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ULTRACONVERGENCE
OF THE PATCH RECOVERY TECHNIQUE II

ZHIMIN ZHANG

ABSTRACT. The ultraconvergence property of a gradient recovery technique
proposed by Zienkiewicz and Zhu is analyzed for the Laplace equation in the
two dimensional setting. Under the assumption that the pollution effect is
not present or is properly controlled, it is shown that the convergence rate
of the recovered gradient at an interior node is two orders higher than the
optimal global convergence rate when even-order finite element spaces and
local uniform rectangular meshes are used.

1. INTRODUCTION

In a previous work [6], the ultraconvergence property (i.e., two orders higher than
the optimal global convergence rate) of the Zienkiewicz-Zhu patch recovery tech-
nique was justified for a class of two-point boundary value problems. The current
work is devoted to the theoretical justification of the ultraconvergence phenomenon
in the two dimensional setting. The main difficulty in the higher-dimensional situ-
ation is that when the domain has a nonsmooth boundary, the solution may have
corner singularity, and consequently, the finite element approximation may suffer
from “pollution effect”, which will result in the failure of the recovery procedure.
There have been many techniques to treat the pollution effect caused by domain
singularity, and perhaps the most popular one is local mesh refinement. In this
paper, we assume that a certain method is applied and the pollution effect is under
control. Therefore we can concentrate on the local recovery. To further simplify the
matter, we use the Laplace equation as the model problem. Then it can be shown
that the patch recovery procedure results in ultraconvergence gradient recovery at
an interior node when local uniform rectangular meshes and even-order elements
are used.

2. THE PATCH RECOVERY TECHNIQUE

Consider the Dirichlet problem on a bounded domain Q C R? with a piecewise
smooth boundary 0€2:

(2.1) —Au=f inQ, ulspa=0.
We assume that f is sufficiently smooth for our analysis.
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The weak formulation of (2.1) is to find u € H{(£2) such that
(2.2) / VuVudzdy = / fodzdy, Vv e Hi(Q).
Q Q

Let 75, be a sequence of subdivisions of . An element of 7;, can be either a
triangle or a quadrilateral. But we assume that rectangular elements are used on
an interior region away from the boundary 0f). It is on this region that the patch
recovery technique will be applied and analyzed. The finite element space Sy, (1)
is defined as usual, and it contains continuous piecewise polynomials of degree not
greater than 7.

Now we define local finite element spaces for rectangular elements. Given a
rectangular element K, let Fx be the linear mapping that maps the reference
element K = [—1,1] x [—1,1] onto K. We then denote ¢ = v o Fx for function v
on element K.

We assume on K, that the polynomial basis P, contains P(r) and is contained in
Q(r), where P(r) denotes the class of polynomials which are of degree 7, and Q(r),
the class of polynomials of degree r in each variable separately. In other words, any
element p € P(r) has the form

p&n) = Y e,
i+5=0
whereas any g € Q(r) will be of the form
(&) =D Y eyt
i=0 j=0
Some popular choices of polynomial basis P, for rectangular (quadrilateral) finite
elements are:

(I) Serendipity family: P(r) U {&"n,&n"}.

(IT) Intermediate family of the first type:

Pr+1)NQ(r) = P(r)U{& &P, ... .&n"} = P(r+ 1)\ {& ")

(III) Intermediate family of the second type:

P(r+2)nQ(r) = P(r)U{&n, & n?, .. ™56 &P, €7}
= P(r+2)\ {& e ety et gy

(IV) Tensor-product elements: Q(r).

Note that

P(r)u{&n,én"} C P(r+1)NQ(r) € P(r+2)NQ(r) C Q(r).

When r = 1, they are all the same; when r = 2, (I), (II) are the same, and (III),
(IV) are the same; when r > 3, they are all different.

The finite element solution of (2.2) is to find up, € SP(Q) = Sx(Q) N H () such
that

(2.3) /Vuthdxdyszvdxdy, Yo € SP(Q).
Q Q

Since all of the four bases above contain P(r), the optimal convergence rate for
the gradient of the finite element solution is of order O(h™). We shall show that the
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patch recovery procedure is able to achieve O(h"!) on an interior element patch
and O(h"*2) at an interior nodal point.

In order to define the recovered gradient, we introduce the Gauss points and the
Lobatto points.

