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ANALYSIS OF LEAST-SQUARES MIXED FINITE ELEMENT
METHODS FOR NONLINEAR NONSTATIONARY
CONVECTION-DIFFUSION PROBLEMS

DAN-PING YANG

ABSTRACT. Some least-squares mixed finite element methods for convection-
diffusion problems, steady or nonstationary, are formulated, and convergence
of these schemes is analyzed. The main results are that a new optimal a priori
L2 error estimate of a least-squares mixed finite element method for a steady
convection-diffusion problem is developed and that four fully-discrete least-
squares mixed finite element schemes for an initial-boundary value problem of
a nonlinear nonstationary convection-diffusion equation are formulated. Also,
some systematic theories on convergence of these schemes are established.

1. INTRODUCTION

The purpose of this paper is to analyze the fully-discrete least-squares mixed
finite element methods for a nonlinear nonstationary convection-diffusion problem
written as a first-order system. Recently, there has been an increasing interest in
applications of least-squares finite element algorithms to various problems, steady
or evolutionary. Many papers have been written on applications and theories of
least-squares finite element methods for various elliptic boundary value problems,
e.g., see [2, [31 [7, [8, [LO| 111, (12, [13] [14, [18, [19] [20, [21], 25| 26]. In recent years,
least-squares finite element methods have been extended to many nonstationary
problems, e.g., see [9l [14] 15 [16], 24 28]. However, compared with least-squares
finite element methods for stationary elliptic problems, the corresponding theory
for time-dependent problems is much less developed. Some convergence analysis
for first order hyperbolic systems and for some semi-discrete methods for a linear
convection-diffusion problem and a hyperbolic system were discussed in [9, (15, 16]
and the references cited therein.

In this paper, we will develop the algorithms and theory of the least-squares
mixed finite element methods for elliptic problems proposed in [7, Bl 25, 26] to a
nonlinear nonstationary convection-diffusion problem. Let €2 be an open bounded
domain in R?%, d = 1,2,3, with a Lipschitz continuous boundary I'. As a model
problem, we consider the following initial-boundary value problem for a nonlinear
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convection-diffusion equation:
(a) c(u)% —div(A(uw)Vu +b(u)u) = f(u) inQ, 0<t<T,
(1.1) () v=0 on I'p, (Aw)Vu+buwu)-v=0 on I'y, 0<t<T,
(¢) wu=wup in Q, t=0,
where V is the gradient operator and div the divergence operator. b(u) =
(b1 (u), -+, bg(u)) T is a vector-valued function, the coefficient c(u) a strictly posi-

tive function and the coefficient matrix A(u) = (a;;j(u))axq a symmetric uniformly
positive definite matrix, i.e., there exist positive constants a, and ¢, such that

d d
(12) @) &< a0, <), VEeR!, veR,
i=1 i,j=1

I' =TpUT'ny and v is the unit vector normal to T'y. In general, the coefficients
c(u), f(u), b(u) and A(u) are also dependent upon the time variable ¢ and space
variable z. For convenience and without loss of generality, we assume that the
coefficients depend only on the unknown u.

The nonlinear convection-diffusion problem (II]) may be rewritten as a first-
order system of the form

—~

a

b

c

) c(u)%—l—divg:f(u) in Q,0<t<T,

) o+ A(w)Vu+bu)u=0 in Q, 0<t<T,

) u=0 on I'p, og-v=0 on Iy, 0<t<T,
(d u=uyp inQ, t=0.

(1.3)

~ o~

By using the difference quotient to replace the partial derivative with respect to
time in (3)a)), one can discretize the nonlinear first-order parabolic system (L.3)
into a system of first-order elliptic equations and then solve them layer by layer
through use of various least-squares finite element methods. For elliptic problems,
various weighted L?-norms may be used to formulate least-squares finite element
schemes. However, it is well-known that convergence of any approximate scheme
for evolutionary problems is also based on their stability in the time direction in
the sense of some norms. For the standard finite element methods and the classical
mixed element methods, the conservative properties of the original problems are
kept naturally so that they are stable and convergent, but this is not true for least-
squares finite element schemes based on general weighted L? norms. Therefore, it
is very important to choose a suitable weighted L?-norm to formulate least-squares
mixed finite element schemes for time-dependent problems.

The paper is organized in the following way. In Section 2, we give a new result
on the optimal L2-convergence of a least-squares finite element method without
introducing the curl operator for a linear elliptic problem. In [7, [8, 25, [26], the
ellipticity and the optimal error estimates in H(div; Q) x H!(Q) have been proved,
but the optimal L?-norm error estimate was not given. We formulate a modified
scheme in the sense of a weighted L2-norm and prove that this scheme has opti-
mal accuracy in L2-norm if the classical mixed elements are used. Then we will
formulate four fully-discrete least-squares mixed finite element schemes for the non-
linear first-order system ([L3)) in Section B] and establish the systematic theories on
convergence of these schemes in Section [Ml.
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2. A NEW RESULT ON LEAST-SQUARES FINITE ELEMENT METHOD
FOR LINEAR SECOND ORDER ELLIPTIC PROBLEM

Throughout the paper, we introduce usual Sobolev spaces W*?(Q) (k >0, 1 <
p < 00) defined on  with usual norms | - [|yr.r(q) as in [I]. Let H*(€) = W’“ (Q )

and define the standard inner products as follows:
d

(u,v) = /Qu(x)v(x)dx,v u,v € L2(Q); (o,w) = Z(Ui,wi),v o,w e (L*(Q)%

i=1

In this section, we study a least-squares mixed finite element method for solving
a linear steady convection-diffusion problem of the form

(a) —div(AVu+bu)=g¢ in Q,

2.1
21) (b)) u=0 on I'p, (AVu+bu)-v=0 only,

whereb = (b1 (), -+ ,ba(x)) " is a given vector-valued function and A = (a;; (%))axa
is a symmetric positive definite matrix function satisfying ([C2).

Carey, Pehlivanov, Vassilevski and Lazarov in [8, 25 [26] and Cai, Lazarov, Man-
teuffel and McCormick in [7] studied least-squares mixed finite element methods
for the first-order system of the form

(a) diveo+ b'A ' +cu= g in Q,
(2.2) (b)) c+AVu=0 inQ,

(¢) u=0 onTp, g-v=0 onTly.

Under some restrictions on the coefficients of (22)), the systematic theories on
positive definiteness and convergence of some least-squares mixed finite element
schemes in H(div; Q) x H'(Q) were established in [8, 25| 26], and then a new
theory was given in [7] under a very general condition. We consider a first-order
system of the form

(a) divg=g¢g inQ,
(2.3) (b) o+ AVu+bu=0 inQ,

(¢ u=0 onTp, c-v=0 only.

Introduce the spaces H = {w € (L?(Q))¢; divw € L?(Q), w-v =0 on 'y}
and S = {v € H'(Q); [ov dz = 0} if I'p is an empty subset and b-v = 0 on
Ior S ={ve H(Q);v =0 onTp} Let Ty, and T, be two families of
finite element partitions of the domain 2, where h, and h, are mesh parameters,
generally denoting the largest diameter of elements in the partitions 7}, and T},
respectively. In practical applications, the partitions 73, and T}, may or may
not be the same. Here, we want to emphasize their independence in calculation
and convergence analysis. Construct the finite element function spaces Hp, C H
defined on T}, and Sp, C S defined on T},,.

A least-squares approach is based on a minimization problem for a suitably
defined quadratic functional involving residuals of the differential equations in the
sense of some norms. Let a be any strictly positive function and D be any symmetric
positive definite matrix function. Introduce the weighted inner products (« -, -)
in L2(2) and (D -, - ) in (L?(Q))¢ with the corresponding weighted norms ||v||, =
V(aw,v) and || w ||[p = v/ (Dw,w), respectively. A general least-squares mixed
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finite element scheme for the first-order system (Z3) is based on the following
minimization problem.
Least-squares minimization problem. Seek (¢;,,up) € Hy, X Sp, such that

[ divey, —g 12 + 1| o5, + AVup +buy, |3 ]2

2.4 . . 1
(2.4) = min [| divw, —g |2+ @, + AVos + b |3 ]2

(wp,,vh)EHp, X Shy,

Introduce a bilinear form
(2.5)  a((o,w), (w,v)) = (adivp, divw) + (D(¢ + AVw + bw),w + AVv + bv).

The minimization problem (2.4)) is equivalent to the following least-squares mixed
finite element scheme.

Least-squares mixed finite element scheme A. Seek (¢;,,up) € Hp, X Sh,
such that
(2'6) a((ghauh)v (ﬂhavh)) = (ozg,divgh), v (ghvvh) € Hy, x Shu'

In the simplest case, « = 1 and D = I. The least-squares mixed finite element
scheme (Z8) has been studied, and the following results were given in [7].

