MATHEMATICS OF COMPUTATION

Volume 86, Number 304, March 2017, Pages 951-984
http://dx.doi.org/10.1090/mcom/3122

Article electronically published on June 29, 2016

QUASI-UNBIASED HADAMARD MATRICES
AND WEAKLY UNBIASED HADAMARD MATRICES:
A CODING-THEORETIC APPROACH

MAKOTO ARAYA, MASAAKI HARADA, AND SHO SUDA
Dedicated to Professor Satoshi Yoshiara on his 60th birthday

ABSTRACT. This paper is concerned with quasi-unbiased Hadamard matrices
and weakly unbiased Hadamard matrices, which are generalizations of unbi-
ased Hadamard matrices, equivalently unbiased bases. These matrices are
studied from the viewpoint of coding theory. As a consequence of a coding-
theoretic approach, we provide upper bounds on the number of mutually quasi-
unbiased Hadamard matrices. We give classifications of a certain class of self-
complementary codes for modest lengths. These codes give quasi-unbiased
Hadamard matrices and weakly unbiased Hadamard matrices. Some modifi-
cation of the notion of weakly unbiased Hadamard matrices is also provided.

1. INTRODUCTION

Two Hadamard matrices H, K of order n are said to be unbiased if (1/v/n)HKT
is also a Hadamard matrix of order n, where K7 denotes the transpose of K.
This means that the absolute value of any entry of HK” is \/n. The notion of
unbiased Hadamard matrices is essentially the same as that of unbiased bases in
R™. It is a fundamental problem to determine the maximum size among sets of
mutually unbiased Hadamard matrices. Much work has been done concerning this
fundamental problem (see [5], [8], [I0], [11I, [I5], [19], [21], [23], [29]).

Recently, the notion of unbiased Hadamard matrices has been generalized in [5],
[19] and [26] (see also Section 2] for the motivation). Two weighing matrices
W1, Wo of order n and weight k are unbiased if (1/vk)W, W4 is a weighing matrix
of order n and weight k [19]. As a natural generalization, quasi-unbiased weighing
matrices are defined in [26] as follows: Wy, Wy are quasi-unbiased for parameters
(n,k,1,a) if (1/y/a)W1W4 is a weighing matrix of weight . In this paper, we
restrict our investigation to the case where Wy, W5 are Hadamard in order to adopt
a coding-theoretic approach. We say that Hadamard matrices H, K are quasi-
unbiased Hadamard matrices with parameters (I,a) if (1/y/a)HK' is a weighing
matrix of weight /. Note that the absolute value of any entry of HK” is 0 or \/a.
Two Hadamard matrices H, K are weakly unbiased if a;; = 2 (mod 4) for i,j €
{1,2,...,n} and [{]a;;| | 4,7 € {1,2,...,n}}| <2, where a;; denotes the (7, j)-entry
of HK™T [5]. Hadamard matrices Hy, Ho, ..., Hy are said to be mutually unbiased
(resp. quasi-unbiased and weakly unbiased) Hadamard matrices if any pair of two
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distinct Hadamard matrices is unbiased (resp. quasi-unbiased and weakly unbiased)
Hadamard matrices. In this paper, by adopting a coding-theoretic approach, we
study the maximum size among sets of mutually quasi-unbiased Hadamard matrices
and weakly unbiased Hadamard matrices.

This paper is organized as follows. In Section 2] we give definitions and some
known results of Hadamard matrices, codes and association schemes used in this pa-
per. In Section Bl we give two upper bounds on the number of codewords of binary
self-complementary codes (TheoremsB2land[34). In Sections@and Bl we study the
existence of mutually quasi-unbiased Hadamard matrices. In Section Bl we char-
acterize binary self-complementary (n,2fn) codes whose existence is equivalent to
that of a set of f mutually quasi-unbiased Hadamard matrices of order n (The-
orem [B.I). By Theorems and [3.4] this characterization derives upper bounds
on the size of sets of mutually quasi-unbiased Hadamard matrices (Theorem [54)).
For modest lengths, we also give classifications of some binary self-complementary
codes satisfying the conditions in Theorem [5.I]in order to construct mutually quasi-
unbiased Hadamard matrices. In analogy to the case of quasi-unbiased Hadamard
matrices, Sections [6] and [ study the existence of weakly unbiased Hadamard ma-
trices. Theorem shows that the size of a set of mutually weakly unbiased
Hadamard matrices is at most 2. Similarly to Theorem [£.]] we characterize binary
self-complementary codes whose existence is equivalent to that of a pair of weakly
unbiased Hadamard matrices of order n (Theorem [TI]). For modest lengths, we
also give classifications of some binary self-complementary codes satisfying the con-
ditions in Theorem [Tl in order to construct weakly unbiased Hadamard matrices.
Finally, in Section 8] as a modification of the notion of weakly unbiased Hadamard
matrices, we introduce the notion of Type II weakly unbiased Hadamard matri-
ces. We establish results which are analogous to those of quasi-unbiased Hadamard
matrices and weakly unbiased Hadamard matrices.

All computer calculations in this paper were done by programs in the algebra
software MAGMA [7] and programs in the language C.

2. PRELIMINARIES

In this section, we give definitions and some known results of Hadamard matrices,
codes and association schemes used in this paper.

2.1. Hadamard matrices. A Hadamard matriz of order n is an n x n (1,—1)-
matrix H such that HHT = nl,,, where I, is the identity matrix of order n. It is
well known that the order n is necessarily 1,2, or a multiple of 4. Throughout this
paper, we assume that n > 2 unless otherwise specified. A weighing matriz of order
n and weight k is an n x n (1, —1,0)-matrix W such that WW7 = kI,,. Of course,
a weighing matrix of order n and weight n is a Hadamard matrix. The two distinct
rows 7;,7; (i # j) of a weighing matrix W of order n and weight k are orthogonal
under the standard inner product r;-r; and W contains exactly k nonzero entries in
each row and each column. Two Hadamard matrices H, K are said to be equivalent
if there exist (1, —1,0)-monomial matrices P,Q with K = PHQ. All Hadamard
matrices of orders up to 32 have been classified (see [18, Chap. 7] for orders up to 28
and [22] for order 32; see also [28]). The numbers of inequivalent Hadamard matrices
of orders 4, 8,12,16, 20,24, 28,32 are 1,1, 1,5, 3,60,487,13710027, respectively.
Two Hadamard matrices H, K of order n are said to be unbiased if (1//n)HK”T
is also a Hadamard matrix of order n, where K7 denotes the transpose of K. This
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means that the absolute value of any entry of HK” is y/n. Hadamard matrices
are said to be mutually unbiased Hadamard matrices if any pair of two distinct
Hadamard matrices are unbiased Hadamard matrices. The existence of f mutually
unbiased Hadamard matrices of order n is equivalent to that of f 4+ 1 mutually
unbiased bases in R™ [8, Observation 2.1]. It is a fundamental problem to determine
the maximum size among sets of mutually unbiased Hadamard matrices of order n.
For example, it follows from [8, Observation 2.1] and [I5] Table 1] that f <n/2.

Recently, generalizations of unbiased Hadamard matrices have been presented
in [5], [19] and [26]. Two weighing matrices W7, Wy of order n and weight k are
unbiased if (1/v/k)W1 WY is a weighing matrix of weight k [I9]. As a natural gen-
eralization, quasi-unbiased weighing matrices are defined in [26] as follows: Wy, Wh
are quasi-unbiased for parameters (n, k,l,a) if (1/\/a)W, W is a weighing matrix
of order n and weight /. This notion was introduced to show that Conjecture 32
in [6] is true. In addition, a set of f mutually quasi-unbiased weighing matrices for
parameters (n, k,l,a) implies a set of f — 1 mutually unbiased weighing matrices
of order n and weight [. In this paper, we restrict our investigation to the case
where W7, W5 are Hadamard in the definition of quasi-unbiased weighing matrices
in order to adopt a coding-theoretic approach. Our restriction is also natural for
a consideration of a certain generalization of the situation in [6, Conjecture 32].
We say that Hadamard matrices H, K of order n are quasi-unbiased Hadamard
matrices with parameters (I,a) if (1/\/a)HK” is a weighing matrix of weight .
Equivalently, the absolute value of any entry of HK' is 0 or \/a. Two Hadamard
matrices H, K are weakly unbiased if a;; = 2 (mod 4) for ¢,j € {1,2,...,n} and
{lai;| | i,5 € {1,2,...,n}}| < 2, where a;; denotes the (i, j)-entry of HKT [5]. A
pair of weakly unbiased Hadamard matrices is constructed from that of unbiased
quaternary complex Hadamard matrices satisfying a certain condition [5 Theo-
rem 14].

Throughout this paper, in the presentation of Hadamard matrices, we use +, —
to denote 1, —1, respectively.

2.2. Binary codes and Zs-codes. Let Zo, (= {0,1,...,2k — 1}) denote the ring
of integers modulo 2k. A Zyj-code C of length n is a subset of Z%,. A Zg,-code C
is called linear if C' is a Zyg-submodule of Z%,. Usually Za-codes are called binary.
In this paper, we deal with binary codes and Z4-codes. In addition, codes mean
binary codes unless otherwise specified.

The (Hamming) distance d(z,y) between two vectors z and y of Z%; is the
number of components in which they differ. Let C' be a Zgg-code of length n. A
vector of C is called a codeword of C'. The minimum (Hamming) distance dg(C)
of C is the smallest (Hamming) distance among all pairs of two distinct codewords
of C. A generator matriz of a linear Zs-code is a matrix such that the rows
generate the code and no proper subset of the rows of the matrix generates the
code. For a linear Zgy-code C' of length n and vectors z1,%2,...,2s € Z3,, we
denote by (C,z1,x2,...,xs) the linear Zsg-code generated by the codewords of C
and z1,%2,...,%,. Let S, denote the symmetric group of degree n. For = € Z7,
and o € S, let o(z) denote the vector obtained from z by the permutation o of
the coordinates. For j € {1,2,...,n}, let 7;(z) denote the vector obtained from x
by changing the sign of the j-th coordinate. In addition, set o(C) = {o(c) | c € C}
and 7;(C) = {1j(c) | c € C}.
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A binary (n, M) code is a binary code of length n with M codewords. A binary
(n,M,d) code is a binary (n, M) code with minimum distance d. A binary [n, k]
code means a binary linear code of length n with 2¥ codewords. A binary [n, k, d]
code means a binary [n, k] code with minimum distance d. The distance distribution
of a binary code C' of length n is defined as (A(C), 41(C), ..., A,(C)), where

A (C) = ﬁ\{(z,x’) |z, 2" € C,d(z,2") =i} (i=0,1,...,n).

A binary code C' is called self-complementary if x +1 € C for any = € C, where 1
denotes the all-one vector. Two binary (n, M, d) codes C, D are equivalent if there
exist a permutation o € S, and a vector x € Z% such that D = z + o(C).

A Hadamard matrix is normalized if all entries in the first row and the first
column are 1. Let H be a normalized Hadamard matrix of order n. Throughout this
paper, we denote by C(H) the binary (n,2n) code consisting of the 2n row vectors
of (1,0)-matrices (H + J,,)/2 and (—H + J,,)/2, where J,, denotes the n x n all-one
matrix. The code C(H) is often called a Hadamard code. It is trivial that C(H) is
a self-complementary code with distance distribution (A¢(C), A,/2(C), An(C)) =
(1,2n—2,1).