Let L, (z) be the Legendre polynomial of degree r on [—1, 1]. Tt is well known that

L.(z) has r zeros and L/ (z) has r — 1 zeros in (—1,1). Denote by ggr), ..., g") the
zeros of L,.(z), and by l:(LT), e ,l£?1 the zeros of L (z) with l((f) = 1,1 = 1. Then

gj(-r), j=1,...,r, are called the Gauss points of order r, and ly), 7=0,1,...,r,

the Lobatto points of order r.

The Gauss and Lobatto points on a rectangle are defined as the tensor product
of affine transformations of g§T) and Z§T) of the respective rectangle. To be more
precise, for a rectangle centered at (Z,y) with length h and height #, the Gauss and
Lobatto points are

(r) _ (= (r) — (r) .
G” —(l'—f—gl h/27y+gj h/2)7 Z7.7_17"'77.7

(r) _ (74 () = () ©
Ly =@+ h/2,y+ 1 0/2), i,j=0,1,...,r

The Gauss and Lobatto points on an arbitrary quadrilateral can be defined through
a bilinear mapping. In this paper, we focus our analysis on the element patch that
contains four rectangles which share a common node.

In general, Vuy, is a piecewise polynomial vector field and is discontinuous across
element edges. The recovered gradient by the patch recovery is a continuous piece-
wise polynomial vector field, RVuy, € S, () x Si(22), which is uniquely determined
by its values at the Lobatto points. The values of the recovered gradient at the
Lobatto points are obtained by the following least squares fitting procedure. On
an element patch Dgy (it contains four rectangles that share a common node, as
we mentioned earlier), consider a polynomial in P with P(r) C P C Q(r) (for the
serendipity family and the intermediate family of the first type), or P(r+1)NQ(r) C
P C Q(r) (for the tensor product element and the intermediate family of the second

type),
p:(x7y) = (1Jxﬂy7 ‘/L.QﬂxyﬂyQJ .. ')a'

The vector a = (ag, ay,. .. ,amn)’ is computed by fitting, in the least squares sense,
8uh 3uh . aUh
—— (or —) at 4(r x ) Gauss points. Then the values of R—— at the Lobatto
Ox dy ox

points are the values of p} at the same points. Note that adjacent element patches
overlap. If different patches result in different recoveries at a Lobatto point in an
overlapped region, an averaging is applied (see [8] for more details).

3. ULTRACONVERGENCE ANALYSIS

_ €
¢k(§):\/2k2 1/_1Lk_1(t)dt

and recall that Lg_; is the Legendre polynomial of degree k — 1. Then we have

Define

1 1
or(=1) = ¢x(1) =0, /_1 ¢ (§)d€ = 0, /_1 Dp(E)P1(E)dE =0, k#1.
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Here we adopt a set of hierarchic shape functions used in practical engineering
code (cf., e.g., [4, section 6.1]). They are defined on the reference element and
organized into three categories:

1) Nodal shape functions. There are 4 of them:

Node 1 Ni(&n) = 7(1-€)(1 — )

Node 2 Ny(&,n) = i(l +&6)(1 —n);

Node 3 Ns(&,n) = i(l +& (1 +n);

Node 4 Ny(&,n) = i(l = &)1 +mn).

2) Side modes. There are 4(r — 1) (r > 2) of them and r — 1 on each side. For
Side 1 (between Node 1 and Node 2) we have

NyEm) = 30 -m;(€), §=2,.. 7

and for Side 2 (between Node 2 and Node 3) we have

Noj&m) = 5 (1+8¢5(), G =2

The modes on the other two sides are defined accordingly.
3) Internal modes.

= $2(&)d2(n)
= ¢3(&)d2(n)
(©)es(n),
(€)d2(n)
(€)és(n)
(€)pa(n)

)

)

)

= ¢3(&§)d3(n
= ¢2(&§) P4

)

n

)

The following is a list of the number of internal modes for rectangular finite element
families mentioned in the previous section.

P, Number of internal modes
Pryu{&n.én"y (r—2)(r—3)/2 r=>4,
Pir+1)NnQ(r) (r—1)(r—-2)/2 r>3,
P(r+2)NnQ(r) r(r—1)/2 r>2,
Qr) (r—-1 r>2

—~

Based on this set of hierarchic shape functions, we shall define a special interpo-
lation uy for a given function u. We will see that u; has some surprisingly nice
superconvergent properties that the traditional interpolating functions do not have.
These properties allow Vuy to be used as a vehicle in proving the superconvergence
of the recovered finite element gradient RVuy,.
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FIGURE 1

Given a smooth function u(x,y), we consider 4(§,n) = u(z(&,n),y(&,n)) on the
reference element [—1,1]? and define u;(z,y) with @y € P,, such that

Zuz (€.1) +ZZU(”Nw (&) +Zu< ! Noj(&,m),

=1 j=2

with the coefficients decided by (i) 47(£1,+1) = a(£1, £1); (i)

for any side mode ¢; and (iii)
/AV(ﬁ — ) Videdn = 0,
K

for any internal mode ©. Recall the structure of the hierarchic shape functions. It
is straightforward to verify that the definition above is meaningful and decides uy
uniquely. Note that (i) and (ii) guarantee that u; is continuous across elements.