Lemma 2.1 ([7]). The bilinear form a( -, - ) is such that there exist positive
constants K1, Ko and 3, dependent only on the weighted functions a and D, such
that for any (o,w), (w,v) € H x S

(@) al(g,w), (@) < K[ [IVelfyaa + @ 1*
(2.7) [ IVolleye + 1@l aive) 7,

(b)) a((w,v), (w,v)) = BlIVIIEL2 0y + |l aivio)):
Let (o,u) and (g, un) be the solutions of [23) and (Z8), respectively. Then we
have the a priori estimate

lu —un|lgr Q) + g — anll B e@ivio)

< Ko{ vhiélsfhu lw —vn |l g Q) + ghienlgh(, lg — wh |l F(aivi) }-

(2.8)

Assume that there exist integers k1 > k > 0 and m > 1 and a constant K3,
independent of h, and h,, such that the finite element spaces Hj_ and Sy, have
the following approximation properties (see [4 B, [6] 17] 22, 23]): for any w €
(HY(Q)YNH and v e H™HL(Q)N S,

(a

)

(29) (0) inf Jdiviw—w)lr2@) < Kahf [l e +1 ()
Wy o

(c)

where k1 = k + 1 when Hj,_ is one of the Raviart-Thomas elements in [23] or the
Nedelec elements in [22], and k1 = k > 1 when Hj,_ is one of the other classical
mixed elements in [4, 5, 6] or the C°-elements in [17]. Then (ZR) and ([23) lead to
the a priori error estimate

inf flw — wpllz2)e < Kshe ™ wll gy,
Q}LeHh'd

o0 {llo—wnllza) + hul[ V(0 — o)l 22} < Kshiy ol gmi ()

(2.10) lu —unllzr (@) + | @ — apllE(aivio)
' < Ka{h ull g ) + RS allgmr(ay)e}-
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The estimate (ZI0) is optimal in H (div; Q) x H(£2), but not in (L?(Q))4 x L2(£2).
For general spaces Hy,, constructed by C°-elements, approximate solutions with
optimal accuracy in the L?-norm cannot be obtained from the general scheme (Z6).
This fact has been indicated in [7] B 21], 25| [26]. In order to obtain approximate
solutions with optimal accuracy in the L2-norm in the cases of general spaces Hp,_,
such as C° elements, many authors have proposed various modified schemes, e.g.,
see [2, 3], [8, 10, 11l [12) 13} 18] [19, 20, 21}, [25], 26], in which some consistent curl
equations are introduced to change the original problems into first-order systems
with H!-ellipticity so that C%-elements can be used to obtain approximate solutions
with optimal accuracy in the L2-norm.

We hope to obtain optimal approximate solutions from least-squares mixed fi-
nite element schemes with the simplest forms without introducing any additional
equation. Introduce a bilinear form

b((0,w), (w,v)) = (adive, divw) + (A(e + AVw + bw),w + AVv + bv),

where A = A~1, and define a least-squares mixed finite element scheme.
Least-squares mixed finite element scheme B. Seek (g, un) € Hp, X Sh,
such that

(211) b((ghauh)v (&havh)) = (agadiVQh)v v (thvh) € th X Shu~

Our main result in this section is that the approximate solution defined by (211])
has optimal accuracy in the L?-norm if the finite element space Hy,, is one of the
classical mixed element spaces in [4, [3, (6, 22] 23].

Theorem 2.1. Suppose that the finite element space H},, is one of the classical
mized elements, such as Raviart-Thomas elements in [23], Nedelec elements in
[22], Brezzi-Douglas-Duran-Fortin elements in [4], Brezzi-Douglas-Fortin-Marini
elements in [5] and Brezzi-Douglas-Marini elements in [6] with index k. Let (o, u)
and (g, un) be the solutions of 2.3) and (ZI1), respectively. Then an optimal
error estimate holds:

v —unllz2) + g — apllz2(@))e

(2.12)
< Ks{h M Jul| o) + hET ] (gres 1. (yya }-

The proof of Theorem BTl is completed by using the following two lemmas.

Lemma 2.2. Let (g,u) and (g, un) be the solutions of problem [23) and the
least-squares mized finite element equation ([2I1)), respectively. Then an a priori
estimate holds:

lu —unllL2(0) + lla — apnllz2())e

< Kg{ hmt! inf -
(2.13) < Kol hy ™ lull gm+1 ) +£h16thd[ la — whll(z2(0))
+ sup (Oéle(g — gh)a divéh) ] }
e,EHp, ||d1V§h||L2(Q)

Proof. Introduce a bounded linear operator P : S — S}, such that
(AV (Pru —u), Vop) + (b(Pru — ), Vog) + (V(Pru — u), buy)

2.14
( ) + A(Piu—wu,vp) =0, Yo, €Sy

u?

where A is a positive constant such that the bilinear form on the left-hand side of
(Z14) is coercive in H*(Q). Tt is easily seen that the operator P; is a standard finite
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element projection of an elliptic problem so as to satisfy a standard error estimate

(see [I7]):
(2.15) l[u = Prull 20 + hull V(4 = Pra) || p2()ye < Krhig ]| g o)
[23) and (2.11]) result in the error equation
(2.16) b((c —ap,u—up), (w,,vn)) =0, V (wp,,vn) € Hp, X Sh,.
It follows from the error equation (2:16) that
b((wy, — ap, Pru—un), (wy, — ap, Pru—up))
=b0((w, — g, Pru—u), (@), — gy, Pru—up))
— (Alwy — 2), wy — 2 + AV(Pru — w) + b(Prs — up)
+ (Ab(Pru — u),w;, — o), + b(Piu — up))
+ (adiv(w, — 0),div(w, — g;,)) — A(Pru — u, Pru — up)
+ (V(Piu—u),w), —ay)-

(2.17)

Performing integration by part in the last term on the right-hand side of ([2I7) and
using the boundary value condition, we obtain an estimate from (2.17):
2 2
BLIPru = unllz o) + llwn — anllFaivie) |
< b((wp, — ap, Pru—un), (wy — ap, Pru—up))

< Ksf{llu = Pruf|72iq) + la — @i 112

(2.18) (adiv(c — w,,), dive,) o
i [ghsegfpha Tdiverllz
+ o[ [[Pru— Uh||%11(9) +llen — &h”?{(div;ﬂ)]a
for each w), € Hy, and 0 < § < 1. (ZI8) and (ZTIH) imply (ZI3). O

Lemma 2.3. Assume that the finite element space Hy, , is one of the classical mized
elements with index k in [4, [, 6, 22, 23]. Then an approzimate property holds:

(adiv(w — wy,), divey,)

inf w—w 2004 +  sup -
(2.19) E’LEH’LU[ : e enely,  |ldivellLz)

< Kohg ™|l s (@pya, ¥ w e HOTH@)! () H.

Proof. Tt is well-known that in the classical mixed element spaces defined in [4, 5]
6] 221 23], there exists an operator I}, from H onto Hj,, such that

(2.20) (div(Mpw — w),divwy,) =0, Yw, € Hy,, w€ H,
and
(a) llw—Mawll(rz2)ye < KiohitH|wllzres @))a,

(2.21) . .
(0) |div(w — hw)l[z2(0) < Kiohg |wl|(gri+1 ()

for any w € (H**+1(Q))¢ N H.
If the finite element space Hj,, is one of the Raviart-Thomas elements in [23] or
the Nedelec elements in [22] with index k1 = k + 1, (ZZ)) leads to (ZI9). If the
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finite element space Hy, is one of the other classical mixed elements in [4] bl [6]
with index k1 = k, we see from (Z20) that
(adiv(w — ITjw), dive,,)

< ||div(w — II inf dive, — ,
< [[div(w — Thhw) | 22(0) %e(;ilvl(Hha)Ha ivep, — onllL2 (@)

(2.22)

where div(Hp,) = {¢n = divw,; w, € Hp, }. It is also clear that the space
div(H},, ) is a piecewise polynomial function space of degree k1 — 1 > 0. Let ay
be a piecewise linear interpolating function of a on T} . From the approximation
(29) and the inverse property of the space Hj_, we know that

inf )||ahdiV§h — onll 2@

enediv(Hp,

1
2

(2.23) < Kbk | 37 Jlandive, |3 o)

T€Th,
< Kishellal[wi.e (o) lldivey || L2(o)-
Hence
(2.24) (adiv(w — Mjw), divey,)

< KishE [ allwoe oy lell (e +1 (e 1 dives, | 22 o) -
(E20) and (22) imply (ET9). 0

For a usual space Hj, constructed by a C%-element, the approximation (221))
and (Z24) cannot be ensured, so the optimal L2-norm error estimate (ZIZ), gen-
erally say, does not hold. Theorem [ZT]shows that a suitable choice of the weighted
function « and the matrix D will improve the accuracy of the approximate solution.
In the next sections, we will see that a suitable choice of the weighted function «
and the matrix D is more important for time-dependent problems to have stability
in the time direction.

3. FULLY-DISCRETE SCHEMES FOR A NONLINEAR NONSTATIONARY PROBLEM

In this section, we formulate four fully-discrete least-squares mixed finite element
schemes to solve the nonlinear first-order system (IL3]). Let the function spaces H be
defined as in Section2, S = {v € H'(Q); v=00nT'p}, and let H},, x S,, C Hx S
be a family of finite element spaces defined on a family of partitions 7}, x Tj,,.
Denote by A the inverse matrix of A. Make a time partition: 0 = tg < -+ <
t, < --- <tny=T.Set 1, = t, —th_1, and 7 = max T, as time step size. Let

1<n<N
u™(z) = u(z, t,) and u™ = (u™ — u"" 1) /7.

By using the backward difference technique with first-order accuracy to discretize

the nonlinear first-order system (3]), we can rewrite (I3) as

(@) u’=wuy in Q,

b) c(u Mo + dive™ = f(u" ) + R} in Q,
¢) "+ A" HVu" +bu" Hu" =F} in Q,
(d) a" 0

(
3.1
(3.1) (

u" =0 on T'p, V= on Iy,
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where
(3.) (@) Ry =c(u" )" — c(u)up + f(u") = f(u"),

' (b) EY = (A@"™") = A(u"))Vu" + (b(u""") = b(u"))u",
forn=1,2, ---, N.

Define a weighted bilinear form
An(z(0, w) (w,v))
=(— ] (c(2)w + T div 9), c(2)v + T, div w)

(
+ 7 (A(z) (@ + A(z)Vw + b(2)w), w + A(2) Vo + b(2)v).

