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Abstract

In this paper, we are concerned with the regional boundary controllability of the Riemann-
Liouville time fractional diffusion systems of order a € (0, 1]. The characterizations of strate-
gic actuators are established when the systems studied are regionally boundary controllable.
The determination of control to achieve regional boundary controllability with minimum
energy is explored. We also show a connection between the regional internal controllability
and regional boundary controllability. Several useful results for the optimal control from an
implementation point of view are presented in the end.
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1. Introduction

In the past several decades, a lot of work has been carried out to deal with the problem of
steering a system to a target state, especially after the introduction of the notions of actuators
and sensors H, ] However, in many real-world applications, we are only concerned with
those cases where the target states of the problem studied are defined in a given subreéion of

W

for more information on the concept of regional analysis for the Gaussian diffusion process.

the whole space domain. Then the regional idea emerges and we refer the reader to

Besides, it should be pointed out that not only does the concept of regional analysis make
sense closer to real-world problems, it also generalizes the results of existence contributions.

In addition, after the introduction of continuous time random walks (CTRWs) by Mon-
troll and Weiss [6], the anomalous diffusion equation of fractional order has attracted increas-

ing interest and has been proven to be a useful tool in modeling many real-world problems
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H, B, B, IB, Iﬂ] More precisely, the mean squared displacement (MSD) of anomalous diffu-
sion process is described by a power law of fractional exponent, which is smaller (in the case
of sub-diffusion) or bigger (in the case of super-diffusion) than that of Brownian motion. It
is confirmed that the time fractional diffusion system, where the traditional first order time
derivative is replaced by a Riemann-Liouville time fractional derivative of order o € (0, 1],
can be used to well characterize those sub-diffusion process |1, ] For example, the flow
through porous media microscopic processes ], or swarm of robots moving through dense
forest etc. For the fractional calculus, as we all know, it has shown great potential in
science and engineering applications and some phenomena such as self-similarity, nonsta-
tionary, non-Gaussian process and short or long memory process are all closely related to
fractional calculus ,h

modeling can better capture the complex dynamics of natural and man-made systems, and

, ] It is now widely believed that, using fractional calculus in

fractional order controls can offer better performance not achievable before using integer
order controls dﬂ, ], which in fact raise important theoretical challenges and open new
research opportunities.

Motivated by the argument above, the contribution of this present work is on the regional
boundary controllability of the anomalous transport process described by time fractional dif-
fusion systems. More precisely, for an open bounded subset 2 C R" with smooth boundary

0f), we consider:

e A subregion I' of 02 which may be unconnected.

e Various kinds of actuators (zone, pointwise, internal or boundary) acting as controls.

The rest of this paper is organized as follows. The mathematical concept of regional boundary
controllability and several preliminaries are presented in the next section, then we present an
example which is regional boundary controllability but not globally boundary controllable.
Section [3 is focused on the characterizations of I'—strategic actuators and our main result
on regional boundary controllability with minimum energy problem is given in Section @ In
Section Al a connection between internal and boundary regional controllability is established
and at last, we work out some useful results for the optimal control from an implementation

point of view.

2. Regional boundary controllability

2.1. Problem statement

In this paper, we consider the following abstract time fractional diffusion system:

oD z(t) = Az(t) + Bu(t), te0,b],

lim oI} 7%2(t) =
Jam oli702(t) = 20
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where A generates a strongly continuous semigroup {®(t)}:>o on the Hilbert space Z :=
HY (), z € L*0,b;Z) and the initial vector zp € Z. It is supposed that B : R? —
Z is the control operator and u € L*(0,b; RP) depends on the number and structure of
actuators. Moreover, the Riemann-Liouville fractional derivative (Df* and the Riemann-

Liouville fractional integral oI are, respectively, given by [15],]16]

q
dt

1 t
ol 2(t), € (0,1] and oIfx(t) = = / (t=5)*"2(s)ds, a>0.(2.2)
0

ODtaz(t) = F(Oé)

