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Abstract

When a nonlinear system has a strict Lyapunov function, its stability can be studied using
standard tools from Lyapunov stability theory. What happens when the strict condition
fails? This paper provides an answer to that question using a formulation that does not
make use of the specific structure of the system model. This formulation is then applied to
the study of the asymptotic stability of some classes of linear and nonlinear time-varying
systems. Lyapunov functions, time-varying systems, (asymptotic) stability.

1. Introduction

This paper deals with the asymptotic stability of the nonlinear time—varying system & =
f(t,x). When this system has a continuously differentiable Lyapunov function V' that is
strict, standard results from Lyapunov stability theory establish the asymptotic stability
of the origin |2, Theorem 3.2]. The strict condition on the Lyapunov function means that
there exists a & —function 5 : R,y — R, (that is 8 is continuous and strictly increasing
with 3(0) = 0) that satisfies V (¢, ) < —B(|z]).

What happens when the strict condition does not hold? The following sufficient con-
ditions imply asymptotic stability in the absence of the strict condition on V.

(i) The origin is asymptotically stable under the condition that there exists 7' > 0 such
that for all ¢o, and zo: V (to + T, z(to + 1)) — V(to, z0) < —B(|ao]) ([I]).
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(ii) A strict Lyapunov function can be constructed if we know a Lyapunov function
that satisfies V (¢, x) < —W(q(t), x) for some periodic function ¢ and a function W
positive definite in x (see [7]). The periodicity condition is weakened in [6].

(iii) The origin is asymptotically stable if V(t,z) < —B(|z|) + ~(t — to) for some £~
function v : R — R,y; that is ~ is continuous, nonnegative, nonincreasing and
limy 00 7y () = 0 (see [§]).

(iv) Using the nested-Matrosov’s theorem, it can be shown that the origin is uniformly
globally asymptotically stable if V (¢, z) < —ﬁ(! f(t, x)’) where all time derivatives
of f are bounded [5, Corollary 2].

What happens when the Lyapunov function is not strict, and the aforementioned sufficient
conditions do not hold? The initial motivation of the present paper was to propose an
answer to that question as follows: the origin is asymptotically stable if V (¢, z) < —h(t)|z|®
for some nonnegative function h such that fooo h(t)dt = oo. However, in the process
of proving this fact, we realized that this result can be obtained from a more general
formulation which be stated as follows: given a nonnegative absolutely continuous function
z whose explicit expression is not known, provide sufficient conditions on z so that (1) we
have an upper bound on z, and (2) we have lim;_,., z(¢) = 0.

This formulation is given in Section [3as Propositions 2] and [3] These two propositions
are applied to the asymptotic stability of nonlinear time-varying systems in Section [4]
The main result of Section [] is Theorem [6] which provides sufficient conditions for the
(global) asymptotic stability of equilibria. Another application to Propositions [2| and |3|is
provided in Section [5] where we derive a new result on the asymptotic stability of perturbed
linear systems in Theorem The main novelty of the result is that the perturbations
are allowed to be unbounded with respect to time. Conclusions are presented in Section
0l

2. Terminology and notations

A real number x is said to be strictly positive when x > 0, strictly negative when
x < 0, nonpositive when = < 0, and nonnegative when x > 0. A function h : R = R
is said to be strictly increasing when t; < to = h(t1) < h(ta), strictly decreasing when
t1 <ty = h(t1) > h(tz2), nonincreasing when ¢, < ty = h(t;) > h(t2), and nondecreasing
when t; < t, = h(t;) < h(t2). [] The set of nonnegative integers is denoted N = {0,1,...}

7 “. 79 “ Yo [13

'In this paper we avoid the use of the words “positive”, “negative”, “increasing”, “decreasing” as they
mean different things in different books.



and the set of nonnegative real numbers is denoted R, = [0, 00). The Lebesgue measure on
R is denoted p. We say that a subset of R is measurable when it is Lebesgue measurable.
Let I C R, be an interval, and consider a function p : I — R! where [ > 0 is an integer.
We say that p is measurable when p is (M,,, B)-measurable where B is the class of Borel
sets of R' and M, is the class of measurable sets of Ry (see [13]). For a measurable
function p : I — R', ||p||; denotes the essential supremum of the function |p| on I where
| - | is the Euclidean norm on R'. When I = R, this essential supremum is denoted
Ipl|. C°(R,R") denotes the Banach space of continuous functions u : R — R" endowed
with the uniform convergence norm || - ||. For each open interval I C R, the set of all
continuously differentiable functions u : I — R" is denoted C*(I,R™).

