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A FINITE ELEMENT APPROXIMATION FOR A CLASS OF
DEGENERATE ELLIPTIC EQUATIONS

BRUNO FRANCHI AND MARIA CARLA TESI

ABSTRACT. In this paper we exhibit a finite element method fitting a suitable
geometry naturally associated with a class of degenerate elliptic equations
(usually called Grushin type equations) in a plane region, and we discuss the
related error estimates.

1. INTRODUCTION

Let  denote the bounded subset of R? = R, xR, defined by  =]—1,1[x]—1,1],
and let I' be its boundary. We consider the second order differential operator in
divergence form in €2 defined by

2
(1.1) L==" day(2)9),
i,j=1

where the coefficients a;; = aj; are measurable real-valued functions and, for some
v € (0,1),

2 2 2 . Lo 2 2
(12) v(E + N (@)n*) £ D7 aig(2)GG; < (€8 + X))

ij=1

for any ¢ = ((1,¢) = (¢,n) and z = (z,y) € R2. Here ) is a bounded nonnegative
Lipschitz continuous function in R. For simplicity, the reader can think of a model
operator of the form

Lo =—02 — \2(2)03.

Operators of this form are known as Grushin type operators, and regularity proper-
ties of the weak solutions of Lu = f have been widely studied in the last few years:
see, for instance, [FL], [X], [FS], [F], [FGuW1], [FGuW2]. Grushin operators can
be viewed as (generalized) Tricomi operators for transonic fluids restricted to the
subsonic region. In addition, note that every second order differential operator
in divergence form on the plane with nonnegative principal part and which is not
totally degenerate at any point (i.e. its quadratic form does not vanish identically
at any point) can be written, after a suitable change of variables, as an operator
whose principal part is a Grushin type operator (see [X] for an explicit calculation).
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A fruitful approach to the study of these operators was shown (see [FL]) to
consist in associating with the operator £ a suitable (non-Riemannian) metric d
which is basically given by the minimum time required to pass from a given point
to another along continuous curves which are piecewise integral curves of the vector
fields +0; and +\0s (see Definition 2.1 for a precise definition). If for instance we
are interested in the Holder continuity of the weak solutions (De Giorgi-Nash-Moser
theorem) or in Harnack’s inequality for positive weak solutions, then we can repeat
the classical arguments developed for elliptic equations ([DG], [Mo]) by replacing
the usual Euclidean balls by the so-called metric balls, i.e. by the balls of the metric
d.

The aim of the present paper is to show that a similar geometric approach
can lead to a natural finite element method for this class of operators. In fact,
we shall exhibit a triangulation of a plane region by means of a family of non-
isotropic triangles fitting the geometry associated with the metric d, in the sense
that each triangle of our triangulation contains and is contained in two metric balls
of comparable radii. The shape of these triangles will not be trivial to describe,
since metric balls are not invariant under Euclidean translations, so that we cannot
just repeat a fixed ball by translation. Analogously, there are no simple dilations
enabling us to rescale our geometry or our estimates.

In a similar spirit, a finite difference method for ultraparabolic equations of
Kolmogorov type has recently been developed in [MP].

We point out that our approach is not precisely an adaptive method, since,
roughly speaking, the geometry is fixed a priori and it is given by our model operator
0? + \%(2)03, which plays the role of a Laplace-Beltrami operator for our geometry.
An adaptive method might be superposed on this choice of the geometry, keeping
in mind the oscillation of the coefficients (note that, in this spirit, the function \ is
not a coefficient, but a structure term).

We note explicitly that, because of the lack of ellipticity when A vanishes, we are
forced to seek weak solutions belonging to function spaces which are larger than

the usual Sobolev space H'({) and that are given by the completion of C§°(£2)
with respect to the norm

lull L2y + 1016l L2y + | ADaull L2,

o
so that in general our weak solutions do not belong to H!(2).

In fact, this approach has been used for a much larger class of degenerate elliptic
operators, whose prototype is given by Hormander’s well known sum-of-squares
operators in R™ of the form Z;;l XJZ7 where X1,...,X,, are smooth vector fields
such that the rank of the Lie algebra generated by them equals n at any point.
For instance, if we choose A(z) = |z|¥, for some positive integer k, then our model
operator 02 + |2|?*03 is a Hormander operator. Since we are dealing with non-
smooth functions A, we shall have to impose further conditions on A to replace this
rank hypothesis (see Hypothesis (H) below).

If we try to follow the scheme of Moser’s proof of the pointwise regularity of the
weak solutions of Lu = f, two points appear from the beginning to play a crucial
role: the fact that the metric d is doubling (i.e. the volume of a metric ball of
radius 2r is controlled by a constant times the volume of a ball of radius r having
the same center), and a suitable Sobolev-Poincaré inequality on metric balls, where,
on the right hand side, we have to replace the usual gradient Vu by the ‘degenerate
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gradient’ Vyu = (01, AJ2) associated with the operator. These inequalities contain
deep information concerning the geometry associated with the metric d, since they
show that the geometric dimension of the metric space defined by d is much larger
than 2 (or than n in general) and, roughly speaking, it is as large as X is degenerate.
This phenomenon has been studied in the general context of Hérmander’s vector
fields, and it appears clearly in a family of isoperimetric inequalities associated with
a family of such vector fields (see [FGaW], [FLW], [CDG1] [CDG2], [GN], [Gr]).