The Lee weight wtr(x) of a vector x = (x1, Za,...,xy,) of ZY} is ny(x) + 2na(z) +
nz(x), where nq (z) denotes the number of components ¢ with x; = a (0 =0, 1,2, 3).
The Lee distance dr,(x,y) between two vectors x and y of Z} is wty(z — y). The
minimum Lee distance dr,(C) of a Z4-code C is the smallest Lee distance among all
pairs of two distinct codewords of C. The Gray map ¢ is defined as a map from Z}
to Z3" mapping (z1,Z2,...,%,) to (¢(z1), ¢(z2),...,d(x,)), where ¢(0) = (0,0),
»(1) =(0,1), ¢(2) = (1,1) and ¢(3) = (1,0). If C is a Z4-code of length n and min-
imum Lee distance dr(C), then the Gray image ¢(C) is a binary (2n,|C|,dL(C))
code. The Lee distance distribution of a Zs-code C of length n is defined as
(Ao(C), A1(C), . .., A2, (C)), where

AC) = %H(m,x’) |22’ € Cdp(w,a') =i} (i=0,1,...,2n).

Two linear Zg4-codes C,C’ of length n are equivalent if there exist o € S, and
J1,92,- > Jk € {1,2,...,n} such that C = 7,7, --- 75,0(C"). Let G(1,m) denote
a generator matrix of the first order binary Reed—Muller code RM (1, m) of length
2™, The first order Reed—Muller Z4-code ZRM (1,m) is defined as the linear Z,-
code of length 2" which is generated by the rows of the matrix (11 2G(1,m) 11),
where we regard 2G(1,m) as a Z4-matrix [16].

2.3. Association schemes. Let X be a finite set and {Ro, R1,..., Ry} be a set
of nonempty subsets of X x X. Let A; denote the adjacency matrix of the digraph
with vertex set X and arc set R; for i =0,1,...,n. The pair (X, {R;}?,) is called
a symmetric association scheme of class n if the following conditions hold:

e Ay =Ix,
n
[ ] Zjé:o AZ = Jlxl,
o A =A;forie{l,2,...,n},
o AjA; =3 _opF; Ay, where pf'; are nonnegative integers (i, €{0,1,...,n}).
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The vector space A over R spanned by the matrices A; forms an algebra. Since
A is commutative and semisimple, 4 has a unique basis of primitive idempotents
Ey = ﬁJ x> E1, ..., En. The algebra A is closed under the ordinary multiplication
and entry-wise multiplication denoted by o. We define the Krein numbers qz’f ; for
i,j,k€{0,1,...,n}as E;0E; = ﬁ > or—o qﬁjEk. It is known that the Krein num-
bers are nonnegative real numbers (see [I3l, Lemma 2.4]). Since {Ag, A1,..., An}
forms a basis of A, there exists a matrix @ = (¢;;) with E; = ﬁ Z?:o g A
symmetric association scheme (X, {R;}? ) is said to be Q-polynomial if for each
i €{0,1,...,n}, there exists a polynomial v;(2) of degree ¢ such that ¢;; = v;(g;1)
for all j € {0,1,...,n}. We say that a Q-polynomial association scheme is Q-
bipartite if qf_j =0 for all 4,5,k € {1,2,...,n} such that i + j + k is odd.

There exists a matrix S = (Sp S; --- S,) whose rows and columns are indexed
by X, satisfying that SS7T = | X || x| and S diagonalizes the adjacency matrices,
where E; = ﬁSiSiT for i € {0,1,...,n} [13} p. 11]. We then define the i-th
characteristic matrix G; of a subset C' of X as the submatrix of S; that lies in the
rows indexed by C.

Suppose that X = Z% and R; = {(z,y) | z,y € X,d(z,y) =i} fori =0,1,...,n.
Then the pair (X, {R;}},) is a symmetric association scheme, which is called the
binary Hamming association scheme. The binary Hamming association scheme
is a @-bipartite @-polynomial association scheme with the polynomials v;(z) =
K;(n — 2z), where K;(z) is the Krawtchouk polynomial of degree i defined as
Ki(2) = 35_o(=1)7(5) (5Z;). By [14 Theorem 2.5], the Krawtchouk polynomials
satisfy the following recursion:

(1) Ki(2)Ki(z) = (n — i+ 1)Ki—1(2) + (i + 1) Ki1(2),

fori=0,1,...,n— 1, where K_4(z) is defined as 0.

Recently, by generalizing the result in [I], it has been shown in [23] that there
exists a set of f mutually unbiased Hadamard matrices of order n if and only if
there exists a Q-polynomial association scheme of class 4 which is both Q-antipodal
and @Q-bipartite with f Q-antipodal classes (see [23] for undefined terms).

3. BOUNDS FOR SELF-COMPLEMENTARY CODES

For a code C of length n, set S(C) = {i € {1,2,...,n} | A;(C) # 0}. The size
of S(C) is said to be the degree of C. The annihilator polynomial of C is defined

as follows:
ac(z) =] ] (1{).
1€S(C)

By considering annihilator polynomials, in this section, we give two upper bounds
on the number of codewords of binary self-complementary codes. The two bounds
are used to give upper bounds on the size of sets of mutually quasi-unbiased (resp.
Type IT weakly unbiased) Hadamard matrices in Theorem [5:4] (resp. Theorem [B6)).
We also consider the condition of equality of the first bound.

Lemma 3.1. Let S be a subset of {1,2,...,n} such that |S| = s, n € S, and if
a € S\{n}, thenn—a € S. Then a(z) = [[;cq\(ny(1 — ) has the following
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expansion by the Krawtchouk polynomials:

(2) a(z) = > o K;(2),
i=0,1,...,s—1
i=s—1 (mod 2)

where a; € Q.

Proof. When s is odd, we may write S = {a1,a2,...,a(s—1y/2,7 — 1,7 — az, ...,
n—ags—1)/2,n}, where 0 < ay < az <--- < a(s_1y/2 <n/2. Then we have

o= T ((5) 0-%0)

s—1)/2

STt T (s

i=1

where = n — 2z. Thus, @(z) = @(n/2 — x/2) is an even polynomial in variable z.

When s is even, we may write S = {a1,a2,...,05/2-1,n/2,n — a1,n — az, ...,
n — as/2-1,n}, where 0 < a3 < az < --- < ag/2—1 < n/2. Similarly to the case
where s is odd, we have

s/2—1

1
alz) = H a;(n — a;)

=1

s/2—1

I (-6-37+%))3

=1

ISR

where = n — 2z. Thus, @(z) = a@(n/2 — z/2) is an odd polynomial in variable x.

It can be shown that K;(z) = K;(n/2 — x/2) is an even (resp. odd) polynomial
of degree i in variable x if 7 is even (resp. odd), from which the expansion of @(z)
by the Krawtchouk polynomials has the desired form (2]). O

Theorem 3.2. Let C be a self-complementary code of length n and degree s. Then

n
Cl <2 | > (Z)
3=0,1,...,s—1
i=s—1 (mod 2)

Proof. We consider a subcode C” of C' such that C' = C"U(C’+1), C'N(C'+1) = 0.
Then |C| = 2|C’| and C’ satisfies that S(C") C S(C) \ {n}. Since C is self-
complementary, the annihilator polynomial acr(z) of C” has the following expansion
by Lemma 3.1t

ac(z) = Z a; K;i(2).
i=0,1,...,s—1
i=s—1 (mod 2)
Set K = (Go G2 Gsfl) if sis odd and K = (G1 G3 Gsfl) if s
is even, where G; is the i-th characteristic matrix of C, and set

I'= @ O‘iIK,‘,(O)~

i=0,1,...,s—1
i=s—1 (mod 2)
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By [13, Theorem 3.13], we have K[ KT = |C'[1)cr. Taking the rank of the above
equation yields that

|C"| = rank(KTKT) < rank(K) < min { |C’[, > K;(0) ¢,

as desired. O

Remark 3.3. The above upper bound depends on the degrees. An upper bound,
which depends on the minimum distances, can be found in [24].

If |C] =2 i=01,....s-1 (T;), then the matrix K is a square matrix and in-
i=s—1 (mod 2)
vertible. Thus, @ i=o.1,...,s—1 al-IKi(O) is a scalar multiple of the identity matrix,
i=s—1 (mod 2
which implies that «; aré all e)qual.
Let C be a self-complementary code of length n and degree s. By Lemma 3] we
may suppose that the expansion of @c(2) = [[;cg(c)\ (ny (1~ ) by the Krawtchouk

polynomials is as follows:

(3) ac(z) = > aiKi(2).
i=0,1,...,s—1
i=s—1 (mod 2)

Theorem 3.4. Suppose that as = ag if s is odd and s = o1 if s is even. If o
in @) are all nonnegative and ags is positive, then

2
asl2]
as
Proof. The annihilator polynomial of C'is written as ac(z) = |C| (1 — £)
By K1(z) =n — 2z and (),

ac(z).

ac(z) = ‘%' <1 + %Kﬂz)) ac(z)

I
[
N

(ai K+ aiKl(z)Ki(z))

n

C ai(n—i+DK;_1(z) + (i + 1) K;11(z
S (kg SO (D)
1=0,1,..., s—1
i=s—1 (mod 2)
where K_;(z) = 0. Hence, the coefficient of Ky(z) is |C|as/2. By the assumption on
v, the linear programming bound [I3, Theorem 5.23 (ii)] shows that the coefficient
of Ky(2) is at most 1. Therefore, the desired bound follows. O

The above two bounds are referred to as the absolute bounds and the linear
programming bounds, respectively. As a consequence, upper bounds on the maxi-
mum size among sets of mutually quasi-unbiased (resp. Type II weakly unbiased)
Hadamard matrices are given in Section [ (resp. Section []).
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4. QUASI—UNBIASED HADAMARD MATRICES

In this section, we study quasi-unbiased Hadamard matrices. All feasible pa-
rameter sets for quasi-unbiased Hadamard matrices are examined for orders up to
48.

4.1. Basic properties and feasible parameters.

Proposition 4.1. If there exists a pair of quasi-unbiased Hadamard matrices of
order n with parameters (1, a), then
n 2
: S
for some positive integer o satisfying that n = 0 (mod 2a) and n < 4a>.

Proof. Let (Hy,Hs) be a pair of quasi-unbiased Hadamard matrices of order n
with parameters (I,a). From the definition, a must be a square, say, a = b?,
where b is a positive integer. Let hy (resp. he) be a row of Hy (resp. Hy). Let
n+(hy, he) denote the number of components which are different in hy and hs.
Then 2n4(hy,he) =n—band n+b if hy - ho = b and —b, respectively. Since n = 2
or n =0 (mod 4), b is even. Therefore, a = 4a? for some positive integer «; then
| = (n/2a)?. Since (1/y/a)HHY is a weighing matrix of weight [, it is trivial that
I < n. Hence, n < 402. O

From now on we assume that « is a positive integer for parameters ((n/2a)?, 4a?).
We say that parameters (I,a) satisfying (@) are feasible. Since (I,a) = (1,n?) satis-
fies [ )), the parameters (1,n2) are feasible for each order n.

Proposition 4.2. If there exists a Hadamard matriz of order n, then there exists
a set of 2"n! mutually quasi-unbiased Hadamard matrices with parameters (1,n?),
where 2"n! is the mazximum size among sets of such matrices.

Proof. Let H, K be Hadamard matrices of order n. It is easy to see that (H, K) is
a pair of quasi-unbiased Hadamard matrices with parameters (1,72) if and only if
there exists a monomial (1,—1,0)-matrix P such that K = PH. In addition, for
any monomial (1, —1,0)-matrices P and @, (PH,QH) is a pair of quasi-unbiased
Hadamard matrices with parameters (1,n2). O

Forn =4,8,...,48, we give in Table[]] feasible parameters (I, a) and our present
state of knowledge about the maximum size f,,,, among sets of mutually quasi-
unbiased Hadamard matrices of order n with parameters (I,a) except (1,n2). In
the third column of the table, “-” means that there exists no pair of quasi-unbiased
Hadamard matrices. The last two columns provide references for the lower and
upper bounds on f,qz.

Proposition 4.3. Suppose that there exists a pair of quasi-unbiased Hadamard
matrices of order n with parameters ((n/2a)?,4a?). If n # 4a®, then o must be
even.

Proof. Let H be a Hadamard matrix of order n and let h; be the i-th row of H.
Let x be a vector of {1, —1}". Then it is easy to see that h; - = h; -  (mod 4)
fori,je{1,2,...,n}.

