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Abstract

In this paper, we propose a class of penalty methods with stochastic approximation for solving
stochastic nonlinear programming problems. We assume that only noisy gradients or function
values of the objective function are available via calls to a stochastic first-order or zeroth-order
oracle. In each iteration of the proposed methods, we minimize an exact penalty function which
is nonsmooth and nonconvex with only stochastic first-order or zeroth-order information avail-
able. Stochastic approximation algorithms are presented for solving this particular subproblem.
The worst-case complexity of calls to the stochastic first-order (or zeroth-order) oracle for the
proposed penalty methods for obtaining an e-stochastic critical point is analyzed.
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1 Introduction
In this paper, we consider the following stochastic nonlinear programming (SNLP) problem:

min  f()
= (1.1)
st c(x) = (a(x),...,cq(x))’ =0,

where both f : R" — R and ¢ : R” — R? are continuously differentiable but possibly nonconvex.
We assume that the function values and gradients of ¢;(x), i = 1,...,q, can be obtained exactly.
However, we assume that only the noisy function values or gradients of f are available. Specifically,
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the noisy gradients (resp. function values) of f are obtained via subsequent calls to a stochastic
first-order oracle (SFQ) (resp. stochastic zeroth-order oracle (SZQ)). The problem (1)) arises in
many applications, such as machine learning [23], simulation-based optimization [10], mixed logit
modeling problems in economics and transportation [I,[4,[18]. Besides, many two-stage stochastic
programming problems can be formulated as (L)) (see, e.g., [3]). Many problems in these fields
have the following objective functions:

f(z) = / F(x,6)dP(€) or f(x) = E[F(x.€)],

where ¢ denotes the random variable whose distribution P is supported on Z and E¢[-] means that
the expectation is taken with respect to £&. Due to the fact that the integral is difficult to evaluate,
or function F'(-,€) is not given explicitly, the function values and gradients of f are not easily
obtainable and only noisy information of f is available.

Stochastic programming has been studied for several decades. Robbins and Monro [32] proposed
a stochastic approximation (SA) algorithm for solving convex stochastic programming problems.
Various methods on SA have been proposed after [32], such as [6l9,11,33,84] and so on. By
incorporating the averaging technique, Polyak [30] and Polyak and Juditsky [31] suggested SA
methods with longer stepsizes and the asymptotically optimal rate of convergence is exhibited.
Interested readers are referred to [3L[35] for more details on stochastic programming. Recently,
following the development of the complexity theory in convex optimization [26], the convergence
and complexity properties of SA methods were explored. Nemirovski et al. [25] proposed a mirror
descent SA method for the nonsmooth convex stochastic programming problem z* := argmin{ f(x) |
x € X} and showed that the algorithm returns z € X with E[f(Z) — f(z*)] < € in O(e~2) iterations,
where X is the constraint set and E[y] denotes the expectation of random variable y. Nemirovski
and Rubinstein [24] proposed an efficient SA method for convex-concave stochastic saddle point
problem in the form of mingex maxycy ¢(z,y). It is assumed that both X and Y are convex
sets and ¢ is convex in z € X and concave in y € Y. Under certain assumptions, they showed
that the proposed method returns (Z,y) € X x Y with E[maxycy ¢(Z,y) — mingex ¢(z,9)] < €
in O(e~?) iterations. Recently, Wang and Bertsekas [36] proposed an SA method with constraint
projection for nonsmooth convex optimization, whose constraint set is the intersection of a finite
number of convex sets. Other relevant works on the complexity analysis of SA algorithms for convex
optimization include [1314}19H22].

SA algorithms for nonconvex stochastic programming and their complexity analysis, however,
have not been investigated thoroughly yet. In [I5], Ghadimi and Lan proposed an SA method for
the nonconvex stochastic optimization problem min{f(z) | z € R™}. Their algorithm returns z
with E[||V f(2)]|?] < € after at most O(e~2) iterations. In [17], Ghadimi et al. studied the following
nonconvex composite stochastic programming problem

leéi;(l flx) + (), (1.2)

where X C R" is a closed convex set, f is nonconvex and £ is a simple convex function with certain
special structure. They proposed a proximal-gradient like SA method for solving (2]) and analyzed
its complexity. Dang and Lan [7] studied several stochastic block mirror descent methods for large-
scale nonsmooth and stochastic optimization by combining the block-coordinate decomposition and
an incremental block average scheme. In [16], Ghadimi and Lan generalized Nesterov’s accelerated
gradient method [27] to solve the stochastic composite optimization problem ([[2)) with X := R™.
However, to the best of our knowledge, there has not been any SA method proposed for solving
SNLP (CI)) with nonconvex objective functions and nonconvex constraints. In this paper, we will
focus on studying such methods and analyzing their complexity properties.



When the exact gradient of f in (L)) is available, a classical way to solve (ILI]) is using penalty
methods. In a typical iteration of a penalty method for solving (ILT]), an associated penalty function
is minimized for a fixed penalty parameter. The penalty parameter is then adjusted for the next
iteration. For example, the exact penalty function ®,(x) = f(x)+pl||c(z)||2 is widely used in penalty
methods (see, e.g., [5]). Note that ®, is the summation of a differentiable term and a nonsmooth
term, and the nonsmooth term itself is the composition of the convex nonsmooth function p||-||2 and
a nonconvex differentiable function c(z). In [5], an exact penalty algorithm is proposed for solving
(1)) which minimizes ®,(x) in each iteration with varying p, and its function-evaluation worst-case
complexity is analyzed. We refer the interested readers to [29] for more details on penalty methods.

Motivated by the work in [5], we shall propose a class of penalty methods with stochastic
approximation in this paper for solving SNLP ([LI). In our methods, we minimize a penalty
function f(z) + pllc(x)||2 in each iteration with varying p. Note that the difference is that now
we only have access to inexact information to f through SFO or SZ0O calls. We shall show that
our proposed methods can return an e-stochastic critical point (will be defined later) of (1), and
analyze the worst-case complexity of SFO (or SZ0) calls to obtain such a solution.

Contributions. Our contributions in this paper lie in the following folds. First, we propose a
penalty method with stochastic first-order information for solving (ILI]). In each iteration of this
algorithm, we solve a nonconvex stochastic composite optimization problem as a subproblem. An
SA algorithm for solving this subproblem is also given. The SFO-calls worst-case complexity of
this penalty method to obtain an e-stochastic critical point is analyzed. Second, for problem (L.TI)
with only stochastic zeroth-order information (i.e., noisy function values) available, we also present
a penalty method for solving them and analyze their S Z0-calls worst-case complexity.

Notation. We adopt the following notation throughout the paper. V f(x) denotes the gradient
of f and J(x) := Ve(z) = (Ver(z),. .., Veg(2))T denotes the Jacobian matrix of c¢. The subscript
i refers to the iteration number in an algorithm, e.g., xj, is the k-th x iterate. z”y denotes the
Euclidean inner product of vectors z and y in R™. Without specification, || - || represents the
Euclidean norm || - [|2 in R™.