Unfortunately, this dimensional phenomenon affects our error estimates nega-
tively. Indeed, first of all, we do not have any Sobolev imbedding theorem to
control the pointwise values of a weak solution in the interpolation operator by
means of some higher Sobolev norm, as in the elliptic case. Roughly speaking, this
estimate is possible for a function u € H*(R™) if n < 2s, and, as we pointed out
before, the dimension of (€2, d) is in general much higher than 2. Nevertheless, it
is possible to bypass this difficulty, but the same dimensional phenomenon appears
again in the numerical approximation, since, corresponding to a mesh of N points,
we find in the error estimate a factor N=1/(7+2) where v > 0 and ~ + 2 is basi-
cally the geometric dimension of (2, d) (all these quantities will be defined formally
later). In other words, a large number of triangles is required to obtain small errors,
much larger than in the elliptic case, and larger and larger as A becomes ‘flat’ at
the points where it vanishes, so that our approximation converges, but the rate of
convergence is affected by the order of degeneration of the function A\. Then, it
is necessary to take this phenomenon into account when we compare our numeri-
cal results with those we can obtain just by running numerical elliptic procedures
outside of any theoretical scheme. Indeed, this naive approach gives locally good
results away from the zeros of A (since the operator L is locally elliptic in these
regions). Note that, as we shall discuss later by means of numerical examples, our
error estimates are sharp.

In Section 2 we characterize the geometry associated to a given class of operators,
in Section 3 we set up the general framework for a finite element method fitting the
given geometry, in Section 4 we prove error estimates and in Section 5 we discuss
the algorithmic implementation of the method, and we show, by means of a suitable
choice of the right hand side of the equation, that — as we can expect — the error
estimate in the energy norm can be better than the error we obtain by using a
standard mesh, or even an adaptive one (but we stress again that the use of a
standard mesh has no justification, since there are solutions which do not belong
to the usual Sobolev space H'(€)). In addition, we exhibit numerical examples
showing that our error estimate is optimal. This will be done by analyzing the
error (in the energy norm associated with the operator) when the data have been
chosen in such a way that the solution does not belong to the usual Sobolev space.

2. PRELIMINARIES

Through this paper we will denote a generic point in R? by z = (z,%). In the
sequel, we will assume that the function A satisfies the following assumption:

Hypothesis (H). There exists a positive constant ¢y such that, for any compact
interval I C R,

1
0 < cymax A\ < —/)\(x)dx < max\,
I | Jr I

where |I| denotes the Lebesgue measure of I.
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This condition is called the RH, condition in [F] and [FGuW1], and it implies
basically that A is not flat where it vanishes. For instance, if p is any polynomial in
21, then A(z1) = |p(z1)|* (o > 1) belongs to RHy. Indeed, by rescaling, we can
reduce ourselves to proving that maxp 17 [¢|* ~ fol |g(z)|*dx when ¢ is a polynomial

of degree < m, m fixed. But both maxj 1) |¢| and (fol lq(2)|*dx)'/* are norms on
the finite-dimensional linear space of all polynomials of degree < m, and so they
are equivalent. For some comments concerning the intrinsic geometric meaning of
RH, see also [CF].

Let us recall now the definition of the metric associated with a family of vector
fields {A\101, ..., A\ 0n} (see [FP], [FL], [NSW]) and the main results we will need
through this paper.

The distance we shall define is sometimes called Carnot—Carathéodory distance,
or control distance: indeed, it arises naturally in many optimal control probles (see,
e.g., recent accounts in [J]).

Definition 2.1. We say that an absolutely continuous curve v : [0,7] — R? is a
sub-unit curve if for any ¢ = (&,7) € R2,

(3(),0)* < L€ + X (v(t)) Inf?

for a.e., t € [0,T] (note that to simplify our notation we have considered A here as
a function of z € R?). If 21, 20 € R?, we put

d(z1,22) = inf {T > 0; there exists a sub-unit curve v : [0, 7] — R?
such that v(0) = 21, v(T) = 22}.

By the assumption (H), d(21,22) < oo for any z1,22 € R?, and hence it is a
metric. To prove this, we will need only to prove that we can connect each pair of
points 21 = (z1,y1) and 2o = (22,y2) by means of a sub-unit curve. Arguing as
in [FL] and [F], it is easy to see that we can reduce ourselves to the case x1 = 2
and A(z1) = 0. But in that case we note that, by hypothesis (H), the function
s — A(z1 + s) cannot vanish identically on (0,¢) for any ¢ > 0. Thus, it is enough
to move away from z; along the segment s — (1 + s,y1) (which is a sub-unit
curve), until we reach a point (Z,y1) such that A(Z) > 0, and then we can ‘climb
along a vertical’ segment up to the point (Z,y2) because s — (Z,y1 + s) is also a
sub-unit curve. Finally, by repeating backward the previous ‘horizontal’ segment
at the level y = yo, we can achieve the proof.

Let us now introduce a function which will play a key role in the description of
the metric balls relatives to d.

If z= (z,y) € R? and r > 0, put

+r
(2.1) F(z,r)=F(z,r) = / A(s)ds.

We shall see later (Theorem 2.3) that r and F(x,r) are respectively the sizes of a
metric ball in the directions of the coordinate axis.

In what follows we will say that a constant ¢ > 0 is a geometric constant if it
depends on the constant ¢; of Hypothesis (H) and on sup A. To avoid cumbersome
notation, at many points we will denote by the same letter ¢ different geometric
constants.
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We have:

Proposition 2.2 ([FGuW1, Proposition 2.5]). Suppose hypothesis (H) holds.
Then for any point zo = (wo,y0) € R? there exist a neighborhood U of zo and
a geometric constant v > 0 such that
(i) F(z,0t) > 0T F(2,t), 0< 0 < 1;
(i) F=1(z,0t) < cO/O+HIF(2,1), 0 <60 < 1;
(i) F(z,0t) < cbF(z,t), 0<0 <1;
(iv) if d(z1, 22) < ct, then F(z1,t) ~ F(za,1),
for 0 <t <ty and z € U, where c is a geometric constant.
In particular, the following crucial inequality follows from (i):

t
(2.2) /0 Nz + s&)ds > ct*t

forany z = (z,y) €U, € So ={£ e R: [€-&| <} C [-1,1]\{0} andt € (0,tp).
We observe that, because of Proposition 2.2 (ii), the following doubling property
holds:
(2.3) F(z,r) < F(z,2r) < cF(z,r)
for any z € U, and r < 19,79 and ¢ being geometric constants.
We can now combine Proposition 2.2 above with the characterization of the d-

balls given in [F], Theorem 2.3. The following theorem contains the description of
the geometry given by d.