Definition 2.1. [@] For any given f € L*(0,b; Z), a € (0,1], a function v € L*(0,b; Z) is
said to be a mild solution of the following system

oDi'o(t) = Au(t) + f(t), t € [0,0],

lim oI} ~v(t) = v € Z, (2.3)

t—0t

if it satisfies

t
2(t) = Ko (t)vo + / (t —8)* Ko (t — s5) f(s)ds, (2.4)
0
where Ko(t) = o [;° 0 O(t*0)dl, {P(t)}1>0 is the strongly continuous semigroup gener-
ated by A, qba( ) = 19 I_Ewa( i) and 1), is a probability density function defined by
1 - n—1 —an—lr(na+ 1) :
Va(6) = - ; (=1)"'g ————sin(nma), 0> 0. (2.5)
In addition, we have [20, 21]
o o I'1+v)
= v = > 0. .
/O ba(0)d) =1 and /O 0" 6a(0)d0 = [ v 2 0 (2.6)

By Lemma 21|, the mild solution z(.,u) of (2] can be given by
2(t,u) = Kqo(t)zo + /Ot(t — ) K (t — s)Bu(s)ds. (2.7)
Let H : L2(0,b; R?) — Z be
Hu = /Ob(b — 5)* 'K, (b — s)Bu(s)ds, Yu € L*(0,b; R?). (2.8)

Suppose that {®*(t) }+>0, generated by the adjoint operator of A, is also a strongly continuous
semigroup on the space Z. For any v € Z, it follows from (Hu,v) = (u, H*v) that

H*v = B*(b— s)* ' K:(b— s)v, (2.9)
where (-, ) is the duality pairing of space Z, B* is the adjoint operator of B and
K (t) = a/ 0o (0)D*(t40)d0.
0
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Let ~ : HY(Q) — Hz(99) be the trace operator of order zero, which is linear continuous
and surjective, v* denotes the adjoint operator. Moreover, if I' C 092, pr : H %(89) — H %(F)
defined by

prz = z|r (2.10)

and for any z € H %(F), the adjoint operator pf can be given by

e ) Zx), zeT,
prz(z) -—{ 0. recoOr. (2.11)

2.2. Definition and characterizations

Let w C €2 be a given region of positive Lebesgue measure. Denote the projection operator

on w by the restriction map
Pt HY(Q) — HY(w), (2.12)
then we are ready to state the following definitions.

Definition 2.2. The system 2.1]) is said to be exactly (respectively, approximately) region-
ally controllable on w at time b if for any y, € H'(w), given € > 0, there exists a control
u € L?(0,b; RP) such that

Pwz(b,u) =y (respectively, 1P 2(b, 1) = Yo 11 () < e) . (2.13)

Definition 2.3. The system (21]) is said to be exactly (respectively, approximately) region-
ally boundary controllable on I' C 02 at time b if for any z, € H%(F), given € > 0, there
exists a control u € L?(0,b; RP) such that

pr (va(b,0)) = 2 (respectively, [pr (v2(0,10)) = 2,13 0 < <) (2.14)

Proposition 2.1. The following properties are equivalent:
(1) The system (21)) is exactly regionally boundary controllable on " at time b;
(2) Im(pryH) = H3(T);
(3) Ker(pr) + Im(vH) = Hz(0Q);
(4) For any z € H2(T'), there exists a positive constant ¢ such that

lell3 gy < N DE2 200 (2.15)

Proof. By Definition 23] it is not difficult to see that (1) < (2).

(2) = (3) : For any z € Hz(T"), let £ be the extension of z to H2(99). Since Im(pryH) =
H?=(I), there exists u € L*(0,b;RP), z, € Ker(pr) such that 2 = z; +~vHu.

(3) = (2) : For any z € H2(09Q), = 2, + 2, where z; € Ker(pr) and 2z, € Im(vH).
Then there exists a control u € L?(0, b; RP) such that yHu = z,. Hence, it follows from the
definition of pr that Im(pryH) = Hz(T).