Organization. The rest of this paper is organized as follows. In Section Bl we propose an
SA algorithm with stochastic first-order information for solving a nonconvex stochastic composite
optimization problem (2.I), which is the subproblem in our penalty methods for solving (IL.I)). In
Section Bl we propose a penalty method with stochastic first-order information for solving the SNLP
problem (LI and analyze its SFO-calls worst-case complexity to obtain an e-stochastic critical
point. In Section @] we present a penalty method with SA for solving (II]) using only stochastic
zeroth-order information of f and analyze its SZO-calls worst-case complexity. Finally, we draw
some conclusions in Section [B

2 A stochastic first-order approximation method for a nonconvex
stochastic composite optimization

Before we present the penalty methods for solving SNLP ([ILLI]), we consider the following nonconvex
stochastic composite optimization (NSCO) problem in this section, which is in fact the subproblem
in our penalty methods for solving (LI):

min B(2) = f(2) + h(e()) (2.1)

where f and ¢ are both continuously differentiable and possibly nonconvex, and A is a nonsmooth
convex function. We assume that both the exact zeroth-order and first-order information (function



value and Jacobian matrix) of ¢ is available, but only noisy gradient information of f is available
via SFO calls. Namely, for the input x, SFO will output a stochastic gradient G(x, &) of f, where
¢ is a random variable whose distribution is supported on Z C R? (note that = does not depend on

NSCO (1)) is quite different from (2] considered by Ghadimi et al. in [I7]. In ([L.2), the sec-
ond term in the objective function must be convex. However, we allow ¢(z) to be nonconvex which
implies that the second term h(c(x)) in (2] is nonconvex. For solving (2.I)) under deterministic
settings, i.e., when exact zeroth-order and first-order information of f is available, there have been
some relevant works. Cartis et al. [5] proposed a trust region approach and a quadratic regular-
ization approach for solving (2.I), and explored their function-evaluation worst-case complexity.
Both methods need to take at most O(e~2) function-evaluations to reduce a first-order criticality
measure below e. Garmanjani and Vicente [I2] proposed a smoothing direct-search method for
nonsmooth nonconvex but Lipschitz continuous unconstrained optimization. They showed that the
method takes at most O(e~3log e~ 1) function-evaluations to reduce both the smoothing parameter
and the first-order criticality of the smoothing function below e. Bian and Chen [2] studied the
worst-case complexity of a smoothing quadratic regularization method for a class of nonconvex,
nonsmooth and non-Lipschitzian unconstrained optimization problems. Specifically, by assuming
hic(z)) == > ¢(|@iP) in @2I)), where 0 < p < 1 and ¢ is some continuously differentiable func-
tion, it was shown in [2] that the function-evaluation worst-case complexity to reach an e scaled
critical point is O(¢~2). However, to the best of our knowledge, there has not been any work
studying NSCO (Z1)).

The following assumptions are made throughout this paper.

AS.1 f ¢ €CHRY) El, i=1,...,q. f(z)is lower bounded by a real number f!° for any = € R".
V f and J are Lipschitz continuous with Lipschitz constants L, and L respectively.

AS.2 his convex and Lipschitz continuous with Lipschitz constant Lj,.
AS.3 ®(z) is lower bounded by a real number ®{* for all z € R™.
AS.4 For any k, we have
a) E[G(xg, &) = V (k)
b) E[|G(zk, &) — Vf(zp)lP] < o2,
where ¢ > 0.

We now describe our SA algorithm for solving NSCO (21 in Algorithm 211 For ease of
presentation, we denote

Yy (x, g,u) = ' (u—z) + hic(x) + J(z)(u — ) + %Hu —z|% (2.2)

1f € C*(R™) means that f: R™ — R is continuously differentiable.



Algorithm 2.1 Stochastic approximation algorithm for NSCO (21
Input: Given z; € R", maximum iteration number Nj,, stepsizes {7;} with v, > 0, k > 1, the
batch sizes {my} with my > 0, k& > 1. Let R be a random variable following probability
distribution Pr which is supported on {1,..., Nj,}.
Output: xp.
1: fork=1,2,..., R—1do
2:  Call SFO my, times to obtain G(xy,&k), @ = 1,...,my, then set

1 &
G:— G,flj’ i)
k mk; (2k, &k i)

3:  Compute

Th+1 = argmin ¢, (g, G, u). (2.3)
UGR"

4: end for

The most significant difference between our strategy to update iterates in (23] and the one
in [I7] is the way that we deal with the structured nonsmooth term h(c(x)). Since it is the
composition of the nonsmooth convex function h and the nonconvex differentiable function ¢, we
apply the first-order approximation of ¢ in (Z3]). Due to the convexity of h, v, is strongly convex
with respect to u. Hence, xjy; is well-defined in (2.3]).

Let us define )

Py(z,9) = ;(az — ), (2.4)

where z1 is defined as

+

" = argmin ¢, (x, g, u). (2.5)

u€R™

From the optimality conditions for (Z3]), it follows that there exists p € Oh(c(z) + J(z)(zT — x))
such that P,(z,g) = g+ J(x)Tp. Thus, if P,(x, Vf(x)) = 0, then z is a first-order critical point of
&J). Therefore, ||Py(x,V f(z))|| can be adopted as the criticality measure for (ZIJ). In addition,
we denote the generalized gradients

Gk = Py (x, Vf(zr)) and g := Py, (vk, Gk). (2.6)

The following results give estimates to E[||gr|/?] and E[||g%]?].

As the analysis in this section essentially follows from [I7], for simplicity we only state the
results here and their proofs are given in Appendix [Al The first theorem provides an upper bound
for the expectation of the generalized gradient at x g, the output of Algorithm 211

THEOREM 2.1. Let AS.1-4 hold. We assume that the stepsizes {i} in Algorithm 21 are chosen
such that 0 < vy, < 2/L with v, < 2/L for at least one k, where L := Ly+ Ly Ly. Moreover, suppose
that the probability mass function Pr is chosen such that for any k =1,..., Ny,

v — Li/2

Pr(k) :== Prob{R =k} = _ . (2.7)
(e — L /2)
Then for any Nin > 1, we have
} Day, + % 330 (/m)
E[||gR]%) < —t ==t (2.8)

o (v — L2 /2)



where the expectation is taken with respect to R and §n, 1 = (&15- -+, &N, ) with &g = (Ek1s -5 Ekmy)
in Algorithm [2.1], and the real number Dg, is defined as

Dg, = ®p,(z1) — dlov. (2.9)
By specializing the settings of Algorithm 2.1 we obtain the following complexity result.

THEOREM 2.2. Let AS.1-4 hold. Suppose that in Algorithm[21, v, = 1/L where L := Ly + Ly Ly
and the probability mass funictz'on is chosen as in 271). For any given € > 0, we assume that the
total number of SFO-calls N in Algorithm [21] satisfies

2
N > max{ PG ¥ LC)” | 32LDa, il (2.10)
€2 € L?
where . _ _
Cy=0?/D, Cy= 80/\/5 and C3 = 60V D (2.11)

with some problem-independent positive constant D. We further assume that the batch size my,
k=1,..., Ny, satisfies

_ o |N
=m:= in{ N 1, =/ = 2.12
mp =m min ymax § 1, — 5 , (2.12)
Then we have
Ellgrl®*) <€ and E[|gz|°] <e, (2.13)

where the expectations are taken with respect to R and {|,,). Thus, it follows that the number of
SFO-calls required by Algorithm 21 to achieve E[|gr||*] < € and E[||gh||?] < € is in the order of
O(e72).

Remark 2.1. Theorems [Z.M22 are similar to the theoretical results obtained in [17]. The only
difference is that we allow the nonsmooth term of the objective to be monconvex, while the results
in [17] require the nonsmooth term to be convex.

Remark 2.2. Instead of choosing a random iterate as the output, we can use a deterministic
termination condition, i.e., choosing the iterate I that has the smallest norm of the exact gradient
among all iterates as the output of the algorithm. Following the analysis in Theorems [ZIUZ2.3, we
can obtain a similar bound on the expectation of the squared norm of the gradient at & and obtain
the same complexity result O(e=2). However, this deterministic termination condition requires to
compute the exact gradients at all iterates, which is impractical for stochastic programming.

3 A penalty method with stochastic first-order approximation for
SNLP (1)

We now return to the SNLP problem (1), in which only stochastic gradient information of f
is available via SFO-calls. In this section, we shall propose a penalty method with stochastic
first-order approximation for solving (L.I]) and study its SFO-calls worst-case complexity.

In deterministic settings, one would expect to find the KKT point of (ILI]), which is defined as
follows (see [29] for reference).



DEFINITION 3.1. z* is called a KKT point of (L)), if there exists \* € R? such that
Vi*)+ J()TA\* =0, and  c(z*) = 0.

When solving nonlinear programming problems, however, it is possible that one algorithm fails
to output a feasible point. For example, the constraints ¢(z) = 0 may not be realized for any
x € R™. In this case, the best one can hope is to find = such that ||c(z)|| is minimized, or in other
words, the constraint violation ||c(x)|| could not be improved any more in a neighborhood of x.
Therefore, Cartis, Gould and Toint [5] introduced the following definition of e-approximate critical

point of ([L.TJ).