Let (H,K) be a pair of quasi-unbiased Hadamard matrices with parameters
((n/2a)?,4a2). Since (1/2a)HKT is a weighing matrix of weight (n/2a)?, any row
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TABLE 1. Quasi-unbiased Hadamard matrices (n = 4,8,...,48).
n (L, a) fmaz Reference
4 (4,4) 2 11l Proposition 6] | [I5, Table 1]
8 (4,16) 8 26, Theorem 4.4] 26), Theorem 4.1]
12 | (4,36) - Corollary [4.4]
(9,16) 2 Section Section
16 | (4,64) 8 —35 | [I7), Section 3] Table
(16, 16) 8 [IT, Proposition 6] | [I5, Table 1]
20 | (4,100) - Corollary
24 | (4,144) 2 — 85 Section Table
(9,64) 16 — 85 | Section Table
(16, 36) - Proposition E3]
28 | (4,196) - Corollary
32 | (4,256) | 8 — 155 | Proposition Table
(16,64) 32 [26] Theorem 4.4] | |26, Theorem 4.1]
36 | (4,324) - Corollary 4]
(9,144) | <199 Table
(36,36) 2 [I9, Theorem 1.5] | [8l Lemma 3.3]
10 | (4,400) | <247 Table B
(16,100) - Proposition B3
(25,64) <28 Table
44 | (4,484) - Corollary
48 | (4,576) | 2 —361 | Proposition Table
(9,256) | 16 — 361 | Proposition Table
(16,144) | < 361 Table
(36,64) 2 —28 Proposition Table

x of K satisfies that h; -z € {0,4£2a} for i = 1,2,...,n. Hence, if (1/2a0)HKT is
not Hadamard, equivalently n # 4a2, then o must be even. ([l

Corollary 4.4. Suppose that n = 4 (mod 8) and n > 12. Then there exists no
pair of quasi-unbiased Hadamard matrices of order n with parameters (4, (n/2)?).

Proof. Follows from Proposition by considering the case o = n/4. O

Corollary 4.5. Suppose that n = 4p, where p is an odd prime with p > 5. Then
there exists no pair of quasi-unbiased Hadamard matrices of order n with parameters

(I,a) # (1,n?).

Proof. From p > 5, the only feasible parameters are (4,4p?) and (1,16p?). By
Proposition [£3] there exists no pair of quasi-unbiased Hadamard matrices with
parameters (4, 4p?). O

Proposition 4.6. Let {Hy,Ha,...,Hy} (resp. {K:1,Ks,...,Ks}) be a set of f
mutually quasi-unbiased Hadamard matrices of order n (resp. n') with parameters
(I,a) (resp. (I';a")). Then {H1 @ K1, HoQ Ko,...,Hy @ K} is a set of f mutually
quasi-unbiased Hadamard matrices of order nn' with parameters (Il', ad’).

Proof. Tt is sufficient to give a proof for the case f = 2. Using some (1,—1,0)-
matrices L and L', the matrices H; H} and K;KJ are written as /aL and Va/L’,
respectively. Then (H; ® K;)(Hz ® K2)T = Vaa'L @ L'. The result follows. O

Let (H,K) be a pair of quasi-unbiased Hadamard matrices of order n with
parameters (I, a). We denote the unique Hadamard matrix of order 2 by Hs. There
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exists a pair (Hy, K4) of unbiased Hadamard matrices of order 4 [I1l, Proposition 6].
By the above proposition, (H ® Hs, K ® Hs) is a pair of quasi-unbiased Hadamard
matrices of order 2n with parameters (I,4a), and (H ® Hy, K ® K4) is a pair of
quasi-unbiased Hadamard matrices of order 4n with parameters (41, 4a).

If there exist Hadamard matrices of orders 4m and 4n, then there exists a
Hadamard matrix of order 8mn [2, Statement 4.10] (see also [12] Theorem 1]
and [20, Theorem 4.2.5]). The explicit construction given in [I2, Theorem 1]
and [20, Theorem 4.2.5] is as follows. Let H be a Hadamard matrix of order
4m and K be a Hadamard matrix of order 4n. Let H; (i = 1,2) be the 4m x 2m
matrices and K; (i = 1,2) be the 2n X 4n matrices such that H = (H; Ha),

(K .
K = <K2)' The matrix

1 1
M(H,K) = 5(H1 + Hy) @ Ky + 5(Hl — Hy) ® Ko
is a Hadamard matrix of order 8mn.
Proposition 4.7. Let {Hi,Hs,...,Hs} be a set of f mutually quasi-unbiased
Hadamard matrices of order 4m with parameters (I,a) and let K be a Hadamard
matriz of order 4n. Then {M(H,K), M(Hs, K),...,M(Hy,K)} is a set of f mu-
tually quasi-unbiased Hadamard matrices of order 8mn with parameters (I, 4an?).

Proof. Similar to that of the above proposition. The tedious but straightforward
proof is omitted. U

4.2. Observations by straightforward construction. From the definition of
quasi-unbiased Hadamard matrices, we immediately have the following observation.

Proposition 4.8. Let P,Q, R be nxn (1,—1,0)-monomial matrices. Then (H, K)
is a pair of quasi-unbiased Hadamard matrices of order n with parameters ((n/2a)?,
40?) if and only if (PHQ, RKQ) is a pair of quasi-unbiased Hadamard matrices of
order n with parameters ((n/2a)?, 4a2).

Suppose that n > 4. For a given (n, ), when attempting to determine whether
there exists a pair of quasi-unbiased Hadamard matrices H, K of order n with pa-
rameters ((n/2a)?, 4a?), it is sufficient to consider only the inequivalent Hadamard
matrices of order n as possible choices for H and only the Hadamard matrices K
of order n as possible choices for K, where the first three columns ¢q,ca,c3 of K

satisfy the following:

T=( 4+t doh b et ),
(5) cg:( Foordt e —eee— — =)
Cg:( L — - 44 — - )

—_— Y= Y~ =

4 rows 7 rows 7 rows 7 rows

This substantially reduces the number of pairs of Hadamard matrices to be checked
as possible pairs (H, K).
Let Hqs be the Hadamard matrix of order 12 having the following form:

+ o+ -+

+
(6) | ,

+



QUASI-UNBIASED AND WEAKLY UNBIASED HADAMARD MATRICES 961

where R is the 11 x 11 circulant matrix with first row:

(—+—F+++———+-).
We determine the maximum size f among sets of mutually quasi-unbiased Hada-
mard matrices Hiz,1, Hi2,2, . .., Hi2, 5 of order 12 with parameters (9, 16) as follows.

By Proposition .8 without loss of generality, we may assume that Hiz1 = Hio.
Our exhaustive computer search under the above condition (@) on K found 1485
distinct Hadamard matrices K12; (i = 1,2,...,1485) such that (Hi2, K12;) is a
pair of quasi-unbiased Hadamard matrices with the parameters. In addition, our
exhaustive computer search verified that there exists no pair (K12, Ki2,;) (i # j)
such that {H 12,@, E} is a set of three mutually quasi-unbiased Hadamard
matrices. This means that f = 2. In Figure[I] we list K15, which is one of the 1485
Hadamard matrices.

FH+——F e+t —+-
FH+—+-——————
e+t —+—+—+
F+——d - —
FH—tt——F+++-
-+ —+—+——+

K= g+
+-F+———=- + 4+ ++
e e
e e
=== +4+ -+
+-— =+ —t++——+

FIGURE 1. The matrix Ko

Our computer search under the condition (Bl) on K found a Hadamard matrix
K41 of order 24 such that (Ho41,K241) is a pair of quasi-unbiased Hadamard
matrices of order 24 with parameters (4, 144), where Hay 1 is had.24.1 in [28]. The
matrix Kaq 1 is listed in Figure

e+ttt ——————— + -+
e+ttt — -+t -+ ———
B s A S
e o T
e+t ——— - ——++
e+ttt ottt ——————
-+ttt -+ —F—F++++++—+
-+ttt —— -+ ——
Ft -t —— -t ————F++——++
- —+-———F+—+—++——+——+++-
+H———t -+t —F——t+-———++—+
e A S o it 2
B e o
ottt -+ttt o+ -+t
ot ——— -ttt —F———++++—+
ottt —— o ——— - -+ ++
e e A +H++++—+—+—+
e e e o e et o e
o — ettt -+t -+ ————+
B et o e et o e
B i o e e
o — - ot -—-
ottt —— -+t
ot -ttt — - — -

Koy =

FIGURE 2. The matrix Koy 1
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5. A CODING-THEORETIC APPROACH
TO QUASI-UNBIASED HADAMARD MATRICES

In this section, we give a coding-theoretic approach to mutually quasi-unbiased
Hadamard matrices. As an application, upper bounds on the size of sets of mutu-
ally quasi-unbiased Hadamard matrices are derived. For modest lengths, we also
give classifications of some binary self-complementary codes in order to construct
mutually quasi-unbiased Hadamard matrices.

5.1. Binary codes and quasi-unbiased Hadamard matrices.

Theorem 5.1. Let o be an integer with 0 < « < n/2. There exists a self-
complementary (n,2fn) code C satisfying the following conditions:

(7) {ie{0,1,...,n} | A;(C) #0} ={0,n/2 £ a,n/2,n},
() C=CUCU---UCy,

where each C; has distance distribution (Ao(C;), Ay, /2(Cs), An(Ci)) = (1,2n —2,1)
if and only if there exists a set of f mutually quasi-unbiased Hadamard matrices of
order n with parameters ((n/2a)?,4a?).

Proof. Suppose that there exists an (n,2fn) code C satisfying (@) and (8). Define
¥ as a map from Z% to {1,—1}" (C Z"™) by ¥((x1,22,...,xn)) = (&), 25, ..., 2}),
where z; = =1 if ; = 1 and 2}, = 1 if 2; = 0. It follows from the distance
distribution of C; that C;+1 = C; fori = 1,2,..., f. Thus, ¢(C;) is antipodal, that
is, —(C;) = 9(Cy) for i = 1,2, ..., f. Hence, there exists a subset X; of ¢(C;) such
that X; U (—X;) = ¢(C;) and X; N (—X;) = (D. Note that ¢ (z) - (y) = n—2d(z,y)
for x,y € Z%. The distance distribution of C; implies that d(x,y) € {0,n/2,n} for
x,y € C;. Thus, ¥(z) - ¥(y) € {—n,0,n} for z,y € C;. This means that any two
different vectors of X; are orthogonal for i = 1,2,..., f. Hence, one may define a
Hadamard matrix H; of order n whose rows are the vectors of X; fori =1,2,..., f.
Let v; be a vector of X; for i« = 1,2,...,f. The assumption of (7] implies
that d(¢ = (v;), v (v;)) = n/2,n/2 £ a (i # j); namely, v; -v; (i # j) is 0, F2«
respectively, where « is the integer given in (). This shows that for any distinct
i,j €{1,2,...,f}, (1/20[)HZ-HJT is a (1,—1,0)-matrix, and thus it is a weighing
matrix of weight (n/2a)?. Therefore, {Hy, Ha,...,H;} is a set of f mutually
quasi-unbiased Hadamard matrices of order n with parameters ((n/2a)?, 4a2).
The converse assertion follows by reversing the above argument. (Il

Remark 5.2. The “only if”’ part in the above proposition was proved in [26] for
a specific case; namely, C is a linear code of length n = 2™ satisfying (7)) and
containing RM(1,m) as a subcode.

Now, as the case s = 4 of Theorems and B.4] we have two upper bounds on
the number of the codewords of self-complementary codes satisfying ().