The relationship of the special interpolation u; with the traditional interpolation
can be revealed by the following observation:

If i € Q(r + 1), and P, = Q(r), then 4y is the Lagrange interpolation of i at
the (r + 1) x (r + 1) Lobatto points.

Remarkable recovery properties of uy under R can be seen from the following
key lemma.

Lemma 3.1. Let an element patch Dy contain four rectangles that share a common
node. (a) If u € P(r 4+ 1)(Do) (r > 1) and the local finite element space P, on Dy
contains the intermediate family of the first type, then RVu;r = Vu on Dy; (b) if
the four rectangles in Dy are uniform, u € P(2s + 2)(Dg) (s > 1), and the local
finite element space Pas on Dy contains the intermediate family of the second type,
then RNVuyr = Vu at the center of Dy.

Proof. Without loss of generality, we assume that Dy is centered at the origin. The
four rectangles are denoted as K;, i = 1,2,3,4 (see Figure 1).



146 ZHIMIN ZHANG

(a) Since the finite element space has all terms in P(r 4+ 1)(Dg) N Q(r)(Dy), we
only need to prove the statement for

u € P(r+1)(Do) \ Q(r)(Do) = {" ",y "}

Let w = 2" 1. It can be verified from the definition of the special interpolation u;
that

R a¢r+1(2x/h1+1), in K and Ky,
"~ Nagri1(2z/hy — 1), in Ky and K,
where h; (i =1,2) are the lengths of the rectangles.
0
Recall ¢, () = \/(2r +1)/2L,(§), and we see that %(u —uy) = 0 along r
Gaussian lines in each K;, i = 1,2,3,4. By the least squares fitting procedure,

ou U
Ra—I is a polynomial of degree r in x and equals 7 at 2r distinct points in Dy.
x i

0 0
Hence Rﬂ = a_u on Dy, and therefore RVu; = Vu on Dy since it is trivial to
T T
0 0
verify ('9Lyl =0= B_Z

The case © = y"t! can be proved similarly.
(b) Since the finite element space has all terms in P(2s 4 2)(Dg) N Q(2s)(Dy),
we only need to prove the statement for

= P(QS 4 2)(D0) \ Q(2s)(D0) — {$25+1,y2s+1;$25+2, :Z?2S+1y,xy25+l,y2s+2}.

We discuss them separately.
(1) u = 2% and u = y?**1. The proof is the same as in (a) by setting r = 2s.
(2) u = 2?51y, In this case,
apas+1(2x/h+ 1)y/h, in K; and Ky,
u—ur=
"7 ) aosi1(22/h — 1)y/h, in Ks and Ks.

0
Note that the mesh is uniform. Asin (a), —(u — uy) = 0 along 2s Gaussian lines

Or
in each K;, i = 1,2, 3,4; hence, R% = 8_u on Dy. Further,
Ox ox

g(u up) = agas+1(2x/h+1)/h, in K; and Ky,
Jy B apas+1(2x/h —1)/h, in Ky and Ks.

Realizing that ¢os41 is an odd function, we see that

5= @) =~ 5 (= wr) ).

Since Dy has four uniform rectangles, the least squares fitting evaluated at the
center of Dy leads to the same coeflicients for function values at the symmetric
sampling points. Hence, cancellation occurs for all terms and consequently
0
R—(u—wur)(0,0) =0.
5o (u = ur)(0.0
Observe that
ou ou

R (0,0) = 0= 5.(0,0).
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Since g—z = 22**! is an odd function, we then have
our ou
R—(0,0 0,0).
22(0,0) = 5%(0.0)

(3) u = 2?72, Now

apas+2(22¢/h+1), in K and Ky,
u—uy =
! a¢25+2(2x/h - 1), in KQ and Kg.

