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RESIDUAL-BASED A POSTERIORI ERROR ESTIMATE
FOR INTERFACE PROBLEMS:
NONCONFORMING LINEAR ELEMENTS

ZHIQIANG CAI, CUIYU HE, AND SHUN ZHANG

ABSTRACT. In this paper, we study a modified residual-based a posteriori
error estimator for the nonconforming linear finite element approximation to
the interface problem. The reliability of the estimator is analyzed by a new and
direct approach without using the Helmholtz decomposition. It is proved that
the estimator is reliable with constant independent of the jump of diffusion
coefficients across the interfaces, without the assumption that the diffusion
coefficient is quasi-monotone. Numerical results for one test problem with
intersecting interfaces are also presented.

1. INTRODUCTION

During the past decade, the construction, analysis, and implementation of robust
a posteriori error estimators for various finite element approximations to partial
differential equations with parameters have been one of the focuses of research in the
field of the a posteriori error estimation. For the elliptic interface problem, various
robust estimators have been constructed, analyzed, and implemented (see, e.g., [48]
91T, 12,221 231[26] for conforming elements, [IL[10,20] for nonconforming elements,
[10] for mixed elements, and [7] for discontinuous elements). The robustness for
residual based estimators in the reliability bound is established theoretically under
the assumption of the quasi-monotone distribution of the diffusion coefficients; see
[] for more details. However, numerical results by many researchers, including
ours, strongly suggest that those estimators are robust even when the diffusion
coeflicients are not quasi-monotone. In this paper, we provide theoretical evidence
for the nonconforming linear element without the quasi-monotone assumption.

One of the key steps in obtaining the robust reliability bound of classical residual
based estimator is to construct a modified Clément-type interpolation operator
satisfying specific approximation and stability properties in the energy norm (see
[4] for details). For the conforming linear element, the degrees of freedom are the
nodal values at vertices of triangles. The nodal value of the modified Clément-
type interpolation is defined by the average value of the function over connected
elements whose corresponding diffusion coefficients are the greatest. Under the
quasi-monotone assumption, Bernardi and Verfirth [4] were able to establish the
required properties of the interpolation operator to guarantee the robust reliability
bound. A key advantage for the nonconforming linear element is that its degrees of
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freedom are nodal values at the middle points of edges of triangles and that each
middle point is shared by at most two triangles. Hence, we are able to construct a
modified Clément-type interpolation satisfying the desired properties without the
quasi-monotonicity assumption (see Section 4).

The a posteriori error estimation for the nonconforming elements has been stud-
ied by many researchers. Due to the lack of the error equation, Dari, Duran, Padra,
and Vampa [I4] established the reliability bound of the residual-based error esti-
mator for the Poisson equation through the Helmholtz decomposition of the true
error. Their analysis is widely used by other researchers (see, e.g., [ILE6,13]), and
the Helmholtz decomposition becomes a necessary tool for obtaining the reliability
bound for the nonconforming elements. This approach has also been applied to the
mixed finite element method [21] and discontinuous Galerkin finite element method
[2L3BL[7]. Tt is obvious that application of their analysis to the interface problem will
lead to the same distribution assumption as the conforming elements in [4].

Ainsworth [I] constructed an equilibrated estimator without using the Clément-
type interpolation, but the error bounds depend on the jump of diffusion constants.
Despite the main trend of using Helmholtz decomposition in nonconforming finite
element analysis, there are several other interesting papers that approached differ-
ently. Hoppe and Wohlmuth [I8] constructed two a posteriori error estimators by
using the hierarchical basis under the saturation assumption. Schieweck [24] con-
structed a two-sided bound of the energy error using the analysis of the conforming
case with some simple additional arguments. Nevertheless, conforming Clément-
type interpolation was applied in that paper, hence again imposing the assumption
of quasi-monotonicity.

The purpose of this paper is to present a new and direct analysis, which does
not involve the Helmholtz decomposition, for estimating the reliability bound with
the aim of removing the quasi-monotone assumption. To do so, our analysis makes
use of (i) our newly developed error equation for the nonconforming finite element
approximation in [7] and (ii) the structure of the nonconforming elements. Com-
bining with our observation on the modified Clément-type interpolation for the
nonconforming elements, we are able to bound both the element residuals and the
numerical flux jumps uniformly without the quasi-monotonicity assumption. Un-
fortunately, we are unable to do the same for the numerical edge solution jump.
As an alternative, we modify the edge solution jump at elements where the quasi-
monotonicity assumption is not satisfied. The modified estimator is proved to be
reliable with constant independent of the jump of the diffusion coefficients across
interfaces without the quasi-monotonicity assumption. By using the standard ar-
gument (see, e.g., [4]), we also establish local efficiency bounds uniformly with
respect to the jump of the diffusion coefficient. This robustness is obtained for the
standard (modified) indicators without (with) the quasi-monotonicity assumption.
Nevertheless, numerical results presented in Section 7 for a benchmark test prob-
lem seem to suggest that the modified indicator generates a better mesh than the
standard indicator.