(1) & (4) : The equivalence between (1) and (4) can be deduced from the following
general result [22]: Let F, F, G be reflexive Hilbert spaces and f € L(E,G), g € L(F,G).
Then the following two properties are equivalent

(1) Im(f) € Im(g),

(2) 3 v > 0 such that [|f*2*|| g« < y]|g*2*||p, V2* € G.
By choosing £ = G = H2('), F = L*0,b:R?), f = Id,

complete the proof.

o and ¢ = pryH, then we

Proposition 2.2. There is an equivalence among the following properties:
(1) The system (2.1) is approzimately regionally boundary controllable on I at time b;
2) Tm(pryH) = H: (D);
) Ker(pr) + Im(yH) = H3(99);
) The operator pryH H*y*p}. is positive definite.

(
(3
(4

Proof. By Proposition 2], (1) < (2) < (3). Finally, we show that (2) < (4). In fact, since

=

Im(pryH) = H2(T') < (pryHu, 2) g2y = 0 for any u € L?(0,b; RP) implies z = 0,

where (-, ) g1/2(p) s the inner product of H:(T). Let u = H*y*p’z. Then we see that

=

Im(pryH) = H2(T') < (pryHH* " pr2, 2) g2y = 0 implies 2 =0, z € H? (1),

i.e., the operator ppyH H*y*py is positive definite and the proof is complete.

Remark 2.1. (1) A system which is boundary controllable on I is boundary controllable on
'y for every I'y CT.

(2) The definitions (2.2)) can be applied to the case where I' = 0$) and there exist systems
that are not boundary controllable but which are regionally boundary controllable. This is
illustrated by the following example

2.3. An example
Consider the following two dimension time fractional diffusion equation defined on 2 =

[0, 1] x [0, 1], which is excited by a zone actuator:

0Dfz(w,y,t) = Lez(z,y,1) + Lz x(z,y.t) + ppult) in Qx [0,8)],

lim o} %z(z,y,t) =0 in €, (2.16)
t—0t

2(&n,t) =0 on 00 x[0,b],

where a € (0,1], D = {0} x [dy, da] € Q, A = 25 + 25 with \;j = —(i + j2)72, &, y) =

o0

2a;; cos(imx) cos(jmy), a;; = (1 — )\ij)_%, D(t)z = > exp(Nijt)(2,&j)z&; and K, (t)z(x) =

i,j=1
o [ 00a(0)D(1°0)2(2)d0 = > Foo(Mijt*) (. €;) 264 (x). Further, since

i,j=1

(Hy*2)(t) = (b= 1) > Baalhij(b—1)")(v2,6)2(pp, &ij) 2

i,j=1



and (pp,&ij)z = 2;: [sin(jmds) — sin(jmdy) + jm(cos(jmdy) — cos(jmdy)], there exists dy, dy €
[0, 1] satisfying Ker(H*) # {0} (Im(ppH) # L*(w)), i.e., the system (ZI6]) is not boundary
controllable.

Moreover, let d; = 0, dy = 2, I'={0}x [4, 4] and z, = &;(0,v), (4, =4k, k =1,2,3,- ).

Obviously, z, is not reachable on 0f). However, since

Fan(t) >0 (t>0) and (pp, &) 7 — % [sin(jm/2) + jr(cosGm/2) — 1)], j=1,2,---,

we see that
ko Kk EQ [e% )\7, b
(H Y sz*>(t) = 21 %(&2}77 Z*)Hl/z (pD7 5@])
irj
_ 20i; B, iy (b)) (¢
- - o i ,7 Zx 1/2(r
PR LGN ! ’ i (2.17)
x [sin(jm/2) 4+ jm(cos(jm/2) — 1)]
# 0.
Hence z, is regionally boundary controllable on I' = {0} x [1, 3].

To end this section, we finally recall a necessary lemma to be used afterwards.

Lemma 2.1. [@] Let Q@ C R™ be an open set and C3°(Q2) be the class of infinitely differen-
tiable functions on Q2 with compact support in Q and u € L}, (Q) be such that

/Qu(:z)@b(:z)da: =0, WYye Q). (2.18)

Then u = 0 almost everywhere in Q.

3. Regional strategic actuators

The characteristic of actuators to achieve the regionally approximately boundary con-
trollable of the system (2.II) will be explored in this section.