Omitting the terms R} and F} in (B.I) and then applying the least-squares mini-
mum principle to ([B.I)) at each time step, we can define a system of least-squares
mixed finite element schemes to solve the system (3.1)) step by step.

Scheme 1. Give an initial approzimation u) € S,
Seek (of,uy) € Hy, x Sh, such that for each (wy,,vn) € Hp, X Sh,

Ap (uy™ Y s (ahyup), (Wh, vn))
(3.3) 1

- (W(c(ugfl)uzfl 7 (up ), elup ™ o + Tdiv wy,),
h

form=1,2,--- N.

From Lemma 23] we know that the bilinear form A, (z; -, - ) is continuous and
positive definite in H x S. From the Lax-Milgram theorem, we derive an existence
theorem.

Theorem 3.1. Scheme[d has a unique solution at each time step.

In order to formulate least-squares mixed finite element schemes with second-
order accuracy in 7, we must approximate the value of functions at the midpoint of
the time interval with second-order accuracy by the mean value or Taylor expansion
formula. Let @"~2 = (u" 4+ u""1)/2, 3" % = (¢" + ¢"~1)/2 and

(f(u) — dive®),

Nl
£

[}
_|_

(a) @

(3.4)
(b) a" 2 =u"t 4 8 u" Vi >2.

By using the Crank-Nicolson difference technique with second-order accuracy to
discretize the nonlinear first-order system (L3)), we can rewrite (I3)) as

(a)

(b) (@ 2)du" + divg™ "2 = f(@""2) + R} in €,

(c) Q %+A( "TI)VE"TE 4+ b(a" 2 )a" "2 =F) in 9,
(d)

u® =wug, o= —(A(uo)Vug +b(ug)up), inQ,

(3.5)
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where @"~ 2 is defined by (34) and

(a) RS - C(ﬂnié)gtun — C(unié)u?_Q + f'(un*%) _ f(ﬁnfé)

(36) 1 1 1 1 1
(b) Ej =5""%F —g""F + A@"F)Va"TF — A(u" )V

formn=1,2 3, ---, N.
We define another weighted bilinear form:

Dn(z; (Qa w)a (Qa ’U))

1 Tn . Tn .
@(c(z)w + ?dlv 0),c(z)v + ?dlv w)

+ ZHA() (e + A(z)Vw + b(=)w), w + A(z)Vo + b(2)v).

Omitting the terms R} and F} in (B5) and then applying the least-squares mini-
mum principle to (3] at each time step, we can define a system of least-squares
mixed finite element schemes to solve the system (B3] step by step.

Scheme 2. Give an initial approzimation (a9, u?) € Hp_ X Sh,.
Seek (of,uy) € Hy, x Sh, such that for each (wy,,vn) € Hp, X Sh,

Dn(ﬁzii; (QZa ’U,Z), (th vh))

1 _1
=(—— (c(ity, ;)u271 - %Ldlvazfl
c(ty, *)
(3.7) o f(E)), @ on + %"div w,)
- S (e + Al Vg
n—3%\ p_1 n—3 n—1%
+b(ay, *)up " ),wy, + Al *)Vun +b(@, *)ovn),
where ﬂ;k% is defined similarly to B4l) forn=1, 2, 3, ---, N.
Similarly to A,(z; -, - ), the bilinear form D, (z; -, - ) is also continuous and

positive definite in H x S.
Theorem 3.2. Schemeld has a unique solution at each time step.

The convergence analysis in the next section shows that Schemes [ and 2 yield
the approximate solutions with accuracy optimal in H(div; ) x H(Q) but not in
(L2(2))? x L2?(2). We consider another first-order mixed system equivalent to the
nonlinear convection-diffusion problem (L3]) as follows:

(a) c(u)% +dive = f(u) in§, 0<t<T,
(3.8) (b) %(ﬁ(u)(g + b(u)u)) + v% =0 inQ, 0<t<T,

(¢) u=0 onTp, c-v=0 onTy, 0<t<T,
(d) wu=uy inQ, t=0.
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By using the backward difference technique with first-order accuracy to discretize
the nonlinear first-order system (B.8]), we can define a new least-squares mixed finite
element scheme.

Scheme 3. Give an initial approzimation (a9, u?) € Hp, X Sh,.
Seek (o}, uy) € Hy, x Sh, such that for each (wy,,vn) € Hp, X Sh,
An(iy; (ar, uh), (@h, vn))
(3.9) c(iiy)
7 (Al (e + AG ™)V 4 b up ),
wy, + A(iy) Vo + b(ay)vn),

(c(@h)up ™" + T f(@h)), c(@y)on + Tadiv wy)

forn=1,2, ---, N, where aj is given by

(3.10) ap =up 0yt n>2,

or

3 11 ~n __ , n—1 Tn n—1y d n—1 >1

( . ) Up, = Uy, =+ n_1 (f(uh ) o, )a n = 1.
c(up ™)

Theorem 3.3. Scheme[3 has a unique solution at each time step.
Define another weighted bilinear form

B (21, 22; (0, w), (w,v))
N
c(zl)~

+ 7 (A(22) (0 + A(22) Vw + b(z0)w), w + A(22) Vv + b(22)v).

We can also define another scheme with second-order accuracy in 7.

(c(z1)w + 7-?"div 0),c(z1)v + 7-?"div w)

Scheme 4. Give an initial approzimation (a9, u?) € Hy, X Sh,.

Seek (of,uy) € Hy, x Sh, such that for each (wy,,vn) € Hp, X Sh,

_1
By (@, 2,y (ah, up), Wy, vn))

1 _n—1 _ Tn .. _
— (7%(0(“2 2 up 1—3nd1vgz !

(312) n—1 n—i Tn ;.

+ Tnf(uh 2 ))7 C(uh 2)vh + ?dlv Qh)

+ T (AP Y (e + Al ) Vup

+ blup ™ Hup ™), wp, + A(ay) Vop + b(ag)Jon),

n—% . . R

forn =1, 2,3, --- N, where @, ° is given by 34) and u}, = 4}, by (3I0) or
BI1), and a} by

3 n— T - o

ap =up !+ ﬁ(f(uh Y — diva} ™)
(3.13) o
= Ol m(f(uz_l) —dive} ") ], n>2.

h

Theorem 3.4. Scheme[{ has a unique solution at each time step.
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In Schemes M4 we choose different weighted L? inner products to formulate
least-squares mixed finite element schemes at different time steps. In the next
section, we shall see that the approximate solutions determined by Schemes [THZl
keep the stability in the sense of weighted L2-norms, and prove that Schemes -
Hl yield approximate solutions with accuracy optimal in H (div; Q) x H'(Q) when
the finite element space Hy,_ is any subspace of H(div;{)), and that Schemes [3{]
yield approximate solutions with accuracy optimal in (L?(2))¢ x L2(Q) if the finite
element space Hp, is one of the classical mixed elements with index k1 = k + 1,
such as the Raviart-Thomas elements in [23] and the Nedelec elements in [22].

4. CONVERGENCE ANALYSIS

In this section, we assume that the solution (g, u) of the nonlinear first-order
system ([L3)) is smooth, that there exists a constant K* such that 0 < 7 <
K*minj<,<n 7y, i.e., the time partition is quasi-regular, that the finite element
spaces Hp, and Sj, have the approximate property ([2.9), and that the initial ap-
proximation satisfies

(4.1) (@) lluo — upllzz) < Kiahi ™ uol mmei (o),
®) Ne® = ahllra@yys < KishE e aresry)a-

We also suppose that the coefficients c(v), f(v), b;(v) (1 < i < d) and a;;(v)
(1 <4,7 <d) have continuous derivatives of first and second order.

Theorem 4.1. Let (¢",u") and (o}, u}) be the solutions of (L3) and Scheme[d,
respectively. Suppose that the mesh parameters h,, h, and T satisfy the following
relations:

(a) h’;“ =o(v/hy), ford=1,
b) T =o(h2), K.hI%®<71 (m=1),
u u
(4.2) htt = o(max(y/Thy!, hy)), for d =2,
() 7 =o(ht2), Kb %<7 (m=1),
hgt! = o(max(v/Thy ™ b)), ford =3,
where 0 < 01 < d << 0.25 and K, is a positive constant. Then we have the a

priori error estimate

Jmax [[u" —uil[Ta) + Y Talle” = ghllzay)e
(4.3) =n= 0<n<N

< Kya{min(R2m B0V ) 1 B20ED 4 72),
where the constant K16 depends only on T and some norms of the solution w.

Proof. Tt is clear that the solution (¢”,u") of the system ([[3) and the solution
(o, u}) of Scheme [ satisfy an error equation

An(uzfl; (Qn - QZ; u" — U;LL)a (&hﬂvh))

1 -
(4.4) = (C(T_l)(c(uz_l)(u"_l — uz_l) + 1 RY), c(uz_l)vh + Tndivgh)
h

7 (AN EL wy, + A(up ) Vo + b(uh o),
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for each (wy,,vn) € Hp, %X Sh,, where

(a) Ry = (c(up™") = c(u" ™))" + f(u"") = f(up™") + RY,

4.5 .