Existing residual based estimators consist of the element residual, the edge flux
jump, and the edge tangential derivative jump due to the Helmholtz decomposition.
As a by-product of our direct approach (see (Z9))), the residual based estimators
to be studied in this paper replace the edge tangential derivative jump by the
edge solution jump. Even though they are equivalent in two dimensions, numerical
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results show that our estimator is more accurate than the existing estimators (see
Figure 6).

The outline of the paper is as follows. The interface problem and its noncon-
forming finite element approximation are introduced in Section 2 as well as the
L? representation of the true error in the (broken) energy norm. The “standard”
and modified indicators and estimators are presented in Section 3. The modified
Clément-type interpolation operator is defined and its approximation properties
are proved in Section 4. Robust local efficiency and global reliability bounds are
established in Sections 5 and 6, respectively. Finally, we provide some numerical
results in Section 7.

2. NONCONFORMING LINEAR FINITE ELEMENT APPROXIMATION
TO THE INTERFACE PROBLEM

2.1. Interface problem. For simplicity of the presentation, we consider only two
dimensions. Extension of the results in this paper to three dimensions is straight-
forward. Let 2 be a bounded, open, connected subset of ®? with a Lipschitz
continuous boundary 9. Denote by n = (ny, ng)" the outward unit vector normal
to the boundary. We partition the boundary of the domain €2 into two open subsets
I'p and I'y such that 9Q = I'p UT i and such that T'pNTx = (). For simplicity, we
assume that I'p is not empty (i.e., mes(I'p) # 0). Consider the elliptic interface
problem

(2.1) -V (a(z)Vu)=f inQ
with boundary conditions
(2.2) u=g, onI'p and n-(aVu)=g, on I'y,

where V- and V are the divergence and gradient operators, respectively; f, g,,
and g, are given scalar-valued functions; and the diffusion coefficient o« > 0 is

n
piecewise constant with respect to a partition of the domain Q = |J Q;. Here
the subdomain 2; is open and polygonal. The jump of the « acr(;ss1 interfaces
(subdomain boundaries) is possibly very large. For simplicity, assume that f, g,,,
and g, are piecewise linear functions.

We use the standard notation and definitions for the Sobolev spaces H*(2) and
H#(0Q) for s > 0. The standard associated inner products are denoted by (-, -)s.0
and (-, -)s,00, and their respective norms are denoted by || - ||s,0 and || - ||s,00. (We
omit the subscript 2 from the inner product and norm designation when there is
no risk of confusion.) For s = 0, H*() coincides with L?(€2). In this case, the
inner product and norm will be denoted by || - || and (-, -), respectively. Let

Hgl,D(Q) = {U (S HI(Q) ) :gD on FD}'

The corresponding variational formulation of problem [2I)-([22]) is to find u €
H, (§?) such that

(2.3) a(u,v) = f(v), VYwve H&D(Q),
where the bilinear and linear forms are defined by

a(u,v) = (a(x)Vu, Vo)o and  f(v) = (f,v)a + (9n, V)1
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2.2. Nonconforming linear finite element approximation. Let 7" be a tri-
angulation of the domain Q. Assume that 7" is regular; i.e., for all K € T", there
exists a positive constant x such that

hrk < kpk,

where hy denotes the diameter of the element K and pg the diameter of the largest
circle that may be inscribed in K. Note that the assumption of the mesh regularity
does not exclude highly, locally refined meshes. Let

NP=NPUNBUNE and EM=&ruchuel,

where N () is the set of all interior vertices (edges) in 7", and N (£1) and N
(ER) are the respective sets of all vertices (edges) on I'p and T'y. For each e € £",
denote by m, the mid-point of the edge e. Furthermore, assume that interfaces

do not cut through any element K € T".

Let Py(K) be the space of polynomials of degree less than or equal to k on the
element K. Denote the conforming piecewise linear finite element space associated
with the triangulation 7" by

U ={ve H(Q) : v|g € P(K), YK eT"}
and its subset by
u_g,D = {’U cEU: U|FD = gD}'

Denote the nonconforming piecewise linear finite element space, i.e., the Crouzeix-
Raviart element [17], associated with the triangulation 7" by

Uu“={ve Lz(Q) cvlg € PI(K), VK € 7", and v is continuous at me, Ve € E}L}
and its subset by
nG ={veU™  v(me) =g, (me), Ve€Ep}.
Let
HYT") ={ve L*(Q) :v|g € HY(K), VK eT"}.
For any v, w € H*(T"), denote the (broken) bilinear form by
ap(v, w) = Z (aVv, Vw) g
KeTh

and the (broken) energy norm by

1/2

lolle = Van(o, v) = | Y lla'/?Vo|lf «
KeTh

The nonconforming finite element approximation is to find up, € U} such that

(2.4) ap(un,v) = f(v), Yvelyp.
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2.3. L? representation of the error. For each edge e € £", denote by h, the
length of e; denote by n. a unit vector normal to e. When e € % U €% denote by
K the boundary element with the edge e, and assume that n, is the unit outward
normal vector of K. For any e € £, let K and K be the two elements sharing
the common edge e assuming that