As cited in [1], a actuator can be expressed by a couple (D, g) where D C Q is the support
of the actuator and g is its spatial distribution. To state our main results, it is supposed that

the control are made by p actuators (D;, ¢;)1<i<p and let Bu = Z pp,gi(x)u;(t), where p € N,

gi(r) € Z, u = (uy,us,---,uy) and u;(t) € L*(0,b). As (31ted 11n ], all these distributed
parameter systems with moving sensors and actuators form the so-called cyber-physical
systems, which are rich in real world applications. For instance, in the pest spreading process,
p is the number the spreading machines and wu;(-) stands for the control input strategic of
every spreading machines with respect to time ¢ ] Then the system (2.]]) can be rewritten

as

oDgs(t, ) = Az(t, x) + ipmgxa:)ui(t), (t,2) € 0,5 x 2,
i= (3.1)

lim o}~ %z(t, ) = z(x).
t—0t



Moreover, we suppose that —A is a self-adjoint uniformly elliptic operator, by @], we get
that there exists a sequence (\;, &) : k=1,2,---,r;, j =1,2,--- such that

(1) For each j =1,2,---, \; is the eigenvalue of operator A with multiplicities r; and
O0>A>X>--> N>+, lim )
Jj—o0

(2) For each j =

sponding to A, i.e.,

1,2, &p(k = 1,2,---,1;) is the orthonormal eigenfunction corre-

17 km = kna
0, ki # kn,
where 1 < k., k, <7j, kp, k, € N and (-, ) is the inner product of space Z.

(Eitms Ejkn) = {

Hence, the sequence {&;,,k =1,2,---,7;,j = 1,2,---} is a orthonormal basis in Z, the
strongly continuous semigroup {®(¢)};>0 on Z generated by A is
O(t)z(x) = D > exp(At)(2, E)énl), z € (3.2)
j=1 k=1

and for any z(z) € Z, it can be expressed as z(z) = ) ZJ: (z,&k)E k().
j=1k=1

Definition 3.1. A actuators (suite of actuators) is said to be I'—strategic if the system
under consideration is regionally approximately boundary controllable on I' at time b.

Before to show our main result in this part, by Eq.([3.2), for any z € L*(Q), we have

Kot)2(z) = a /0 " 06, (0)0(t°0) 2()d6
= a/o 0 (0 ZZexp (Ajt0) (2, &) Ejn () dO

7=1 k=1
=20 >~ o ta)n (2, k)€ (2 )/OO 0" 9adf
j=1 k=1 n=0 0
oo Ty e} ( ‘l‘ 1)'()\]ta)n
- Z—; ;; 2:% ?(Zn ot Dl ek

Tj

aE? o (MNt) (2, & )Eju(),

K

j=1 k=1
where Egﬁ(z) Z FMJFB %7:, 2z € C,a,p,ue C, Rea > 0 is the generalized Mittag-

Leffler function in three parameters and here, (i), is the Pochhammer symbol defined by

(see ], Section 2.1.1)
(o =p(p+1)---(p+n—1), neN. (3.3)
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If a, 8 € C such that Rea > 0, Re f > 1, then (see Section 2.3.4, @] or Section 5.1.1, @])

aBq = Eop1— (1+a—B)Eqp. (3.4)

It then follows that
Ka(t>2(.§(7> = Z Ea,a(Ajta)(Zu gjk)gjk(x) (35)

j=1 k=1
and
t A 4 t
/ VK (7)Bu(t — 7)dr = Z / Girui(t — T By o (N7 dTé(2),  (3.6)
0 j=1 k=1 i=1 Y0

where g% = (pp,gi, &)y J = 1,2, k = 1,2,--- 15, 0 = 1,2,---,p and E,p(z) :=
> m, Rea > 0, B,z € C is known as the generalized Mittag-Leffler function in two
i=0

parameters.