) (b) Ey = (A(up!) = A" ) Va" + (b(up ™) = b(u"1))u" + EY,
forn=1, 2, ---, N. Introduce an operator @; from S to Sj, such that

(46) (A(u)V(Q1v — v), Vup) 4 (b(u)(Q1v — v), Vor) + (V(Q1v — v), b(u)vs)

+ AMQ1v —wv,v) =0, Yo €S, v, €Sy,

where A is a positive constant such that the bilinear form on the left-hand side of
Q) is coercive in H'(Q). The operator @ is a standard elliptic projection and
satisfies a standard error estimate (see [17, [2'7]):

(@) Nu(t) = Quu(®)llL2) < Kirhy T Hlu(®)| gmer @),
(0)  lue(t) = (Quu)e (V)] 2(0)

< Kagh P {[w() || gy + ue(@) || zrmer o 1,
(c) [IV(u(t) = (Quu)(®))l[L=(0) < Kis(u) < oo,

(4.7)

for any 0 < ¢ < T. From the approximate property (2.9) we know that there exists
a vector-valued function 9, € Hy,, such that for any 0 <t <T

(@) lla(t) = o, )2 < Kiohl o ()| v ())a

(4.8) .
(b) |div(a(t) — g, NlL2@) < Kioh& |a()] e+ ay)e-

Let 0" = (Qu)" —uy, p" = u" — (Qi1u)", 1" = o} — o} and " = g™ — g}!. We
have to estimate 0" and «™. From (@4]) we see that (7", 0™) satisfies the following
error equation:

A5 (2,67, (i, 0n)

— (e (el )0 = 7ip™) — ma(dive” — ), el o
(4.9) c(up )

+ rudivi,) — 7 (A + AV + b D)o
—FD)w, + AW ) Vo, + bl o),
for each (wy,,vs) € Hp, x Sh,. Take (wy,,v) = (x™,0™) in (£9). Since
An(z; (w,v), (w,v))
= (c(2)v,v) + [ (A(2)Vv, Vv) + (j(z)b(z)v,l_)(z)v)
+ (A(2)ww) |+ Ti(%divg, divw)
+ 27, (w, V) + (divw, v) + (A(2)w 4+ Vo, b(z)v) ],

and

(w, Vv) + (divw,v) =0, V (w,v) € H xS,
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it follows that
Ap(up=t5 (=", 0, (z",6M))

= (c(u}™ 10", 0™) + 7 (A(uy~1)VO™, VO™)
(4.10) + ('A( ) ( h7 )en,b(uzfl)en)
+ (Al N, 1) |+ 7 (——=grdiva”, diva”)
c(uyp )

+ 27, (A(uHm" + VO, bluph)em).
From ({.9) and ([I0), we get the equality
(c(up™1)0",6") + o[ (Alup~")VE",VO") + (A(up~")x", 7"
~ 1
+ (A(up = M)bluy o™, by~ h)") ]+ 12 (——-diva™, diva™)
c(uy ™)
= (c(uﬁfl)anl, 0™) + 7, (971, divze™)

— 27, (A(up™Ha" + VO™, b(uy)o")
1

— Tn(——=1~ (c(uz_l)(‘)tp" — RY), c(uz_l)H" + mpdive™)
c(uh )
(4.11) _
— Tﬁ(idiVén, diva™) — Tn(A(uZ_l)gn,zn + b(uﬁ‘l)en)
clup™)

= (Vo x") = o (Alup)blup " )p" 2" + bluj)0")
+Tn(A(uZ 1) L™+ Al VO™ + bl h)em)
+ 7 [ ((A(u") — 'A(U'h )V, Vo)

+ (Vo™ (b(u") = blup™1))o")

+((b(u™) = bup™1))p", V™) + A(p",07) ].

Estimate the terms in (@IIl). We make an inductive hypothesis that for any
n > 1 we have the uniform estimate

(4.12) . }lllm 167 L) =0, VO<j<n-—1

It is clear that
((clup™) = c(up=2))0" 1,01

= [t 0 e o
+ p’?*1 —p" 2 — v ) 9 ds
Let ("~ € S}, be such that
(c(up™ )" on) = ((sup ™" + (1= s)up"*)(O" 1), vn), Vo € S,
Then
(& (s o (1= sy ) (67" — 67 2)0 " 0
= (el (O — "),
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From the error equation ([@3) we see that
(c(up (0" = 0"72),¢" )
= (el ) (0" = o) T B
(4.13) — T (AP ) (AW VO + p" 1) + b(up ) (07
) = ) A + b6
=T (Alup )@ "), blup )¢,
It is also clear that ("~ ! is a weighted L2-projection of the function
¢ (sup ™!+ (1= s)up=*)(0" 1) fe(up ™).
Hence
1€ o) < Ka20ll0" L2107 | 2 (92
and
IV¢" Hrz(ape < Kol VI (sup ™" + (1= s)up =) (@71 fe(up ™)l 220y
< Koo 14 (10" [ oo @10 oo @ 167 a2 0
On the other hand, we have
[(AQ ™) Vp ™, VE ) + (b(ug =)o~ VET)
( )

@) e
n—1 n—2 n—1 n—1 n—1 »n—1
+ (Vo™ (bup ") = b(u"™7))¢" ) = A(p" 7, ¢" )|
< Kos ”9”72”%2(9) + ||Pn71||%2(9) + ||Pn72||2L2(Q)

+ Ty ||Vﬂn71||?L2(Q))d} + 001" I -

Substituting the above estimates into ([Z13), we have
[(e(up =) (O™ = 0772),¢" )
< Koa{maa[ 10" 720y + 10" 2 Il72(0) ]

(4.14) + Tt [ 100" 7 IE2 () + T IVA" ™ Ea ey

_|_
—~
—
1o
—~

S
>3

|
[}
~—
|
1o

n— ~ ~n—1
+ e 1”%L2(Q))d + || rY 1||2L2(Q) + ||IEy ||(2L2(Q))d ]}
+ (6 + ||9n71||2L°°(Q))Tn*1[ ||9n71||%11(9) + ||£n71||(2L2(Q))d J;
so that for sufficiently small h,,, h, and 7 we have
(™) — el )em=1, 6]
< Kos{ma—2 1072|2200y + 10" 2[I72(q) ]
(4.15) + 71 [ 106" 72y + Tae1 IV L2 (q))a
_ =~ ~n—1
+ llg” 1||%L2(Q))d + || By 1||2L2(Q) + [|1E; ”%LQ(Q))d ]}
+ 07 [ 110" ) + Im" 20y -
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It is easily seen that
(c(up=h)(0" —0"71),0m)
(™8, 6") = (e(up=2)0m 67 )
(c(up=h)(0" —6"71), 0" —6m71)
2

o

1
2
4
4

((e(up™?) = c(un=)o" 1, 0",
and
ral(671, diva™)|
< Tl (VO 2)| +[(0" — 0", diva"™)] ]
< S ARV, V0" + (A(u Nx", 7" |
+ %(C(uﬁil)(gn _ gnfl)’en _ enfl)
372 1 o1 m
T(m(‘hvg ,leﬂ ),
and

|(Vp",z™)| < min(”ﬂ””%%m||diVE"||L2(Q)7 ||VP"||(L2(Q))d||En||(L2(Q))d)-
Substituting these estimates and (Z10) into (Z11]), we derive that
1
(el ™07, 07) + 3 el )0 — 071), 0% — 07
+ 7 (A(up™)VO™, V0" + 2(A(up " )b(up 0", blup )6

( 4( n— 1) n n) ] T72z( 1
u T, —
" 2 e(up )
< (C(“Z_anflagn*l) + Kos{Tn—2[ ”9%2”%2(9) + ||pn72||2L2(Q) ]

+ T—1] ”9”71”%2(9) + ||Pn71||%2(9) + ||5tpn71||%2(9)

divz", dive"™)

(416) _ — Dn—
+ 1 IV Rz e + 1€ L2y + IR 1320

+ ”E;L_l”%L?(Q))d ]+ 7l ||9n||%2(9) + ||Pn||2L2(Q) + ||5tP"||%2(Q
100" 122 () + 1€ 1E120y0 + min(I VA" [1F20yyas T 10" 1 22(0)
+ BT 720y + 1Er 2 aye + olldive" 320 1 }
+ 0 Tna (V0" 12 pya + 15" L2 (yya) + To (VO (1120
7 P2 0yya + Talldive™[7aq)) T
Summing (.I6) from 1 to n, we get
||9n||%2(9) + ZTJ‘[ ||V0j||%L2(Q))d + ||Ej||%L2(Q))d J
j=1

4.17 " , )
(.17) < Kor{ 3" 109 gy + min(h2, 20D /1)
j=1
+ h2FD L opp2k 4 72Y
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for 1 <n < N. An application of the discrete Gronwall’s lemma to ([@IT7) leads to
||9n||2L2(Q) + Z 7l ||V9j||?L2(Q))d + ”EjH%Lz(Q))d ]
(4.18) 0<j<N
< Kog{min(h2™, p2m+1) /7y 4 p2040D 4 7221 v 1 <n < N.
We have proved the error estimate ([@I8) under the inductive hypothesis [@I2]).
Now we check ({E12). We will prove by induction that (1) holds under condition

(£32). From the Sobolev embedding theorem [I] and the inverse property of the
finite element space Sy, it follows that

_1
min(hy ?||val 22 Q) Vel 1), d =1,

(4.19) ||Uh||L°°(Q)<K29{ 4 _d-2_y
mln(hu2||vh”L2(Q)7hu 2 ||Uh||H1(Q))7 d:27 37

for each v, € Sp,, where 0 < §; << 0.5. We start from n = 1 to check {I2).
From (1) and (£I39) we see that when h, — 0

00 < mt1-g <d<
167 Lo () < K30hu lluoll gmir) — 0 (1<d<3),

i.e., ({I2) is true for n = 1. Suppose that ([EIZ) is also true for each 1 < j <n—1.
Then

(4.20) (10"l 12() + VT IVO | (12(0yya < Kai{min(hT, A1~ 2) + hEFL 4 7},

Under the condition @2)), we know from ([ET9) and (@20) that when h,,, hy, 7 — 0
n(hs

(4.21) {mm(

)[R R 7] -0, d=1,
min (A, ,hi H

_517_%)[min(hT, Rmtlr=3) 4 pEtl 4 7] — 0,d = 2, 3.