Theorem 2.3. Let the assumption (H) be satisfied. Then:
(i) d(z1,22) < 0o for any 21, 22 € R%, and hence d is a metric.
(i) If we denote by B(z,r) the d-ball centered at z and of radius r (i.e. B(z,r) =

{2/ € R?%;d(z,2") < r}), then there exist two geometric constants t; > 0 and
b > 1 such that, for any 29 € R? and t € (0,t1), we have

(2.4) Q(z0,t/b) C B(zo,t) C Q(20,bt),
where, for any r > 0,
Q(z0,7) = {2z = (z,y) € R?: |z — xo| <7 and |y — yo| < F(20,7)}.
(iii) There exist two geometric constants A > 0 and ro > 0 such that
(2.5) |B(z,2r)| < A|B(2,7)|
for any z € U and v € (0,7q), i.e. the metric space (R%,d) is a space of

homogeneous type with respect to Lebesgue measure.
(iv) If 6 > 0, then

(2.6) c1(0)|B(z,m)| < |B(z,0r)| < c2(0)|B(z,7)]

for any z € U and r < 1o and for some suitable constants c¢1(6) and co(6)
which are geometric constants, except for the dependence on 6.

Throughout this paper, we will denote by V = (01, AJ2) the degenerate gradient
associated with the operator £, and we will put

(2.7) |Vaul|? = [01ul?> + N2(z)|0aul?.

Moreover, we will denote by H} (2) the degenerate Sobolev space associated with
V2, i.e. the set of u € L?(2) such that

O € L*(9), Nou € L*(Q),
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endowed with the natural norm
(2.8) ullfry ) = lullZz () + 1012l 22(q) + 1A02ulZsq)
We note that a Meyers-Serrin type theorem holds for these spaces, i.e.
C>(Q) N Hy(Q) is dense in H;(Q)

(see [Fr], [FSSC] and [GN]). Therefore, it will be natural to denote by HX(f2) the
closure of C§°(2) in H; ().

Hypothesis (H) implies suitable forms of classical Sobolev-Poincaré inequalities,
where, as we pointed out in the Introduction, the constant v in Proposition 2.2
plays the role of a dimension: see for instance [F] and [FGuW1]. However, what we
need here is only a simple form of this inequality, which states that the L?-norm
of a compactly supported function in Q can be controlled by the L?-norm in Q of
its degenerate gradients, which is therefore equivalent to the norm in H}(Q) (see,
e.g., [F], Theorem 4.7).

Theorem 2.4. Suppose Hypothesis (H) holds; then there exists a geometric con-

stant ¢ > 0 such that
/ lu|?dz < c/ |V aul?dz
Q Q

Note that Theorem 2.4 implies that, if u € ;I}\(Q), then

for all u € IZT&(Q)

(2.9) llull L2y < clVaullL2(q),
so that the quadratic form

A(u,u):/ |V auldz
Q

o
associated with the operator £ is coercive on H} (€2).
We can now state the main result concerning the Dirichlet problem for £ in Q.

Theorem 2.5. Let fo, f = (f1, f2) be such that fo,|f| € L?*(QY). Then there exists
a unique u € H3 () solution of the Dirichlet problem

P) {Euz—diw\f—kfo in §,

2.10
( ) u=0 onT,

where divy f = 01 f1 + AOafa, in the sense that

Alu, @) = /{31U31<P + A2 02udap}dz = /{f131<ﬂ + faOo + fop}dz = Ls(¢p)
Q Q
for any ¢ € C§°(Q).

The proof follows straightforwardly by standard arguments from the Lax-
Milgram theorem because of our Poincaré inequality (Theorem 2.4).

Arguing as in [F] and in [F'S], Theorems 5.11 and 6.4 respectively, we can prove
the following result.

Theorem 2.6. If fo,|f| € LP for p > po = po(}), then the solution u of (P) is
Holder continuous in Q.
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3. FINITE ELEMENT METHOD

Let us start by constructing a triangulation of 2 which fits the geometry associ-
ated with the operator. Note that the parameter n which will be considered from
now on has nothing to do with the dimensionality of the space, which is fixed and
equal to 2.

Theorem 3.1. For any n > 0 there exists a finite decomposition T, of the domain

ﬁ:UK,

KeT,
where

(i) each K is a compact triangle with nonempty interior Int(K);

(i) Int(Ky) NInt(K2) =0 for distinct K1, Ko € T,;

(i) of F = K1 N Ky # 0, where K1 and Ko are distinct elements of T, then
F must be a side for both Ky and Ko or a vertex for both K1 and Ky (this
means that no vertex of one triangle lies on the edge of another triangle);

(iv) for any K € T,, there exist Zx, Zxc € R? and Tx,7x > 0 such that

B(EK,T_K)QKQB(EK,T:K), O<C§Z—K§O,
TK

¢ and C being geometric constants;
(v) supg Tx < const n~ Y4 where ~ is the constant appearing in Proposition
2.2.

Proof. Let us start by constructing the vertices of our triangulation in the set o
where x > 0,y > 0. By reflection across the axes we will obtain all the vertices of
the triangulation.