Theorem 3.1. For any j =1,2,---, define p X r; matrices G as

g_]l'l 9}2 T gjl'rj
2 2 2
951 Y52 " Y,
Gy=| 7T (3.7)
9;)1 9?2 T 9§rj

where g;'-k = (pp,9i k), J = 1,2,--+, k = 1,2,---,r;, t = 1,2,---,p. Then the suite of
actuators (D;, gi)1<i<p 15 said to be I'—strategic if and only if

p>r=max{r;} and rank G;=r; forj=1,2,---. (3.8)

Proof. For any z, € H%(F), denote by (-, ')H1/2(F) the inner product of space H%(F), we
then see that

00 b
(pryHu, ) ooy = D / T B a (M) us(b — 7)drgl 25 = 0, ¢ € [0,0], (3.9)
- —1 40

where zj; = (pryj, Z*>H1/2(I‘)7 j=12,--- k=1,2--- r;. Further, Lemma 2Tl gives

DN T By (Mt*)ghzin = 0, = (0,0,+-,0) € R” for t > 0,i =1,2,---,p. (3.10)
j=1 k=1
Then we conclude that the suite of actuators (D, gi)1<i<p is I'—strategic if and only if

D T Baa(Mb)G iz =0, = 2, =0, (3.11)

i=1



where z; = (21, 22, -+, zjr,)" is a vector in R and j = 1,2, - -.
(a) If we assume that p > r = max{r;} and rank G; < r; for some j = 1,2, - -, there
exists a nonzero element z € H2 (') with z; = (Zj1, Zj2, -+ 2jrj)T € R’ such that
ngj - Op. (312)

It then follows from E, ,(\;t*) > 0 (¢t > 0) that we can find a nonzero vector Z satisfying

D T Eaa(Mh)G Z =0, (3.13)

j=1

This means that the actuators (D;, f;)1<i<, are not I'—strategic.
(b) However, on the contrary, if the actuators (D;,g;)1<i<, are not I'—strategic, i.e.,

Im(pryH) # Hz(T'), then there exists a nonzero element z # 0,, satisfying
(pryHu, ) g2y = 0 for all u € L*(0,b; RP). (3.14)
Then we can find a nonzero element z;- € R" such that
Gjezje = 0, (3.15)

This allows us to complete the conclusion of the theorem.

4. Regional boundary controllability with minimum energy control

In this section, we explore the possibility of finding a minimum energy control when the
system (2)) can be steered from a given initial vector zy to a target function z, on the

boundary subregion I'. The method used here is an extension of those in dﬂ, B, , u, ]

Consider the following minimization problem

inf J(u) = [ [|u(t)[fodt

(4.1)
ue U, ={ue L*0,b;RP) : pryz(b,u) = 2},

where, obviously, U, is a closed convex set. We then show a direct approach to the solution

of the minimum energy problem (4.1]).

Theorem 4.1. If the system (21)) is regionally approzimately boundary controllable on T,
then for any z, € H%(F), the minimum energy problem ([AJ]) has a unique solution given by

u'(t) = (pryH)" Rp' (3 — pryKa(b)zo) (4.2)

where Ry = pryH H*y*p}. and H* is defined in Eq.(29).



Proof. To begin with, since the solution of (Z1]) excited by the control u* is given by
t
z(t,u*) = Kuo(t)zo + / (t —s)* 'K, (t — s)Bu*(s)ds, (4.3)
0

we get that

b
pryb, ) = proy {Kaw)z@ s [ Ko ) Bu(s)ds
0
= pryKa(b)zo + prvH (pryH)" Ri' (2 — pryKa(b)z0)
= Zp.
Next, we show that if the system (2.)) is regionally approximately boundary controllable

on I' at time b, then the operator Rr is coercive. In fact, for any 2, € H%(F), there exists a
control u € L*(0,b, R?) such that

21 = pry [Ku(b) 20 + Hul (4.4)

and

<RFZ1721>H1/2(1") - ’|H*7*p1t21||i2(o,b,m)
= ||B* (b= "KL = v pra [ me
> Nzl -
Moreover, since Ry € L (H%(F), H%(F)), by the Theorem 1.1 in @], it follows that R is
an isomorphism.