Since ¢, 5(§) = /(45 +3)/2L2441(&) is an odd function, the least squares fitting
evaluated at (0,0) results in cancellation of all terms in K7 U Ky and K3 U Ky as
explained in (2). Hence

Rg(u —uy)(0,0)=0.

ox
0 ou 0
Further, 8_1:: = (25 +2)2* T is an odd function, R8 (0,0)=0= 8_Z(O’ 0). Hence
(91” 3u
0,0 0,0).
R——(0,0) = =-(0,0)
Ouy 0
Again, it is trivial to verify that — =0 = g4
8y dy
The analysis for terms 25+, 2y25+! and 3?5*? is similar. Summing up, we have

proved for u € P(2s + 2)(Dy),
RVu;(0,0) = Vu(0,0). O

Examining the argument for v = 2?72 in the proof of Lemma 3.1 (3), we see
that in order to have the cancellation at the center of Dy, a simple averaging will
do the work. To be more precise, we define an averaging nodal recovery operator

by symmetrically picking up some points in the element patch, and setting

Rvuh 0, 0 Zaz vuh(zuyz)‘Fvuh( $17y1)+vuh( T, yz) +Vuh($zv yl))

7

where 0 < Z; < h, 0 < y; < h, and Z a; = 1/4. For this averaging nodal recovery
i

operator, we have

Corollary 3.1. Let an element patch Dqy contain four uniform rectangles that share

a common node. If u € P(2s)(Do) (s > 1) and the local finite element space Pas_1

on Dy contains the intermediate family of the first type, then RVur = Vu at the

center of Dy.

Now we define
ov

VO]l zoo(py = max((l 5=l o), || IILm D));

Vo(2)] = max<|§—2<z>|, |§—Z<z>|>.

A direct consequence of Lemma 3.1 and Corollary 3.1 is the following theorem (also
see [7] Theorem 3.1 and the Corollary for a different proof).
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Theorem 3.1. Let the element patch Dy contain four rectangles that share a com-
mon node zy, and let Dy, contain sizteen rectangles with the interior four elements
being Dy (see Figure 3).

(a) If the local finite element space P,. (r > 1) on Dy contains the intermediate
family of the first type and u € W2F2(Dy,), then

(31) ||V’U,—RV’LL]||LDO(DO) < Chr+l|u|w;+2(Dh).

(b) If the four rectangles in Dg are uniform, the local finite element space Pas
(s > 1) on Dy contains the intermediate family of the second type, and u €
W25+3(Dy), then

(3.2) [(Vu — RVuy)(z0)] < Ch2s+2|“|W§§+3(Do)'

(c) If the four rectangles in Dy are uniform, the local finite element space Pas_1
(s > 1) on Dg contains the intermediate family of the first type, and u € W25T1(Dy),
then

(3.3) [(Vu — RVur)(20)| < Ch**|ulyyzes -
The constant C' is independent of h and u.

Remark 3.1. Note that Dy, appears in the right-hand side of (3.1), since the recovery
on Dy involves the Gauss points on Dj,.

Remark 3.2. We see that RVu; is superconvergent to Vu on the entire element
patch Dy when the local finite element space contains the intermediate family of
the first type; RVuy is superconvergent to Vu at the center of Dy when the local
finite element space contains the intermediate family of the first type with an odd
degree; and RVuj is ultraconvergent to Vu at the center of Dy when the local
finite element space contains the intermediate family of the second type with an
even degree.

Although wy is not the finite element solution, we are able to show that it is
“almost” the finite element solution in the sense of the Lemma 3.2.

Lemma 3.2. Let a rectangular domain D C Q2 be subdivided into rectangles K C
D.

(a) If u € P(r+ 1)(K) (r > 1) and the local finite element space P, on D
contains the intermediate family of the first type, then

(3.4) / V(u —ur)Vudrdy =0, Yov € Sp(D).
K
(b) If two rectangles K and K’ that share a common horizontal/vertical side are

uniform, u € P(r+2)(KUK') (r > 2), and the local finite element space P, on D
contains the intermediate family of the second type, then

(3.5) / V(u—ur)Vodzdy =0, Yov € SQ(D),
KUK’

where v =0 on the rest two horizontal /vertical sides (see Figure 2).