Lemma 5.3. Let C be a self-complementary code of length n satisfying (). Then

(i) |C] < ""_737”8) If equality holds, then 4a® = 3n — 8.
(i) If 3n — 4a? — 2 > 0, then |C| < ngnn4;§a2j Ir|C| = 237;714—;3'12), then a
pair (C,{R;}1_,) is a Q-polynomial association scheme, where R; = {(z,vy) |

x,y € C,d(z,y) = Bi} and {i € {0,1,...,n} | A;(C) # 0} = {Bo,P1,.-.,P4}
with 0 = By < B1 < --- < By.
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Proof. (i) The upper bound is the case s = 4 of Theorem

Suppose that equality holds. From the observation after Theorem B2l a¢r(z) =
B(K1(2) + K3(z)) for some . Since n/2 &+ « are roots of Kq(z) + K3(z), we have
4a% = 3n — 8.

(ii) Expanding by the Krawtchouk polynomials, we have

3 =(1- 7)1 5) (1~ 5 57)

3n —4a? -2 6
=2 K -
n(n? — 4a?) 1(2)+ n(n? — 4a?)

n—4a%-2
n(n?—4a?)

Kg(Z).

By the assumption on « and n, both 3
Theorem [3.4] implies the desired bound.

_ 2n(n®—4a?) . . .
Suppose that |C| = Z-%5—~». By following the same line as in the proof

of [3, Theorems 1.1, 1.2 (5)], we may prove that (C,{R;},) is a Q-polynomial

association scheme. A detailed proof is given in Appendix A. |

6 o).
and n(AT—daz) e positive. Thus,

By Theorem (.l we immediately have the following two upper bounds on the
maximum size among sets of mutually quasi-unbiased Hadamard matrices, one of
which depends only on n, and the other depends on n,«. This is one of the main
results of this paper.

Theorem 5.4. Suppose that there exists a set of f mutually quasi-unbiased Had-
amard matrices of order n with parameters ((n/2a)?,4a?). Then

(i) f < |r=3n48 *3”+8J If f = ™=3038 then 40 = 3n — 8.

(ii) If 3n —4a® —2 >0, thenf§ Lgn_i‘lo‘

n—4a?2—-21"

Remark 5.5. Tt is known that f < n/2if n = 4a? and « is even [15, Table 1], f < 2
if n = 4a? and « is odd [8, Lemma 3.3], and f < n if 2n = 4a? [26, Theorem 4.1].

For the first and third cases, the bounds are the same as (ii).

TABLE 2. Absolute and linear programming bounds in Theorem 5.4

n (1, a) Absolute bound | Linear programming bound
1| (44 2 2
(4,16) 8 8
2] (9,16) [58/3] = 19 [64/9] =7
16 | (4,64) 35 "
(16,16) 36 8
24 | (4,144) | [256/3] =85 *
(9, 64) 85 |256/3] = 85
32 | (4,256) 155 ¥
(16, 64) 156 32
36 | (9,144) | [598/3] = 199 -
(36, 36) 199 18
10 | (4,400) 247 *
(25, 64) 248 |256/9] = 28
48 | (4,576) | [1084/3] = 361 ”
(9, 256) 361 x
(16, 144) 361 *
(36, 64) 361 11120/39] = 28
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For the feasible parameters given in Table [I, we list in Table Pl the maximum
possible sizes among sets of mutually quasi-unbiased Hadamard matrices, which
are obtained by the two upper bounds. We do no list the maximum possible sizes
when there exists no pair of quasi-unbiased Hadamard matrices. In the table, “x”
means that the assumption of Theorem [5.4] (ii) is not satisfied. By Theorem[54 (i),
if 40 # 3n — 8, then f < %. Suppose that n = 4a. Then 4a? = 3n — 8 if
and only if & = 1,2. As an example, for the cases (n,l,a) = (16,4, 64), (32,4, 256),
(40, 4,400) in Table [2 the upper bound can decrease from that of Theorem B4 (i)
by 1.

The following proposition was proved in [I7] for a specific case; namely, C is a
linear code of length n = 2™ satisfying (7]) and containing RM (1, m) as a subcode.
Although the proof can be easily applied to all codes satisfying ([]) and (&), we give
a proof for the sake of completeness.

Proposition 5.6. Let C' be an (n,2fn) code satisfying [{) and @). Then the
distance distribution of C' is given by

(AO(C),An/Q—(x(C)vAn/2(C)’An/2+a(C)aAn(C))
= (L (f=Dl.2n—2+(f —1)(2n—20),(f — DI, 1),
where | = (n/2a)?.

Proof. Let H; be the Hadamard matrix and let C; be the code as in the proof of
Theorem B for 7 = 1,2,..., f. Let x; be a codeword of C; for i = 1,2,..., f.
The distance distribution of C; implies that there exist 2n — 2 codewords y of C;
such that d(x;,y) = n/2. Now, suppose that 4,5 € {1,2,..., f} with ¢ # j. Since
(1/2a)HiHjT is a weighing matrix of weight [, the number of 0’s in each row of
(1/2a)H;H] is n — I. That is, for a fixed row r; of H;, there exist n — [ rows r of
H, such that r; - r = 0. Hence, since C' is self-complementary, there exist 2(n — 1)
codewords y € C; such that d(z;,y) = n/2. Therefore, we have

Apy2(C) =(2fn(2n = 2) + f(f — 1)2n(2n — 21))/|C]|
=2n—2)+ (f —1)(2n —21).
Since C' is self-complementary, we have the desired distance distribution. O

Remark 5.7. The minimum distance of C implies the distance distribution of C.

5.2. Binary codes satisfying (7) and (8). For some (n,2n) codes Cy (n =
8,12, 16,20, 24), we give a classification of (n,2fn) codes of the following form:

(9) 01U(u2+C1)U(ug—i—Cl)U-'-U(uf—kCl),

satisfying (7)) and (). Although our method for the classifications is straightfor-
ward, we describe it for the sake of completeness. Let C be an (n,2(f — 1)n) code
of the form (@) satisfying (7)) and (§). Every (n,2fn) code C of the form (@) sat-
isfying (@) and (8) and that C O C can be constructed as C' U (uy + Cy), where
uy € Z3. By considering all vectors of Z3 \ C, all (n,2fn) codes C of the form (@)
satisfying (@), (8 and that C D C can be obtained. In addition, by considering
all inequivalent (n,2(f — 1)n) codes C of the form (@) satisfying (@) and (B, all
(n,2fn) codes C of the form (@) satisfying (7) and (§), which must be checked
further for equivalences, can be obtained. By checking equivalences among these
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codes, one can complete the classification of codes of the form (@) satisfying (7))
and () for a fixed Cy.

Let C, D be two binary (n, M) codes containing the zero vector 0. Two codes
C, D are equivalent if and only if there exist a permutation o € S,, and a vector
x € C such that D = {o(c+x) | ¢ € C}. For an (n, M) code C, we have an M x n
(1,0)-matrix m(C) with rows composed of the codewords of C. To test equivalence,
we checked whether there exists a vector x € C such that the incidence structures
with incidence matrices m(D), m({o(c+ z) | ¢ € C}) are isomorphic. The MAGMA
function IsIsomorphic was used to find out whether the incidence structures are
isomorphic.

In this way, for some (n,2n) codes C; (n = 8,12,16,20,24), by a computer
calculation, we completed the classification of codes of the form (@) satisfying (7))
and (8). We list the number Na(C1,2fn) of the inequivalent (n,2fn) codes of the
form (@) satisfying (7) and (8). We mention that a classification of linear codes of
length 2™ satisfying () and containing RM(1,m) as a subcode has been recently
done in [I7] under the equivalence of linear codes for m = 3,4, 5.

Proposition 5.8. No(RM(1,3),16f)=1 (f=2,3,5,6,7,8), No(RM(1,3),16f)=
2 (f = 4), and Ny(RM(1,3), 16/) = 0 (f = 9).

TABLE 3. Complete representatives of Z5/RM (1, 3).

i | supp(x;) || 4 | supp(z;) || 4 | supp(a;) || i | supp(z;)
1[0 5| {6} 9 | (4] 13 [ {4,6)
2 | {8} 6 | {6,8} 10 | {4,8} 14 | {4,6,8}
3| {7} 7| {6,7} 11 | {4,7} 15 | {4,6,7}
4| {7,8} 81 {6,7,8 || 12| {478 | 16| {4,6,7,8}
To list the result of the classification, we fix the generator matrix of RM(1,3)
11111111
as (8(1)?%86?%) , and we list the 16 vectors z;, which give the set of complete repre-
00001111
sentatives of Z§/RM (1, 3). To save space, we list the supports supp(x;) in Table 3]
where supp(v) = {i | v; # 0} for a vector v = (v1,v2,...,v,). The set was

found by the MAaGMA function Transversal. The unique (8,32) code Bg 1,1, the
unique (8,48) code Bg s 1, the two (8,64) codes Bgs; (i = 1,2), the unique (8, 80)
code Bg 4,1, the unique (8,96) code Bg s 1, the unique (8,112) code Bgg,1, and the
unique (8,128) code Bs 7,1 are constructed via UkeX(Bs‘j,i)(wk + RM(1,3)), where
X (Bs,j,i) are listed in Table @ By a computer calculation, we verified that the
minimum distances of the eight codes are 2.

TABLE 4. Codes of length 8 satisfying () and (g]).

¢ X(©) C X(C)
Bg,11 | {1,4} Bs.a1 | {1,4,6,7,10}
Bgo21 | {1,4,6} Bss1 | {1,4,6,7,10,11}

Bssa | {1,4,6,7} || Bss.a | {1,4,6,7,10,11,13}
Bsso | {1,4,6,10} || Bs.7za | {1,4,6,7,10,11,13,16}
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Proposition 5.9. Ny(C(Hi2),24f) =0 (f =2).
Proposition 5.10. No(RM(1, 4) 32f) = (f = 2,3), No(RM(1,4),32f) = 5
(f = 4), No(RM(1,4),32f) = 3 (f = 5,6,7,8), and No(RM(1,4),32f) = 0

(f=9).

TABLE 5. Codes of length 16 satisfying (@) and (8.

¢ X(©) du (C) C X(0) dm(C)
Bis,1,1 | {1,2} 4 Bis,a,3 | {1,5,6,8,9} 6
Biga,2 | {1,5} 6 Bigs, | {1,2,3,4,12,13} 4
Big,2,1 | {1,2,3} 4 Bis,s,2 | {1,2,3,4,17,18} 4
Big2,2 | {1,5,6} 6 Biss,3 | {1,5,6,8,9,10} 6
Bi6,3,1 | {1,2,3,4} 4 Bis,e,1 | {1,2,3,4,12,13,14} 4
Bie,s,2 | {1,2,3,12} 4 Bise,2 | {1,2,3,4,17,18,19} 4
Bi6,3,3 | {1,2,3,17} 4 Bise,3 | {1,5,6,8,9,10,11} 6
Bi6,3,4 | {1,5,6,7} 6 Big,7,1 | {1,2,3,4,12,13,14,15} 4
Bie,3,5 | {1,5,6,8} 6 Big,7,2 | {1,2,3,4,17,18,19,20} 4
Biga,1 | {1,2,3,4,12} 4 Bisrs | {1,5,6,8,9,10,11,16} 6
Biga2 | {1,2,3,4,17} 4

To list the result of the classification, we fix the generator matrix of RM(1,4)
as follows:
1111111111111111
0101010101010101
0011001100110011
0000111100001111
0000000011111111

The two (16,32) codes Big1,; (i = 1,2), the two (16,64) codes Big 2, (1 = 1,2),
the five (16,96) codes Big 3, (1 =1,2,...,5), the three (16,128) codes Big 4, (i =
1,2,3), the three (16, 160) codes Big 5, (i = 1,2, 3), the three (16,192) codes Big 6.
(i = 1,2,3), and the three (16,224) codes Big 7, (i = 1,2,3), are constructed via
UkeX(me)(a:k + RM(1,4)), where X (B ;,;) are listed in Table [ and supp(z,,)
(m=1,2,...,20) are listed in Table[@ By a computer calculation, we determined
the minimum distances dg (B j,;), which are also listed in Table

TABLE 6. Some representatives of Zi6/RM(1,4).

i supp(z;) i supp(z;) i supp(z;)

10 8 | {7,8,10,12, 14,15} 15 | {6,8,10, 12, 13, 14, 15, 16}
2 | {6,7,10,11} 9 | {4,7,11,13,14,15} 16 | {6,7,11,12, 14,16}

3| {7,8,11,12} 10 | {4,6,10,11,12,15} 17 | {4,8,12,16}

4 | {6,8,10,12} 11 | {4,8,10,13,15,16} 18 | {4,6,7,8,10,11,12,16}
5 | {4,6,7,8,12,13} 12 | {13, 14,15, 16} 19 | {4,7,11,16}

6 {6,8,10 11, 13 14} || 13 | {6,7,10,11,13,14,15,16} || 20 | {4,6,10, 16}

7| {4,7,10,11 12,14} 14 | {7,8,11,12,13,14, 15,16}

We denote by H1671,H1672,H1673,H1674 had.16.1, had.16.2, had.16.3,
had.16.4 in [28], respectively, which are the remaining four normalized Hadamard
matrices. To save space, we only list the numbers No(C(Hig,),32f) in Table [d for
1=1,2,3,4.
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TABLE 7. No(C(His,),32f) (1=1,2,3,4).