3. Stability results

The main results of this section are Propositions [2| and |3| which provide an answer
to the following question: consider an absolutely continuous function z > 0; if we do
not have the explicit expression of z, what kind of knowledge do we need in order to
(1) establish an upper bound on z, and (2) show that lim; ., 2(t) = 07 The sufficient
conditions provided in Propositions [2| and |3| generalise the following lemma from [9].

Lemma 1. [§, Lemma 17] Consider a function z : [to,w) — Ry where ty € R and
to < w < oo. Assume that Conditions (1)—(ii) hold.

(i) The function z is absolutely continuous on each compact interval of [ty,w).

(i1) There exist z1 > 0 and zo > 0 such that z; < zo, z (ty) < 22 and 2 (t) < 0 for almost
all t € (to,w) that satisfy z1 < z (t) < 2.

Then z (t) < max (z (t9),21), Vt € [to,w).

Proposition 2. Consider a function z : [ty,w) — Ry where tg € R and ty < w < oo.
Assume that Conditions (i)—(iii) hold.

(i) The function z is absolutely continuous on each compact interval of [ty,w).
(ii) There ezist functions @, : [to,w) — Ry such that
(ii)-1 both ¢ and v are absolutely continuous on each compact interval of [ty,w),

(ii)-2 and Inequalities (9)—(10) hold,
p () <¥(t),Vt € [to,w), (1)

Z(t) < min (go (), (t)), for almost all ¢ € (to,w) @)
that satisfy ¢ (t) < z (t) < ().



(iil) z (to) < ¢ (to).
Then
Z(t) S (t), VE€ [to,w). (3)

Furthermore, if ¢ is nonincreasing and
Z(t) <0, for almost all t € (to,w) that satisfy z (t) < ¢ (), (4)

then
2 (t) <min (z(tg), (1)), Vt € [to,w). (5)

Proof. The aim of the following analysis is to prove that Inequality (3] holds. To this end,
we use an argument by contradiction. Assume that there exists some ¢; € (o, w) such that
z(t1) > ¢ (t1). Consider the set C' = {7 € [to,w)/ 2 (t) < ¢ (t), for all t € [ty,7]}. The
set C' is nonempty because tg € C. Define t, = sup C. Observe that t5 < t; < oo because
otherwise we have ¢; € C' which contradicts the fact that z(t1) > ¢(¢1). By the definition
of ty, there exists a real sequence {7, € C }2021 such that lim,, .., 7, = t2. The continuity
of functions z and ¢ implies that z (t3) = lim, 0 2 (7,) < limy, 00 ¢ (75) = @ (t2). This
fact implies that ¢, € C' leading to to < t;. Also, there exists a real sequence {7, > t5} ~,
such that z (7)) > ¢ (7,/), for all n € N and lim,,_,, 7,, = t. Since z and ¢ are continuous
we get z (t2) > ¢ (t2) which leads to z (t2) = ¢ (ta).

Let D = {t € [ts,t1] / 2 (t) = ¢ (t)}. The set D is nonempty because to € D. Define
t3 = sup D, then using a similar argument as above we get t3 € D which implies that
Z(tg) = (tg) and t3 < t7.

Claim 1. For all t3 <t <t1,2(t) > ¢ (t).

Proof. To prove the claim we use an argument by contradiction. Assume that there
exists t4 € (t3,t1] such that z (t4) < ¢ (t4). By the definition of ¢3, we get z (t4) < ¢ (t4).
Define the function z; : [tg,w) — R as 2 (t) = 2(t) — ¢ (), forallt € [ty,w). The
function z; is continuous and satisfies z; (t4) < 0 and z; (¢;) > 0. Thus we conclude from
the Intermediate Value Theorem that there exists some t5 € (t4,¢1) such that z; (t5) =0
so that z (t5) = ¢ (t5) which implies that t5 € D. This is not possible since t5 > t3. The
proof of Claim 1 has been completed.