Proof. Again, we only need to prove the claim for u not included in the local finite
element space.
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v=0

v=0 K s K v=0 K

S

e—— ) —> T

h K

v=0
FIGURE 2
If u= 2" k=7 r+4 1. From (a) of the proof for Lemma 3.1, we have on each

rectangle K C D,

/Vu—u; Vvdxdy—c/ / L (¢ d§d77—0 Yo € Sp(D),

since 8_5 is a polynomial of degree not exceeding r — 1 in £&. The argument for
u = y**t k =r r+1is the same. This proves (3.4) and special cases of (3.5) when
u:xr+2 yr+2 $r+l yr+1'

Recall the definition of uy, for any K C D,
/ V(u — ur)Vodxdy = 0,
K

if v is an internal mode. Hence it remains to prove (3.5) for u = 2" 1y, xy"*!, and
v being side modes and node modes. In order to include all the possible choices,
we consider an element patch Dy centered at the origin that contains four uniform
rectangles which share a common node. Denoting by s;, i = 1,2, 3,4, four sides
between K; and Ko, K5 and K3, K3 and K4, K4 and K7, respectively (Figure 1).
Let v; ; be the side mode on s;, j = 2,...,r. Then

v = J A+ T/P)é;(2y/h+1), in Ky,
YT (- 2/h)ei(2y/h+ 1), in Ko

(14+y/h)p;(2z/h—1), in Ko,
(1—-y/h)p;(2z/h—1), in Ks;

(I1+z/h)p;(2y/h—1), in Ky;

(1—-y/h)p;(2z/h+1), in Ky,
(14+y/h)p;(2z/h+1), in K;.

{1—3:/h i(2y/h—1), in Ks,
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20
Dy
Dy,
Dy
FIGURE 3
There is only one node mode whose support is in Dy:
(1+z/h)(1+y/h), in Ky,
o (1—z/h)(1+y/h), in Ky,
(1—2/h)(1 —y/h), in Kz,
(14+=z/h)(1 —y/h), in Ky.
Recall from the proof of Lemma 3.1 (b), if u = 2" "1y, then
agr+1(22/h+ 1)y/h, in Ky and Ky,
U —ur =
! agr+1(22/h — 1)y/h, in Ky and K.
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Hence

/ V(u — ur)Vu jdxdy
KiUKo

2a 2:10
= ﬁ K ¢;+1( n ) ¢J( + 1)dacdy
I N R )¢(2 +1)ded
12 Je, O h n vy
2a 2z
3 oG - Dfes L+ ey
2a 2z 2y
+ﬁ . ¢r+1(7 1)(1—E)¢)-( = —I—l)dmdy—O

since all four terms contain one of

1
/ . (6)dE =0, k=2,...,r+1.
—1

If uw = xy™ ™1, then

vy apr+1(2y/h+ 1)xz/h, in K; and Ko,
= agr+1(2y/h—1)a/h, in K3 and Kjy.

Hence

/ V(u — ur)Vu jdxdy
KiUKo

2 2
= %/ ¢T+1(% + 1)(}53(—3/ + 1)dzdy

/ ¢ (Y +1>h(1+ 29 (2ﬁ + 1)dady
a

X brr(CL 4 106522 4+ 1)dudy

e h

4a , 2y T T, 2y
Bt D21 D (22 41 =
K2 A2 ¢7‘+1( i + )h( h)¢J( A + )d$dy Oa

151

since the first and the third terms are canceled, and the second and fourth terms

both contain the term

/qml €)de — / (€)de =0, j=2,... .

The argument for the remaining three side modes is similar and, hence, mode. is

omitted. This finishes the proof of (3.5) when v is a side mode.
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Next we consider the node mode. When u = 2"y,
/ V(u — ur)Vodxdy
K1UK4

z Ydxdy

2x
d)T"rl(_ h

D+

2z
/ G (G + D+ Phdody + 55 [

2x T
= e ——/r a4 s
+h2 A4¢T+l(h + )h( h)d‘rdy K2 K4¢ +1(h + )( +h)d$dy
:O’

since the first and the third terms both contain

1
/_ (e =0,

and the second and the fourth terms are canceled. Similarly, we can prove

/ V(u —ur)Vodzdy = 0.
KoUK3

The proof of the integral on K7 U K9 needs some more work.

/ V(u — ur)Vudzdy
KiUK>
2a , 2z Y Y a 2z x
=7 ). ¢r+1(7+1)g(1+ﬁ)d1dy+—2 ¢r+1(7+1)(1+ﬁ)d$d9

2a 2z Y z
- ﬁ/& ¢;+1(7_ )E(l‘F )dzdy + — / ¢r+1 )(1—E)d1:dy

The first and the third terms are zeros. The cancellation of the second and the
fourth terms can be seen from the following.