T 2 3 4 5 6 7 8 9
No(C(Hi61),32f) |4 13 47 24 9 3 2 0
N2(C(H16,2),32f) | 7 18 62 34 14 3 2 0
No(C(H163),32f) |2 3 10 3 3 1 1 0
N2(C(H16,4),32f) |2 9 22 16 4 1 1 0

Let Ha4 2 be the Paley Hadamard matrix of order 24 having the form (@), where
R is the 23 x 23 circulant matrix with first row:
(————- +—-+—-——++—-——++—+—-++++).
Our computer search found a (24,768,8) code Coy = Ullil(uZ + C(H2a,2)) satis-
fying (@) and (). The vector u; is 0 and supp(u;) (i = 2,3,...,16) are listed in
Table[B This gives a set of 16 mutually quasi-unbiased Hadamard matrices of order
24 with parameters (9,64) by Theorem .11

TABLE 8. Vectors u; for Coy.

i supp(u;) i supp(u;)

2 [ {3,4,5,6,7, 10,13, 15} 10 | {3,6,7,9,11, 14,15, 18}

3| {4,5,6,7,8,11,14, 16} 11 | {6,7,8,9,10,13,16,18}

4 | {3,8,10,11,13,14,15, 16} 12 | {3,4,5,8,9,15,16, 18}

5| {3,4,8,9,10,12,13,17} 13 | {3,5,8,11,12,14,17,18}

6 | {5,6,7,8,9,12,15,17} 14 | {4,6,7,8,10,11,12,13,14, 15,17, 18}
7| {3,5,6,7,9,10,11,12,13,14,16,17} || 15 | {3,4,6,7,12,16,17, 18}

8 | {4,9,11,12,14,15,16,17} 16 | {5,10,12,13,15,16,17, 18}

9 | {4,5,9,10,11,13,14,18}

5.3. Binary codes satisfying (7)) and () from Z4-codes. In order to construct
binary codes satisfying (@) and (8] systematically, we consider Z4-codes C of length
n with |C| = 4fn satisfying the following conditions:

(10) {i€{0,1,...,n} [ Ai(C) # 0} = {0,n £ B,n, 2n},

(11) C=CiUCU---UCy,

where [ is an integer with 0 < 8 < n, and each C; has Lee distance distribution

Proposition 5.11. Let C be a Z4-code of length n satisfying (I0) and ([{l). Then
there exists a set of f mutually quasi-unbiased Hadamard matrices of order 2n with
parameters (n?/3%,4532).

Proof. Since the Lee distance distribution of C is the same as the distance distribu-
tion of ¢(C), ¢(C) satisfies (). In addition, ¢(C;) has the same distance distribution
as RM(1,m+1) fori=1,2,..., f. Since ¢(C) = ¢(C1) Up(C2) U---U@(Cy), &(C)
satisfies (). The result follows from Theorem Bl O

Now, we restrict our attention to linear Z4-codes C of length n = 2™ satisfying
the following conditions:

(12) {(no(z) = n2(2))* | 2 € C} = {0, %, n?},
(13) C contains ZRM (1, m) as a subcode,
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where /5 is an integer with 0 < 8 < n. Let z be a codeword of C. Since ni(x) +
2ng(z) + ng(x) = n — (no(z) — na(x)), {wtr(z) | z € C} = {0,n £ B,n,2n}. This
means that C satisfies (I0). Let {t1,%2,...,ts} be a set of complete representatives
of C/ZRM(1,m). It is trivial that ¢, + ZRM(1,m) has the same Lee distance
distribution as ZRM (1, m) for i = 1,2,..., f. Hence, C satisfies ({Il). We note
that the Kerdock Zs-code K(m) of length 2™ defined in [16] satisfies (I2]) and (I3)
for m > 2.

Remark 5.12. The above method is a slight generalization of that given in [26].

In the rest of this section, we study classifications of linear Z4-codes of length
2™ satisfying (I2) and ([I3). Note that the conditions (I2) and ([I3]) are invariant
under equivalences of linear Z4-codes.

Although our method for classifications of linear Z4-codes of length 2™ satisfy-
ing (I2)) and (I3) is straightforward, we describe it for the sake of completeness. Let
C be a linear Zs-code with |C| = 2* satisfying ([2)) and ([3). Every linear Z4-code
C such that |C| = 2¥*! and C D C satisfying (I2) and ([3) can be constructed as
(C,x), where z is some vector of a set R,, of complete representatives of Z3 /C.
By considering all vectors of R,,, all linear Z4-codes C which must be checked fur-
ther for equivalence can be obtained. In addition, by considering all inequivalent
linear Z4-codes C with |C| = 2% satisfying (IZ) and (I3)), all linear Zy-codes C with
|C| = 2k+1 satisfying ([2)) and (3)), which must be checked further for equivalences,
can be obtained. By checking equivalences among these codes, one can complete
the classification of linear Z4-codes C with |C| = 28! satisfying ([Z) and (I3).

We now describe how to test equivalences of linear Z4-codes. In this paper, we
modify the method for linear codes over a finite field, which is given in [27]. For a
linear Z4-code C of length n, we define the digraph I'(C) with the following vertex
set V(I'(C)) and arc set A(T'(C)):

V(D(C)) =C* U (P x Z¥),
A(F(C)) :{(Ca (ja Cj)) | c= (017027 .. ~7Cn) S C#acj 7£ Oa] € P}
U{((,2),(4,2),((4:2), (G,2)) | j € P,z € {1,3}},

where C# = C\ {0}, P = {1,2,...,n} and Z¥ = 7, \ {0}. By an argument similar
to that in [27], the following characterization is obtained.

Proposition 5.13. Two linear Zy-codes C,C’ are equivalent if and only if T'(C),
T'(C") are isomorphic.

Proof. Suppose that two linear Z4-codes C,C’ of length n are equivalent. Then there
exist o € S, and ji, jo, ..., j¢ € P such that 7,7, ---7;,0(C) = C’ (see Section 2.2
for the notation). For o € S, define a map f, from V(I'(C)) to V(I'(c(C)))
mapping (j,z) € P x Z¥ to (¢(j),z), and ¢ € C¥ to o(c). Then the map f, is
an isomorphism from I'(C) to I'(6(C)). Now, for j € P, define a map g; from
V(I'(C)) to V(I'(7;(C))) mapping (j, @) to (j,—=), (i,z) € (P\ {j}) x Z{ to (i,x),
and ¢ € C# to 7;(c). Then the map g; is an isomorphism from I'(C) to I'(7;(C)).
Hence, g;,9j, - - - 9j, - 1S an isomorphism from I'(C) to I'(C’).

Conversely, we suppose that two digraphs I'(C),T'(C’) are isomorphic. Then there
exists a bijection f from V(I'(C)) to V(I'(C")) such that (x,y) € A(T'(C)) if and only
if (f(z), f(y)) € AT(C")). By the definition of A(I'(C)), the subsets C# and P x Z#
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of V(I'(C)) are characterized as follows:

C* = {v € V(I'(C)) | the indegree of v is equal to 0},
P xZ¥ =v(()\C*.
We have a similar characterization for I'(C’). Thus, we have
fety=c#, fPxz¥)=prxzf.

We put f((j,x)) = (j/,2') for (j,z) € P x Z¥. There exists a permutation o € S,
with of(j) = j' for j € P. The set of the vertices of I'(C) (resp. I'(C’)) whose
indegrees are at least 2 and outdegrees are equal to 2 is {(j,2) | j € P} (resp.
{(4',2) | 7/ € P}). Hence, (§/,2") = (§/,2) for each j/ € P. Also, we have either
that (5/,1’) = (§/,1) and (5/,3") = (5/,3) or that (5/,1") = (§/,3) and (§',3") = (5/,1)
for each j' € P. Hence, we have

TiTis - 75,05(C) = f(C*)U {0} =C,

where {j17j27 co >j£} = {.7 eP ‘ (j/a 1/) = (jlu?))a (jlu?)/) = (j/a 1)} with |{j17j27 sy
je}| = L. Therefore, two linear Z4-codes C,C’ are equivalent. O

Using the above method, by a computer calculation, we completed the classi-
fication of linear Z4-codes of length 16 satisfying (I2) and ([I3]). By the MAGMA
function IsIsomorphic, we determined whether I'(C),T'(C’) are isomorphic.

Proposition 5.14. Let Ny(16,k) denote the number of inequivalent linear Z,-
codes C of length 16 with |C| = 2% satisfying (I2)) and ([@3). Then N4(16,7) = 5,
N4 (16,8) = 21, N4(16,9) = 62, N4(16,10) = 28, N4(16,11) = 2 and N4(16,12) =
0.

To list the result of the classification, we fix the generator matrix of ZRM (1,4)
as follows:
1111111111111111
0202020202020202
0022002200220022
0000222200002222
0000000022222222

To save space, we only list the maximal linear Z4-codes (with respect to the subset
relation) given in the above proposition. The seven maximal linear Z4-codes C =
Ci63 (i = 1,2,...,7) with |C| = 2° are constructed as (ZRM(1,4),z1, 72, 23),
where x1,x9, x3 are listed in Table The 19 maximal linear Z4-codes C = Cig,4,5
(i = 1,2,...,19) with |C| = 20 are constructed as (ZRM(1,4), 21, %o, 73, 24),
where 1, %2, 3,74 are listed in Table [0l The two maximal linear Z4-codes C =
Ci6,5,i (1 = 1,2) with |C| = 2! are constructed as (ZRM (1,4),x1, T2, ..., z5), where
Z1,T2,...,xs5 are listed in Table [[Il For each code C, by a computer calculation,
we determined the value 5% in ([2)), the minimum Hamming distance dy(C) and
the minimum Lee distance d,(C), which are listed in Table

Remark 5.15. By a computer calculation, we verified that I'(C16.4,16) and I'(/C(4))
are isomorphic.
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TABLE 11. Vectors x; for Cig5,; (i = 1,2).

Code z; (j=1,2,...,5

Cis,5,1 | (1,0,0,1,0,1,3,0,1,0,2,3,0,3,3,2),(0,1,0,1,0,1,2,1,1,0,3,0,3,2,1,0),
(0,0,1,1,0,0,1,3,0,2,3,1,2,0,3,3),(0,0,0,2,0,0,0,2,1,1,1,1,3,1,1, 3),
(0,0,0,0,1,1,1,3,1,1,3,1,0,2,0,2)

C16,5,2 (1,0,0,1,0,1,1,2,1,0,0,1,0,3,3,2),(0,1,0,1,0,1,2,1,1,2,3,2,3,0,1, 2),
(0,0,1,1,0,0,3,1,0,2,3,1,0,2,3,3),(0,0,0,2,0,0,2,0,1,1,1,1, 1, 3,1, 3),
(0,0,0,0,1,1,1,3,1,3,1,1,2,2,0,0)

TABLE 12. Maximal linear Z4-codes of length 16 satisfying (I2)) and (I3)).