DEFINITION 3.2. z is called an e-approximate critical point of (LII), if there exists A € RY such
that the following two inequalities hold:

IVf(z)+J(@)TA| <€ and 6(z) <e,

where 6(x) is defined as
0(x) = [le(x)]l — i, le(z) + J(z)s]. (3.1)
Note that Z is a critical point of the problem {min |[c¢(z)||}, if 6(Z) = 0 (see e.g. [BL37]).
In stochastic settings, any specific algorithm for solving (L)) is a random process and the output
is a random variable. We thus modify Definition and define the e-stochastic critical point of

(L) as follows.

DEFINITION 3.3. Let € be any given positive constant and x € R™ be output of a random process.
x 1s called an e-stochastic critical point of (L), if there exists A\ € R? such that

E[|Vf(z) + J(z)" ] < e, (3.2)
E[f(x)] < Ve.

We now make a few remarks regarding to this definition. In the deterministic setting, ([8.2]) and
(B3) reduce respectively to |V f(z)+J(x)T A < /e and 8(z) < \/¢, which are both worse than the
conditions in Definition B2 In 2) we use E[|V f(x)+ J(z)T \||?] instead of E[||V f(x)+ J(z)T ][],
because for the subproblem NSCO (2]) we are only able to analyze the former term. It is worth
noting that by Jensen’s inequality, we have |E[V f(z)+J(2)T\]||? < E[|Vf(z)+J(x)T \||?], and are
able to bound ||E[V f(z) 4+ J(z)T\]||. However, our analysis is directly for E[|V f(z) + J(x)T\||?],
and replacing it by |[|E[V f(z) 4+ J(z)T\]|| in Definition B3] will loosen the bound. Admittedly, the
bounds in Definition are loose compared with the ones in Definition However, note that
Definition B.3lis for SNLP (L)) in the stochastic setting, and that is the price we need to pay when
we define the e-stochastic critical point.

We now give our penalty method with stochastic first-order approximation for solving SNLP
(CI). Similar as the deterministic penalty method in [5], we minimize, at each iteration, the
following penalty function with varying penalty parameter p:

min - y(z) = f(z) + plle(2)]- (3.4)
Notice that ([B.4]) is a special case of NSCO (1)) with h(-) := p|| - ||. Hence, h is convex and

Lipschitz continuous with Lipschitz constant Ly = p. AS.2 thus holds naturally. Moreover, if
AS.1 is assumed to be true, then for any p > 0, there exists @lpow > fl°v such that P,(x) > @lpow



for all # € R™. Therefore, AS.3 holds as well with h(-) := p|| - || and ®l* := @if“’. Our penalty
method for solving (II]) is described in Algorithm [B.]

Algorithm 3.1 Penalty method with stochastic first-order approximation for (L)

Input: Given N as the maximum iteration number, tolerance e € (0,1), steering parameter & €
(0,1), initial iterate x; € R", G; € R", penalty parameter py > 1, minimal increase factor
7>0. Set k:=1.

Output: zy.

1: for k=1,2,...,N —1do
2:  Step (a): Find p := px > pr_1 + 7 satisfying

bp(rr) > pEO(11), (3.5)

where 0(z) is defined in ([B1]) and

bp(xr) = plle(zr)| — ﬁﬁi% {GEs+ pllc(zr) + J(zx)s]| } - (3.6)

3:  Step (b): Apply Algorithm 1] with initial iterate xj 1 := x), to solve the NSCO subproblem
B4)) with p := p and using ]\_fp SFO-calls, returning zjy1 = x g, and Giry1 := Gi R,
such that

E[”§k+1”2] <6 (3.7)

where g is defined in (2.6]), xj g, denotes the Rj-th iterate generated by Algorithm 2]
when solving the k-th subproblem, and the expectation is taken with respect to the random
variables generated when calling Algorithm 211

4: end for

Note that Algorithm Bl provides a unified framework of penalty methods for SNLP ([I1l), and
any algorithm for solving NSCO in Step (b) can be incorporated into Algorithm [B1]

Remark 3.1. We now remark that Step (a) in Algorithm [31] is well-defined, i.e., [B5]) can be sat-
isfied for sufficiently large penalty parameter p. This fact can be seen from the following argument:

bp(xr) = plle(zr)|| — ||I§ﬁign1 {GLs + plic(zr) + J(xp)s|}

> plle(e)ll - fmin, Gl + pllc(zr) + T (zx)s|}

TN +p{uc<xk>u -

= — NGkl + pb(zr).

min ) + Izl |

This indicates that [B.5]) holds when

<

(1 =8)0(xk)
Once the algorithm enters Step (a), both xy and Gy, are fized, so we can achieve [B.8]) by increasing
p.

(3.8)



Remark 3.2. Although motivated by the exact penalty-function algorithm proposed in [3)] for solv-
ing nonlinear programming in the deterministic setting, our Algorithm [31, as an SA method, is
significantly different from the algorithm in [3] in the following folds.

(1) Different subproblem solver is used in Algorithm [31. In [3], each composite optimization
subproblem is solved by a trust region algorithm or a quadratic-reqularization algorithm.
For stochastic programming, however, since exact objective gradient is not available, exvact
gradient-based algorithms do mot work any more. So we adopt a stochastic approrimation
algorithm to solve NSCO subproblems in Algorithm [Z1. This will yield quite different sub-
problem termination criterion.

(ii) Different termination condition for the subproblem is used in Algorithm [31. When subprob-
lems in [3] are solved, an extra condition ¢,(xy) < € has to be checked at each inner iteration.
However, since the SA algorithm is called to solve subproblems in Algorithm [31, we use
a more natural termination condition B). Therefore, ¢,(xy) is only computed at outer
iterations of Algorithm [31.

(iii) Different termination condition for outer iteration is used in Algorithm [31l. The algorithm
in [5] for the deterministic setting is terminated once the criticality measure 6 at some point
1s below some tolerance. However, this cannot be used in Algorithm [31) for solving the SNLP
problem (LJ)), because the whole algorithm is a random process, and any specific instance is
not sufficient to characterize the performance of criticality measure in average. So we set
a mazimum iteration number N to terminate the outer iteration of Algorithm [31 We will
explore the property of the expectation of the output xn later.

In the following, we shall discuss the SFO-calls complexity of Algorithm Bl We assume that
the sequence {xy} generated by Algorithm B]is bounded. Then AS.1 indicates that there exist
positive constants xy, K, kg and x; such that for all &,

flap) < g, le@e)ll < ke, (V@) < kg and ([T (@) < £y (3.9)
We first provide an estimate on the optimality of the iterate xj.

LEMMA 3.1. Let AS.1 and AS.4 hold. For fixed p := pr_1 and any given € > 0, if Algorithm [21]
returns xy, satisfying E[|gr]|?] < e, then there exists Ay € RY such that

E[|Vf(zr) + J(2x)" Aell*) < 2¢ + 2E[[|Gy, — V f(21)]]%], (3.10)

where the expectations are taken with respect to the random wvariables generated in Algorithm [2.1]
for solving the (k-1)-th subproblem, and gj, is defined in (2.0]).

Proof. Note that the outputs of Algorithm 2] are denoted as xp = xj_1,r,_, and Gy =
Gr-1,R,_,- At the point xj, Algorithm [2.I] generates the next iterate x,j = Tk—_1,Ry_,+1 Via

. 1
z;} = argmin {Gg(u —xi) + plle(zr) + J(xp) (u — ) || + 27Hu — kaQ} . (3.11)
ueRn Vk—1,Ry, 1

According to the first-order optimality conditions for (3.I0]), there exists py, € 9||c(zy)+J (zx)(z; —

x)|| such that
T 1 +
Gr + pJ(xr) pp + ——— (2 — 1) =0,
Yk—1,Ry_1
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which yields Gy, + pJ (zx) pr = Jk—1,R,_,- Thus we have the following inequality:

IV f(xx) + pJ (2e) T pi )| < 2||Gr + pJ (z1) T prl|* + 2||Gr — V f (25) |2
= 2|35 1.7, II> + 211Gk — V()| (3.12)

Hence, by letting A\ = ppy and taking expectation on both sides of ([B.12]), we obtain (3I0). O

The following lemma shows that, for any given e > 0, we can bound E[||V f(x1) + J(zx)T A\]|?]
by € through choosing appropriate total number of SFO-calls and batch sizes when Algorithm 2.1
is applied to solve the NSCO subproblems.