vla,  Nl=

This implies that ||0" || o) — 0, so that (EI2) is also true for j = n. This shows
that the inductive hypothesis (BE12) is true for each 0 < n < N, so that the error
estimate (ZI8) holds under the condition (&2)). ([@IV) implies ([E3)). O

Theorem 4.2. Let (c",u™) and (o}, u}) be the solutions of (L3) and Scheme[3,
respectively. Suppose that u) = Qiug if m =1 and that the mesh parameters h,,
hy and T satisfy the relations

(a) K.hl ™ <7< KT (0 < 61, 62 << %),
(4.22) Tn — Tl = 0(7’2) form =1,
(B)  max(hiH, VTR = o(hE), = o(hd),

where 0 < K, < K* are constants. Then the a priori error estimate

p—l _n—1
Jmax [lu" =il + Y Tl = gy F i)
(4.23) <n< 0<n<N

< Kag{h2™ 4 7h2k 4 p20+1) 4 743

holds, where the constant K33 depends only on T and some norms of the solution
U.
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Proof. 1t is clear that the solution (¢”,u™) of (I3)) and the solution (¢}, u}) of
Scheme [2 satisfy an error equation

= (et -
h
~ 1
(4.24) - 7—?"div(g"_l —ar Y + T RY), ey ?)on + 7-?"divgh)

for each (wy,,vn) € Hp, x Sp, andn =1, 2, ---, N, where

(@) R = (c(@ ™) — (@ *)du" + f@4) — f@a ) + Ry,

Let 0™ = (Qiu)™ —ujl, p" = u™ — (Qru)", " = oy —ap and " = g" — o, again.
From [24) we see that (™, 6™) satisfies the error equation

(4.26) - %"div(g” + ") + T R, ey on + %"diwh)

Tn  Fr~n—3 n n— ~n—3% n— n n— "
= o (A, )"+ b, *)(0" 4"+ p" ) = Fy)
~n—

+ VO 40"+ ") wy, + Al ) Von + iy, % )os)

for each (wy,,vs) € Hp, x Sy, andn=1, 2, ---, N.
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Taking (wy,,vn) = (z" + "1, 0" + 6"~ 1) in (Z20), we get the equality

(c(iip ™ 2)8™,6™) + 27| (Al 2)z" 3,77 1)
+ (A 2V E v
+ (A(ay )by )emE by *)emE) |
divz"" 7, divze" " 7)

+ 72—

iy, ?)
— (el )om 1, 0m 1) — (0" — 07 diva" )

+ (e ) — o(ay #))omt,om 1)

(4.27) _ 4Tn(j(a2*%)in—% + vgn—%,b(aZ*%)gn—%)
— Tz(%dlvgniéjleinié)
iy, *)
1 n—3% n— n pn ~”*% n n—
+ (= (e(@, )" = p") + T RE), (@, *)(O" +6"")
iy, *)

1 ~ n—31 n—1 1 1~n

+ 7 diva™ T 2) — 27, (A, 2)(b(a, *)p" 2 — §E2)

FVPTTE ETE 4 Al 2 )VETE 4 b(a, 2)0"2)

— ra(A(@, ) e, 2 b e h),

In order to estimate the terms in (@27), we make an inductive hypothesis that for
each n > 1 the uniform estimate

(4.28) lim 167wy =0, VO<j<n,

w ho, T—

holds. Under the inductive hypothesis ([@28), we have the following estimates:

ral (0" — 07 diva" )|+ [((elity *) — ey 2)0n T 0m )
(429) < Kaal 72000" 3oy + T [ 10" ooy + 186" 3200y |

3 _ 3 . _p—1
+ Tn—2|0ep" 2||%2(Q)}+5[ Tn”at‘g"”%?(m+7'721||d1"1n 2”%2(9) ],
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Tl I( i_; (c(a, 2)op"™ — Rg),c(ﬁz 2)0" 72 + —divi"2)|
c(a, ?)
R R T VA R L S TS Al
+(A@ )y, 77 + Al D)V + b(a) ?)and))
+ (A2, 72 E 4 by 2)0n )|
(4.30) (Al )z @, )6 )|
+ 1Y%, (g )8 )| + 2| (e dive™ ™ diva™ )|
(@t
< Kas{ ml 1071320y + 100" 1320y + 16" 7 1200
1€ 2 1Fpaqayye + Talldive™ 21220y + I BE 11720
1B Iz 1+ Ta-al0" 22y} + 07l 1272 1F2a0
+ Vo ”%Lz(ﬂ))d + 7 diva" 2 %20 1,
ral (At #)Vp" %, V8" 3) + (Vo 5 b(a, )i E)
+ (@) ), vandy |
=l 2L} - AT, 987 )
+((A@EH) = A1)Vt venh)
+ (V" (b(ar %) — b(u™)F"H)
+ (Vo (b(NZ_%) — b(u 1)) 7)
(4.31) o v
+ (0T, ) —bu™))p", Vo™ 2)
+(B(@y#) — b)), VR |
— A0 |
< Ks6{ 7| ||9n||2L2(Q) + ||ﬁn7%||2L2(Q) + TﬁHVPnH%Lz(Q))d ]
a1 [ 107720y + 7201 (11007 220y + 100" 220
+ IV M2 gayya ) 1+ Toal 10071520y + 10:0™ 21720 1}
+ 671V 0" 2 |2 )0
(4.32) (VA" =2, 2"7%)| < Ksr min(||V5" "2 |20 )l 22 220y

15" 120y VA" 2.
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Substituting (EL29)-(#32) into (Z27) and then summing @27 from 1 to n, we
find that

1671172 + ZTJ[ ||V§j75||?L2(Q))d + ||ij75||%1;2(9))d ]

J=1

(4.33) < Kas{ > 7 10711 72() + 751008 [ 7212y | + min(h2™, h20™HY /7)
j=1

+B2FD 4 h 2 4 B2 7} 6> 700 -

J=1

On the other hand, taking w, = 0 and v;, = 6™ — "~ ! in (@26H), we get another
equality:
2 (c(@l ™ 2)3,0m, 5,07) + (A(@]*)Ve", Vo)
= (A(@, VO, V0" ) + ((A(a, ) — Aay, *)vent,ven )

— 2m, [ (A(@) )" + VOB b 2)d,0m)
(A ) Al Va6 + b, )50

-

1
2

(4.34) R
(o (el )" = RE), cla, *)0i6")
iy, ?)
+ (Alay )" = b, *)oe") + (Alay, *)(b(E, *)p"
1 _1

- EE;) F VTR AT )V + b(a) 2)06™) .

Estimate the terms on the right-hand side of (@34]). Under the inductive hypothesis
H23), the following estimates hold:

n—= n—2 n— n—
[((A(a, ) — A(a,” 2))ve"—1,ver1)|
(4.35) < Ko Tn—1[||ven_1||%L2(Q))d + ||8tpn_1||%2(9)] + Tn—2||8tpn_2||i2(n)}
+ 5[Tn_1l|8t9n_1”%2(9) + Tn—2||8t0n_2”%2(9) ]

Since

(A 3)Vp" 5, Va0™) + (V"4 b, 2)3,0m) + (b(iiy ?)p"~ 4, Va,60m)
= SIAGE )~ AWV + (G ) — b)), V88"
(A %) = AW ™)V 4 (blap*) — b)), Va,0m)
(V" (b ) = b(™))30™) + (Vo (bt *) — b(u"))a,60m)

+ )‘(ﬁnié ) 5750”))
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and
(A 2) = A@™) Vol + (b}~ %) — bu™))p", V0™
= (A7) = AW™)Vp" + (b~ %) — b(u™))p", V6"
— (A ) =A@ )V

it follows that

— AWV (b ) - b)) Ve
(436) (A %) = A" )V~ + (@ 2) — b(u" )", Vo)
— (A ) = A 2) V"2 + (bl ?) = b(u"2))p" 2, V"))
+ Kaof maa[ 10" 300y + 7a—1 (100" 720y + 100" IFr 0
+ ||VPn71||?L2(Q))d ) ]+ T2 10721130 () + To—2( 108" 2(|72(q)
+ 100" 271y ) 1+ 7l ||ﬁn_%||%2(n) +Tr%||an||%L2(Q))d Il
+ 5Tn||5t9n||2L2(Q)

2
+ (A, *)
(

IS

and

rll (Al )by~ ) (0" + 6m1), bay~ 2)d,6™)|

1 n—3% 5 n pn ~n—% A Qn
—(c(ay, *)0p" — Ry),c(iy, *)0:0")]

(A HEE b )a0m)|
(A,
(4:37) (A b e b))
(A(ay,
(

+ (V"3 by 2)0m)| ]

< Kar{ 7073 ) + 7l 10731209 + 1272 20
+ e 120 + 100" 1720y + e 122 ()
+ ||}~?3||2L2(Q) + ”E;L”%LQ(Q))d I} + 5Tn||5t9n”%2(9)'
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Similarly to (34,
Tal(Ey, VO,0™) — (b(a) )i, V0 |
< (B —b(a 2)6"3,v0") — (By ' —b(ay )63, ve" ")
(4.38) + Ko {mal 110" 122(0) + 10 Ea Ifra(py + 190" 2y |
+ Tt [ 10" G 0y + 100" L2 (yya 13+ 0L 70l|060™ 720
+ 71 100" |72 () + T—2ll0:0" 2|72 |-
Substituting (4.35)—(4.38) into (£34) and then summing ([.34) from 1 to n, we

derive the estimate
> llo 70 + V0™ 122 e
1<j<n
< Kas{[10°11 31 0y + 1671120
, o
+ Z 7] ||93||%{1(Q) + &' > ||(2L2(Q))d ]
1<j<n
+ min(h2™, hi(mﬂ)/T) + hi(k"’l) + Th2kr 4 2p2m g