First, let us choose o > 0 such that o fol A(s)ds = 1. Without loss of generality,
we can assume that the constant ¢; in Hypothesis (H) is such that ac; < 1, and let
00,01, ...,0, be chosen so that

6j+1 1
(3.1) dp =0, a/ A(s)ds=—= for j=0,1,...,n—1.
5 n
This choice is always possible by putting A(t) = fot A(s)ds (which is strictly
increasing by Hypothesis (H)) and
(3.2) 5j=A—1(i), j=1,....n.

an

Then we can consider the triangulation of af given by the family of nodes
k .
(9; ﬁ)’ j=0,....,n; k=0,...,n.

Note that the nodes

and

n .
(5J ﬁ)? ]207"'7n7

belong to I'. From the above construction it is clear that N ~ n?, where N is the
number of nodes in the triangulation.
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It is easy to see that the triangulation associated with this family of nodes
satisfies (1)-(iii).

Let us prove (iv). To this end, let K be a triangle of 7,,. Its vertices will be of
the following forms: either

k k k+1 .
(5‘7,5), (5j+1,g), (6j+1,T), J =O,...,n—1, k:O,...,n—l,

or

k k k+1 .
G5 0) Grn) (Gpo)s  G=0.n=1, k=001

For simplicity, let us consider only the case with K given by the vertices

k k k+1
(3.3) Pr=(0,-), Pr=(041,2), Ps= (05, ——)
_ k - « .
Set Zx = (0, ﬁ> and 7 = max{c—, 1} - (641 — ¢;), where ¢ is the constant of
1

Hypothesis (H). We have

0j+TK
F(Zk,7K) :/ A(s)ds > ¢1Tx  max A
5; (0,0 +7K]

Z Oé(5j+1 — 53) max A

+05+1]
Za/(sjj+1/\(8)d82 % = $—§7
so that:
(3.4) K C Q(Zk,7k) C B(Zk,bik),

and hence the second inclusion in (iv) is proved with 7x = bfi. To prove the first
inclusion, set

k+6
2 = (05 +0(0j41 — 0;), ——

), Tr =e(1 = 6)),

where 0, e € (0,1) are fixed constants such that § + ¢ < 1/(1 + c%a)’ e <ciab.
Let us prove that Q(Zk,7x) C K, so that, by Theorem 2.3, we can choose

T = Tk /b. To this end, it will be enough to show that:

(a) the vertex (0; +6(0j41 — 6;) + (8,41 — 6;), B2 + F(zk,7k)) lies below the
line Z9 = m{—zl + k(5j+1 — 53) + 5j+1} = 1/)(21) (Wthh connects PQ
and P3),

(b) the vertex (&; + 0(d;41 — 6;) — &(8j41 — J;), B¢ — (2, 7)) lies above the
line zy = % (which connects P; and P»), and

(c) the vertex (8; +60(8;41 — ;) — (841 — 6;), Bt — F(2k, 7k )) lies on the right
of the line z; = ¢; (which connects P; and Ps).
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Indeed:
(a)
k+0 - k+0 8j46(8541—05)+e(6541—5;)
2 F(zk, k) = +/ o)
! " 6;+0(6;+1—0;5)
k+40
- n + 5( 741 ]) [5j+9(5j+1—6j)%§i)%9+5)(5j+1_5j)]
k+46
S T el o) e
(since 41 — 6; > 0 and 0+ < 1)
k40 i1
< Ly A(s)ds
n Cc1 5;
(by Hypothesis (H))
k+0 1
e s —(1-0—c+k)
n acin n
: 1
(since 2 <1+ —)
1
= 1/1(5j + 9(5j+1 — 5j) + 5(5j+1 _ 5].)).
(b)
k+0 k40
L_F(éKafK) > R0 e
" n acin
(arguing as above)
k 1 k
=2+ —)> -
non acy n

(€) 0j +0(6j41 — 65) —e(dj41 — 0;) > 9, since € < c1ab < 6.

To achieve the proof of (iv), we note that both 7 and 75 are given by a geometric
constant times d;41 — J;, so that assertion (iv) is completely proved.

On the other hand, by (3.1) and (2.2),

1 Ojt1 (65+1—65)/%o )
= [ aeis=a [ A3 + sto)ds > cl€o) (341 — 8,)17,
an 5 0
and then (v) is proved. |

We can proceed now in a standard way by defining a finite dimensional space V,,
in the following way: Let Py,..., Py, N = N(n) be the nodes of 7, which belong
to Int(2). We consider the set ®, of all continuous piecewise linear functions
vj,j=1,...,N, such that

(35) " =0onl and (pJ(PZ) :5ija = 1,.. N

9 )

and we denote by V,, the linear space generated by ®,,.

Lemma 3.2. V,, C ;I}\(Q) form>1

o

Proof. Tt is enough to note that V,, ¢ H'(2) C H} (). O
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A function v, € V,, now has the representation

N
(3.6) vn(2) =Y va(P)pi(2),
=1

and our Dirichlet problem can be approximated by the following one.
Find wu,, € V,, such that

(3.7 (P,) A(un,vn) = Li(vy) Yo, € V.

As in the elliptic theory, the above problem can be solved by solving an N x N
linear system of equations whose stiffness matrix has elements given by

(a(%a ‘Pj))i7j:17...7N'

We will see in Section 5 a discussion of a numerical solution of this problem.
Again as in the classical theory, we can define an interpolation operator
I, : C%(Q) — V,, as follows:

(3.8) I, (v) =Y v(P)epi.

=1
4. ERROR ESTIMATE

Suppose now that f = (f1, f2) belongs to LP(€)) with p > pg as in Theorem 2.6,
so that the solution u of the Dirichlet problem (2.10) is continuous on (.