LEMMA 3.2. Let AS.1 and AS.4 hold. For fized p := pr_1 and any given € > 0, when applying
Algorithm [21] to minimize ®,, we choose constant stepsize y =7, =1 /L, and set the total number
of SFO-calls N, in Algorithm [21] as

2
_ 4D¢ Co + 4L ,C 128L,Ds ('
szmax{( L B ) | 18L, ‘I”’,—;}. (3.13)
€ € Lp
where Cy, Cy and Cs are defined in (211),
Dy, = ®p(vp—1) — ®¥ and L, =Ly+ pL;. (3.14)
We also assume that the batch sizes are chosen to be m,:
_ N,
myp = |min ¢ N,, max < 1, Ay , (3.15)
L,
where D is some problem-independent positive constant. Then we have
Ellgil?] < e and E[||Gl*] <e, (3.16)

where the expectations are taken with respect to the random variables generated when the (k-1)-th
subproblem is solved by Algorithm [21. Moreover, there exists A\ € R? such that

B[V f(z) + J (1) el*] < e, (3.17)
Proof. Let € :=¢/4. Replacing € by € in Theorem 22] and using ([I3]), we obtain that
Ellg;]*] < ¢ and  E[|ge|*] < ¢

Thus (BI6) holds naturally. According to (Ag), we have E[||G — V f(zy)||?] < 0?/m,. Similar to
Theorem 22] we can obtain that

E[|Gr — Vf(zi)|?] <€, (3.18)
where we have used (B13) and (BI5). Therefore, Lemma Bl indicates
B[V f(zx) + J(zr) T Ael’] < 26 +2€ = ¢,

i.e., (BI1) holds. O
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Remark 3.3. Note that the number of SFO-calls N, given in BI3) relies on both Dy, and L,.
Actually both Dg, and L, are in the order of O(p). To see this, by AS.1, we know that for p := py,
k=1,2,...,

Dy, = Py(xp-1) — 5 = f(ap—1) + plle(ze—1)l| = PP < wf + prc — 1,
which implies that Dg, = O(p). L, = O(p) follows directly from B.14).

Notice that in Algorithm B} for any given xj, ¢,(z;) plays a key role in adjusting penalty
parameters. In the penalty algorithm with exact gradient information proposed by Cartis et al.
in [3], ¢,, . (x1) < e with G, replaced by V f(x) in ([B.6) is required as the subproblem termination
criterion. However, since an SA algorithm is called to solve subproblems in Algorithm BT, a different
subproblem termination condition is set to yield (B7), namely, E[||g||?] < e. The following lemma
provides some interesting relationship between E[||g;||%] and E[¢,, , (zx)].

LEMMA 3.3. Let AS.1 and AS.4 hold. For fixed p := pp_1 > 1 and any given € > 0, suppose that
the iterate xy, is returned by Algorithm 21l at the (k-1)-th iteration, with stepsizes v =y, :=1/L,,
the number of SFO-calls N, satisfying BI3) and batch sizes m, chosen as BI5). Then there
exists a positive constant C independent of p such that

E[gp(z4)] < 2Ce'? + (20L,)" 2!/,

where the expectation is taken with respect to random variables generated by Algorithm 21 when
the (k-1)-th subproblem is solved, ¢, is defined in [B6) and C is defined as

= 1 I 5 1/2
C= 7,5 + I, (rg +0.25¢) 7, (3.19)

and L, = Ly + pL.

Proof. According to the setting of Algorithm 2Z1], Lemma B2 shows that E[||g;[|*] < e. Recall
that starting from x),, Algorithm [2.1] generates the next iterate through

. 1
af = argl[:énn {wpw(ﬂfk, Gy, u) = G (u— x) + plle(ar) + J(z) (u — 2)|| + _2’YHU - xk”2} .
ueR™

Then as gj = (zy — x)/7, we have that
Efllzr, — 2 %) < A%, (3.20)

where the expectation is taken with respect to all the random variables generated by Algorithm
2.1 when the (k-1)-th subproblem is solved.
Denote Aw];ﬁ as

Awlpg7'y = /l/}p,’y(xka Gka xk) - /l/}p,’y(xlm Gk? x;)
Apparently, Aw];ﬁ > 0. Moreover, it follows from AS.1 that

1
A< pllle(ae)ll = lle(zr) + T (@) (@ — )l + 1G]l - o — 2l — %Hx}f — x|

< prigllay — aill + 1Gell - Iz — el (3.21)
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For fixed p, xy is a random variable generated in the process of Algorithm 211 By taking expecta-
tions on both sides of ([B.21]), we obtain that

1/2 1/2 1/2
E[AYE ) < prg (Bl — 2il2) " + EIGI) " - Elllz - zll?)”
1/2
< pyrse’? + B[V f (@)% + E[|Gy, — V£ (@p)|P]) "/ 7e'/?
< pwwel/z + (/{3 + 0.256) 1/2 ’761/2,

where the second inequality is from (3.20) and the last inequality is due to ([BI8]). According to
v =1/L, we have

ElIAVF 1< |— = = (k24095 12| 1/2
[Apal = [Lg+pLJp“J+Lg+pLJ (g +0.25¢) 77 e
1 L s 2| 172 _ A 1/2
< |= — 0.25 =C 3.22
_[LJ;-@JJrLg (rg + 0.25¢) }e el/?, (3.22)

where the last inequality is due to p > 1.
We now analyze the property of ¢,(xy), which is defined in ([B.6]). It follows from Lemma 2.5
in [5] that

1
A, > 5 min{1 76, (@)}, (@r)-
If 1 < y¢p(xr), then

bplan) < 2095 (3.23)
If 1 > v¢,(xx), then ¢2(xy) < 2A1/1’;’,Y/’y, which implies
Polar) <772 (2005 )2, (3.24)
Combining ([3.23) and (3:24]), we obtain
Oplen) < max {28¢f v T2 @AYE Y <28k, 4972000 )2 (3.25)

Taking expectation on both sides of (3.25]), we have

E[g,(zi)] < 2E[AY), ]+ - E[(2A¢5,,)"/?)
< 2E[AY ] + 21272 (E[Ay) )Y
<202 4 (2CL,) 24,

where the last inequality is derived from ([3.22]) and v =1/L,. This completes the proof. O
We next give the main complexity result of Algorithm B.]

THEOREM 3.1. Let AS.1 and AS.4 hold. Assume that Algorithm [21] is called to solve the NSCO
subproblem ([B4) for fized p at each iteration, with v =, := 1/(Ly + pLy), the number of SFO-
calls N, satisfying BI3)) and batch sizes m, chosen as BI5). Then Algorithm [31 returns xy
which satisfies

2C + (20)Y2(Ly + Lj)Y2 i (K2 +0.25¢)1/2

E[H(xN)] < f(po—l—(N—l)T)lm € (1—5)(p0—|—(N—1)T)

(3.26)

and
E[|Vf(zn)+ J(zn)TAN|2] <€ for some Ay € RY, (3.27)



13

where the expectations are taken with respect to all the random variables generated in the process
of Algorithm[31. Consequently, if we set N as

N>N:= ’77'_166_1/2 — 7 g + 1—‘ , (3.28)

where C' = max{(4C + (8C)'/?(L, + L;)"/?)%¢ 72, (4K2 + )V2(1—&)~1Y, then Algorithm[31 returns
an e-stochastic critical point of (L.I]).

Moreover, Algorithm [31] finds an e-stochastic critical point of (L)) after at most O(e=3)
SFO-calls.