(4.39)

By applying the discrete Gronwall’s lemma to (@39), we have
D Till067 1720 + IVO" 17202y
1<j<n

< K44{||90||?'-11(Q) + ||0n||2L2(Q) + Z il ||9j||%2(9)

1<j<n
H|ET 2 122 qyye |+ min(h2m, B2 /1)

+ hi(’”l) + Thikl + 74

(4.40)

Substituting (£40) into ([4.33)), we obtain for sufficiently small 7 the error estimate

n
n i1 _i1
[0 ”%2(9) + ZTj[ [Ver—2 H%L?(Q))d + |77 ||%L2(Q))d J
j=1

(4.41) noo P
< K45{||90||?'-11(Q) + ZTj||0]||2L2(Q) + min(h2™, b2 /1)

j=1
+ h20HD L pp2k 24

Applying the discrete Gronwall’s lemma again, we have

n i1 _i1
10 ||2L2(Q) + Z T IV ™> H%L?(Q))d + |z’ ||%L2(Q))d J
1<j<n

(4.42)

{ ™D 72k fomin(h2, b /7) + 74} (m = 1),
< Ko 2(k+1) 2%k 2 4
{ h& +ThZ +him 4+ 7%} (m > 2),

for 1 <n <N.
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We have proved ([@42) under the inductive hypothesis [@28)). Now we check

(E2Y). From (Z40) and (I42) we see that

(443) (072 < Fep LR e min(h /) 4 7} (m = 1),
: HY(Q) = 47 { hg(k-i-l) +Thgk1 +h12;m + 74 } (m > 2)'

It follows from the inverse property of the finite element space S, that

_4d
(4.44) ||’Uh||W1,oo(Q) < Kughy 2 ||'Uh||H1(Q), Y vy € Sh,-

Similarly to the proof of Theorem 1] it is easily proved by using (£43) and (E-44)
alternatingly that (28] holds under the condition [@22)). (#42) leads to (@23)). O

Theorem 4.3. Let (¢",u") and (o}, u}) be the solutions of (L3) and Schemel3,
respectively. Suppose that the mesh parameters h,, h, and T satisfy the relation
d d
(4.45) ¥ =o(h2), T =o(hd).
Then the a priori error estimate

max ||U _O-h”(L?(Q))d -+ max ||7.L —uh||L2(Q)
(4.46) o=n o=n
< Kyo{hE* + n" 1 4 7 }

holds, where the constant K49 depends only on T and some norms of the solution
u.

Proof. Let 0" = up — (Q1u)", p" = (Q1w)" —u", 1" = g} — ¢} and £" = g} — o™
We only have to estimate the bounds of (7™, ™), which satisfies an error equation

An(ﬁza (Knvgn _ gnfl)7 (En’en _ anl)) _ Tn{ ( (U’Z l)ﬂnfl’ﬂn)
— [ (diva"", 3,60™) — (A(up ")z, biif)0,6")

(- (fiﬁ) (c(@)Frp" + dive™ — BY), e(al) 30" + diva™)

— (A(up~Hz" 1,(«4(%) A(u =)V o0™) |

— (A(ap)e™ — Alup e + (Aup~Hblup =) — A(ag)b(ag))om
(4.47) — T E5, 1" + T Aa) VO b(ay,)0,0")

"+ b
b(uZ 1)p” L™ 4 7,b(a)0,0™)
— A )b A VE,0)

+ ((Alay) — A(u™)Vp" — (A(ag) — A=)V
+(b(ah) = b(u™)p" — (b(u ") = b(u""1))p" ™, VO0")
+(Vp", (b(ay) — b(u™))8,0™) — (Vp™, (b(ay) — b(u"1))8,0™)
— A7, (0:p", 0,60™) ]}
where
Fy = [ (A(u") — A(i7))a" + (A(u")b(u™) — A(ag)b(ar) u"
(4.48) — (A" = Ay "))e"
+ (A" b ) = Alup b= )u" ) 1/
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In order to estimate the terms in the error equation (f48), we make an inductive
hypothesis that for any n > 1 we have the uniform estimate

: _4d _i
(449) lim [ ||0j||Loo(Q) + max(hu 2 , 2 )||7Tj||(L2(Q))d ] = 0, V0 S ] <n.

wshe,m—0
It is clear that

An(@f (", 0" = 0"1), (@, 0" = 0" 1)) = (A~ H)z" L 1"

= Tn{ %[ (/T(ﬁZ) n’ﬂn) _ (j(ﬁz l)ﬂn_l,ﬂn_l) ]

=]

+ Tn[ (c(dﬁ)@@", 5t9n) (

diva™, divz™) ]

(i)
wso) TRl CAGRIVAE", Va6") + (AGR)b)D6" b 6") |
£ 5L AGR A" — Al ™)), Ali)a" — Ay ~)a" )
()~ Al 1)
+ (Al ) (AG > ("’1))«1(%’1)&”*1@”*1)]
+ 27, (A(a )" 86", b(a)36™)},

(Al ) (AGR) = Al ) Az 2|
|(( (An 1) (U,Zfl))ﬂn 17En—1)|
(4.51) < Kso( 1+ min(h, %, hg )™ L2 qyye M ma—1 (T 12 ()

+ ||0ep" ™ 1||L2 ) )+ Tn— 2||8tpn 2||L2(Q ]
+ 5[ Tn_1||8t9n 1||L2(Q) +Tn—2||at0n 2||L2(Q) ]’

Tall(A(@R)T" + 7,V 0,0", b(a7)0:0™)| + |(A(up ™ )a™", baaf) 00" |
(4.52) < Kt {allz" T2 ()ye + Ta-t Iz IELaiyye + 7alldb™ 720y }
+ 07| ||5t9n||%2(9) +Tn||V5t0n”(2L2(Q))d J-

We estimate the terms in the brackets on the right-hand side of the error equation
E.AD):
1 = ~ _
TM(m(c(aﬁ)@p" + dive™ — RY), c(Gp)0:0™ + diva™)|
h
< KsoTa[ 100" 1720y + 1B 122y + I dive" |72y ]
+ 07l 00" 122y + ldive" (|72 ],

(4.53)

Tol (A(u D", (Alag) — A(up =)V,
(4.54) < Ksry_{ min(h, % hg )|z T2 0y (1066|720
+ ||5tpn_1||%2(ﬂ) ) + ||£n_1||(L2(Q))d }+ (57’,,21||V8t9n||(L2(Q))d
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— A(a)b(@r)0m 1t 1"+ r A )V 0" + mb(itf)0,0™)|
+ [(A(ap)b(ig)p"™ — Auf = blup )"t " + Tb(a))9,0™)]
7l (A ™) = A(ag)b(up = )p" 1A(A 6™

+ (V" (b(u™) = b(ap)9e8™) = (Vp" 1, (b(u"™) = b)) 9e0™)]
+1((B(u™) = b(@h))p" = (b(u™1) = blup™1))p", VO™
(4.55) +I((A@") = A®@y))Vp" — (A1) = A(a;)) V"=, Voo™

+ (VO™ m™)| + A (D:p", 0:6™)] |

< Ksal Tao1[ Ta-1[1000" 720y + 100" T2
€™ e @ya + 10" 220 1+ 7l 7ll8:6™ (1220
+ ||5t§n||%L2(Q))d +110:p™ |7 20 + ||Kn||(2L2(Q))d
+ 7ol V0" T2 (ayya 1} + 67al 18667 1720 + Tl VO™ 11202y
+ | diva™[172q) J-

Since

15 (L2 (0))
< g™ (Au™) - J‘T(ﬁn))/TnH(L?(m)d
+ um(Au™)b(u™) — A@Gm)b(a™)) /7l 120y
+ ||5t2n(«z(ﬁn) - «Z(QZ))H(B(Q)W
( )b(ii™) — AaR)b(aR) | 20y
(4.56) + g™ A@™) — Aag) — (A" = A(up ™)) /7all 20y
+ [l A@Mb(a") — A(ap)b(an) — (A(u" )b )
— A(up ™ b(up ™)) /7l 2
< Kss{mallupillz2) + 116" 2 + 10" ez
+ Tna[ 100" 2 ) + 100" 2o + diva™ | 2o

+ [ldive™ | 2(q) 1}
it follows that

Tul(E5, 1" + 7o A(@] ) V0™ + Tb (4] ) 90"
< Kso{ 7l ||£n||(L2(Q))d + Tn||at0n”L2(Q) + 7—721”7-”25”%2(9) ]
(4.57) + Tt [ 107 2y + 107 T2 ) + Tam1(10:07 1720y
+ [ diva" o) + 100" Iy + ldive" M [Fa) ) 1}
+07a[ 108" 1 22(2) + Tl VO™ |2 () -
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Substituting (EL50)—-(5T) into the error equation (Z47) and summing it from 1
to n, we get
n
" 12 + D L1007 720y + ldivaIFa e |

=1

(4.58) " : ;

< Ksr ZTJ[ 177 122 yya + 1671720 ]
j=1

+ R 4 p2mAD) g 22y
Applying the inequality
n B n
(4.59) 16720y < 16°1 720y + 8 D 73110207 720y + K D 7316071720
j=1 j=1
to ([E58), we have the estimate
n p— . .
||£n||(2L2(Q))d + ||9n||2L2(Q) + ZTJ[ ||at9j||%2(§z) + ||diVEj||%2(Q) J
j=1
(4.60) O o
< Ksof ZTJ[ 7 [ L2(ay)e + 11671220 |
j=1
+ A2k 4 p2(m+l) 4 22y
By applying the discrete Gronwall’s lemma to (£.60), we derive that

max ||0n||L2(Q)+ max ||ﬂn||(L2(Q))d
(461) 0<n<N 0<n<N

< Keo{h™ + h™ ! 4 7}

It is not difficult to check the inductive hypothesis (£.49). O

Finally, we consider the error estimate of Scheme Hl.