Finally, we prove that u* solves the minimum energy problem (4.1]). For this purpose,

since pryz(b, u*) = z, for any u € L*(0,b, R?) with pryz(b,u) = 2, one has
pry [2(b,u*) — z(b,u)] = 0, (4.5)

which follows that
b
0 = pey [ (0= 5" Kb = ) Bl (s) = u(s)lds = pryH [u” ).
0

Thus, by

J ) (u —u) = 2/0 (u*(s) — u(s),u*(s))ds
b

= 2 i (u*(s) —u(s), (prvH)" R (25 — pryKa(b)zo) )ds

= 2 i (pryH [u*(s) — u(s)], Ry (26 — pryKa(b)zo) ds
= 0,

it follows that J(u) > J(u*), i.e., u* solves the minimum energy problem (4.1]) and the proof

is complete.
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5. The connection between internal and boundary regional controllability

Based on an intension of the regional controllability of integer order differential equations
developed in [3, 4], we here give a transfer on the internal and boundary regional controlla-
bility of fractional order sub-diffusion equations (2.I]) and develop two types of controls, i.e.,

zone or pointwise.

5.1. Internal and boundary regional controllability

In this part, we present a internal and boundary regional controllability transfer of the

problem (ZT]). To this end, suppose that z(b,u) € Z and we first define a operator
T : H2(0Q) — H'(Q) such that 7Tg = g. Vg € Hz(0), (5.1)

which is linear and continuous M] Let z, € H2(I') with the extension pizy € H 2(6Q) and

consider the sets

0, = {Tp;zb € 7|z € H%(r)} and Q= U Supp Tpiz. (5.2)
2, €HY/2(T)

For any r > 0 be arbitrary sufficiently small, consider

D, = U B(z,r) and let w, = D, N Qy, (5.3)

zel’
where B(z,7) is a ball of radius r centred in z.

Theorem 5.1. If the system (2.1)) is exactly(respectively, approximately) controllable on w,,
then it is also exactly(respectively, approzimately) boundary controllable on T.

Proof. Let z, € H2(I') be the target function. By utilizing the trace theorem @], there
exists T'pfz, € Z with a bounded support such that v(T'pfz,) = pjzp. Then

1) if the system (ZI)) is exactly controllable on w,, for any 1y, € H'(w,), there exists a
control u € L*(0,b; R?) such that

P, 2(b, w) = yp. (5.4)
Then p,, Tpiz, € H'(w,) and there exists a control v € L*(0, b; R?) such that
P, 2(b;w) = po, Tz and ypo, 2(b, u) = przp. (5.5)

Thus pryp.,, z(b, u) = 2, i.e., the system (2.1]) is exactly boundary controllable on T
2) if the system (21I) is approximately controllable on w,., for and € > 0 and any ¥, €
H'(w,), there exists a control u € L*(0,b; R?) such that

pr'rz(b7 u) - ybHHl(wT) <e. (56)
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Then for any & > 0, there exists a control v € L*(0, b; RP) such that

1Pw, (b, w) = Puo, TPP2 | 1,y < € (5.7)

Moreover, by the continuity of the trace mapping v on H'(w,), one has

19 (P, 2(b; 1)) = Y (P TPF20) | 11 510y < (5.8)

therefore ||pry(p., (b, ) — 2| g1y < €, Thus (2.1 is approximately boundary controllable

on I' and the proof is complete.

5.2. Regional boundary target control

This part is concerned with the approach for the control which drives the problem (2.1])
from z to z, on I'. Let 2, € Hz(T') with the extension Pz € H: (092). By Theorem [5.1] the
problem may be solved by driving the system (Z1)) from 2y to y, € H'(w,) on w,.