Proof. Lemma shows that for any fixed p := pg_1, x; returned by Algorithm 2] satisfies
BI7). Because p is also a random variable during the process of Algorithm B (B.I7) becomes

E[IV f(xx) + J () el Plopg) < e, (3.29)

where p; == (p1, - - -, pr—1) and the conditional expectation E[-|pp] is taken with respect to the ran-
dom variables generated by Algorithm [2.]] at the (k-1)-th iteration. By further taking expectation
with respect to pj) on both sides of (3.29) with & = N, we obtain (3.27)).

We next study the expectation of 8(xy), i.e. E[#(zx)]. There are two cases that may happen
when Algorithm B.] terminates, i.e., when xy is returned as the approximate solution of (L.I]). One
case is that p := py_1 satisfies (B.3]), namely,

bp(TN)
Oan) < L (3.30)

The other case is that ([B.5) does not hold at p := py_1, then it indicates that the inequality
dp(xN) < pn—1£0(xn) holds. By (B.8) we have

1G]

Then combining ([B30) and ([B31]) we obtain
Pplen) _ IGN] }
o) < max{ Eon-1 (1= &pn—

~épnvor (1=&pn_1

We first analyze the expectation of (x ) conditioned on py_1, i.e. E[f(zn)|pn—1]. In this case, the
expectation is taken with respect to the random variables generated when the NSCO subproblem
is solved with p = py—1. On the one hand, Lemma [B.3] shows that the expectation of ¢, , (xx)
satisfies

E[(dpy_ (@n))lpn—1] < 2062 4 (20)/(Lg + py—1Lg)' /2!,
where C is defined in (3.19). By taking expectation on the first term of (3.32)) conditioned on py_1,
we have
20+ (202 (Ly + L)
E(pn-1)1/?
204 QO L L)
&lpo + (N = 1)7)1/2

gépNﬂ (xN)
§pN-1

E[ lov-1] < (3.33)

= E17
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where the first inequality follows from the facts that € < 1 and pg > 1 for any k, and the second
inequality follows from py_1 > po + (N — 1)7. On the other hand, by taking expectation on the
second term of ([3.32]) conditioned on pn_1, we have

|Gl (E[|Gn P lon-1])"/?
E[(l —&)pN-1 o1l < (1=8pn-1
_ EVF@p)l?lon-1] + E[|Gr — Vf (@) 12 ov-1))'/?

(1—=8)pn-1
(K2 +0.25¢)1/2
(1—=8)pn-1
(K2 +0.25¢)1/2
T (1=8po+ (N —=1)7)
where the second inequality follows from (B.I8]) and the last one is due to the fact py_1 > po +

(N —1)7. Then by [B32) it yields that E[f(zn)|pn—1] < E1 + Es. Since both E; and Es are fixed
constants, after further taking expectation with respect to py) we obtain E[f(2x)] < E1+ Fy which

is exactly (B26). Moreover, note that E; < /e/2 if N > Nj := [(4C+(8C)1/2(L at L) /22 172

&2r
. 2.4 y1/2
20 4+ 17]. And it gives By < \/€/2 if N > Ny := [%6_1/2 — £ 4 1]. Consequently, we have
E[0(xn)] < /€ if the maximum iteration number N satisfies (3.:28]).

We now prove the second part of Theorem Bl From ([3:33]) and ([B34]) we know E[0(zn)|pn—1] <
Ve, if

(3.34)

= E27

pn_1 > pi=Ce /2

Hence, after at most {p pﬂ = N — 1 iterations, po can be increased to no less than p and we thus
have E[f(zy)|pn-1] < V/e. By taking expectation with respect to p;y) we obtain E[f(zy)] < /e
Moreover, from Lemma we know that for any k, to achieve ([3:29) at the (k-1)-th iteration,
Algorithm 211 needs at most max{(4Dg,C5 + 4LPC’3)2 €2+ 128Lqu>pe_1,C’1L;2} SFO-calls,
where p = pr_1, Do, = O(p), L, = O(p) and Cy, Cy, C3 are all constants. Hence, before p
increases to p, the number of SFO-calls at each iteration is at most in the order of O(p?e¢2).
Therefore, after at most

0 (Nﬁ26_2) -0 (6_3'5)
SFO-calls, the iterate x generated by Algorithm [B.1]is an e-stochastic critical point of (LIJ). O

4 A penalty method with stochastic zeroth-order approximation
for SNLP (1))

In this section, we shall study a penalty method for SNLP (1), for which we assume that only
noisy function values of f can be obtained via calls to SZO. For any input zj, SZO outputs a
stochastic function value F'(zy, &), where & is a random variable whose distribution is supported
on Z C R? and independent of z;. Furthermore, we assume that F(xy, &) is an unbiased estimator
of f(zx). We thus make the following assumption for SZO.

AS.5 Forany k > 1, F(-,&) is continuously differentiable and VF(-, &) is Lipschitz continuous
with Lipschitz constant L, for fixed £, and

Ee, [F(on, &)] = f(1)- (4.1)
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Throughout this section, we denote

G2k, §k) = Vi F (21, &), (4.2)
and assume that AS.4 holds for G(x, &).

As only zeroth-order information of f can be obtained, we need to figure out how to make full use
of such information. One of the most popular ways is to apply smoothing techniques. Randomized
smoothing techniques have been proposed and fully studied in [8[I5L17L28]. We here consider the
Gaussian distribution smoothing technique. For any function w, given an n-dimensional Gaussian
random vector v, the Gaussian smoothing approximation function of w is defined as

wy(z) == Eylw(z + po)] = %/2 /w(:p + ,uv)e_%”””2dv. (4.3)

(27)

We next cite a lemma which gives some nice properties of the Gaussian smoothing approximate
function w, in ([@3). This lemma has been proved in [28] and is also used in [17].

LEMMA 4.1. Ifw € Ci’l(R") B, then

a) wy is Lipschitz continuously differentiable with gradient Lipschitz constant L, < L and

1 w(z +pv) —w(r) 15,02
ku(w):(%r)"/?/ ( u) P41

b) for any x € R"™, we have

12

wu(z) — w(z)| < ELH, (4.4)

[Veu(x) = Veo(@)]| < GL(n+3)z, (45)
2

E, “"’("” i “Z) —wl), ] < 2(n + 4)||Vw(z)||? + %2L2(n +6)3 (4.6)

c) wy is convex if w is convex.

With the stochastic zeroth-order information of f at xy, namely F(z, &), we can further define
the stochastic gradient of f at x; as

Fay + po, &) - Flaog, &)
1

Gu(xk, &, v) = (4.7)

From (4J)) and a) of Lemma (1] it follows that

Ep g, [Gu(er, &, 0)] = V fu(ar).

When solving (LII), the penalty function minimization subproblem in this case is a special
NSCO problem in which only noisy function values of f can be obtained via SZO calls. So we
need to first present an SA algorithm, Algorithm ] with only stochastic zeroth-order information
being used for solving NSCO (21)).

we Ci’l(]R") means that w : R" — R is continuously differentiable and Vw is Lipschitz continuous with Lipschitz
constant L.
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Algorithm 4.1 Stochastic zeroth-order approximation algorithm for NSCO (21

Input: Given z; € R", maximum iteration number N;,, parameters {v;} with v, > 0, batch sizes
{my} with my > 0, a smoothing parameter ; > 0. Let R be a random variable following
probability distribution Pr which is supported on {1,..., N, }.