We will follow the classical Galerkin approximation scheme (see [QV], 6.2.1).
This technique provides us with an error estimate giving the rate of convergence
of the approximate solutions u, to w in the norm of the space of weak solutions
H3(€2). It must be noticed that this error estimate is optimal, as will be clear from
the numerical results reported in Section 5. As in the usual elliptic case, the error
estimates rely on L? estimates of the second derivatives of u; however, because of
the lack of ellipticity when = = 0, we cannot expect usual H? estimates to hold,
but, in the spirit of our approach, if we denote by X1, X2 the vector fields 0; and
A(z)0s respectively, our second order degenerate Sobolev space H3(§2) will consist
of these u € H} (1) such that each monomial X; X;u belongs to L*(Q2) for i,j = 1,2,
endowed with its natural norm.

Unfortunately, the corresponding estimates up to the boundary seem rather hard
to obtain. Nevertheless, if we restrict ourselves to a diagonal operator of the form

Lo = —02 — N2(2)02,

where A is a C%! function satisfying Hypothesis (H), these boundary estimates can
be deduced from analogous interior estimates.

For instance, if A2 = u2, where p is a smooth function such that u(m)(O) #0
for some m > 0, then these a priori interior estimates for second order ‘derivatives’
hold as a particular case of a deep result of Rotschild and Stein ([RS]). Note that
if A has such a form, then Hypothesis (H) is automatically satisfied (see below).
For instance, the prototype Grushin operator corresponding to A(z) = |z|7 satisfies
this assumption when v € N (note that the choice of the symbol v for the exponent
is not casual here, since it is consistent with (2.2)).

Let us start with the following general result that does not rely on any particular
structure of L.
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Theorem 4.1. Suppose X is a C*1 function satisfying Hypothesis (H) such that
A2 e CY1, its zeros are isolated and belong to Int(QY), and that (A\2)" > 0 in
a neighborhood of these zeros. If f € L*™(Q), then there exists a unique u €

I(}}\(Q) N C%(Q) for some o € (0,1) such that
Lu=f in Q.
If in addition X; X;u € L*(Q) fori,j = 1,2 (where X1 = 01, Xo = \()d2), then

the Galerkin approzimations u, € V,, defined by (3.7) converge to u € H () as
n — oo and the following error estimate holds:

v — unll 1) < B~
where B depends on || f| p2(q) and on || X; X ullr2(q), i, = 1,2.
Remark. Suppose in addition we know that for any f € L*(Q2) we have u € H3(Q)N

H3 (). This implies that the map u — Lu is a bijection from H3(Q)N H} () onto
L?(Q), and hence, by the closed graph theorem, the following a priori estimate
holds:

2
S IXiXullz2@) < Cllfl2e)-

i,j=1
If such an estimate holds, then the error estimate can be written in the form
lu = wnll 1 @) < Bn VD £l 20,
where B is a geometric constant.
Proof of Theorem 4.1. First of all we notice that f € ﬂle L?(Q), and hence u €

Hi(9Q) N C%(Q) for some o € (0,1) by Theorem 2.6.

Without loss of generality, we may assume that A(0) = 0 and A(z) > 0 if x # 0.
Moreover, we can assume that A(a’) > A(z”) for 0 < 2" <2/ and A(z') < A(z”) for
2’ <2’ <0. As in [QV], Theorem 5.2.1, there exist By, Bs > 0, depending only
on v and the constant ¢ of (2.9), such that

(4.1) unll 1) < Billfll2(@),

(4.2) lun —ullgy (@) < BQUig{’/ lw—vnll a1 (-
On the other hand,

(4.3) Jnflw = vl ) < lu = Ta(u)llay @),

since II,,(u) is well defined because of the continuity of u and it belongs to V,
because of Lemma 3.2. By combining (4.2) and (4.3) it will follow that u, — u in
H,(Q) once we have proved that |lu — I, (u)| g1 () — 0 as n — oc.

Now

ot = T ()23 ey < el = M) 20y + 192 ( = T () 2200}

(4.4) =c > {llu =Tl z2) + [IValu = ()] 22s6) }-
KeT,
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We have:

Lemma 4.2. There exists a geometric constant By > 0 such that, if we put X, =
81, Xy = /\82, then, ’LfK S ’];L,

llu — T (u)l| 22 (k) + [[Va(u — Tl (w))] 22 (1)
(4.5) < B3{||X12u||L2(K) + 1 X3ull L2y + HX2X1U||L2(K)}n_l/(1+7)~

Note that Int(K) intersects neither I' nor the degeneration line = 0, so that
ue C *(IntK), by classical Schauder estimates.

loc

Proof. First, let us estimate

3
(4.6) / [Va(u — I, (u))] da:dy—/ [V(u Zu Qi) i) Pdady = I,
i=1

where Q1, @2, Q3 are the vertices of K.

Suppose for instance that K has vertices (§;, £), (6,41, £), (6;, £t2), and put
(4.7) x =05 + (65401 — 0;)a
: y=k 4Ly

The above change of variables maps K onto the base triangle of vertices (0,0), (1,0),
(0,1), and its Jacobian determinant is 2| K|, so that, if we denote by ¥ any function

v written in the new variables z’,1/, we get
3

@9 [ mmPdedy = 20K] [ =30 0(@)alddy
=1
Note now that

Opd = (8j41 — 0,)0pv, Oyl = ~0yv.
Then
3
[ 1ot =3 @)y - 2|K|/ 10, Paady
K i=1
2| K
__ 2K / |0 ( | dx'dy’
J+1 - 5
(4.9) = / 10, () [2da’ dy'.
J+1 - 5
Analogously

3
[ @y = 3o u(@up) Py
= (81— 6;) / N0 + (G151 — 67)2")| 0y ()P dy

< n(dj+1 — 9;) max A)? |8 | da'dy’