The following two sets will be used in our discussion.
G={geH(Q):9g=0in Qw,} and £ ={e € H'(Q): e =0 in w,}. (5.9)

5.2.1. Case of zone actuator
Let us consider the system (2I]) with a zone actuator (D, f) where D C 2 is the support

of the actuator and f is its spatial distribution. Then the system can be written in the form

oDfz(x,t) = Az(x,t) + ppf(z)u(t) in Q x[0,b],
lim oI} *z(z,t) = z(z) in Q, (5.10)
t—0t

z(z,t) =0 on 09 x [0,b)].
For any ¢g € GG, consider the system
Q:Dp [(b— 1) ~p(x,1)] = A*Q[(b — 1) "p(x,t)] in Q2 x[0,8],
Tim QUL (b= )" (x,0)] = pi, g(a) in Q. (5.11)
o(x,t) =0 on 00 x [0,b].

where @ is a reflection operator on interval [0, b] such that
Qf(t) == f(b—1). (5.12)
By the argument in B], we see that the following properties on operator () hold:
QoI f(t) = Ly Qf (1),  QoDp f(t) = DyQf(t) (5.13)
and
ol QF(t) = Iy f(t), oDFQf(t) = Q:Dy f(1). (5.14)
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Then system (510]) can be rewritten as
0oDPQ[(b =)' p(x, )] = AQ[(b — 1) "p(x,1)] in Qx[0,0],
lim of; " Q[(b— 1) *p(x,t)] = p, g(x) in Q, (5.15)
t—0+
o(x,t) =0 on 0N x [0,0]

and its unique mild solution is ¢ (z,t) = (b—t)* 'K (b—t)p}, g(x). Moreover, we define the
semi-norm

b
9€G = llgl% = / (s 0 1))l (5.16)

on GG and obtain the following result.

Lemma 5.1. (5I6) defines a norm on G if the system (B.1Q) is regionally approximately
controllable on w at time b.

Proof. For any g € G, if the system (5.I0) is regionally approximately controllable on w,

we have

Ker(H'p,) = Ker |(b= )™ (£ Kalb = $)pL,9) 1o | = Ker | (f0(0) 12| = {0}

It then follows from

b
lglle; = /0 (fr () 12yt = 06 (f,0( 1) p2gpy = 0

that || - ||¢ is a norm of space G and the proof is complete.
Moreover, let u(t) = (f,¢(,t))2p) and decomposed the system (B.I0) into an au-

tonomous system and a homogeneous initial condition one

oDy (z,t) = A (z,t) + ppf (@) (f, 0( 1)) p2py n Qx[0,0],
tliréi of} "y (x,t) =0 in Q, (5.17)
Py (z,t) =0 on 0N x [0, D]
and
oDfpo(x,t) = Ae(z,t) in Q x [0,0],
tl_i)r(g ol Ty (2, t) = 2o(x) in Q, (5.18)
oz, t) =0 on 9 x [0,b].

Let A be the operator A : G — E+ given by
Ag=p.,i(-,b), YgeQG. (5.19)

Then for any 2, € H'(w,), the regional control problem on w, is equivalent to the resolution

of the equation

Ng=2zp _pwrw2('>b) (520)

and we have the following result.
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Theorem 5.2. Assume that the system ([BI0) is regionally approzimately controllable on w,
at time b, then (B20) admits a unique solution g € G and the control

u'(t) = (f,e(,8) 2(py (5.21)

steers the problem (LIQ) to 2z, on w,. Moreover, u* solves the minimum energy problem

b
inf J(u) = /0 u(t)|[2pdt. (5.22)

Proof. From Lemma [5]] if the system (5.10) is regionally approximately controllable on
w, at time b, then || - || is a norm of space G. Let the completion of G with respect to the
norm || - ||¢ again by G.

Next, we show that (5.20) admits a unique solution in G. For any g € G, by Eq. (5.19),
it follows that

<gv/\g> = <gvarw1('7b)>
_ <g,pwr [0 R0 = 00 50 ) s

b
_ / (0l t)) o 12 = llgl2:

Hence, it follows from the Theorem 1.1 in @] that (5.20) admits a unique solution in G.
Let w = w* in problem (5.I0), then p,, 2(b, u*) = z,. Finally, we show that u* minimize
the const functional (5.22)). For any u; € L*(0,b, R?) with p,, z(b,u;) = 2, we have

D, [2(b,u*) — z(b,uq)] = 0. (5.23)
Then
0=p, /0 (b— ) Ko (b — $)pp f(x) [u*(s) — ua (5)|ds.
Moreover, since
T —u) = 2 /0 (w*(s) — un(s))u’ (s)ds

b
(u™(s) —ur(s)) (f, 0(, 1) 2y ds

/Ob
~ 9 / (pof [u*(s) = wa(s)], (b — )"~ K (b — )i 9)ds
(1 [ 0= 9 Kalt = 3000 0 6) — i)