Output: xp.
1: fork=1,...,R—1, do
2. Call SZO my, times to obtain G (zk, &k, Vi), @ = 1,...,mg, where Gy(xk, &k i, Vi) 1s
defined in ([AT). Set
1 &
G = — G iy i) 4.8
ok = ; (T sy Vki) (4.8)

3:  Compute

Tpy1 = argmin ¥, (T, G, u).
ueR™

4: end for

We denote
Gk = Py, (Tk, Vfu(xk)) and g;,k =Py, (zk, Gu,k)7 (4.9)

where P, (z,g) is defined in (2Z4]). Similar to first-order SA method, we can obtain some properties
of Algorithm Il We next state two main results: Theorems 1] with their proofs given in

Appendix A. The following Theorem [LT] provides a bound for E[||g}, =%

THEOREM 4.1. Let AS.1-5 hold. Suppose that the stepsizes {7y} in Algorithm [{.1] are chosen
such that 0 < v, < 2/L, k=1,...,N, with v, < 2/L for at least one k, where L = Ly + LpL,.
Moreover, suppose that the probability mass function Pg is chosen as in (271), and suppose that
there exists kg > 0 such that |V f(xy)|| < kg for any k. Then for any N > 1, we have

Da, + p*Lgn + 62 3230 (ye/m)
Nin
i (v — L /2)

where the expectation is taken with respect to R, §n,.1 = (1,5 &Ny, ) with &k = (§k1s- -+ Ekmy)

and vy, = (v1,...,N,,) with vg == (Vg1,...,Vkm,), and Dg, is defined in @9) and & is
defined as

Elll7, zlI°] < (4.10)

5% =2(n+4)[k; + 0° + p’Li(n + 4)7].
By specializing the settings of Algorithm [T we obtain the following complexity result.
THEOREM 4.2. Let assumptions AS.1-5 hold. Suppose that in Algorithm [{1, vr = 1/L where
L =Lgy+ LyLy, the probability mass function Pr is chosen as 21), and there exists kg > 0 such

that |V f(xy)| < kg for all k. Denote ]Y as the total number of SZO-calls in Algorithm[{.1 For
any given constant € > 0, suppose that N satisfies

(4.11)

N > max { (16Dg, /v/ D2 + LCy)? . 112LLyD; (n + 4) + 64LDg, 1 }
> . |

€ € "L2D,

where Dy, Dy are two problem-independent positive constants and

Cy = 24(n + 4) (k% + o)V Ds. (4.12)
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Suppose that the smoothing parameter p satisfies

| Dy
<(| =, 4.13
R (4.13)
and the batch sizes my = m satisfy

- 1 |N
m = |Vm1n{N,maX{1,E- 13_2}}-" (4.14)

Ellgal’] <e and E[l|grl*] <, (4.15)

Then we have

where the expectations are taken with respect to R, |y, and vy, |- Gk and §;7 i are defined in (2.0)

and [Z9) respectively. Thus, it follows that the number of SZO-calls required by Algorithm [{.1] to
achieve EH|§L,RH2] < € and E[||gr||?] < € is in the order of O(e™2).

We are now ready to present a stochastic zeroth-order penalty method for solving (LI]). In each
iteration, Algorithm [£1lis called to minimize the penalty function. The strategy to update penalty
parameters is the same as the one applied in Algorithm Bl

Algorithm 4.2 Penalty method with stochastic zeroth-order approximation for (LI

Input: Given maximum iteration number N, tolerance € € (0, 1), initial smoothing parameter puy,
steering parameter £ € (0,1), initial iterate x; € R, G}m € R", penalty parameter pg > 1 and
minimal increase factor 7 > 0. Set k := 1.

Output: zy.

1: fork=1,...,N —1do
2:  Step (a): Find p := px > pr_1 + 7 satisfying

Bppuge_r () = p€O (1),

where 0(x) is defined in ([B1]) and

Pounr () = plle(ar)l - ”Islﬁiéll{@ﬁk,l’@ +plle(er) + J(ar)s|}, (4.16)

3 Step (b): Apply Algorithm F.I] with smoothing parameter py, initial iterate x,, 1 := z;, and
N, SZO-calls to solve the subproblem

min B, (2) = f(@) + )]

: R k+1 . :
returning x4 = o, g, and GM: := G, ,R,,» for which

~ 2

Elllgy, r, Il < €
where “z,, g,” denotes the Rj-th iterate generated by Algorithm Bl with smoothing param-
eter up when solving the k-th subproblem and g; i is defined in ([Z.9), and the expectation is
taken with respect to the random variables generated in this inner iteration.

4: end for
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Similar to the arguments in Remark B] Step (a) in Algorithm 2 is well-defined. Assume that
the sequence of iterates {x;} generated by Algorithm is bounded. Then AS.1 indicates that
there exist positive constants ky, k., kg and ry such that (B3) holds for all k.

In the following lemma, we provide a measure on the optimality of each iterate zy.

LEMMA 4.2. Let assumptions AS.1 and AS.4-5 hold. For fized p := pr_1 and any given positive
constant €, if vy satisfies that E[||g), g | %] <€, then there exists \;, € RY such that

E[|Vf (zx) + I (2e) AelP] S 4G, = Vi, ()P + pioi Ly (n +3) + 2¢, (4.17)

where the expectation is taken with respect to the random variables generated by Algorithm[4.1] when
the (k-1)-th subproblem is solved, and g, , is defined in ([@.3).

Proof. By the construction of Algorithm .2} G/Ijkfl = Gy, ,,R, , for some Rj_;. At the

iterate x,, Algorithm [£.I] generates the next point :EZ_ through

. 1
Ty = arg min {<G’ZM>T<U =) plleen) + (i) (u — 2w + 5o fu a:kHQ} - (4.18)
— L g —1

From the first-order optimality conditions for (£I8]), we know that there exists p € J||c(zx) +
J(zy) (), — x| such that
1
GE 4 pd(e) T p+ ———— (2 — ) =0,
Hr—t (i) ’Yk—l,Rk,l( k )

which shows Gﬁkl + pJ (zx) o = 91 Ry, - Hence we have

IV (k) + pJ () prll* < 201G, — Vf(xe)|? +20GE .+ pJ (zi) pil|®

Hr—1 HEk—1

=2|G, = V@) + 203, re

<A|Gy, =V fuy @)IP + AV Fuy (r) = V@) 1P + 2030 P
<A|Gh =V @)+ i Ly 43 + 205 m P (419)

where the last inequality follows from (43]). Therefore, by taking expectation on both sides of
(£I9]) with respect to the random variables generated by Algorithm ] when solving the (k-1)-th
subproblem, we obtain ([4I7) by letting \x, = ppx. O

We show in the following lemma that for any given positive constant e, we can bound E[||V f (zx)+
J(xx)TM\i]|?] by € through choosing appropriate total number of SZO calls N, the batch size m
and the smoothing parameter p at each iteration for any fixed p = pi_1.

LEMMA 4.3. Let AS.1 and AS.4-5 hold. For fixed p := prp_1 and any given positive constant
€, suppose that when applying Algorithm [4.1] to minimize ®,, we choose the constant stepsizes
Ve =p = 1/L, and the total number of SZO-calls N, satisfies

_ 64Dg /\/ Dy +4L,C1)?  448L,L,D 4) + 256L,D
N, > max ( ‘I’ﬂ/ 2+ 4L, 1) + pyg 1(n+4)+ p <I)ﬂ’ 1~ ’ (4.20)
g €2 € L2D;

where Dg, and L, are defined in (3.14]), Cy is defined in [@I2), and Dy and Dy are two problem-
independent positive scalars. Also suppose that the batch sizes are chosen equal to m, defined as

) s 1 N
my = |Vm1n {Np,max {1, I, . D—Z}}-‘ . (4.21)
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Besides, the smoothing parameter pi_1 is assumed to satisfy

| Dy
1 <y =. 4.22
He—1 = Np ( )

Ellgp, Pl <e  Ellgl’ <e (4.23)

Then for xy := xr_1 R, _, we have

and there exists A\, € R? such that
B[V f(z) + J (1) e’ < e, (4.24)

where the expectations are taken with respect to all the random variables generated when the (k-1)-th
subproblem being solved.

Proof. First, by letting € = €/4, similar to the analysis in Theorem by replacing € with €,
we can prove that the choice of N, in (Z20) can ensure that E[||g), |z | %] < ¢ and E[|gx||?] < €.
Therefore, (£.23]) holds naturally.