0 2z T h 2z
/_h ¢r+1(7 + 1)1+ E)df +/0 ¢r+1(7 -1 - +)dx

2x

o+ DI = 3)dz =0,

1
2
= /O [(br-i-l(l hx) + ¢r+1( h

since when r is an even number,

2 2
¢T+1(1 hx) + ¢T+1( hx

and when r is an odd number, it must be r > 3. Then it can be verified that ¢, 41
is orthogonal to any linear function from its definition. Similarly, we can prove

1) =0;

/ V(u —ur)Vodzdy = 0.
KsUK4

The argument for u = xy™*! is similar. Hence we have proved (3.5) when v is a

nodal shape function. This completes the proof of the lemma. O

Theorem 3.2. Let the support of u be contained in a rectangular domain D which
is subdivided into rectangles.
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(a) If the finite element space P, (r > 1) on D contains the intermediate family
of the first type and u € W F2(D), then

(3.6) |/D V(u — ur)Vodzdy| < Chr+1|u|Wgo+z(D)|v|W11(D), Vv € SY(D).

(b) If the finite element space P, (r > 2) on D contains the intermediate family
of the second type, the rectangular subdivision is uniform, and u € WZ}3(D), then

(3.7 |/D V(u — ur)Vodady| < Chr+2|u|wgo+s(D)|v|W11(D), Vv € SY(D).

Here C is a constant depending only on r and the ratio of the horizontal and vertical
sides of K C D.

Proof. (a) We decompose D into elements Ugp K, and write
/ V(u —ur)Vodedy = Z / V(u — ur)Vodady.
D KcD’K

Recall that the local finite element space P, contains the intermediate family of the
first type. Then we have, from Lemma 3.2 (a),

/ V(u —ur)Vudzdy =0, Vv e Sy(D),
K

whenever u € P(r + 1)(K) (r > 1). By the Bramble-Hilbert lemma, there exists
a constant C' depending only on r and the ratio of the horizontal and the vertical
sides of K, such that

|/KV(u —ur)Vodzdy| < Chr+1|u|wgo+2(K)|U|W11(K)~
Therefore,

| / V(u— ur)Vodzdy| < CH 4 ulyeea ) 3 ol )
D KCD
= CN*Hulyyrt2py lvlw (p)-
(b) We denote by S the set of all interior sides in D, and write
/ V(u —ur)Vodedy = Z V(u — ur)Vusdady,
D KnK'=ses KUK’

where vs = 0 on the two horizontal or vertical sides of K and K’ other than s (see
Figure 2). Recall that the local finite element space P, contains the intermediate
family of the second type, from Lemma 3.2 (b),

/ V(u—uy)Vosdedy =0, KUK’ =s,
KUK’

whenever v € P(r + 2)(K U K') (r > 2). By the Bramble-Hilbert lemma, there
exists a constant C1(r) depending only on r and the ratio of the horizontal and the
vertical sides of K, such that

|/KUK, V(u — uy)Vosdady| < Ol(r)hr+2|u|W§o+3(KuK’)|US|W11(KuK’)-

For the uniform mesh, the constant Cy(r) is the same for any pair K and K’ that
share a common side. Next, we show that there exists another constant Cs(r)
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depending only on r and the ratio of the horizontal and the vertical sides of K,
such that

(3-8) lvslwi oy < Co(r)|vlwy (kurk),

for any pair K and K’ that share a common side. Without loss of generality, we
assume that v is not a constant other than zero on any K C D. If so, we simply
drop the zero term [, V(u — ur)Vodzdy from the sum

/ V(u — ur)Vodzdy = Z / V(u — ur)Vodzdy.
D K

KCD

Having this in mind, if we set |v|y1xuk/) = 0, the expansion of v on the basis
functions on K U K’ has to be zero. Therefore, v, = 0 on K U K’ due to the linear
independence of the basis functions. For the finite dimensional (related to r) case,
there is a constant Co(r) such that (3.8) holds. By the uniform mesh assumption,
this Ca(r) is universal for all element pairs. Its dependence on the ratio of the
horizontal and the vertical sides (not the size of them) can be seen by mapping K
and K’ onto the reference element and performing the standard argument. In light
of (3.8), we have

|/ V(u — uy)Vodady| < Cy (T)CQ(T)hT+2|’U,|W;+3(D) Z [vlw (kUK
D KNK'=s€S

<40 (T)CQ(T)}LT+2|U|W;O+3(D)|’U|W11(D).
Note that an element may repeat as many as four times since the overlapping. [

We are interested in derivative recovery at an interior point or a small interior
region (e.g., an element patch) which is away from the boundary 92. We consider
D, a fixed rectangular interior subdomain of {2. Suppose that a rectangular mesh
refinement is used on D that keeps its center zg as a node. Let Dy be the element
patch that contains four elements with the common node zy, let Dy, be the element
patch obtained by adding one more layer of elements to Dy, and let D; be a fixed
rectangular domain whose boundary is about half way between the boundaries 9 Dg
and 9D (Figure 3). Then we have the following local analysis.