+—aK+ 2 Q- =0

and that n, coincides with the unit outward normal vector of K}. Denote by v|
and v|_, respectively, the traces of the double valued function v over e restricted on
K} and K. For any v € H'(T"), denote the normal flux jump over edge e € £
by

(aVv-n.)|f — (aVv-n.)|o, ec&r,

[[aViwneﬂe =< 0, e€&h,
(aVv-ne)le — gx, e€ &,
and the value jump over edge e € " by
o|F —vlo, ee &l
[v]e =% vle—g,, ec&p,
0, ee&h.
The arithmetic average over edge e € £" is denoted by
% (v|f +v|)), eeép,
Ules e€ELUER.

{v}e =

A simple calculation leads to the following identity:

(2.5) [uv]e = {u}e[v]e + [u]e{v}e, Vee &l
For any v € Uy'p, it is well known that the following orthogonality property holds:

(2.6) /[[Uﬂds:O, Vec&luel, and /Uds:O, Vec L.

Let u and uy, be the solutions of [23) and ([24]), respectively. It is shown in [7] that
(2.7)

an(u,vp) = f(vn)+ Z / (aVu-n,) [vn] ds+ Z / (aVu-ne)vpds, Vo, €Usp

ecel ecep ”C
Denote the true error by
E=u—uy.
The difference of [27) and ([24) yields the following error equation:
(2.8) an(E,vp) Z / (aVun,) [v,] ds+ Z / (aVune)v,ds, Vv, €U,
ecch ecel "€

Introducing the element residual, the numerical flux jump, and the numerical solu-
tion jump
rk = (f+ V- (aVu))|,, VKeT",

Joe = [aVuy, - neﬂe and  jue = [un]e, Vee&h,
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respectively, then the true error in the (broken) energy norm may be expressed in
terms of those quantities.

Lemma 2.1. Let Ey € Uy}, be an interpolation of E. Then we have the following
L? representation of the error E in the (broken) energy norm:

(29  a(B.E)= Y (rk,E-E)k— Y, /ja,e{E—Eh}ds

KeTh ecEPUER 7€
— E /{aVE “Ne} Jue ds.
eceruEn 7€

Proof. First note that {aVuy, n.}. is a constant for every e € &£,. The orthogonality

in ([26)) leads to
(2.10)

/{aVuhne}[[Ehﬂ ds =0, Vec&r and /(onuhne) Ends=0, Vecé&h.

It follows from integration by parts, ([Z3]), the continuities of the normal component
of the flux —aVu and the solution w, and (ZI0) that

an(E, E—Ey) = Y (aVE,V(E - Ey))

KeTh
= Z (ks E— Ep)k + Z [(aVE -n.) (E - Ey)] ds
KeTh ecgh” €
+ 0y /(aVE.ne) (E — Ey) ds
ecehuER 7€
= Z (rx, E— En)i + Z [aVE -n.]{FE — E}ds
KeTh ecgh ” €
+3 [{aVE-n} ([E] - [E)ds+ > /(aVE-ne) (E — Ep) ds
ec&h ¢ ecEhueh ¢
=Y (k. E-Enk— )Y, /] {E—Ep}ds— ) /{WE 1} e ds
KeTh ecEruEy ¢ ecEpuEL ¢
- Z /(aVu -n.) [En] ds — Z /(aVu ‘n.) By ds,
ecgl ¢ ecen ” e

which, together with the error equation in ([2.8]) with vy, = Ej, yields
ah(E,E) = Clh(E’7 E— Eh) + ah(E,Eh)

= Z (TK; E—Eh)K— Z /jo,e {E_Eh}ds

KeTh ecehugn ¢
— E /{aVE ‘Nt Jue ds.
ecEpuEn U ©

This completes the proof of the lemma. O
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3. INDICATOR AND ESTIMATOR

In this section, based on the L? representation of the true error in the energy
norm in Lemma 2.1, we first introduce the “standard” indicator and the corre-
sponding estimator. Our standard estimator consists of the usual element residual
and edge flux jump plus the edge solution jump that replaces the edge tangen-
tial derivative jump of existing residual based estimators. Since the robustness
of the reliability bound of estimators was established under the quasi-monotonicity
assumption on the distribution of the diffusion coefficient, to avoid such an assump-
tion we introduce a new indicator and the corresponding estimator by modifying
the edge solution jump at elements where the quasi-monotonicity assumption fails.