_7 J+1

1 n J“
< —_
_02(6J+1_5)(/ dt /|8 |d$dy

= / |0y ( | dx'dy’, by (3.1),
j"rl - 5
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so that

3
(4.10) I < 07)|ﬂ - Z;Q(Qi)@i ?{1(}”{)7
where Ql, Qg, Q3 are vertices of K, and |- |Hk([() denotes the seminorm given by the
sum of the L?—norms of the highest derivatives. We can now apply the following

classical estimate:

3
i=1
(see, for instance [QV], Theorem 3.4.1), and we get
1 2 ~12 2 ~112 al12
I < Cm{naﬂuHLz([}) + ”ay’uHLz(f{) + ||ay'81'u||L2(k)}

01 =) o5 1 o112

= {10 iy + 5y 10 ey
(4.12) (G541 = 85)

39 2
e [ P
1 1

= C{(5j+1 - 5j)2||8£u||2L2(K) + Fﬂaguﬂiz(m + ﬁ”ayazuﬂiz(m}

= {Jl + Jo + J3}.
First of all, we note that J; can be written as follows:

J1 = (01— 0)° | XPull T2 gy

the next step will consist of proving that
(4.13)  J2 < c(8j41 — ;)1 XJullTary and  Jz < e(d41 — 6;)? | Xo X1ul| 72 ).
To this end, we observe that, if x € K, then, by the monotonicity of A,

&) = A(3;) > é/éj A1)t = — !

T 6 —0j-1 Js,, (0 —dj-1)’
so that (4.13) will follow by proving that
(4.14) d; — -1 < (6541 — 05)

forall j=0,1,...,n—1.
On the other hand, it is easy to see that

d((aj—la k/n)v (5ja k/'fl)) < 5]' - 5j—17
so that, by Proposition 2.2 (iv), we have
F((65,k/n),85 = 6j-1) < cF((dj-1,k/n), 85 — ;1)

9; ¢ Sj+1
= c/ At)dt = — = c/ A(t)dt
8j-1 an 9
= cF((05,k/n), 641 — 0;) < F((05,k/n), (6541 = 6;)),
by Proposition 2.2 (iii), and hence (4.14) follows by the monotonicity of the function
t— F((6,k/n), ).
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Thus
Iy < (b1 = )2 {1 XFula ey + 1 X3ullF ey + 1 XoXaula ) |
< 0 O Xl ey + I X5 ulla ) + 1Ko Xaul Ry

by Theorem 3.1 (iv) and (v). Finally, the term

L / fu — 0, () [2deedy
K

can be handled in the same way.
Combining (4.4) and (4.5), we complete the proof of Theorem 4.1. |

Theorem 4.3. Let \ be as in Theorem 4.1, and let the following interior a priori
estimate hold: if v € Hy,, (R?) is such that Lov = g € L*(Q), then for any
¥ € C5°(R?)
> IXi X @v)lla@) < Collgllroe)-

i,j=1,2
Then the following error estimate for the Galerkin approximations of the solution
u € HY(Q) of Lou = f € L>(Q) holds:

lu = tnl 1 0y < BnY D fll 120y,

where B is a geometric constant.

Proof. By Theorem 4.1 and the subsequent remark, we have only to prove that
X;X;u € L?(Q) for i,j = 1,2. Consider the following covering {F};} for €
F :] — 00, —1/4[XR, F :]1/4,+OO[XR7F3 :] - 1/3, 1/3[X] - 3/4,3/4[, Fy = e
+]—1/3,1/3[x] —1/3,1/3[, Fs = —ea+] — 1/3,1/3[x] — 1/3,1/3[, where e3 = (0,1).
Let moreover {¢;,7 = 1,2,3,4,5} be a partition of unity subordinate to the cover-
ing {F;}, with ¢; € C3°(R?), 0 < ; < 1, supp ¢; C F;. We have

S IXiXjullpa) < 0D I1Xi X (k)| 2y -

i, ki
Consider now k = 1,2: these cases can be easily reduced to usual elliptic estimates.
Indeed, in F} and F5 the Hf norm is equivalent to the usual Sobolev norm, for
A is bounded away from zero on these regions. On the other hand, for the same
reason, the operator L is elliptic on Fy and F», and then it satisfies standard H?
a priori estimates by a well known regularity result on planar angular regions due
to P. Grisvard ([G]). Thus, if we take into account that

Lo(Yru) = Yrf — 2(Vatr, Vau) — ulor = g,
and that [|gxlz2() < cllfllz2(q), we get for k=1,2
S XX (k)| 2y < clltnullazi) < el Lo(ru)ll2@) + [rullz2@)
5,J
<l fllzz2(o)-

Thus we can restrict ourselves to considering, for instance, the region F;. We set
Fy=Q, Q- =ext+]—1/3,1/3[x]—1/3,0[ and Q4+ = ea+] —1/3,1/3[x]0,1/3[. We
can assume that 14 = 9 satisfies ¢» = 1 on B(ea, 1/4).
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As above, uth € H}(Q) and Lo(uwy) = g € L*(Q), with ||gllz2) < cllfllr2)-

We now define
in -,
Giwy) =49 ™ @
0 mn Q+7

and we denote by v; € H}(Q) the solution of the problem

(P) Lovi =G;  in Q,
v1=0 on 0Q.