Theorem 3.3. Let u be the solution of (2.2) and let uy be its finite element ap-
prozimation defined by (2.3).

(a) If the finite element space P, (r > 1) on D contains the intermediate family
of the first type and u € WZF2(D), then
(3.9)

lur — unlwz (p,) < Ch™(] 1nh||u|wog+2(1:>) + thuHHT“(D)) + llu = unll g-x(0),
for a non-negative integer k < r — 1.

(b) If the finite element space P, (r > 2) on D contains the intermediate family
of the second type, the rectangular subdivision is uniform, and u € WZ+3(D), then
(3.10)
lur — uthOIO(Do) < Chr+2(| 1nh||“|wgo+3(p) + hk_lHuHHT“(D)) +flu— uhHH*k(Q)a

for a positive integer k < r — 1. Here C is a constant independent of u and h.
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Proof. We construct a cut-off function w such that Suppw C D, w =1 on D;. We
then decompose u into v = 4 + v’ with @ = uw. For any 2z € Dy, we define the
discrete Green’s function G € SY(D) by

/ VG"Vodzdy = v(z), Yo € Sy(D).
D
Let 0, denote any directional derivative with respect to z, then
/ Va,G"Vudzdy = 0,v(z), Vv e SY(D).
D

It is known that ||(3ZG§||W11(D) < C|Inh| (cf., [9, Theorem 3.14]) with the constant
C independent of z. Therefore,

0. (ty —an)(2) = / VO,GMV (i — iip)dxdy = / VO,G"V (i — w)dxdy.
D D
By Theorem 3.2, we have
10:(ar — an)(2)] < Ch™ i ) 0:GL lwi oy < O™ nhl[uly s,
where [ =1 for (a) and { = 2 for (b). Since C' is independent of z, we then have
(3.11) |ar — ﬂh|W;o(Dh) < Ohr+l| In h||u|W;+1+z(D).
Next, we consider u} — uj},. Note that v’ = 0 = u} on Dy D Dy, we then have
[ut = uplwe (b, = [uhlwe (b, = v = uhlw (p,)-
Further,
/ V(U —uj,)Vodedy =0, Yov e Sp(Dy).
Q
Hence, by [3, Theorem 1.2], we have for 1 < ¢ < co and k a nonnegative integer,
that there exists a constant C depending only on ¢ and k such that
[u" — uhlw (D) SC%E(W —X'lwy (o)) + du' — XL (D1))
+ Cd™ Ry — Ul (py)»

where d = dist(0Dy, dD1) which is a fixed number independent of i by the con-
struction of D;. Since v’ = 0 on Dj, only the last term on the right-hand side is
left. By selecting ¢ = 2. We have

' —uplwe (p,) < Cllu" = upllm-r(y)-
Recall v/ —uj, = v — @ — (up — Up), and notice that ||UHH—k(D1) < ||’U||H—k(D) <
lv]| -+ (q2)- We then have
[u' = uhlwa () < CUE = anllg-rpy + lu — wnll z-x(0))-
For the first term on the right-hand side with & < r—1, we apply the negative norm

estimate for Dirichlet’s problem on a rectangle (D) given in [1, section 7, Example
3] to have

@ — @nll -+ py < CR™ ¥l gra oy < CR™H ]| gy,

since
r+1
|U(AJ|HT+1(D) S C Z |.D7"U/.DT+1_7'(,(J|L2(D)7
=0
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and all derivatives of w are independent of h. Hence

luf — wplwr (b, = [v' = uhlwr (D) < CR ¥l e oy + Cllu — w0
The conclusion follows by combining this with (3.11), and applying the triangle
inequality. |

In order to prove the main theorem of the paper, we assume that the pollution
caused by the boundary singularity is properly controlled (for example, by local
mesh refinement) in the sense that for some non-negative integer k < r — 1,

(3.12) [ = wn |l -+ (0y < C(FIR,

where C(f) is a constant depending only on f and Q, and [ = r + 1,2s + 2, or 2s,
whenever it is necessary. For more details about negative norm estimates, see [5,
section 6.3].