Second, noticing that z; = x,, , g, , and G/’jki1 = Gy, 1R, ., by (AI3]) we have
k 2 _ Oia
EllGuy = Vi @)lIF] < —=, (4.25)
D

where the expectation is taken with respect to the random variables generated by Algorithm F.1],
and

Gr1=2(n+4)[k; + 0% + pz_ L2 (n +4)°]. (4.26)
So ([IT) implies that
Ty i o o 3 /
E[IVF(@r) + J (@) All"] < — ==+ i1 Ly(n + 3)° + 2¢. (4.27)
o

Let us consider the first two terms on the right hand side of ([@27]). According to the definition of
or—1 in (£26]) and the choice of ui_1 satisfying ([A22]), we have

~2
40y,

+ pip_q Ly (n + 3)°

IN

362
[ L pi Ly (n 4 3)°
mp

p

6(n+4)(k2+02) 6(n+4)3L2 D, D
(nt ks +o7) | St ) 0.y 2 (n 1 3)°
mp mp N N

6(n + 4)(kZ + o?) N TL2Dy(n + 4)3

IN

mp N

L W~ Lol W~ [GVN TN

I

IN

4
3

Note that ( is less than the right hand side of [A.I7). Following the analysis in Theorems and
we obtain that the choice of N, and m,, in [@20) and (@2I]) can ensure
=2
k-1

4
+pp  Li(n+3)* < 3 ¢ < 2¢. (4.28)

Combining (£27)) and [{.28)) gives ([d.24). O
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Remark 4.1. Note that in Lemma[].3, the number of SZO-calls N, in [@20) depends on both L,
and Dg,. Similar to the analysis in Remark[3.3, we obtain that Dg, = O(p) and L, = O(p). Since
C1, Dy and Dy are all constants independent with 0, Np is in the order of O(p?e=2).

Analogous to Lemma B3] we give an estimate of E[¢, ., ,(zx)] in the following lemma.

LEMMA 4.4. Let AS.1 and AS.4-5 hold. For fixed p = pp_1 and any given positive constant e,
suppose that the iterate xy, is returned by Algorithm [[1] at the (k-1)-th iteration with the same
settings as in Lemma[{.3 Then we have

El¢p sy (wr)] < 2Ce'/? + (26’)1/2(Lg + /)1‘,1])1/261/47

where the expectation is taken with respect to random variables genemted by Algorithm [{.1] when
solving the (k-1)-th subproblem, ¢, ,, , is defined in [@IG) and C is defined in BI9).

Proof. The idea of the proof is similar to Lemma We only need to estimate E[”Gﬁk,l -
Vf(zg)|?]. By @25) and ([&F), we have
EllGy,_, = V()" < 2B[IGY, , = Vi, (@) IP] + 2BV fu_y (a1) = V(@) |]

HE—1 HEk—1
267 1 1, 1
L Ry 3% < € = —e,
<, + i1 Lg(n +3)" <€ = 7e

where the last inequality follows from ([@.28]). The rest of the proof is the same as Lemma O

We now conclude this section by giving the main result on the total SZO-calls worst-case
complexity for Algorithm The proof is essentially the same as Theorem [B] so we only state
the result and omit the proof.

THEOREM 4.3. Let AS.1 and AS.4-5 hold. Assume that Algorithm [{.1] is applied to solve the
stochastic subproblem [B.A4) for fized p at each iteration, with v = ~y, := 1/(Lg + pL.), the number
of SZ0-calls N, satisfying [E20), batch sizes m, chosen as [AZI), and smoothing parameters
satisfying [@22)). Then Algorithm [[.2 either returns an e-stochastic critical point of (1)), or
returns xn which satisfies

2C + (2C)2(Ly + Ly)'/? /1 (K2 +0.25¢)1/2
&(po + (N — 1)7)1/2 (1 =8&(po+ (N —=1)7)

E[f(zn)] <

and
E[|Vf(zn)+ J(xn)TAN|2] <€ for some Ay € RY,

where the expectations are taken with respect to all the random variables generated in the process
of Algorithm[]-3 Consequently, if we set N satisfying B.28), then Algorithm [[.9 must return an
e-stochastic critical point of (LII). Moreover, Algorithm[.Q can always find an e-stochastic critical
point of (L)) after at most O(e~3°) SZO-calls.

5 Conclusions

In this paper, we proposed a class of penalty methods with stochastic approximation for solving
stochastic nonlinear programming problems. We assumed that only the first-order or zeroth-order
information of the objective function was available via subsequent calls to a stochastic first-order
or zeroth-order oracle. In each iteration of the penalty methods, we minimized a nonconvex and
nonsmooth penalty function to update the iterate. The worst-case complexity of calls to the
stochastic first-order (or zeroth-order) oracle for the proposed penalty methods for obtaining an
e-stochastic critical point was analyzed.
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Appendix A Proofs of Theorems [2.1], 2.2], 4.1 and

In this appendix, we give the detailed proofs of Theorems 2.1], 2.2} [£1] and First, we need to
prepare some lemmas.
The following lemma provides a bound for the size of P,(x,g) defined in ([24)).

LEMMA A.1. Let AS.1-2 hold and Py(x,g) be defined in 24). Then for any x € R", g € R" and
v > 0, we have

5P, (e.9) = (1= 9Tl ) 1P o)+ 2 ()~ he(o))]. (A1)

Proof. From the optimality conditions for (23]), it follows that there exists p € dh(c(z) +
J(x)(zt — 2)) such that (g + J(z)Tp + %(er —2))T(u—2%) >0, for any u € R™. Specifically, by
letting u = = we obtain

1 1
g (@ —at) > ;IIer — |’ +p" (@) (zt — @) > ;IIer — | + h(e(z) + J (@) — x)) = h(c(x)),
where the second inequality is due to the convexity of h. AS.1-2 implies that
|h(c(a™)) = h(e(z) + J(z) (2 = 2))] < Lplle(z™) = (e(z) + J(z) (2" — 2))]

/0 ettt — o) — T — x)dtH

<Ly

1
= SLnLyla™ — alf*.

We thus obtain the following bound for (g, z — x™):

"o =) 2 (2 = 5Ly ) " —al? + hleta) - he(a).

Therefore, (A follows from the definition of P, (z,g) in (2.4]). O
The following lemma shows that P,(x,g) is Lipschitz continuous with respect to g.
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LEMMA A.2. Let AS.1-2 hold and Py(x,g) be defined in [ZA4). Then for any g1,g2 € R", we have

| Py (x,91) — Py(z,92)| < [lg1 — g2||-

Proof. According to (Z4)), letting 2 and z3 be given through (ZH) with g replaced by ¢; and
g2, it suffices to prove that ||z] — 25| < 7|/g1 — g2||. From the optimality conditions for (ZH]), there
exist p1 € Oh(c(x) + J(z)(z{ — x)) and ps € Oh(c(z) + J(x)(x3 — z)) such that the following two
equalities hold:

1
(g1 + J(x)Tp1 + ;(xf — o) (u—2y)>0, YueR", (A.2)
1
(g2 + J(x)Tpy + ;(x; — o) (u—23) >0, VYucR™ (A.3)
Letting v = #J in (A2) and using the fact that h is convex, we have

T
g1 (33; - xf) >

(2 = 2)" (23 — i) +p1 J (@) (2] —27)

(2 —2{) (@5 —af) + hic(@) + J(@)(z] —2)) = hle(@) + J(2) (x5 — )). (A4)

V
N e

Similarly, letting u = 27 in (A.3) we obtain

g3 (af —a3) > ~(z = 23)"(af —23) + he(@) + J(2)(23 — x)) = h(c(z) + J(2)(@f —2)). (A.5)

==

Summing up (A4) and (AF), we obtain
1
lgr = g2llllaf =23 || > (91 — g2)" (a3 —a7) > ;fo — a3 %,

which completes the proof. O
We now give the proof of Theorem 211
Proof of Theorem [2l Denote 0y := Gy — V f(x). From AS.1, we have

L
Flapsr) < flaw) + Vi (an) (@ — an) + ?gﬂxkﬂ — |2
L
= f(zk) + GL (21 — z1) + 7g|’xk+1 — ap||? = Ok, Tpy1 — 1)