9 8% | (du(C),dL(C)) ¢ B> | (dr(€),dr(C))
C16,3,1 64 (4,8) C16,3,2 16 (8,12)
C16,3,3 16 (8,12) C16,3,4 16 (8,12)
C16,3,5 16 (8,12) C16,3,6 16 (8,12)
Ci6,3,7 | 64 (4,8)

Ci64,1 | 16 (6,12) Ci6,4,2 | 16 (8,12)
C16,4,3 16 (8, 12) C16,4,4 16 (6,12)
Ci6,4,5 | 16 (8,12) Ci6,4,6 | 16 (6,12)
Ci6,4,7 16 (8,12) C16,4,8 16 (8,12)
Ci6,4,9 | 16 (8,12) Ci6,4,10 | 16 (8,12)
Ci6,4,11 | 16 (6,12) Ci16,4,12 | 16 (6,12)
Ci6,4,13 | 16 (6,12) Ci16,4,14 | 16 (8,12)
Ci6,4,15 | 16 (6,12) Ci6,4,16 | 16 (8,12)
Ci6,4,17 | 16 (6,12) Ci6,4,18 | 64 (4,8)
Ci6,4,19 | 16 (6,12)

C16,5,1 16 (6,12) Ci16,5,2 16 (6,12)

6. WEAKLY UNBIASED HADAMARD MATRICES

In analogy to the case of quasi-unbiased Hadamard matrices, this section studies
weakly unbiased Hadamard matrices. All feasible parameter sets for weakly unbi-
ased Hadamard matrices are examined for orders up to 48. It is also shown that
the size of a set of mutually weakly unbiased Hadamard matrices of order n is at
most 2.

6.1. Basic properties and feasible parameters. Let H, K be Hadamard ma-
trices of order n. Let a;; denote the (i,j)-entry of HK”. Recall that H, K are
weakly unbiased if a;; = 2 (mod 4) for i,5 € {1,2,...,n} and |{|ai;| | 4,5 €
{1,2,...,n}}| < 2. In this paper, we exclude unbiased Hadamard matrices from
weakly unbiased Hadamard matrices. This implies that [{|a;;| | 4,5 € {1,2,...,n}}|
= 2. It follows immediately from the definition that n > 8.

Let (H, K) be a pair of weakly unbiased Hadamard matrices of order n. Suppose
that a,b are positive integers satisfying {|a;;| | 4,7 € {1,2,...,n}} = {a,b}. We
denote the set {a,b} by o(H, K). Let n(a) be the number of components j with

a;; = ta for i = 1,2,...,n. From now on, we assume that a < b. The value n(a)
does not depend on 4. Indeed, it follows from (HKT)(HK™)T = n?I, that
(14) a’*n(a) + b*(n — n(a)) = n°.

We say that parameters (a,b) satisfying (I4]) are feasible. Since (a,b,n(a)) =
(2,n — 2,n — 1) satisfies ([[4]), the parameters (a,b) = (2,n — 2) are feasible for
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each order n. The following theorem gives an upper bound on the size of a set of
mutually weakly unbiased Hadamard matrices, which is one of the main results of
this paper.

Theorem 6.1. The size of a set of mutually weakly unbiased Hadamard matrices
of order n is at most 2.

Proof. Note that n > 8 by the definition. Suppose that {H;, Ho, H3} is a set of
three mutually weakly unbiased Hadamard matrices of order n. Let h; denote the
first row of H; (i = 1,2,3). By an argument similar to that in Proposition 8]
(H, K) is a pair of weakly unbiased Hadamard matrices if and only if (HP, KP) is
a pair of weakly unbiased Hadamard matrices for any monomial (1, —1,0)-matrix
P. Hence, without loss of generality, we may assume the following:

hi = ( B S )7

hy = ( 4 4 — = — e — )7

hs = ( 4 = e — e — )
——

s columns

It follows that 4s = n+ hy - ho + hy - hg + ho - hg. This gives a contradiction to the
fact that hy - hg = hy - hg = ho - hg =2 (mod 4). O

Remark 6.2. The above theorem is known for n =4 (mod 8) [5, Lemma 13].

For n = 4,8,...,48, we give in Table [[3 the feasible parameters (a,b) along with
n(a). The third column of the table indicates our present state of knowledge about
the existence of a pair of weakly unbiased Hadamard matrices for n and (a, b, n(a)).

Now, we give two methods for constructing weakly unbiased Hadamard matrices.

Let H = (a i), H' = (aj 1{;) be Hadamard matrices of order n, where Hy, H;
xT x 1
are (n—1) x (n—1) matrices, x,2’,y,y" are (n—1) x 1 matrices and a,a’ € {1, —1}.
Let K be the Hadamard matrix obtained from H’ by negating the first column.
Then we have
_ / _ 1T
(15) HK” = HH'" + ( 200" —2ax )

—2d'z  —2zz'T

Proposition 6.3. If there exists a Hadamard matrixz of order n > 8, then there
exists a pair of weakly unbiased Hadamard matrices H, K of order n with o(H, K) =
{2,n —2}.

Proof. Suppose that H' = H. From (I5)), the entries of HKT are n — 2,42. The
result follows. O

Proposition 6.4. Suppose that n = 4k2, where k is even. If there exists a pair of
unbiased Hadamard matrices of order n, then there exists a pair of weakly unbiased

Hadamard matrices H, K of order n with o(H, K) = {\/n — 2,/n + 2}.

Proof. Suppose that (H, H') is a pair of unbiased Hadamard matrices of order n.
From (%)), the entries of HK” are ++/n + 2. The result follows. O

Since there exists a pair of unbiased Hadamard matrices of order 4* for a posi-
tive integer k [L1], the above proposition implies the existence of a pair of weakly
unbiased Hadamard matrices H, K of order 4% with o(H, K) = {2F —2,2% + 2} for
k> 2.
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TABLE 13. Weakly unbiased Hadamard matrices (n = 4,8, ...,48).

n | (a,b,n(a)) | Existence Reference
8 (2,6,7) Yes Proposition [6.3]
12| (2,6,9) Yes [5) Table 3], Section [7.2]
(2,10,11) Yes Proposition [6.3] Section
16 | (2,6,10) Yes Proposition [6.4] Section
(2,10, 14) No Section
(2,14,15) Yes Proposition [6:3] Section
20 | (2,6,10) Yes [El Table 6]
(2,18,19) Yes Proposition [6.3] Section
24 (2,6,9) Yes Section
(2,10,19) No Section
(2,22,23) Yes Proposition [6.3] Section
28 (2,6,7) No Section
(2,10,21) No Section
(2,26,27) Yes Proposition [6.3]
32| (2,6,4) 7
(2,30,31) Yes Proposition [6.3] Section
36 | (2,10, 24) ?
(2,14, 30) ?
(2,34,35) Yes Proposition [6.3]
10 | (2,10,25) 7
(2,22,37) ?
(2,38,39) Yes Proposition [6.3]
(6,14, 39) ?
44 | (2,42,43) Yes Proposition [6.3]
48 | (2,10, 26) 7
(2,14,37) ?
(2,46,47) Yes Proposition [6.3]
(6,10, 39) ?
(6,18, 46) ?

6.2. Observations by straightforward construction. For each H of the five
inequivalent Hadamard matrices of order 16 and the 60 inequivalent Hadamard
matrices of order 24, our exhaustive computer search verified that there exists no
(1, —1)-vector x of lengths 16 and 24, respectively, such that |z -r| € {2,10} for all
rows r of H. This means that there exists no pair of weakly unbiased Hadamard
matrices H, K of orders 16 and 24 with o(H, K) = {2,10}. We denote by Ha4 3
had.24.8 in [28], which is a Hadamard matrix of order 24. Our computer search un-
der the condition (§)) on K found a Hadamard matrix Ko, 3 such that (Haas3, m)
is a pair of weakly unbiased Hadamard matrices with o(Has 3, K243) = {2,6},
where Ko, 3 is listed in Figure [l

Now, for a Hadamard matrix H of order n, we consider the following graph
I'(H,{a,b}) in order to convert the problem of finding K such that (H, K) is a pair
of weakly unbiased Hadamard matrices of order n with o(H, K) = {a, b} into that
of finding an n-clique in the graph. Let h; be the i-th row of H. Set

Vi={zeX,||lx-hi]le{a,b} i=12,...,n)} (j=1,2,3,4),

where X, = {(z1,22,...,2n) € {1,—1}" | (z1,22,23) = Y;} with Y7 = (1,1,1),
Yo =(1,1,-1), Y3 = (1,—1,1) and Yy = (1,—1, —1). We define the simple graph
I'(H,{a,b}), whose set of vertices is V =V, UV UV3 UV, and two vertices z,y € V
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FIGURE 3. The matrix Koy 3

are adjacent if 2 -y = 0. It follows that the graph T'(H, {a, b}) contains an n-clique
if and only if there exists a Hadamard matrix K of order n such that (H, K) is a
pair of weakly unbiased Hadamard matrices of order n with o(H, K) = {a,b}. We
denote by Hg&l, HQ&Q, ey H28,487 had.28. 1, had.28.2, ceey had.28.487 in [28],
respectively, which are the 487 inequivalent Hadamard matrices of order 28. By a
computer calculation, we verified that each of the four induced subgraphs on V; (j =
1,2,3,4) of I'(Hag 4, {2,6}) (vesp. I'(Has,i, {2,10})) contains a 7-clique for only ¢ =
54,295,456,479,484,487 (resp. ¢ = 128,197,295,297,374,445,453,456,476,477,
478, 479,481, 485). For these i, we list in Table [[4] the sizes mc(i) of the maximum
cliques of I'(Has i, {2,6}) and I'(Has i, {2, 10}). From Table[I4] there exists no pair
of weakly unbiased Hadamard matrices H, K of order 28 with o(H, K) = {2,6} and
{2,10}. Our calculations for finding cliques in this section were done by a computer
calculation using the CLIQUER software [25].

TABLE 14. Maximum cliques of I'(Has ;, {2,6}) and I'(Has i, {2, 10}).

Graph (3, me(7))
T(Has.i,{2,6}) | (54,12) (205,14) (456,12) (479,26) (484,26) (487, 16)
T(Has.:, {2,10}) | (128,9) (197,10) (295,16) (297,12) (374,10) (445,12)
(
(

(453,10) (456,12) (476,12) (477,10) (478,12) (479,14)
(481,12) (485,12

NN AN Nd

7. A CODING-THEORETIC APPROACH TO WEAKLY UNBIASED
HADAMARD MATRICES

In this section we give a coding-theoretic approach to weakly unbiased Hadamard
matrices. For modest lengths, we give classifications of some binary self-complemen-
tary codes in order to construct weakly unbiased Hadamard matrices.
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7.1. Binary codes and weakly unbiased Hadamard matrices. Similarly to
Theorem [B.I] we give a coding-theoretic approach to weakly unbiased Hadamard
matrices.

Theorem 7.1. Let a,b be odd integers with 0 < a < b < n/2. There exists a
self-complementary (n,4n) code C satisfying the following conditions:

(16) {i€{0,1,...,n} | Ai(C) #0} ={0,n/2+a,n/2+b,n/2,n},
(17) Ay, o (C) =2n -2,
(18) C=C1UCy,

where each C; has distance distribution (Ag(C), Ay, /2(Cs), An(Ci)) = (1,2n —2,1)
if and only if there exists a pair of weakly unbiased Hadamard matrices H, K with
o(H,K) = {2a,2b}.

Proof. The proof is similar to that of Theorem 5l We remark that the condition
Ay, /2(C) = 2n — 2 corresponds to the condition that HKT contains no zero entry.
O

7.2. Binary codes satisfying (I8)—(8). By the method given in Section [5.2] for
some (n,2n) codes Cy (n = 8,12,16,20,24), our computer calculation completed
the classification of codes of the form C = Cy U (u + Cy) satistying (I8)—(8). Let
N3(C1) denote the number of inequivalent (n,4n) codes of the form Cy U (u + C1)

satisfying (I6)—(IS).