Let Ga(z,y) = G1(x,2 — y) and let vo € H}(Q) be the solution of the problem
(P) Lovz 2 in @,
vo=0 on 0Q.
We have:
(1) v1,02 € CO*(Q);
(2) va(z,y) = v1(z,2 — y).
The first property holds as above, arguing as in [FS], whereas the second property

follows from the uniqueness of the solution of (P), if we prove that vi(z,2 — y)
solves (P»). To this end, let ¢ € C§°(Q); then

/Q [(02)a(:2 — 1) (2, 4) — N2(@) (01)2—y (2.2 — 9)py (2,y)] dudy
- /Q [(01)2 (22 1) (1,2 — 1) — X2(2) (01} (@, M) P (2 — )] didy

- /{D2 [(02)2 (22 )b (22, 1) + N2 () (00 ) 2, ) 2, )] il
(where ¥ (z,n) = o(z,2 — 1))

=/ Gl(xan)@b(ﬂcan)dwdn:/ Gi(z,n)p(x,2 — n)dxdy
Q Q
=/ Gi(z,2 —y)p(z,y)dzdy

Q

:/ Gz(x,y)go(:v,y)dxdy
Q

Now we put v = (v; — 02)|§ , so that v(z,y) = (v1(z,y) — vi(z,2 — y)) }5 U €

C%(Q_) and v = 0 on Q_. Moreover, v € H}(Q_). We assume we have proved
that v € ;I}\(Q_), and we verify that Lov =g in Q_. Let ¢ € C§°(Q-); then

/ (vapr + )\Zvycpy)d:vdy

= / [(Ul)z(pz + /\2(vl)y<py] dxdy — / [(vz)mgom + /\Q(UQ)ytpy} dzdy

:/ (Gl—Gg)goda:dy:/ gedxdy,

since G; = ¢g in @_ and G2 =0 in @_. Hence by uniqueness v = u.
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We prove now that if v € HI(Q_) N C%*(Q_) and v = 0 on Q_, then

v € H3(Q-). To this end we consider the covering for Q_ given by Ey = Q_ N
(] — 00, —1/4[xR), B> = Q- N (]1/4, +00[xR), F3 = Q- N (Rx]1 — 26, +0]), B4 =
Q- N (Rx]1 — 4,—o0[), and let {¢;,i = 1,2,3,4,} be a partition of unity sub-

o
ordinate to this covering. It will be enough to prove that vyp; € H}(Q-) for
i = 1,2,3,4. This is clear for vy; and vys, since v, vps € HY(Q_) and so

ve HY(Q-) C H{(Q-) by the usual results on Sobolev spaces. We now prove that

vps =0 € HY(Q-); vy can be treated analogously. To prove that o € Hi(Q-)
we will prove that o can be approximated by functions @, € H}(Q-) such that
supp ¥, C @Q—. Indeed, since the usual convolutions with Friedrich’s mollifiers do
converge in H3(Q_) ([FSSC], [GN]), each ©,, can be approximated in H}(Q_) by
functions in C§°(Q-), and hence the statement follows.

Let ¢, : [0,400) — [0 : +00) be a smooth function such that ¢, = 1 on
(0,1 —1/n], ¥, =0 on [I —1/2n,+00), 0 < ¢, < 1, |1, < 3n: we set T, = 1, 0.
It follows that supp o, C Q— and |[0n — 0|22 ) = [[0(¥n — 1)||lL2(@_). Now
(Y, — 1) — 0 a.e. and |0(vp,, — 1)] < |9, and hence the norm tends to zero.
Therefore 9, — ¥ in L*(Q_). Analogously 8,9, — 0,0 in L?(Q_). Assume we
have proved that [|A9yon L2y < C. It follows from the reflexivity of H}(Q-)
that (9,)nen converges weakly in H}(Q_), and then ¥, — ¥ weakly in H}(Q-)
since ¥ € H}(Q-) and ¥, — 0 in L*(Q_). Hence, by Mazur’s theorem, © is the
limit in H}(Q-) of a sequence of finite convex combinations of {, k € N} which
are still functions supported in ()_, and we are done.

Let us prove now that |[A0y¥y | 12(g_) is bounded. We notice that

v
ay € L*(Q- N {lz] > €})
o7

for every € > 0, and hence the function y — 55 (z,y) is in L}

ioc for almost every x.

Therefore, using the property v(z,1) = 0, we have

L 95 L ap, \?
el < | |—<x,t>|dts\ﬁ1—y(/ 2 dt)
for (z,y) € @—. We then have

[AByUnllL2(q-) < IMn(0y D)l L2(q-) + AU(Dythn)llL2(q-)-

The first term tends to [[AJ,¥|[z2(g_) as n — oo, as above. Concerning the second
one, we have

1/3 1
N0 ey <90 [ doke) [ dyiany)
1

~1/3 “1/n
1/3 1 1 95
§9n2/ dzv‘(x)/ dy(l—y)/ 198 (2, 1) 2t
-1/3 1-1/n 2/3 dy
2 8’[) 2 !
—on / dedtZ 2 (2, 1) / dy(1 — )
Q- dy 1-1/n

v
= §||/\a—y||2L2(Q,),

and the statement is proved.
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Now results on interior regularity for problems (P;) and (P») guarantee that
X2v;, X1 Xov;, Xo X105, X3v; € L?(B(ez,1/4)), and hence it follows that X?Zu,
X1 Xou, XQXlu,XZQU S LQ(Q) |

Corollary 4.4. Let X be such that A = |p|, where p is a smooth function such that

p(0) = 4/(0) = - = u"D(0) =0
and p"™(0) # 0 for some m > 1. Then the conclusion of Theorem 4.3 holds.