Let E = {t € (t3,t1]/ 2z (t) = ¢ (t)}. Define

T \infE it E£0



Claim 2. z (t5) > ¢ (ts).

Proof. If £ = (), then tg = ¢; and thus z (tg) > ¢ (tg). If E # (), then tg = inf E' and
thus the continuity of z and 1 implies that ts € E, so that z (t5) = ¢ (t¢) and hence we
get from (9)) that z (t5) > ¢ (t5). Thus, in all cases we have z (t5) > ¢ ({6).

Claim 3. z(t) < (t), forall t3 <t <.

Proof. If E = (), then t5 = t;. We need to show that z (t) < ¢ (t), for all t3 < t < ts.
To this end, assume that there exists tg € (t3,ts) such that z (t5) > v (tz). Since E = 0,
we have z (t5) > ¢ (t;). Thus we deduce by Inequality (9) and the fact z(t3) = ¢ (t3) that

21 (tg) > 0= 2(t3) —p(t3) > 2 (t3) — ¥ (t3) = 21 (t3),

where 21 (1) = z(-) — ¢ (+). Therefore, by applying the Intermediate Value Theorem on
the continuous function z; (-) and on the interval [t3,t], we deduce that E # () which is
a contradiction. This proves that z (t) < (t), for all t5 <t < ts.

If £ # (), it can be shown by the continuity of z and 1 that tg = inf E € E so that
z(tg) = ¢ (ts). We need to show that z(t) < ¢ (t), forallt3 < t < tg. To this end,
assume that there exists tf € (t3,%s) such that z (t7) > ¢ (tf). Since tg = inf E, we have
z (t§) > v (tf). Thus we deduce by Inequality (9) and the fact z(t3) = ¢ (t3) that

21 (tg) > 0=z (t3) — @ (t3) > 2 (t3) = (t3) = 21 (3),

where z; (-) = z(-) — ¢ (-). Therefore, by applying the Intermediate Value Theorem on
the continuous function z; () and on the interval [t3,t(], we deduce that there exists
te € (ts,tg) such that z; (tg') = 0 so that z (tf') = ¢ (t§'). This contradicts the facts that
te = inf £ and ¢35 < tf < t§ < tg and thus z (t) < ¢ (t), for all t5 < t < ts. This end the
proof of Claim 3.

Since t3 < tg < tq1, we get from Claims 1 and 3 that
pt)<z(t)<y(t), Vis <t <ts. (6)

Thus we obtain by that 2 (t) < ¢ (t), for almost all ¢ € (¢3,%5). Hence the absolute
continuity of functions z and ¢ leads to z (tg) — 2 (t3) = Lt: Z(r)dr < f;ﬁ @ (r)dr =
¢ (tg) — ¢ (t3) and thus we obtain by the fact z (t3) = ¢ (t3) that z (tg) < ¢ (tg) which
contradicts Claim 2.

As a summary, we have proved that

2(t) <@ (t), Vi€ fto,w), (7)



which proves .

We need to prove that Inequality is true whenever is satisfied and ¢ is nonin-
creasing. To this end, we prove that z (t) < z (to), for all t € [tg,w) for both situations

2 (to) = ¢ (to) and z (to) < ¢ (to).

If z (to) = ¢ (ty), then since ¢ is nonincreasing, we obtain from (|7)) that
2(t) <@(t) <pl(ty) =z2(ty), forall t € [ty,w),

which means that is satisfied.