Theorem 4.4. Let (c™,u") and (o}, u}) be the solution of ([L3) and Scheme [},
respectively. Suppose that the mesh parameters h,, h, and T satisfy the relation

Lol

(4.62) K5 =o(h?), 7=o(min(hi ,hi"2) (m=1), r=o(hi) (m>2).

Then the a priori error estimate

og%v”g" —anllLz)e + oax, [u" —upllL2(0)

(4.63) k m+1 m 2
< Ker{hgt +h"™ + /Th" + 7% }

holds, where the constant Kgs depends only on T and some norms of the solution
U.
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Proof. Let 6" = uj — (Quu)", p" = (Q1w)" —u" , 1" = g} — oy and £" = ojf —a"
again. We only have to estimate (z™, ™), which satisfies the error equation

(—omp (el )0 + Ddiv( + 27 ), ey, o + 2 diva,)

+ 7o (Al (@™ + b(ap)0") + V6", wy, + Aliif)Vor, + b(iij Jvn)

= (0" ey, )on + %"divgh) + 7 (A(up ) @+ blup e

1 n—3 _
(4.64) + VO wy, + A(ag) Vo, + b(ay)on) + (————(c(@;, *)(p"

c(ty, *)

e n—3 n q.
—p") — Tndivgnfé + 1 RY), c(q, 2)v, + %dlvgh)

+ i (A(u ) (€ + bup e ) — A(up) (" + blap) o)
+ T E} + V(" = o), wy, 4 A(aR) Vo + b(ad)vy),

where
E = [ (A(") = A(ag))g” + (A(u™)b(u") — A(ap)b(a))u"
(4.65) — (A("™") = A(up™))a" ™t = (A b
— Alup ™ b(up a7

divz", dive™)

- clii, ?)
= 1( ! 3 diVﬂnil,diVEnil)
He(ay?)
i(( :_; - i—ﬁ Ydive™ ™t dive™ 1)
c(ﬂ'h ?) C(ﬂh ?)
(4.66) + (A=) = A(a)a?, da”)
+ (Al = Nb(up et — Afa)b(ay)o", ™)
+ 7 (A ) (E T + b ") + B
— AT (™ + b(ag)p™), dx™)
—Tn(———7 (diVEni% — R}),divdx™).
c(ty, *)

To estimate the terms in the error equation (ZB6), we introduce an inductive
hypothesis that for any n > 1, the uniform estimate

(4.67)  Jim [107] 7 o) + min(hy b ) (127112 0y + lldiva? [ 2))] = 0

w o, 7—0

holds for each 0 < j < n.
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Under the inductive hypothesis [@67), the following estimates hold:

(4.68)

(4.69)

Since

1 _ 1

iy ) ey )

+ [(Aup =" b(up 0" — Aar)b(ay)6", )|

+ (Al = Aap))z"", dix™)|

+ (Al " + blup e ) = A(aR) (" + b(ag)p™), ™).
< Koz {[ 1+ min(hy?, hy ) ([|diva"™ [ Zaiq) + 17" Iz (qy)e) |

[T 100" 720y + 100 1720) + ”gtén”%L?(Q))d )

+ Tn—1( ||9n71||2L2(Q) + ||gt9n71”2L2(Q) + ||En71||(2L2(Q))d

+ ldiva™ T2 ) + 10" 2 + 100" 1720y

+ ||diV§n71||%2(Q) )+ Tn—a( ||5t0n72”2L2(Q) + ”gtpn72”2L2(Q)

+ ||diV§n72||%2(Q) )1+ 5Tn||5t£n||(2L2(Q))da

I((

Yydive™ 1, diva™ )|

—Tn( — (divé"_% —E?),divéﬂn)
C(Nh 2)
1 . ~
< (——(dive" % — Rp~Y), dive™ )
c(y, ?)
—( 171 (dive" 2 — R}), diva™)
c(a, *)

+ Ko {7 [|dive™ || 720 + 1 divOe™ (|72 (o) + ||5t§3||%2(9) )

+ 701 (100" 1720 + ldiva™ 220y + 106" 720

+ ||diV§n71||2L2(Q) + ||diV5t§n71||%2(Q) ) + Tn—a( ||5t9n72||%2(9)
+ |diva" 2172y + 10:0" 21T 20 + 1dive™ 21720y )}-

(A(ap)big) = Alup = )blup ™)) /T + (") = A(up ")) dee”
+ (A" )b ) = Alup by ))du™,

it follows that

(4.71)

Tl (B4, 0im™)| < Kea{my [yl 72y + Ta-1( 16777200
10" ) + ldiva™ 172y + [[dive™ 720y )
+ T2 (107 272y + 110" 120 + Idiva™ 2|32

+ [[dive™ 2|72 () )} + 0Tl I L2 -
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Substituting (Z68)-E7) into (Z66) and summing it from 1 to n, we obtain the
estimate

Z Tj||5tlj||(2L2(Q))d + ||div1”||%2(9)
1<j<n
(4.72) < Kos{[|diva®|[F20) + Y 7] [diva? |72
1<j<n
+ ||5t9j||%2(9) + ||9j||%2(9) ]+ h2mHD - pZE 4 7ty
Applying the inequality

||En||(2L2(Q))d < HEOH%L?(Q))d +0 Z Tj||5tlj||(2L2(Q))d
1<j<n

+Keo > 7l 120y

1<j<n

(4.73)

to ([E2), we find that

HEnH%LQ(Q))d + ||diVEn||%2(Q) + Z Tj||5tlj||%L2(Q))d

1<j<n

(4.74) < K67{||£0||(2L2(Q))d + [[diva® (|72 ) + Z 7 ||£j||(2L2(Q))d
1<j<n

+ ||diVﬂj||2L2(Q) + ||5t9j||2L2(Q) + ||9j||2L2(Q) |+ B2 4 p2k 4ty

On the other hand, taking w, = 0 and v;, = 0" — 6"~ ! in ([@.64), we have another
equality:

Tn (C(QZ 2)8t0n 5t9n) +T ( ( )V(‘)tH" V(‘)tH")
(A ) (@h)0:0", b(ij,)0,0™)
—7n (i )5‘tp +dive" "7 — Ry, 0,0™)

— Tp(diva"™ ™ 2,0,0 )+Tn( "1 vo,0m)
+ 7] (A(ujy )_ L (Aap) — Aluy =) Vaen)
+ (Alup )"t = Aag)z", big) 9,6™)
+ ((A(up™Db(up ™) = Alag)b(ap))o" ", A(aR) VO0" + blay)0;0")
(4.75) — 27,(VO;0", b1 90) + (A(up ™ )e" ' — Aap)e"
+ Ly, Aty ) VO™ + l_)( 1)0:0")
+ (A(urHb(ur =) p" 9

) A(ap)b(ag)o™, bliy)0:0™)
+ (V" (bap) — b(u ))5 0") = ( )
+ (A(up™)b(up )" (A ( w) = Al ) Vo)
-

+ ((o(uy b(u™™1))p" "t = (b(ag) — b(u™))p", VI0")
— 7 ((A(ag) = A(a"))V,p", V,0™)
+ ((A(u”™) = A(u™ ))Vﬂn L,Vo,.0m)
— Tu((A(@") = A(u"))V,p", V00" ) + N (Dep™, 8:6™) .
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Estimate the terms on the right-hand side of ([ET75):

mal (el 2)dp™ + dive™ "% — RY, 5,6™)]

+ (=" v5#)")|+|( A(up, ™ )z, (Alag) — Alup ") Vo6")|
+ |(AQup )z — Aag)x”, big)0,:0™)|
+ (A~ 1)b(uh Y = Aag)b(a)o" " Aay) VO + bay)0,6")|
+ 7l (VO™ ()00 + | (Alupy )"t = A(ap)e”
+ T B A(U)V 0,0 + b( 7)00™)]
+ (A~ b(up )"t = Al b(a ”)p’ﬂb( 7)0:0™)|
+[Vp", (b(ay) — bla ))3t9”)| (Vo =1, (b(ah) = b(u""1)2,0"))|

Uy,
+ | (Al Dblup=)p" ™ (Aag) — Alup ") Va6™)]
(A76) 4 |((lup ™) = b )p" = (b(ER) — b(u™))p", VO]
+ Tl ((A(agy) — A@@"™) V", V0,0™)|
+ Tl ((A(@") = A@")) VI p", VO™ )| + 70| (Dp", 0:6™)| |
< Kes{mn—1] ||9n71||%2(9) + ||divﬂn71||2L2(Q) + ||Kn71||%L2(Q))d ]
+ Tn Tn||5t9n||2L2(Q) + ||Kn||(2L2(Q))d + ||diV£n||%2(Q) ]
+ a1 [ 0" I Ee ) + Tam iV e yya + Idive™ 120y |
+ 7l [oallF20) + T2 (1Y [Fr20y)a + 1V Iep™ [T r2 (00 )
+ [|9ep" ||L2(Q) + ||d1v§n||L2(Q) + ||R5L||L2(Q)
+ Tn”EZH%B(Q))d + ||5t§n||%L2(Q))d Il
+ 07 10:0" 1720y + Tl VOO (|7 12029y 1