For any K € T", denote by N and £, respectively, the sets of three vertices
and three edges of K. Denote the respective indicators of element residual, edge
flux jump, and edge solution jump by

2
77}22f,K = ﬁ ||TKH(2),K7

h . he | .
71<21(,,K = Z 20;- ||.70'7€||(2),e + Z a_‘i ||.70'7€||(2),ea
e

ecEhnEr ecghnel ¢

o .
|g,e + Z h—e HJ%EHaE'

e

Q, .
and 3 k= D 3 llae
e

ecErnER ecErnE

Then the standard indicator associated with K € 7" is defined by

1/2
(3.1) NK = (U}zzf,K + 712]0,1( + 77?]“,1() ,

and the standard estimator by
1/2

(3:2) n= > nk

KeTh

Remark 3.1. Instead of using the edge tangential derivative jump as existing
residual-based error estimators, the indicator nx and the resulting estimator n
above employ the edge solution jump 7, k. In two dimensions, the edge solution
jump is equivalent to the tangential derivative jump (see (B4])). Nevertheless, nu-
merical results for a test problem show that our estimator is more accurate than
the existing estimators using the edge tangential derivative jump.

By the standard argument [4], it is shown in Section [ that the indicator ng is
efficient uniformly with respect to the jump of the diffusion coefficient. By using
the Helmholtz decomposition and the modified Clément-type interpolation, one
can also prove that the estimator 7 is reliable. Moreover, the reliability constant
is independent of the jump of a(x) provided that the distribution of a(z) is quasi-
monotone [23]. In order to remove this assumption, we present a new analysis
for estimating the reliability bound without using the Helmholtz decomposition.
The analysis will make use of the structure of the nonconforming element in two
dimensions, and it enables us to bound both the element residual and the numerical
flux jump uniformly without the quasi-monotonicity. Unfortunately, we are unable
to do the same for the numerical solution jump. As an alternative, we modify the
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indicator of the numerical solution jump at elements where the quasi-monotonicity
is not satisfied.

To this end, for each vertex z € N, denote by wf and 5?, respectively, the sets
of all elements K € 7" and all edges e € £" having 2 as a common vertex. Let

Oh={K euwh : ag = max ag'} cwl
K'ewh

be the set of all elements in w” such that the corresponding diffusion coefficients
are the greatest. For any interface intersecting point z € N, the vertex patch w”
is called quasi-monotone (see [23]) if for each K € w”, there exists a subset 11)’;, ¥ of
wh such that the union of elements in u“)g x is a Lipschitz domain and that

o if z€ N"\ W}, then {K}UQ! C 0¥ and ax < ags, VK €l y;
o ifzeNg,thenKeQDZK,(?(UK,GMKK’)OFD #Pand ag < ag, VK'e

~h
Wy k-

Denote by

h . h - .
My ={z € N": w} is not quasi-monotone}

the set of all interface intersecting points whose vertex patches are not quasi-
monotone.

For each element K € 7", subdivide it into four subtriangles by connecting three
mid-points of edges of K, and denote by 7"/ the refined triangulation. Let N"/2
be the sets of all vertices based on 7"/,

N2 = NPRUNMEONE? and M2 =eM?uel/?uel/?,

where ./\/Ih/2 (5?/2), Ng/Q (5g/2), and NIF\L/2 (./\/J'\l/z) are the sets of all interior vertices
(edges) of T"/2 all boundary vertices (edges) on T'p and T'y , respectively. Let

Uy ={ve HYQ) : vlr € PT), VT €T and vlr, =g, },

which is the continuous piecewise linear finite element space associated with the
triangulation 7"/2.

Next, we introduce an interpolation operator, Iy 2 : Ul — I/{gh/g’c, from the

nonconforming piecewise linear finite element space on 7" to the conforming piece-
wise linear finite element space on 7"/2. For a given v € U;' D, the nodal values of

I v € M;/;’C are defined as follows:

(i) set

(Inj2v)(2) = g, (2), V2 € NPy
(ii) set

(Ih/QU)(me) =v(me), Vee e
(iii) set

(Inj20)(2) = vlK.(2), Vz€ N UNR),

where K, is chosen to be one element in &”

.
For each vertex z € N, denote by wf/ % the sets of all elements T' € Th/2 having
z as a common vertex. For element K € 7" with at least one vertex in Ny, the
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indicator of the numerical solution jump 77, x is modified as follows:

- Qg . « .
7731,,,1( = Z Z 426 ||ju78|‘(2),e + Z Z—}je"ju,e|

2ENE\NM \ ecel/2nel/2neh/? ecEMPngl/2neghy/?

2
0,e

o 2
+ Z ﬁ”h/ﬂh—uhuoﬁm‘z’
zEN}}ﬁNM

where Tk . = wf/z NnNK.
Then the modified indicator is defined as follows:

_ vz
~ (nIQ%f,K +n36,K +nL2]u,K) ) if N[}é ﬁ~/\/’]\/[ 7é @7
(3.3) K =

NK, otherwise.