If z(ty) < ¢ (to), suppose that there exists t; € (tp,w) such that z (t7) > z (tg). Then
¢ (tg) > 0 (because if ¢ (ty) = 0, then z(ty) < 0 which is a contradiction). Let S =
{t € (to,t7]/ = (t) = ¢ (t)}. We now show that S cannot be empty. To this end, assume
that S = (). Using and the continuity of z and ¢, a simple contradiction argument
proves that z (t) < ¢ (t), for all t € [ty,t7). Hence we obtain from (4} that z (t7) —z (ty) =
ft 7)dr < 0 so that z (t7) < z(tp). This contradicts the assumption z (t7) > z (to).
Thus S 7é (). Let tg = inf S. Using (7)) and the continuity of z and (, a simple contradiction
argument proves that ty < tg < t7 and z(t) < p(t), for all ¢t € [ty,ts). Hence we obtain
from (4) that z (tg) — z (to) = ft 7)dr < 0 so that

2 (ts) < 2 (to) - (8)

The continuity of the functions z and ¢ implies that tg = inf .S € S so that z (ts) = ¢ (ts).
Therefore, since ¢ is nonincreasing and ty < tg < t7, we get from @ that

2(ts) = ¢ (ts) 2 ¢ (t7) 2 2 (t7) > 2 (to) ,

which contradicts . Thus, Inequality is satisfied and the proof has been completed.
m

Proposition 3. Consider a function z : [to,w) — Ry where tg € R and ty < w < oo.
Assume that Conditions (1)—(iii) hold.

(i) The function z is absolutely continuous on each compact interval of [ty,w).
(ii) There exist functions p, : [to,w) — Ry such that
(ii)-1 both ¢ and v are absolutely continuous on each compact interval of [ty,w),



(ii)-2 and Inequalities (9)—(10) hold,
p (1) < (t),VE € [to,w), (9)

2 (t) < min (gb (), 4 (t)), for almost all t € (ty,w) (10)

that satisfy ¢ (t) < z () < (¢).

(i) 2 (o) € (¢ (t0) . ¥ (to))-
Then
2 (t) < (t),Vt € [to,w). (11)

Assume furthermore that w = oo and that there exist a measurable function q : [ty, 00) —
R, and a nondecreasing measurable function H : R, — R, such that Equations —
hold.

H(0)=0 and H (v) > 0,Yv > 0, (12)

2(t) < —q(t) H(z(t)), for almost all t € (tg, 00)

that satisfy ¢ (t) < z (t) < ¥ (t), (13)

t

tliglo q(7)dr = oc. (14)
to

Then (a) and (b) hold.
(a) If L = limy_,o0 ¢ (t) = 0, we have limy_, z (t) = 0.

(b) If L = limy,o ¢ (t) does not exist, is infinite, or exists with L > 0, then there exists
T € (to,w) such that

2(T) = (1), (15)
@



Proof. The aim of the following analysis is to prove Inequality . To this end, consider
the set B = {t € (to,w) /2 (t) = ¢ (t)}.

If B = (), assume that there exists t; € (to,w) with z (t1) > ¥ (t1). Let J = {t € (to,w) /2 (t) = (¢)}.
Using Intermediate Value Theorem, it can be verified that J # (). Let ¢ = inf J. Then

for all t € [ty,t2) we have z(t) < 1 (). One can use the Intermediate Value Theorem

to prove that ¢ (t) < z(t), for all t € [to,t2). These facts along with imply that for

almost all t € (to,t2) we have z( ) < 1 (t). Smce z and v are absolutely continuous, it

follows that z(ty) — z(to) j; T)dr < f 7)dr = 1 (t3) — ¥(ty). This contradicts

the facts that z (t2) = ¢ (t2) and w (to) >z (to) and thus

z(t) < ¢(t),Vt € [ty,w) whenever B = ().

If B # (), then t3 = inf B € B because of the continuity of 2z and ¢. Thus seeing t3 as an
initial time, and ¢ (¢3) as an initial condition, it follows from Proposition [2 that for all
t € [t3,w) we have z(t) < ¢ (t). Using the same analysis used for B = {), it can be shown
that z(t) < ¢(t) for all t € [to,t3). We summarize the previous results as

z(t) <(t) V€ [to,ts)
2(t) < @(t) Vte ts,w)

and thus Inequality (9) implies that z(¢) < () for all ¢ € [tg,w), whenever B # 0.

whenever B # ()

We conclude that, in both situations B = () and B # (), Inequality is satisfied.
To complete the proof assume that w = oo and that there exist a measurable function
q: [to,00) — Ry and a nondecreasing measurable function H : Ry — R, for which (12),

and are satisfied. Let A = {t € [tg,00)/ 2 (t) = ¢ (t)}.