Theorem 3.4. Let u be the solution of (2.2), let up be its finite element approz-
imation defined by (2.3), and let zo € Dy C Dy, C D1 C D C Q be defined as in
Theorem 3.3. Assume that (3.12) is satisfied.

(a) If the local finite element space P, (r > 1) on D contains the intermediate
family of the first type and u € WZF2(D), then

(3.13) [[Vu—RVun|r(py) < CHH (| Alfulyypsepy + R ull mres oy + C(F)),

for a non-negative integer k < r — 1.

(b) If the local finite element space Pas (s > 1) on D contains the interme-
diate family of the second type, the rectangular subdivision is uniform, and u €
W2s+3(D), then
(3.14)

[(Vu = RVup) (20)] < Ch**2(|nhlfulyyzess ) + b H|ul s o) + C(F)),
for a positive integer k < 2s — 1.

(c) If the local finite element space Pas—1 (s > 1) on D contains the intermediate

family of the first type, the rectangular subdivision is uniform, and v € W25+1(D).
Then

(3.15) |(Vu - Rvuh)(20)| < Ch2s(| In h||u|W§os+1(D) + thuHst(D) + C(f)),
for a non-negative integer k < 2s — 2.

Proof. (a) By the triangle inequality

(3.16)  [[Vu—RVunlr (Do) < IVu—RVus| L (Do) + IRV (ur — un)l o (Do)-

Observe that the recovery operator R is a bounded operator with an bound C(r)
depending only on r and size ratios among elements in the patch. Then
(3.17)

IRV (ur — un)ll Lo (po) < COIV(ur — un)llpoo(py) = C(r)lur — unlwa (p,)-
Note that the recovered gradient on Dy involves sampling Gauss points on Dy,
Substituting (3.17) into (3.16), the conclusion follows by applying (3.1) and (3.9).

(b) Again, the triangle inequality gives
(V= RVun)(z0)| < |(Vu — BVur) (z0)| + RV (ur — un) (z0)],
where

[RV (ur —un)(20)] < C($)IV (ur = un)ll Lo (po) = C8)lur — unlwa, (po)-



ULTRACONVERGENCE OF THE PATCH RECOVERY TECHNIQUE II 157

Then we use (3.2) and (3.10) to achieve the desired result.
(c) The argument is the same as in (b) by using (3.3) and (3.9) with

IRV (ur — un)(20)] < Y |aillur — unlwi (). O

K2

Applying Theorem 3.4 to the four rectangular finite element families I-IV intro-
duced in Section 2, we summarize the results.

1) When r = 1, all four families reduce to the same bilinear element. If the
element center (Gauss point) is used as a sampling point, we will have supercon-
vergence recovery on the whole element patch even when the rectangular mesh is
nonuniform. But if arbitrary sampling points are selected symmetrically (one from
each element), superconvergence recovery only occurs at the center of the patch
that contains four uniform rectangles.

2) When r = 2, I and II are the same—the quadratic serendipity element; III
and IV are the same—the quadratic tensor-product element. For all cases, if the
Gauss points (four in each element) are used as sampling points, superconvergence
recovery is achieved on the whole element patch even for nonuniform rectangular
meshes. Further, for the tensor product element, ultraconvergence recovery occurs
at the center of the patch that contains four uniform rectangles.

3) When r > 3, for families II-1V, if the Gauss points (r? in each element)
are used as sampling points, superconvergence recovery is achieved on the whole
element patch. But when 7 is an odd number and the patch contains four uniform
rectangles, a simple averaging of four symmetric points on the patch will result
in superconvergence recovery at the center of the patch. For families III and IV,
when 7 is an even number and the Gauss points are used as sampling points, except
superconvergence recovery on the whole patch, we have ultraconvergence recovery
at the center of the patch that contains four uniform rectangles.

Remark 3.3. As a byproduct, Theorem 3.4 (c) explains the observation from nu-
merical tests [8] that superconvergence recovery occurs at the element nodal point
(patch center) with arbitrary sampling points (not Gauss points) for odd-order fi-
nite elements when uniform meshes are used (see [2] for additional superconvergence
results in this respect involving local symmetry). However, our theory suggests the
use of the Gauss points to achieve the best possible recovery.
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