The corresponding modified estimator is then given by

1/2
(3.4) i = <Z ﬁ%) :

KeTy

Remark 3.2. In the case that Ny = 0, i.e., the distribution of the diffusion coeffi-
cient is quasi-monotone, then 1y, x = 7, x for all K € T" and hence MK = NK
and 7 = 7.

4. THE MODIFIED CLEMENT-TYPE INTERPOLATION

In this section, following the idea in [dl[I5], we introduce the modified Clément-
type interpolation operator for the nonconforming linear element and establish its

approximation properties.
1
vder = ——— [ vdx
w meas(w) J,

Denote by
the mean value of a given function v on a given measurable set w in R? with positive
2-dimensional Lebesgue measure meas(w). With this convention, set

{ fK: vdr, Ve€&l,

me(v) = h h
ch vdr, Vee€&pHUEN.

The modified Clément interpolation operator Z;, : H'(T") — U™ is defined by

(4'1) Ih(v) = Z (Trev)¢e;

ecEh

where ¢, is the nodal basis function of ™¢ which takes value 1 at m. and takes 0
at mid-points of other edges.

For any K € T", let Ak be the union of elements in 7" sharing an edge with
K. For any e € £", let /A, be the union of elements in 7" having the common
edge e.
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Lemma 4.1. For any function v € H*(T"), then the modified Clément interpola-
tion satisfies the following approximation properties:

hx a, 1/2
42 o= Tuolox 5 535 (s + X (55) M0ell, | ¥E T
Qg ecEh ¢

and

B\ V2
(4.3) |vld - 71'611”0)6 < <a_+> Ivllg g+ Vee gh,

Here and hereafter, we use the a < b notation to indicate that a < ¢b for a
further not specified constant ¢, which depends only on the shape regularity of 7"
but not on the data of the underlying problems, in particular, the jump of the
diffusion coefficient. Unlike the modified Clément interpolation for the conforming
elements, there is an extra jump term in the approximation property in ([£2]) which
is due to the discontinuity of the function v across the edges of K.

Proof. For any K € T", since the nodal basis functions form a partition of the
unity, the triangle inequality gives

o = | Y de(v—mev)|gc < 3 v —mev

ecEn ecEn

||U—Ih’U |O,K~

Hence, to show the validity of (£2), it suffices to prove that

hK Of_ 1/2 h
o S 25 (Iolla.+ (5) el )+ veesh
OéK e

Since the set A, contains only two elements for all e € EP, it is obvious that
K=K/ or K;. If K=K}, then (&4) is a direct consequence of the Poincaré
inequality:

(4.4) |v — mev

lo = wevllo, = |Jv —f vdz|ly o S hrca Pl
v,

In the case that K = K_, the triangle and the Poincaré inequalities imply

lv — mev]lo,x < HU—][ vda:HOK + Hf vdw—][ vdacHOK
K ’ K Kt ’

—1/2 1/2 _
S ool + 12 (f ode = ol )+ (ol = fvae) =l

e

hica ol + h}f@ ]i vdr — v|g||07€+ I ]; vdx — v|j||07e+ ||[[v]]||07€) .

Next, we bound the three terms above. It follows from the trace theorem and the
Poincaré inequality that

h}{/QH vadac—v\e_Hoye < ]ivdx—vHovK—I—hK‘ ]ivdx—v’u( < hKa}1/2|||v|||K.

IA
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Similarly, we have
1/2 ~1/2
(4.5) hi| ]€{+ vdz — o}, < hKaK:/ oll -

Note that a; = ax < af. Combining the above three inequalities gives

_\1/2
h[( (&
o= mevllose 5 25 (mvac +(5) HMHO,6> 7
K

which proves the validity of (£4]) when K = K.

When e € EBUER | (@) is a direct consequence of the Poincaré inequality. This
completes the proof of (I4]) and hence [@2)). (L3) is a direct consequence of [IH).
This completes the proof of the lemma. O

5. LOCAL EFFICIENCY BOUND

In this section, we establish local efficiency bounds for the indicators nx and
Nk defined, respectively, in (B]) and (33). Both the bounds are independent of
the jump of the diffusion coefficient; this robustness is obtained without (with) the
quasi-monotonicity assumption (see [4]) for the indicator nx (7x). Nevertheless,
numerical results presented in Section 7 for a benchmark test problem seem to
suggest that the modified indicator 7jx generates a better mesh than the standard
indicator g .

By using local edge and element bubble functions, ¥, and ¥ (see [25] for their
definitions and properties), it is a common practice to obtain the local efficiency
bound for the residual-based a posteriori error estimator. By properly weighting
terms in the indicator by the diffusion coefficient, one can show that the local
efficiency bound is robust without the quasi-monotonicity assumption. For the
convenience of readers, we only sketch the proof in the following theorem.