Tal (A(") = A" 1) Vp" =1, VO,

(4.77) ” _
< Koo 1" 10" [ Frmr o) + 072 IV 00" [1F 22y

Substituting (@76) and (110) into (70) and summing it from 1 to n, we find that

Z 75l ||5t9j||%2(9) +Tj||vgt9j||(2L2(Q))d ]

1<j<n
(4.78) < Krof Z 75l ||9j||2L2(Q) + ||£j||(2L2(Q))d + ||diVKj||%2(Q) ]
1<j<n
+ R0 popp2mo g2k 4y
An application of (£59) to (£.78) leads to
||9n||%2(9) + Z Tj||gt9j||%2(n)
1<j<n

(4.79) <Kn{ Y ml 161720 + 12 IEz2 (e + lldiva [72q) |

1<j<n
+ h2mAY) pp2moy p2ee Ay
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Substituting (EL7Y) into (E74)), we have the estimate

Iz I?

r2))e T ||diVﬂn||2L2(Q)
< Kro{[lz°[1120y)e + [diva® |72 (q)
+ Z 7] ||9j||%2(9) + ||diVEj||2L2(Q) + HEjH%L?(Q))d ]
1<j<n
4 h2mAD popp2mo p2kn L Y 0 < < N
(ET9) and ([ER0) lead to
16711722y + ||Kn||(2L2(Q))d + [[diva™ (|72
< K73{||90||2L2(Q) + ”ﬂOH%L?(Q))d + ||diVﬂ0||2L2(Q)
+ Z i 16°[172() + ||£j||%L2(Q))d + [[diva? |72 o) ]
1<j<n

+ h2mHD L opp2m g p2k L Y 0 <n < N.

(4.80)

(4.81)

Applying the discrete Gronwall’s lemma to (EXT), we obtain the a priori error
estimate

16172y + ||En||%L2(Q))d + [[diva" || 220
< Ko {h2m+D) o pp2m g2k 24 v 0 <n < N.
We have proved ([£82) under the inductive hypothesis (£.67). It is not difficult

(4.82)

to check ({:67) under the condition (Z:62). O
In the case
(4.83) A(u) = a(z, t,u)A(z), alz,t,u) > ao >0,

where A(z) is a symmetric positive definite matrix, we have a better error estimate.

Theorem 4.5. Let (¢”,u") and (cf},u}}) be the solutions of (I3) and Scheme [,
respectively. Assume that the coefficient matriz A(u) has the form (L83) and that
the mesh parameters hy, he and T satisfy the relation

(4.84) hEr = o(h§ ), T= o(h§ )-

Then the better error estimate

nggNHQn — nll(z2e))e + O;H%XN [u™ = upllL2(0)

< Kps{hl* + bt 4+ 72}

holds, where the constant K75 depends only on T and some norms of the solution
u.

(4.85)

From Theorems H.3] and we derive two optimal error estimates.

Corollary 4.1. Let (o™, u™) and (o}, u}) be the solutions of ([[3) and Schemel3,
respectively. Assume that the finite element space Hy,,, is one of the classical mized
elements with the index k1 = k + 1, such as Reviart-Thomas elements or Nedelec
elements. Under the condition of Theorem [{.3, we have the optimal a priori error
estimate

OISTI%XNHQn —anllLzye + olax, [u" —upllL2(0)

(4.86) k1 m+41 -
SK76{h/g' +hu + 7 }
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Corollary 4.2. Let (c™,u") and (o}, uy) be the solutions of (L3)) and Scheme[],
respectively. Assume that the finite element space Hy,,, is one of the classical mized
elements with the index k1 = k + 1, such as Reviart-Thomas elements or Nedelec
elements. Under the condition of Theorem [{.4], we have the optimal a priori error
estimate

OLHEQ(NHU — nll(z2())e + OglnaX [u™ = up 20

(4.87)
< K77{h§+1 hZLJrl +7_2 }

To prove Theorem [£3] we require the following lemmas.

Lemma 4.1. Let G be a bounded domain in R, P.(G) the polynomial function
space of degree v on G, W C P,, and ro = max{r; B, CW}. a= (a1, -+, aq) is
the d-dimensional index with |a| = a1 +ag + -+ + aq and D* = D3} --- D3¢ the
partial differential operators. There exists a family of linearly independent bounded
linear functionals {fi}1_, defined on H™+1(G) of the form

(4.88) / > beiDdr, Yoe H'TYG), 1<i<I,

7"0+1<|oz\<7"1

such that for each w € W, fi(w) =0 (1 <i <), and for each v € HT(G)

a 1
() < Krs| Z D U||L2(G)+Z|fz (0)]* ]2

laj=r1+1 =1

(4.89) wlg‘ljv lv — w

where the constant Krg depends only on the domain G and ry.

Proof. Let Q = (P-,\Pr,) U{0}, V = WNQ, and let V| C @ be the orthogonal
complement of the subspace V in H™T(G). It is clear that the space

(190) @ ={g )= Y b(,/ D da, Vba € RY, ve H(G)}
ro+1<|al<r,

is the dual space of Q). It is also clear that there exists an orthogonal space decom-
position Q' = V'@ V| such that

- Span{fj}j 1 — {f f 7 VU € Hr1+1(G)}

”M“

and

Vi =span{fitl_, = {f; f(v Zfz , Yoe H"H(G)},

where both {fJ}J L and {fi}]_, have the form [S8) and satisfy f;(v) = 0 for each
veV, and 1 <j < J, andfz()70f0reachv€Vand1§z§I. From the
equivalent norm theorem we can easily derive that

[[o]

J 1
arie < Knol S0 D03 + S 1H @)+ fiw)?
(491) |a|=ri+1 j=1 i=1

+ 3 |/GDavda:|2]5,

0<al<ro
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for each v € H™T(G). It is obvious that for each v € H"T(G) there exists a
function w* € W such that [, D%(v — w*) dz = 0 for any 0 < |a| < 7o, and
fj(v —w*)=0for1<j<J, and f;(w*) =0 for 1 <i<I. Hence

(4.92) v = w*| gy < Ksol Y
laj=r1+1

[{32) leads to (£LR9). O

Lemma 4.2. Let ¢ be a standard element, W a standard finite element space of
polynomial functions of degree less than or equal to r1 on 9, and I a bounded
linear interpolating operator from H™11(p) onto W satisfying [v = v for each
v € W. Assume that the partition Ty, , the finite element space Sy, on T, and the
interpolating operator Iy, from H™TY(Q) onto Sy, are generated from the standard
element p, the standard space W and the operator I through use of the piecewise
affine transformation (see [17]). Then the following super-approzimate property
holds for any ¢ € W1>°():

I
a 1
DLy + D i) ]2
i=1

(4.93) (I = In)(pvn)lar () < Ksihullellwre@)llvnllar@), ¥ vn € Sh,-

Proof. Let F, be the affine transformation from an element o onto the standard
element o, vy, = v o F, for each v € W, and let ¢}, be a piecewise linear continuous
interpolating function of ¢ on T}, . It is clear that
(I = L) (vn )l 1 (o)
< (I = In)(enon) | mr () + (I = 1) (¢ — @n)vn) | 51 (0)-

By Lemma BT] we have
I(I=In) (non) | F1.(q
< Kohl® Y (1T = D)(nvn) © Fy M7z

0€Th,,
< Kgshl™? ) inf [[(enon) o Fyt = oll3m )
(4.94) e<Th, "

<Keah$ 2 30 [ Y0 11D ((envn) 0 By M) IRe g

0€Th, |a|=ri+1

I
+ z_; | /Q Z ba,iDO((((ph’Uh) o Fg_l) d{f|2]

ro+1<|a|<rq

Noting that f@ ZroHS\aISm ba,iD*0 dx = 0 for each v € W and that D%y, = 0

for |a] = r1 + 1 and each vy, € Sy, we have

> D ((pnvn) 0 Fy Y)ll72()
la|=r1+1
< Ksho =4 N DY (onon)l[72 ()
|al=r1+1
< Ksﬁhi(nﬂ)fd”@h||%/Vlyoo(g)||Uh||?qr1(g)

< Ksrhy llenlfr= (o) lonll7n o)
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and
I
> / > baiDpno Fytono By dif?
i=1 78 rg+1<]al<r
<Kss Y B ol g lonlFie g
ro+1<]al<ry
< K89hi_d||<ﬁh||%/v11w(g)||Uh||%{1(§)'
Hence (£33) holds. =

Generally, the usual C%-elements used in engineering satisfy the conditions of
Lemma L2 so that the super-convergent approximate property ([@393]) holds. Now
we can prove Theorem EH.

Proof of Theorem [{.5] It is clear that in the proof of Theorem [.4 only (4.77) needs
to be changed. By Lemma [£.2] we have

Tnl(( (u") = A(u" 1)) V"1, V0"

Tl [(AV ™1,V (Gra(u™)0,0™))| + [(AV ", 816" Vra(u™))] |
[I(AVP” LV = 1) (Oea(u™)0:0))
+(Vp" 1" (I = 1) (Qra(u™)00™))

+ (b " V(I — 1) (Bra(u™)0,0™))
+ A" (- Ih)(ata(u )0:6™))|
+[(Vp b ) Bra(w™) 00| + (b(u"~H)p" T, V(Opa(u™)3,0™))]
+ A(p" L, Ora(u™)0,0™)| + |(AVp™ L, 0,0"V dra(u™))] ]
< KgoTn—l{HPn_lH%?(Q) + (h2 + Tr%fl)||an_l||%L2(Q))d}
+ 0] Tall 00" 1720y + TR IV O™ 1120y -
< Koympa[ 2D 4 74 ]”un_llﬁimﬂ(ﬂ)
+ 4] Tn||5t9n||%2(sz) + 7—72z||vgt0n”%L2(Q))d ].
This finishes the proof of Theorem O

(4.95)
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