?

one has J(u) > J(u*), i.e., u* solves the minimum energy problem (5.22]) and the proof is

complete.
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5.2.2. Case of pointwise actuator
Consider the system (2.I) with a pointwise internal actuator, which can be written in

the form

oDy z(x,t) = Az(z,t) + 6(x — o)u(t) in Q x [0,b],

lim oI} %2z(z,t) = 2 in Q
Jim of; z(x,t) = 29 in €, (5.24)

z(z,t) =0 on 0N x [0,0],
where o is the actuator support. For any g € G, consider (L.I1]) and define the semi-norm
’ 2
9= lolly = [ leto9)lds, (5.25)

which defines a norm on G if (524)) is regionally approximately controllable.

Similar to the argument in section 5.2.1, let u(t) = ¢(o,t) and we consider the following

system
OD?wl(xu t) = A¢1($,t) + 5(5(7 - O')(,O(O', t) in Q X [07 b]u
. l—a o .
tl_lfoI}r OIt ’le(l’, t) =0 in Q, (526)
1 (z,t) =0 on 09 x [0,0]
and

()D?’lﬂg(l’,t) = A’QDQ(ZL’,t) in Qx [O,b],
Jim, o} 7%y (z,t) = 20(z) in Q, (5.27)
oz, t) =0 on O x [0,b].

Then the regional control problem on w, is equivalent to the resolution of the equation

Ng=2 _pwrw2('>b) (528)
and we see the following result.

Theorem 5.3. Assume that the system (5.24)) is regionally approzimately controllable on w,
at time b, then (B28) admits a unique solution g € G and the control

u*(t) = (o, (5.29)
steers (LI0Q) to 2, on w,. Moreover, this control minimize the cost functional (222]).
5.2.3. Sitmulation
The resolution of the regional boundary control problem may be seen via the following
simplified steps (see the case of pointwise actuator for example).

1) Initial data €2, I', z, and the actuator;
2) Solve the problem (5.28) (— g¢);
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Target function and the final state on T'={0}x[1/4,3/4]c 0 Q at time t=5
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x=0, ye [0,1]

Figure 1: Final reached state and target function on I' C 92 at time ¢ = 5.

3) Solve the problem ([B.I1) (— ¢(o,1t));
4) Apply the control u*(t) = ¢(o,t).
For example, consider the system (2.I6) and let Q = [0,1] x [0,1], I' = {0} x [1/4,3/4],

b = 5. For the target function z, on I' C 92, we assume that

0, 0<y<1/4
z(0,y) = 0.017+4(y — 1/4)*(y — 3/4)*, 1/4 <y <3/4; (5.30)
0, 3/A4<y<1

and the actuator is supposed to be located in D = {0} x {0.5} C (.

Figure M shows how the final reached state is very close to the target function on I' C 02
at time t = 5 when a = 0.4, 0.6, 0.8, 1.0. This also implies that time fractional diffusion
systems can offer better performance compared with those using integer order distributed
parameter systems. Moreover, when a = 0.4, the corresponding control input, which is
calculated by the formula (5.29), is presented at Figure

6. CONCLUSIONS

In this paper, the regional boundary controllability of the Riemann-Liouville time frac-
tional diffusion systems of order a € (0, 1] is discussed, which is motivated by many realistic
situation encountered in various applications. The results here provide some insights into
the qualitative analysis of the design of fractional order diffusion equations, which can also

be extended to complex fractional order distributed parameter dynamic systems. Various
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Control input function

0.25 T T T

u(t)

t

Figure 2: Control input function, which is calculated by the formula ([.29).

open questions are still under consideration. The problem of constrained control as well as
the case of fractional order distributed parameter dynamic systems with more complicated
regional sensing and actuation configurations are of great interest. For more information on
the potential topics related to fractional order distributed parameter systems, we refer the

readers to [34] and the references therein.
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