Proposition 7.2. No(RM(1,3)) = 1. No(C(Hiz2)) = 2. No(RM(1,4)) = 2,
Na(C(Hie,1)) = 4, Nz( (Hie,2 )) =6, N2(C(Hie,3)) = 3 and N2(C(H 6,4)) = 3.
N2(C(H2O,i)) =1 ( L, 73) ( (H24 z)) = ( 1, ) NQ(RM(l 5) =

The unique (8,32) code Ds 1 is constructed as (RM(1,3),u1), where supp(uq) =
{1}.  The two (12,48) codes Dis; (i = 1,2) are constructed as C(Hi2) U
(u; + C(H12)), where supp(u1) = {1} and supp(uz2) = {1,2,3}. To save space,
we only give the two (16,64) codes D1 9,; (¢ = 1,2) corresponding to No(RM (1,4)).
The two codes are constructed as (RM(1,4),u;), where supp(u;) = {1} and
supp(ug) = {1,2,3,5,9}. Let Hsp1 be the Paley Hadamard matrix of order 20
having the form (@), where R is the 19 x 19 circulant matrix with first row:

(—+——++++—-+—F————++-)

We denote by Hag 2, Hap,3 had.20.toncheviii, had.20.toncheviv in [2§], respec-
tively, which are the remaining two Hadamard matrices of order 20. The unique
(20, 80) code Dy ; is constructed as C'(Hao ;) U(u+C(Hzo;)), where supp(u) = {1}
(¢ = 1,2,3). The unique (24,96) code Da4; is constructed as C(Haq;) U (u +
C(Haza4,;)), where supp(u) = {1} (i = 1,2). The unique [32,7] code D3z is
constructed as (RM(1,5),u), where supp(u) = {4} and the generator matrix of
RM(1,5) is given by:

10010110011010010110100110010110
01010101010101010101010101010101
00110011001100110011001100110011
00001111000011110000111100001111
00000000111111110000000011111111
00000000000000001111111111111111
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All distance distributions are listed in Table The distance distributions were
obtained by a computer calculation.

TABLE 15. Distance distributions.

Code (Ao, A1,...,An)

Ds 1 (1,1,0,7,14,7,0,1,1)

D12 (1,1,0,0,0,11,22,11,0,0,0,1,1)

Dias (1,0,0,3,0,9,22,9,0,3,0,0,1)

Di6.0.1 (1,1,0,0,0,0,0,15,30,15,0,0,0,0,0,1,1)

D16,0,2 (1,0,0,0,0,6,0,10,30,10,0,6,0,0,0,0,1)
Daoi (i=1,2,3) | (1,1,0,0,...,0,0,19,38,19,0,0,...,0,0,1,1)
Doy (i=1,2) | (1,1,0,0,...,0,0,23,46,23,0,0,...,0,0,1,1)

Dz (1,1,0,0,...,0,0,31,62,31,0,0,...,0,0,1,1)

Similarly to Section 53] we consider linear Z4-codes C of length n = 2™ satisfying
the following conditions:

(19) {(no(x) —na2(2))? | z € C} = {0,a?,b*,n?},
(20) {z € C | no(x) = na(e)}| = 4n —2,
(21) C contains ZRM (1, m) as a subcode,

where a,b are odd integers with 0 < a < b < n. Then ¢(C) satisfies (I6)-(I8)). Our
exhaustive computer search based on the method in Section [5.3] verified that there
exists no Z4-code satisfying (I9)—(2I) for lengths 8 and 16.

8. SOME MODIFICATION OF WEAKLY UNBIASED HADAMARD MATRICES

Finally, some modification of the notion of weakly unbiased Hadamard matrices
is given. We derive some results which are an analogy to those of quasi-unbiased
Hadamard matrices and weakly unbiased Hadamard matrices.

8.1. Type II weakly unbiased Hadamard matrices. Let H, K be Hadamard
matrices of order n. Let a;; denote the (i, j)-entry of HKT. We say that H, K are
Type II weakly unbiased if a;; =0 (mod 4) for 4,j € {1,2,...,n} and [{|a;;| | 4,7 €
{1,2,...,n}}| <2. For an even square n, a pair of unbiased Hadamard matrices of
order n is a pair of Type II weakly unbiased Hadamard matrices. Hence, the notion
of Type II weakly unbiased Hadamard matrices of order n is some natural extension
of the notion of unbiased Hadamard matrices for an even square n. Similarly to
weakly unbiased Hadamard matrices, in this paper, we exclude unbiased Hadamard
matrices from Type II weakly unbiased Hadamard matrices. It follows immediately
from the definition that n > 8.

8.2. Basic properties and feasible parameters. Let (H, K) be a pair of Type II
weakly unbiased Hadamard matrices of order n. Suppose that a,b are positive
integers satisfying {|a;;| | 4,7 € {1,2,...,n}} = {a,b}. We denote the set {a,b} by
o(H, K). Let n(a) be the number of components j with a;; = afori=1,2,...,n,
where a;; denotes the (i, j)-entry of HK”. Similarly to weakly unbiased Hadamard
matrices, (I4]) holds. From now on, we assume that a < b. We say that parameters
(a, b) satistying ([[4]) are feasible. Since (a,b,n(a)) = (4,n/2—4,n—4) satisfies (I4)),
the parameters (a,b) = (4,n/2 — 4) are feasible for each order n =0 (mod 8).
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For n = 4,8,...,48, we give in Table feasible parameters (a,b) along with
n(a) and our present state of knowledge about the maximum size f,q, among sets
of mutually Type II weakly unbiased Hadamard matrices of order n for (a, b, n(a)).
In the third column of the table, “-” means that there exists no pair of Type II
weakly unbiased Hadamard matrices.

TABLE 16. Type II weakly unbiased Hadamard matrices (n = 4,8, ...,48).

n | (a,b,n(a)) fmaz Reference
24| (4,8,20) | 2—42 | Section Bl Table [T
28 | (4,8,21) - Section [R.3]
32 | (4,12,28) 4 — 264 Section Table [T
36 | (4,8,21) 2-—172 Proposition B3] | Table [T
(4,16,33) < 10671 Table 0T
10| (4,8,20) <84 Table L7
(4,16,36) | < 16698 Table [7]
48 | (4,8,16) <112 Table [I7]
(4,12, 36) 2 — 194 | Proposition 8] | Table 17
(4,20,44) | 2 — 36034 | Corollary Table [T
(4,28,46) | < 36034 Table [T

Proposition 8.1. Suppose that there exists a set of f mutually unbiased Hadamard
matrices of order m. Assume that one of the following holds:

(i) There exists a set of f mutually weakly unbiased Hadamard matrices Hy,
Hy,...,H; of order n with o(H;,H;) = {a,b} (i,j € {1,2,...,f} and
i# 7).
(ii) There exists a set of [ mutually Type IT weakly unbiased Hadamard matrices
Hi,Hs,...,Hy of order n with o(H;, H;) = {a,b} (i,j € {1,2,..., f} and
i # ).
Then there exists a set of f mutually Type II weakly unbiased Hadamard matrices
Li,Ly,...,Ly of order mn with o(L;,L;) = {y/ma,/mb} (4,5 € {1,2,..., f} and
i #J).
Proof. Tt is sufficient to give a proof for the case f = 2. Let (H', K') be a pair of
unbiased Hadamard matrices of order m. Then (H; ® H', Hy, ® K') is a pair of
Type IT weakly unbiased Hadamard matrices of order mn with o(H; ® H', Hy ®

K') = {\/ma, \/mb}. O

As an example, a pair of Type II weakly unbiased Hadamard matrices L1, Lo
of order 48 with o (L1, Lo) = {4,12} is constructed from a pair of weakly unbiased
Hadamard matrices Hy, K; of order 12 with o(Hy, K1) = {2,6} (see Table [[3)) and
a pair of unbiased Hadamard matrices of order 4.

Corollary 8.2. If there exists a Hadamard matriz of order n > 8, then there
exists a pair of Type II weakly unbiased Hadamard matrices H, K of order 4n with
o(H,K) ={4,2n — 4}.

Proof. Suppose that there exists a Hadamard matrix of order n > 8. By Proposi-
tion [6.3] there exists a pair of weakly unbiased Hadamard matrices H, K of order n
with o(H, K) = {2,n—2}. Since there exists a pair of unbiased Hadamard matrices
of order 4, the result follows from Proposition Bl O
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Similarly to Proposition [6.4] we immediately have the following:

Proposition 8.3. Suppose that n = 4k?, where k is odd. If there exists a pair of
unbiased Hadamard matrices of order n, then there exists a pair of Type II weakly
unbiased Hadamard matrices H, K of order n with o(H, K) = {y/n — 2,y/n + 2}.

As an example, a pair of Type II weakly unbiased Hadamard matrices H, K of
order 36 with o(H, K) = {4,8} is constructed from that of unbiased Hadamard
matrices of order 36 given in [19].

8.3. Observations by straightforward construction. Under the condition ()
on K, our computer search found a Hadamard matrix m such that (Hoq 4, m)
is a pair of Type II weakly unbiased Hadamard matrices with o(Ha44, Ko44) =
{4,8}, where Hoy 4 is had.24.49 in [28]. The matrix Koy 4 is listed in Figure @l

e+t —F——— -+ +————— +—+-
e i it S S
FHt—F—F——— -+ +—+—+
+H++ -+ttt -+t —— -
+H++ -ttt -ttt ———++ 1+
e+t —F————— +
e e e o s
-t —tt———Ft+——F+————
-t -+t ——— =+ttt ——
e At a2 L A
-t -ttt ——— A+ —+
-ttt ————— - +-—++
ottt ———Ft—F————+———— 4 ——
o+t -ttt ottt -+ ————+
e e H e o o S
ottt -+ ——
o+t ————t+ -+ttt -+t -+t
Fot o —— - — -+ 4+
+o————- o —t -t —— - —+++
e e e e
ettt S e A SR
Fo—— -+ ———— - +-++—++-—+
Fo— ettt ottt -+ —+— 4+
- o+ttt —++———

Koga =

FIGURE 4. The matrix Koy4 4

By a computer calculation, we verified that each of the four induced subgraphs
onV; (j =1,2,3,4) of I'(Has ;, {4,8}) contains a 7-clique for 355 Hadamard ma-
trices. In addition, we verified that the induced subgraph on Vi U V5 of only
I'(Hosg, 484, {4,8}) contains a 14-clique among the 355 graphs I'(Has 4, {4,8}). By
a computer calculation, we obtained that the size of the maximum cliques of
I'(Has 4s4,{4,8}) is 24. Hence, there exists no pair of Type II weakly unbiased
Hadamard matrices of order 28 with o(H, K) = {4, 8}.

8.4. A coding-theoretic approach. Similarly to Theorems (.l and [Tl we have
the following coding-theoretic approach to Type II weakly unbiased Hadamard
matrices.
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Theorem 8.4. Let a,b be even integers with 0 < a < b < n/2. There exists a
self-complementary (n,2fn) code C satisfying the following conditions:

(22) {i €{0,1,...,n} | A;(C) #0} ={0,n/2+a,n/2+b,n/2,n},
(23)  Aua(C) =202,
(24) C=C,UCU---UCy,

where C; has distance distribution (Ao(Cy), An2(Ci), An(Ci)) = (1,2n—2,1) if and
only if there exists a set of f Type II weakly unbiased Hadamard matrices H, K with
o(H,K) = {2a,2b}.

Similarly to Lemma [5.3] as in the case s = 6 of Theorems and .41 we have
two upper bounds on the number of the codewords of self-complementary codes

satisfying (22)).