Theorem 5.1 (Local efficiency). Assuming that uw € H'T¢(Q)) and uy are the
solutions of (Z3) and @24, respectively, the indicator nk satisfies the following
local efficiency bound:

(5.1) nx SIENax, YVEeT™

Proof. For any K € T", it follows from the properties of 1k, integration by parts,
and the Cauchy-Schwarz inequality that

lrl2 e < /K (f+ V- (aVup)) ricthxc d = /K aV(u— up) - V(rgix) de

Li S ot e — i lricllo

A

1/2
ail*lu = unllx Irictbrc
which implies
1/2

(0%
(5:2) Irrcllore S ﬁ lu—unllx, VK eT"
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For any e € £P, by using the properties of 1., integration by parts, the Cauchy-
Schwartz inequality, and (5.2]), we have

”ja,e”g,e S /[[Oévuh n.] joetbe ds = Z / (aVE -n) js e ds

KeA.

-3 ([ @VE) - Vv do~ [ ricinevedo)

KeA.

ot 1/2 .
(55) " 1B il
e

Together with a similar bound for e € £X U X, it implies

A

. < aér 12 h
(5.3) loclloe S {7=)  MEla., Vees™

For any e € ", let n, = (n1, na)!, then 7. = (—ng, n1)? is the unit vector
tangent to the edge e. Denote by j.. = [Vuy - 7] the jump of the tangential
derivative of the numerical solution wu, along the edge e. By the continuity of uy,
at the mid-point m., we have

1
5.4 welloe = —=he |[irelloe, Vee &P
(5.4) llGu,ello, Nib ll3ello, T

ov v
oy’ Ox
operator of the curl operator in two dimensions. For any e € £ }L, it follows from the
properties of 1., integration by parts, and the Cauchy-Schwartz inequality that

HjT,e”(zJ,e /S / [[vuh Te]] ]T eWeds = Z / VE ]7— eWYe ds

KeA.

t
For a scalar-valued function v, denote by V+v = ( ) the formal adjoint

/ VE V4 (rete)dr S Y ag 1Bl ljretelix
KeN, KeA,

~1/2 . _5 \—1/2 .
S > adPIElk b P grelloe S (ashe) T NEN A lirello.e:
KeA,
which, together with (5.4) and a similar bound for e € €% U X, yields
he \ M2 .
() 1Bla, veee

e

(5.5) e

Now, the efficiency bound in (B1) is a direct consequence of the bounds in (52)),
(E3), and (BEH). This completes the proof of the theorem. O

Next, we establish the local efficiency bound for the modified indicator 7. To
this end, let K € 7" be an element having at least one vertex z € Ny;. From the
element K € w! to the element K, € & C w”, where K, is chosen in the definition
of the operator I}, /5 in Section 3, there are at most two possible paths (clockwise

. h/2
or counter-clockwise) in w”. Denote by @ K/ the union of elements of wz/ on one
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of the paths such that the maximum of the ratio between ax and the diffusion
coeflicients over elements on that path is the smallest. Let
@
Ck .= max oK
TECZJ?(/i aT

Remark 5.2. If w! is quasi-monotone, then Ck,.=1forall K € wh.

Lemma 5.3. Let uy, be the solution of 24), and let K € T" be an element having
at least one vertex z € Ny and let Tk , = K N wf/2, Let I, 2 be the interpolation

operator defined in Section Bl with K, € d)?(/i described above. Then we have

(5.6) i g =il ore . £ 2Cks 32 5= ILmlf,

6653/2

Proof. Without loss of generality, we prove (5.6) only when z € NP, In the case
when z € NB UNL, (58) may be proved in a similar fashion. To this end, assume

that there are k elements in (.D;L(/i and denote these elements by T; (i = 1, ..., k)
starting from 77 = Tk . along the path and ending at T}, = K, N wg/z. Denote by

u; and «; the restrictions of uy(z) and « on Tj, respectively, and by e; the edge
between T;_; and T;. A direct calculation gives that

[077¢ 9 2 2
Eﬂfh/zuh —unlgor,. < gal(uk —uy)

and that

o 1 _ 2 .
he’ [[uh]]||(2)e = gaei |u1- — ui,l‘ , i=2,...,k
e;

Together with the triangle inequality, we have

[6757¢ 2 2 a1
E||Ih/2uh —unll§ ome . S Foa(ur —u1)® S 3 Z —ag (u; — ui—1)?
(&

3 =2 Yei
F oo o
< 20k.) » unlllfe, <2Ck- Y h—€||[[uh]}\|§,e.
=2 € eeg;L/zmg;L/z
This completes the proof of (B.0) and, hence, of the lemma. |

Theorem 5.4 (Local efficiency). Assuming that w € H'T¢(Q) and uy are the
solutions of 23) and Z4), respectively, the modified indicator T satisfies the
following local efficiency bound:

(5.7) fix < max Ci . |Ella,, YK €T
zeNE
Proof. [&7) is a direct consequence of (B.]) and (5.6]). O

6. GLOBAL RELIABILITY BOUND

Let

1/2

~ aKg

N7y, K = (_h > 11 /2un — unllox
K
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and
1/2

R o
=1 > 7 Mnjoun — un 3k
KeTh K

Lemma 6.1. Let uy, be the solution of 2.4) and Iy be the interpolation operator
defined in Section [3. Then the jump of the numerical solution has the following
upper bound:

(6.1) > [1aVE-njueds Siis, IEla.
ecghugh ¢

Proof. Since the integral over edge segment e € 0K on the left-hand side of in-
equality (6I) may be regarded only as the duality pair between H°~'/2(e) and
H'/?7%(e) for an arbitrarily small § > 0, we are not able to bound this integral
directly. To overcome this difficulty, we express them in terms of integrals along
the boundary of elements. To this end, first note that

[I/2un]e =0 and [aVu-n.].=0, Veell.

By (2.3) and the fact that I}, pun = g, on I'p, we have

- > /{QVE'ne}ju,eds

eceruEn €
= Z /{aVE 0o} [Iyoun — up] ds + Z /(aVE ‘n.) (g, —up)ds
ecer 7€ ecel "€

= > [ @V G s = 3 (1098 nl (g — s

KeTh ecgh” €

- Z /(aVE ‘ne) (I oun — up) ds + Z /(aVE ‘1) (g, —up)ds

ecEBUER ¢ cceh "€
= Z / (aVE -n) (I oun — up)ds + Z /jo-7€{Ih/2Uh —up}ds
KeTn 9K ecehugh ¢
£ L +1,.

The I; may be bounded above by using the definition of the dual norm, the trace
theorem (see, e.g., [7]), the inverse inequality, and (5.2)) as follows:

L = Z HOZVE'nHA/Q,aKHIh/Zuh_uhH1/2,aK
KeTy,
DY a?”(navmo,whmw|07K) o K

KeTs

(6.2) S g 1B
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To bound the I, first note that

/jo,e [Tnj2un —un]ds =0, Veefr,

which is a consequence of the orthogonality property in (Z.6]) and the facts that j, .
is a constant and that [I),ous]e = 0 for all e € £}, Hence,

. . 1 [
/]a,e{Ih/Zuh —uptds = /]a,e{lh/Quh —up}ds + 3 /]a,e[[lh/2uh —up] ds

= /ja,e(lh/Quh — uh|j) ds, Vee€e 5?.

Now, it follows from the Cauchy-Schwartz inequality and (53] that

L = Y /Jae Injpun — unlf) ds

ecghugh 7 ¢
1/2 1/2
at he | .
< > 5 Mnjoun — unl 115 > a—i [F2A
ccghugh ¢ ecEhuEl €
1/2
< Oé;L +1112
< > 5 Mhjpun —unlclloe | IEle
ecehugh

63) S . lEle

1) is then a consequence of ([6:2) and (G3]). This completes the proof of the
lemma. g

KeTh
with the solution jump. Then

D DD DI enyuenw > X gl = unllg o

zeNP\Ny Egh/2 zeNPNN N Tgwh/Q

1/2
Denote by 15, = < > ﬁ?,w K) the part of the modified estimator associated

Lemma 6.2. The 7, is bounded above by the 1y, ; i.e.,
(6.4) Nr. S0,

Proof. Since up, — I, jpup, vanishes on all boundary edges of wh? for all z € N we
have

R a
W= K||Ih/2uh unllgon = Y Z ||Ih/2uh

KeTh zeNh Tewh/?

To prove the validity of (6.4), it suffices to show that for all z € N\ Ny,

ar 2 af 2 h/2
EHI}LQU}L —unllgor S Z —EH[[Uh]]”o,ea VT ewl/?

h/2

e€e&;

This may be proved in a similar fashion as (5.6]) with the fact that Ck , = 1 for all
z € N"\ Nys. This completes the proof of the lemma. O
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Theorem 6.3 (Global reliability). Let u and up, be the solutions of 23) and (24,
respectively. Then the estimator 7 satisfies the following global reliability bound:

(6.5) IEla < 7.