From the definition of zj4 in (Z3)), it follows that zj — 341 = Vg). According to Lemma [A.]]
with g replaced by Gy and z = x; and v = 7, we obtain

Flawn) < fan) = (= 592 ) IG5 = h(eowin)) + blelon) + 5T G,

which implies that

L 5 - N 5
Qp(zpy1) < Pplar) — <’7k - 5713) 1G5 l1* + 0% G + VOF (Gr — Gr)-

Note that it follows from Lemma [A2] with g1 = Gy and g2 = V f(z},) that

S (G — ar) < Nokllllgs — arll < 10elGr — V£ (i) = [|6x]12-
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It ylelds that
q) X < @ X — Yk — —< y2 gNT 2 + (5T~ + 6 2 A 6

Summing up (A.6) for £k =1,..., N;, and noticing that 7 < 2/L, we have

N, N;
wm L ~ wm
> (% - 5713) 13%1% < @n(1) = @n(@n, 1) + > {0 Gk + ellon]*}
k=1 k=1
< () — B+ Z{wsk e+ 18l (A7)

Notice that zy is a random variable as it is a function of j;,_;), generated in the algorithm process.
By AS.4 we have E[é{gk\g[k_”] =0 and

mg
0.2

BlGx — V Fe0) ) = BN = —y S B[l < -, (45)

m
k=1 k

where 0y ; = G(xg, &) — Vf(xy). Taking the expectation on both sides of (A7) with respect to
§[N,,]» We obtain that

Nin L Nin ~
_ 2.2 < P q)low 2 k
> <fyk nyk) I < o)~ 40% S

Since R is a random variable with probability mass function Ppg, it follows that

Nin _
2] — 2t O = 1k/2) B (1570
R - .
o (= L7 /2)
which proves (2.8]). ]

Following from Theorem 2.1] we now prove Theorem 2.2]
Proof of Theorem [2Z2. 1f v, = 1/L and my = m for k = 1,..., Ny, (2.8]) implies that

E[|7*] = Erg

’Ln]

(172 Dg, + Nino?/(Lm) _ 2LDsy, N 20°
RIVE = Nin/(2L) Nin, m

Using Lemma[A2 with g1 = G}, and g2 = V f(x}), we have

ALD 402 ALD 602
—+ —  2E[[[Gr ~ VI (@n)IP] € 4+,
in m m

E[|gr7] < 2E[lgk|1*] + 2E[llgk — grll*] < N
m

Note that the number of iterations of Algorithm E2]is at most N;, = [N/m]. Obviously, Ny, >
N/(2m). Then following from ([Z.IZ) we have that

2y - ALDa, 602 . 8LDs, 602

i _ - A.

lgal?) < e 4 22 < By 4. 22 (A9)
8LDg o |N o2 oLV D

< _—h — | = 6 e A.10

=N A maX{N’ VN } (4.10)
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From (Z.I0) we have

\/ﬁ > \/(D<1>h02 + LC3)2 + 32LD¢hE
B €
< \/(D<ph02 + L03)2 + 32LDq>h6 + (DcI>hC2 + LC3)
= % .

(A.11)

(ZI0) also suggests that o2 /N < oL\ D /V'N, which indicates from (A.I0) that

8LDa, | 80Dw,  6Lo /5  8LDw,  Da,Cr+1Cs
_ — > €,
N Vb VN N VN

where the last inequality follows from (A.11]). Note that (A.12]) together with (A.9]) implies that

E[l|gr|] < (A.12)

4LDg, [Ny + 602 /m < ¢,

which according to (A9) shows that E[||g5|*] < e. O
The following is the proof of Theorem [F.11
Proof of Theorem [{.1]. It follows from part a) of Lemma 1] that f, € Ci; with L, < L,. By

AS.5, [@2), (£6]) and [@T) we obtain
Boy |Gk, €y i) = V fu(@i) 2] < Buy g, [ G, €y on) 7]

2
< Eg, [2(n+ )||Glar &) + 5L +6)°

2
= 2(n + 4)E¢, |G e, &) 2] + 5-L2(n + 6)°
<2(n+4)(|Vf(@p)l]* + 0°) + 26° L (n + 4)* < 67,
where the last inequality follows from that AS.4 holds for G(zy, ). Similar to (A8]), we can show
that
E[|G k= V fulan)|?] <
according to the definition of G, ) in (A).

Denote @, 1(z) := fu(z) + h(c(z)) and @}, = mingepn @) p(x). AS.3 together with the
continuity of ®,; indicates that Py s well-defined. So there exists £ € R" such that @th =
®,,»(2). By noting that ®, ,(xz) — ®,(x) = fu(x) — f(x), we have from (4.4]) that

@, (1) — <1>th =&, n(r1) — @, n(T)
= (1) = P(2) + Pun(z1) — Pn(w1) = (Ppn(E) — Pu(2))
< Pp(z1) — O+ [@pp(21) — Bp(an)| + [@pn(@) — ()]
< p(71) — B + 4’ Lyn
= Dg, + 1 Lgn.

(A.13)

ERR

Therefore, by replacing f with f,, and Gy with G, in Theorem 2.1 we obtain

. ~9 =N .
Opup(1) = @, + 52 2o (y/ ) < Do, + ,UQL n+ 6% Y pn (/)
& <
>t (e — L} /2) (ke — I} /2)

E[|g;.zl7] <
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where the expectation is taken with respect to R, |y, ] and vy, |-
We now give the proof of Theorem
It follows directly from (@I0) with v, = 1/L and my = m that

Proof of Theorem [{.2
. 2LDg, +2u?LL,n 252
Elllg rl%] < . N T+ e

Note that
Ellgel?] < 2E[du,z — 3rlI*] + 2E[|§ur11%] < 2E[|Gur — GrI%] + 4E[G), 2II°] + 4E[|7;, z — Gurl?]-
(A.14)

Firstly, definitions of g, and g, in (Z6) and ([@9) and Lemma [A.2] indicate that
15,7 = GrI* < IV fulzr) = Vf(zr)|?,

which together with (A5l shows that
- - 1
1907 — Grl* < Zung(n +3)°.

Secondly, the definition of g; , in (#3) implies that
~2
7 (A.15)

E(llgh,r — Gurl*] < EMGur = Viu(@r)*] < —,

LD 2L 52 452
8L Do, + 8" Llgn | 807 | 407 (A.16)

where the second inequality is due to (AI3]). Therefore, (A14)-(A15) yield

m m

1
~ 2 212 3
Ell|gr]] < S Ly(n+3)° + N

Given the total number of SZO-calls N in the whole algorithm and the number of SZ0-calls m
at each iteration, we know that the inner iteration number of Algorithm (1] is at most N;, =

[N/m] > N/(2m). Then @I3) and (AI6) imply that
16LDg, +716M2LLgnm N 1252
N m
16LL,;n Dy . 24(n + 4) (k2 + o) N 24(n +4)% L
ot L =

~ 1
E[|grl*] < 5u°Ly(n +3)* +
m

< TL — h
S9N g(n+3)° + Mt % i
25L2D1(n+4)> +16LLyDin  16LDg, 24(n + 4) (k2 + 0?)
= = + = m
N N m
28LL,D 4)3 24(n + 4) (k2 + o2
< BLLDin+ 47 | 161D, 2404 D)l ¥ 07) (A.17)
N N m
where we have used the fact that 1 < m < N. The choice of m in ([EI4)) also yields that
_ 28LL,D;i(n +4)> 16LDg 1 N 1 L\ Dy
E 2 < g L —®h 1 . - 2 4 2 AN - ZvVZe
lgrl"] < & +— TG, ) TR o) max g & =
28LLyD1(n+4)° +16LDg, = 16Dg,  24L 5 »
= = + —L+ —=(n+4)(k;+0°) max{ ——=,\/ D2 ¢.
N VNDy VN 7 LVN
O

Then similar to the proof in Theorem 2] according to (LII]) it is easy to check that (EIH)

holds.
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