1

2

)
(vn+1 − vn)2dx

≤ C1

∫
Ω

vp−1
n (vn+1 − vn)2dx

with C1 = Max(α1M
r−p + α2pM

p−1(2α2pMp−1

λ1
)

2p−r−1
r−p , α1M

r−p + α2pM
r−p).

By using Lemma 4.3 we deduce that

∫
Ω

(
α1M

r−pvr−p
n + α2pM

p−1vr−p
n − λ1

2

)
(vn+1 − vn)2dx

≤ 2
p+ 1
p

C1∆t(J∗(vn)− J∗(vn+1)).

(5.9)

Then from the inequalities (5.3), (5.4), (5.7), (5.9), we obtain the lemma.

Lemma 5.2. If N∆t ≤ T , then there exists a positive constant C(p) independent
of the initial condition such that

N∑
n=0

∫
Ω

∣∣∣∣vp
n+1 − vp

n −
p

p− 1
vn+1

(
vp−1

n+1 − vp−1
n

)∣∣∣ dx
≤ C∆t

p−1
p+1 (J∗(v0)− J∗(vN ))

p
p+1 .

(5.10)
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Proof. We recall a result shown in [10]: there a positive constant C(p) such that

N∑
n=0

∫
Ω

∣∣∣∣vp
n+1 − vp

n −
p

p− 1
vn+1(v

p−1
n+1 − vp−1

n )
∣∣∣∣ dx

≤ C(p)N
1

p+1

( N∑
n=0

∫
Ω

vn+1(vn+1 − vn)(vp−1
n+1 − vp−1

n )dx

) p
p+1

+

(
N∑

n=0

∫
Ω

vp−1
n (vn+1 − vn)2dx

) p
p+1
 .

With Lemmas 5.1 and 4.3, the right side of this inequality is bounded by

C(p)N
1

p+1

[(
p− 1
p

∆t(1 + C∆t)(J∗(v0)− J∗(vN ))
) p

p+1

+
(

2
p+ 1
p

∆t (J∗(v0)− J∗(vN ))
) p

p+1
]

so, for N∆t ≤ T , by C∆t
p−1
p+1 (J∗(v0)− J∗(vN ))

p
p+1 .

Theorem 5.3. The function u∆t converges when ∆t tends to 0, to the weak solu-
tion of problem (1.1) in C(0, T ;L1(Ω)).

Proof. The function u∆t is bounded in C(0, T ;L∞(Ω)) from Lemma 3.4 and in
C(0, T ;H1

0 (Ω)). Besides, in the same manner as in [10], we obtain that d
dtu∆t ∈

L2(0, T ;L1(Ω)). Hence, there exists a subsequence, again labeled u∆t, such that
u∆t converges to some function u in C(0, T ;Lq(Ω)) with q < 2d

d−2 if d > 2, q < ∞
if d = 2 and in C(0, T ; Ω) if d = 1 ([19]).

It remains to prove that u is a weak solution of problem (1.1). Let ϕ be a test
function in C2(Ω× (0, T )) ∩C1(Ω× [0, T ]);ϕ(x, t) = 0 for x ∈ ∂Ω.

Multiplying the equality (3.1) by ϕ and integrating on Ω, we get∫
Ω

p

p− 1
vn+1

(
vp−1

n+1 − vp−1
n

)
ϕdx

+ ∆t
∫

Ω

(vn+1Aϕ− α1vn+1v
r−1
n ϕ− α2v

p
n+1v

r−1
n ϕ)dx = 0;

hence, for T = N∆t we get

N−1∑
n=0

1
∆t

∫ tn+1

tn

∫
Ω

p

p− 1
vn+1(v

p−1
n+1 − vp−1

n )ϕdxdt

+
N−1∑
n=0

∫ tn+1

tn

∫
Ω

(vn+1Aϕ− α1vn+1v
r−1
n ϕ− α2v

p
n+1v

r−1
n ϕ)dxdt = 0.

(5.11)
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The first term of this equality may be written as
N−1∑
n=0

1
∆t

∫ tn+1

tn

∫
Ω

(
p

p− 1
vn+1(v

p−1
n+1 − vp−1

n )− vp
n+1 + vp

n

)
ϕdxdt

+
∫ T

0

∫
Ω

d

dt
u∆tϕdxdt.

From (5.10) the first part of this equality tends to zero when ∆t −→ 0 and the
second part tends to

−
∫ T

0

∫
Ω

u
dϕ

dt
dxdt +

∫
Ω

u(x, T )ϕ(x, T )dx−
∫

Ω

u0(x)ϕ(x, 0)dx.

(5.12)

We prove in a classical manner ([14]) that the second term of (5.11) when ∆t −→ 0
tends to ∫ T

0

∫
Ω

(
u

1
p Aϕ − αu

r
pϕ
)
dxdt.(5.13)

So u satisfies the equation

−
∫ T

0

∫
Ω

u
dϕ

dt
dxdt +

∫ T

0

∫
Ω

(
u

1
pAϕ− αu

r
pϕ
)
dxdt

=
∫

Ω

u0(x)ϕ(x, 0)dx −
∫

Ω

u(x, T )ϕ(x, T )dx

and is a weak solution of (1.1)
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