Proof. Let Z;, be the modified Clément interpolation operator defined in Section 4.
Then (Z9) with Ej, = Zy E becomes

an(B,E) = > (rg, E-TE)k— Y, /jg,e{E—IhE}ds

KeTh eceruEn 7€

- / {aVE n.} ju cds

ecehugn 7€

(6.6) £ NL+DL+1s

The first term in (6.6) may be bounded by the Cauchy-Schwartz inequality, Lemma
[T and (B5) as follows:

Lo< > lrkllox IE = ZhElox
KeTh
o\ 1/2
S X e (1Bloas+ 2 (55) Munllo
KeTh ecEh ©
1/2
(6.7) S | D22 x| 1Bl
KeTh

To bound the second term in (G.4)), first notice that
[E - ThE]. = —[un +ZnE]., Vec€ &P
Since up +ZpE € U™ and the fact that j, . is a constant for all e € &M, ([20) yields

/jg,e [E—EL]ds =0, Yecé&r

(6.8) /{E —I,E}ods + % /[[E — I,E].ds

_ /(E—IhE)|j ds = /(E|: o E)ds,

e

for all e € EF. The last equality comes from the property of the nonconforming
nodal basis functions: fe, ¢e; = di5. It then follows from (6.8)), the Cauchy-Schwartz
inequality, and Lemma E.J] that

S / Joe (BIF —mB)ds < > Nioelloe [|EIS = meE|,,,

ecghugn ¢ e€EMUEN
1/2
< he i 1 < 2
69 < Y 7 leeloclEloxs < > &l
eGS?US}\”] ¢ KeTh
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Now, ([6.5) is a direct consequence of ([6.6), (6.7), (6.9), and Lemmas [6.1] and
This completes the proof of the theorem. O

7. NUMERICAL EXPERIMENTS

In this section, we report some numerical results for an interface problem with
intersecting interfaces used by many authors (see, e.g., [7L19]), which is considered
as a benchmark test problem. Let Q = (—1,1)? and

u(r, 0) = 1 u(6)
in the polar coordinates at the origin with

cos((w/2—0)B)-cos((0 —m/24+p)B) if 0<60<m/2,

cos(pB) - cos((0 —m + 0)B) it 7/2<60<m,
pu(0) = :

cos(a3) - cos((6 — 7 — p)B) if m<60<3m/2,

cos((w/2—p)pB)-cos((0 —3m/2—0)p) it 3m/2<6<2m,

where o and p are numbers. The function u(r, 6) satisfies the interface problem in
@I) with 'y =0, f =0, and

(R i (0,1)2U(-1,00,
o) _{ 1 in Q\ ([0,1]2U[=1,0]2).

The numbers 3, R, o, and p satisfy some nonlinear relations. For example, when
B = 0.1, then

R ~ 161.4476387975881, p=m/4, and o =~ —14.92256510455152.
Note that when 8 = 0.1, this is a difficult problem for computation.

Remark 7.1. This problem does not satisfy Hypothesis 2.7 in [4] as the quasi-
monotonicity is not satisfied about the origin.

Starting with a coarse triangulation, a sequence of meshes is generated by using
a standard adaptive meshing algorithm that adopts the L? strategy: (i) mark
elements whose indicators are among the first 20 percent of the energy norm of
the total error, and (ii) refine the marked triangles by bisection. The stopping
criteria
llu = uullo
lulle

is used, and numerical results with tol = 0.1 are reported.

Meshes generated by the standard and modified indicators, nx and 7k, are
depicted respectively in Figures 1 and 2. Both refinements are centered at the
origin. There are 11974 and 5524 elements in the respective Figures 1 and 2.
Hence, this test problem suggests that the modified indicator generates a much
better mesh than the standard indicator even though the local efficiency bound of
the modified indicator depends on the jump of the diffusion coefficient.

The comparisons of the true error and the estimators 7 and 7 on the meshes
generated by the standard and modified indicators are shown in Figures 3 and 4,
respectively. The slope of the log(dof)- log(error) for both the estimators on both

rel-err := < tol
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FIGURE 1. Mesh gen-
erated by ngk.

Energy error

—+— llu-uplly ~
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FIGURE 2. Mesh gen-
erated by 7.

Energy error

——Illu—ully AN
___NO5 ~.
eta RS
--q-- tilde eta S

102 10°

FIGURE 3. Error and
estimators on mesh
generated by 7.

10° 10°

FIGURE 4. Error and
estimators on mesh
generated by 7k .

the meshes is very close to —1/2, which indicates the optimal decay of the error
with respect to the number of unknowns. The efficiency index is defined by

. estimator
eff-index :=

llu — unfle”

The efficiency indices for the n and 7 are about 0.6404 and 1.7469 on the mesh
generated by nx and about 0.9582 and 1.0282 on the mesh generated by 7, re-
spectively.

Our numerical results also show that our standard estimator using the edge so-
lution jump is more accurate than the existing estimators using the edge tangential
jump. To illustrate this fact, we present numerical results for a test problem [16]:
a Poisson equation defined on the L-shaped domain Q = (=1, 1)2\ [0, 1] x [~1, 0]
with the exact solution

u(z, 0) = r**sin (29 skl

), 9 [0, 31/2).

The stopping criteria is set as tol < 0.0075. The efficiency indices in the final
step are 0.8205 and 2.8423 for the respective estimators with the edge solution and
tangential derivative jumps. This indicates that our standard estimator is more
accurate than the existing residual estimator (see Figure 6).
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