Proof. The two vector fields Y7 = 01, Yo = uds satisfy Héormander’s rank condition
since the rank of the Lie algebra generated by Y7 and Y5 equals 2 at each point of
R2. Thus the interior a priori estimate of Theorem 4.3 follows from Theorem 16
(d) in [RS]. Thus we have only to show that Hypothesis (H) is satisfied, since the
remaining assumptions of Theorem 4.1 follow straightforwardly. On the other hand,
Hypothesis (H) follows by Proposition 5 in [FW], where it is shown in particular
that, because of the Héormander condition, the function u belongs to RHo, i.e. its
average on any interval is equivalent to its L' norm on the same interval, and so
we are done. O

5. ALGORITHM AND NUMERICAL RESULTS

In this section we will describe some numerical tests of our previous results; as
we pointed out in the Introduction, the number v+ 2 plays the role of a dimension,
which can be very large if the operator is strongly degenerate. Because of this, to
test the trend of our estimates we have to work with a mesh containing a large
number of points, and, for this reason, we have to choose our implementation
rather carefully. The algorithm we used to perform our numerical integrations is
MGGHAT, a unified multilevel adaptive refinement method, in which a unified
approach to the combined processes of adaptive refinement and multigrid solution
has been very conveniently implemented. A detailed technical description of the
method can be found in [M1], [M2].

In our case the refinement cannot be obviously performed by bisecting pairs of
triangles, since we want to reproduce the geometry associated with the differential
operator considered. The hierarchical basis scheme can nevertheless be applied,
since also for the geometries considered in this paper it is possible to implement
divisions (which reproduce the geometry required) of a pair of triangles, correspond-
ing to the addition of a new basis function having support for the pair of triangles
divided, and leaving the existing basis functions unchanged; in fact we modified the
part of the program producing the mesh generation, according to our geometry.

Indeed, from (3.2) it can be seen that at each level of refinement all the old
nodes are maintained, and some new ones are added. This is exactly the principle
on which the hierarchical basis approach is based. The hierarchical basis coincides
with the usual nodal basis at the first level of refinement. As refinement proceeds,
with each division one or more new nodes are added, and for each node a new
basis function is defined so that it has the value 1 at the new node and 0 at all
other nodes, but the existing basis functions remain unchanged. The choice of
hierarchical basis leads to a representation of IT, (u) which differs from (3.8), and
then to a different stiffness matrix: the algorithmical gain is described in [BDY]
and [M2].
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As an example, we choose
A =+/Bm|z|™ ! for §>0and m > 1,
so that it is easy to check that (2.2) holds with v = m — 1. Put
R = Blz*™ + y? and  u=RY™
and, finally,
v=(1-2%(1 —y*)u.

A direct calculation shows that v € HL(Q2), and that f = Lov € L>(2); on the

other hand, if m > 2.5, then v does not belong to the usual Sobolev space H(f2).
This fact is not surprising, since the function u is equivalent to the square of the
distance d of the point (z,y) from the origin (see [FL]), so that it reflects in a rather
subtle way the properties of the model operator £y and it is strictly connected with

o
the Sobolev space H} ().
We can now evaluate the discretization error in the energy norm

[0z (v — vn)||L2(Q) + [[A0y (v — Un)||L2(Q)7
which not only is the norm naturally associated with the operator, but it also is the
only ‘reasonable’ norm, since in general the H'-norm of v is infinite. By Theorem

2.4, the energy norm is equivalent to the norm in H}(Q).

In the following pictures we plotted these errors in a log-log scale as a function
of N, the number of the nodes of our triangulation, which we recall is proportional
to n? (we call the triangulation corresponding to the geometry naturally associated
to the operator the natural triangulation, see Figure 3), and we compared it with
the errors we obtain (for the same number of nodes) by using an adaptive version of
our triangulation, a uniform triangulation and an adaptive uniform triangulation.
The graphs in Figure 1 correspond to 8 = 128 and m = 4 (y = 3) and m = 6
(v = 5), respectively. The choice of a large 3 has been suggested by the need of
amplifying the behaviors we are interested in studying.

Finally, we evaluated the trend of the error estimate, reported in Table 1, by
comparing it with the theoretical estimate (always in the same logarithmic scale)
in the cases m = 2 (y = 1) and m = 3 (y = 2). The expected trend for the
errors is of the form N, where by our error estimate b = —0.25 for v = 1 and
b = —0.16 for v = 2. The results obtained from the linear fitting of the data, i.e.
b= —0.242 £+ 0.008 for v =1 and b = —0.17 £ 0.01 for v = 2, shown in Figure 2,
are a clear indication of the optimality of the error estimate.
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FIGURE 1. Plot of the discretization error in energy norm, as a
function of the number of nodes N, obtained with four different
triangulation types: natural (i.e. obtained using the geometry nat-
urally associated to the operator), uniform (i.e. obtained using
Euclidean geometry), adaptive uniform (i.e. obtained by an adap-
tive refinement method in the Euclidean geometry) and adaptive
natural (i.e. obtained by an adaptive refinement method in the
geometry naturally associated to the operator); for v =3 (m = 4)
(Figure 1la, top) and v =5 (m = 6) (Figure 1b, bottom).
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FIGURE 2. Fitting of the discretization error in H; norm for
v =1 (m = 2) (Figure 2a, top) and v = 2 (m = 3) (Figure
2b, bottom). The smaller nodes have been discarded to consider
only the asymptotic regime. The line superimposed on the data is
the result of numerical fit. The data have been fitted with the lin-
ear function f(N) = a x N? where N is the number of nodes used
in the triangulation. We obtained the values b = —0.242 £ 0.008
for v = 1, corresponding to the theoretical prediction b = —0.25,
and b = —0.17 £ 0.01 for v = 2, corresponding to the theoretical
prediction b = —0.16. The set of data used are also reported in

Table 1.
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TABLE 1

N y=1|~v=2
545 | 0.1483
1089 | 0.1279
2113 | 0.1039 | 0.1265
4225 | 0.0895 | 0.1080
8321 | 0.0763 | 0.0978

16641 | 0.0674 | 0.0877

gamma = 1, grid = natural, mxtri = 128

[BDY]

[CDG1]

[CDG2]
[CF]

[DG]

FI1GURE 3. Example of a triangulation with 128 triangles obtained
with the geometry naturally associate to the operator, with v =
1 (m=2).
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