Lemma 8.5. Let C be a self-complementary code of length n satisfying 22). Then
@) 1l <2((5) + (5) + (7))-
(i) If 15n% —30n+16—4(3n—2)(a?+b%)+16a%b*> > 0 and 5(n—2)—2a%—2b> > 0,

2n(n’—4a2)(n?—4b?)
then |C] < |—15n2—30n+16—4(3n—2)(a2+b2)+16a2b2J‘

Proof. (i) The upper bound is the case s = 6 of Theorem
(ii) Expanding by the Krawtchouk polynomials, we have

ael) :(1 - 202—7— n) <1 a 2b2jn> (1 a %) (1 B —262lz+ n) (1 a _231 n)

_ 15n% — 30n + 16 — 4(3n — 2)(a® + b?) + 16a%b?
N n(n? — 4a?)(n? — 4b?)
12(5n — 10 — 2a® — 2b* 120
(5n a )Kg(z) .
n(n? — 4a?)(n? — 4b?) n(n? — 4a?)(n? — 4b?)
=a1 K1 (2) + asK3(z) + a5 K5(2) (say).

Ki(2)

K5(Z)

The assumption on a,b and n yields that «; is positive and a3, a5 are nonnegative.
Therefore, Theorem [3.4] implies the desired bound. |

Similarly to Theorem[5.4], by Theorem 8.4l we immediately have the following two
upper bounds on the maximum size among sets of mutually Type II weakly unbiased
Hadamard matrices, one of which depends only on n, and the other depends on
n,a. This is also one of the main results of this paper.

Theorem 8.6. Suppose that there exists a set of f mutually Type I weakly unbiased
Hadamard matrices H, K of order n with c(H, K) = {a,b}. Then

() f< |_n4710n3+55n'27110n+184j
= 5! :
(ii) If15n%—30n+16—4(3n—2)(a®+b%)+16a%b* > 0 and 5(n—2)—2a*>—2b* > 0,

(n%—4a?)(n*—4b?)
then f < I—15712—30n+16—4(3n—2)(a2+b2)+16a2b2J'

For the feasible parameters given in Table [I6 we list in Table [['7] the maximum
possible sizes among sets of mutually Type II weakly unbiased Hadamard matrices,
which are obtained by the two upper bounds. We do not list the maximum possible
sizes when there exists no pair of Type II weakly unbiased Hadamard matrices. In
the table, “x” means that the assumption of Theorem (ii) is not satisfied.
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TABLE 17. Absolute and linear programming bounds in Theorem

n | (a,b,n(a)) Absolute bound Linear programming bound
24 | (4,8,20) [5560/3] = 1856 [256/3] = 85
32 | (4,12,28) 6449 528

36 | (4,8,21) | [32014/3] = 10671 [5632/39] = 144
(4,16,33) 10671 *

40 | (4,8,20) | [83491/5] = 16698 [4224/25] = 168
(4,16, 36) 16698 %

48 (4,8,16) [108103/3| = 36034 [64064/285| = 224
(4,12, 36) 36034 120592/53] = 388
(4,20, 44) 36034 *

(4,28, 46) 36034 *

8.5. Binary codes satisfying ([22)—(24). In the process of the classification of
codes of length 32 satisfying ([I8)-(I8) with C; = RM(1,5), our exhaustive com-
puter search verified that there exists no [32,7] code satisfying (22)-24]) with
Cy = RM(1,5).

Suppose that C is a linear Z4-code of length n = 2™ satisfying the following
conditions:

(25) {(no(x) —na2(2))? | z € C} = {0,a?,b*,n?},
(26) {z € C|no(x) =na(z)}| =4n -2,
(27) C contains ZRM (1, m) as a subcode,

where a,b are even integers with 0 < a < b < n. Then ¢(C) satisfies (22)—(24]).

In the process of verifying that there exists no linear Z4-code of length 16 sat-
isfying (I9)—(@I), our computer calculation completed the classification of linear
Zy-code of length 16 satisfying 25)—(27). We give the numbers N;(16,k) of in-
equivalent linear Zy-codes C of length 16 with |C| = 2% satisfying 25)—(27).

Proposition 8.7. Nj(16,7) =1, N;(16,8) = 3 and N4(16,9) = 0.

The unique linear Zy-code C = Clg ; with |C| = 27 is constructed as (ZRM (1,4),
x1), where z; = (0,0,0,2,1,1,1,3,1,3,1,3,0,0,0,0). The three linear Z4-codes
C = Clgq,; with [C| = 2% (i = 1,2,3) are constructed as (ZRM(1,4),x1,x2,),
where

z21 =(0,0,1,3,0,2,3,3,1,3,0,0,1,3,0,0),
z22=(0,0,1,3,0,0,3,3,1,3,2,0,1,3,0,0),
x23=(0,0,1,1,0,0,3,3,1,3,0,2,3,3,0,0).
This gives a set of four mutually Type II weakly unbiased Hadamard matrices
of order 32 with o(H,K) = {4,12} by Theorem B4 By a computer calcula-

tion, we verified that the above linear Zs-codes C have (a?,b?) = (4,36) and have
(du(C),dr(C)) = (8,10).

APPENDIX A

In Lemma [5.3] we did not give a detailed proof of the fact that (C, {R;}%,) is
2 2
a Q-polynomial association scheme when |C| = %.

give a detailed proof.

In this appendix, we
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Suppose that C' and R; are as given in Lemma[5.3l Assume that |C| = %.
For i € {0,1,...,4}, A; denotes the adjacency matrix of the graph with ver-
tex set C' and edge set R;. Let A denote the vector space over R spanned by
Ao = Ij¢|, A1, ..., Ay, which forms an algebra. Let {Eo, E, ..., Es} denote the
set of the primitive idempotents of A. Then the matrix P = (p;;) is defined by

A; _Zj Op]’LE’L

Lemma A.1. (C,{R;}]_,) is a symmetric association scheme.

Proof. Tt is sufficient to show that (C,{R;}?_,) satisfies the 4-th condition in the
definition of a symmetric association scheme given in Section 2.3} namely, we show
that A;A; € Afori,j € {0,1,...,4}. Since Ay = I|¢|, AiAg = AgA; = A; holds
for i € {0,1,...,4}. Since C is self-complementary, A; A4 = A4A; = A4_; holds for
i€{0,1,...4}.

Since |C’| 237;”4—;;““2), the coefficients of Ky(z) and K;(z) in ac(z) are 1 and
the other coefficients are positive by the calculation in the proof of Theorem [3.4
By [13}, Theorem 5.23 (iii)], C' is a 5-design in the binary Hamming scheme; namely,
C is an orthogonal array of strength 5.

We denote the Krawtchouk expansion of z* by z* = Z;‘ZO faiKi(z), and de-
fine a polynomial by Fy ,(z) = ?;18”’“} IaifuiKi(z). For A\, p € {0,1,2}, ex-
pand (22:0 GGy fuiGIGT) in two ways, where G, denotes the k-th
characteristic matrix of C. In the following calculation, define 0° to be 1. By
[13, Theorem 5.18],

min{\,p}
Zf,\ xGrGY) qulGlGT C] Z Pk fukGrGE
= =0 k=0
min{\,u} 4
=1l ) f/\kfukZKk B)AL = [C| > Fru(B)A;
k=0 1=0 1=0
On the other hand, by [13], Theorem 3.13],

A n A 4 w 4
(Zf,\,kaGf qu,szGlT = ZfAJcZKk(Bi)Ai (meZKz(ﬁj)Aj)
k=0 1=0 k=0 i=0 1=0  j=0

A opo 4 4 4 4
=3 3N hkfuaKe(BOK(B) AA; = > BYBIAA,
k=0 1=0 i=0 j=0 i=0 j=0
3 3

3
635@&#253 bA; +ZBOB“A +) BB AL
1=1

=1 j= Jj=1 =1

,_.

3
+) BB As_y + By Ao+ BT Ao + BB As+ BB As
j=1

Bt B3 B3
is invertible. Hence, 4;4; € A for i,j € {1,2,3}. Therefore, (C,{R;}},) is a
symmetric association scheme. ([l

1 1 1
Thus, Y0, Yo7, BABYAA; € Afori,j € {1,2,3}. For W = (m Ba Ba ) wWew
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Lemma A.2. (C,{R;}},) is Q-polynomial.

Proof. Set F; = ‘1 G,GT for i = 0,1,2,3 and Fy = I — Z?:o F;. We claim
that {Fy, F1, Fo} is a subset of the set of primitive idempotents of A. Let E;
(¢ =0,1,...,4) be primitive idempotents. Assume that F; & {Ey, F1,..., E4} for
some i € {0,1,2}. Since F; is an idempotent, we have decomposition F; = F + E’
satisfying £, E' # O, E? = E, E'” = E' and EE’ = O, where O denotes the zero
matrix. Then {Fp, Fy, Fo, E, E'}\{F;} is a set of elements which are linear indepen-
dent. Thus, (F3, Fy) has dimension 1. Hence, there exists a nonzero real number
C such that F4 = CFg. Then AO — ﬁ Z?:O Zz%:() Ki(ﬂ])AJ = ﬁ Z?:O Kg(ﬂj)Aj,
and thus we obtain cK3(8;) + Z?:o K;(B;) = 0 for any j € {1,2,3,4}. Since all
B; are distinct and the degree of cK3(z) + E?:o K;(z) is at most three, this is a
contradiction. Therefore, we may assume F; = F; for i = 0,1,2
Fori=20,1,2,

1 o 1 o 1 o
AsBi = 15 > Ki(B)AsA; = T > Ki(B)As, = 6 > Ki(Ba-j)A,
0 i—0 =0
1 ]4 1] \ J
= ﬁ Ki(n - ;)A; = W Z(_l)lKl(BJ)AJ =(-1)'E;
j=0 j=0

Thus, pis=(—1)* for i=0, 1,2. By [4, Chap. II, heorem 4.1 (i1)], {poa, P14, - - -, Paa}
( =

={70,71,-.-,74} as a multiset, where ~; 1,...,4) are the eigenvalues of the

00001
matrix ((8) § ((13 é §> Thus, we may assume that psy = —1 and pgy = 1.

10000

y [9) Lemma 2.3.1 (vii)]
4
(28) Qido; = Y 4 jqok,  QaiGa; = Y db jGak-
J
k=0 =

By [4, Chap. IT, Theorem 3.5 (i)] and p;s = (—1)%, q4; = (—1)’qo; fori = 0,1,...,4.
Substituting these into (28), we obtain

(29) (—1)"™ qoiqo; = Z a5 ;(=1)* qo-

By 28) and (29)), we have Ek:o(l — (=1)"+*)gF .qor = 0. Since gop > 0 and
qr '; 2 0, we obtain

(30) qF; =0ifi+j+kis odd.
Fori=0,1,

4
IC|E10|C|E; =Y Ki(B)K.

1 1
=Y (n—i+ DK 1(B) A+ Y (i + 1)K (B)A

=0 =0
=(n—i+1)|C|Ei-1+ (i + 1)|C|Eiy1.
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Thus, qfil =n—1t+1and qul =i+ 1fori=0,1, and q{l =0fori=0,1,57 #
i—1,i+ 1. By [4, Chap. II, Proposition 3.7 (v)], qu =n—1, and by [4, Chap. II,
Proposition 3.7 (vi)], ¢} ; = 0 for (i, 5) € {(2,0), (3,0),(4,0),(3,1),(4,1)}. By @0),
q{z =0 for (i,7) € {(2,2),(3,3),(4,4), (2,4), (4,2)}. Again by [4, Chap. II, Propo-
sition 3.7 (vi)], q{z > 0 for (4,5) € {(2,3),(3,2),(3,4), (4,3)}. The Q-polynomiality
is equivalent to the condition that the Krein matrix Bf = (¢}’ ;) is a tridiagonal ma-
trix with nonzero entries on the superdiagonal and the subdiagonal (see [4, p. 193]).

This completes the proof of the fact that the association scheme (C, {R;}}_,) is Q-
polynomial. O
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