Claim 1. If A =0, then lim;_, 2z (t) = lim;_,o, ¢ (t) = 0.
Proof. Since A = (), Inequality and a simple contradiction argument prove that

e (t) < z(t) < (t),Vt e [ty,0). (16)

Thus, we obtain from that 2 (t) < 0 for almost all t € (¢, 00) because the functions
q and H are nonnegative. Thus z is nonincreasing on [ty, 00) so that lim; ,. 2 (t) = L.
exists with z (t) > L. > 0 for all t € [ty, 00).

If L, > 0 then, from (16, and for all ¢ € [ty, 00), z (t) > L., it follows that

Z(t) < —eq(t), for almost all t € (tg, 00),

9



where e = H (L,) is strictly positive because of . Thus, the Fundamental Theorem of
Calculus implies that

t t

z(t):z(tg)+/z"(7)d7§z(to)—e/q(t),VtG[to,oo),

to to

which leads to limy ,o 2 () = —oo because of (14)). This contradiction proves that
L, = limy_,, z(t) = 0 and thus we obtain from (16| that lim; ,., ¢ () = 0. This fin-
ishes the proof of Claim 1.

Claim 2. If A # (), then there exists T' € (¢, w) such that is satisfied.
Proof. The continuity of z and ¢ implies that 7' = inf A € A so that z(T) = ¢ (T). It

can be easily verified using (13)) and (1) that ¢ (t) < 2 (t) < z () for all ¢ € [ty, T'). Now,
seeing T as an initial time and ¢ (T') as an initial condition, we obtain from Proposition
that z (t) < ¢ (t) for all t € (T, 00). Therefore is satisfied.

If lim; o 0 (t) = 0, we deduce from Claims 1 and 2 that lim; ., z (¢) = 0. Otherwise,
we get from Claim 1 that A # () and thus is satisfied because of Claim 2. This
completes the proof. O

The following corollary provides sufficient conditions to get lim;_,, z (t) = 0.

Corollary 4. Suppose that Conditions (a)—(e) hold.
(a) Conditions (i) and (ii) of Proposition [ are satisfied,
(b) w
() hmt—wo@( ) =0,
(d) z(to) < (to),
(e) there exist a measurable function q : [to,00) — Ry and a nondecreasing measurable
function H : R, — R, for which Fquations , and are satisfied.

Then limy_,, z (t) = 0.

Proof. The result follows by considering the cases z (tg) < ¢ (to) and z (t9) € (¢ (to) , 1 (to))
along with Proposition [2] and [3] respectively. O

Remark. In [I0] an attractiveness result is obtained using a different formulation and
with different assumptions. It roughly says that when the derivative of some function is
less than the sum of a negative function of the state and a ‘small’ -in some sense- function
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of the state, we get some kind of asymptotic convergence of the state to zero. This result
is not directly related to Propositions [2| and |3| because the right-hand side of Inequality
contains two separate parts: a term that depends on the state and another that
depends on time.

4. Asymptotic stability of a class of nonlinear time—varying systems

The aim of this section is to study the asymptotic stability of system —

#(t) = f(t,2(t), t € Ry, (17)

x(to) = o, (18)

where (to, zg) € Ry xR™, state x(t) take values in R™ for some strictly positive integer m,
and function f : [tg, 00) x R™ — R™ is well-defined. Section presents a brief summary
of the results provided in [2] regarding the existence of solutions of the differential equation

(17)—(18). In Section [4.2| we present the stability definitions that are used throughout the
paper. Section [4.3| gives sufficient conditions for the asymptotic stability of the system

({17
4.1. Carathéodory solutions
The following set of assumptions for (17)—(18) is considered in [2, Section 1.1].

(A7) The function f(¢,x) is locally essentially bounded on R, x R™,
(Ay) for each z € R™, the function ¢t — f(¢,x) is measurable,
(A3) for almost all t € R, the function « — f(¢, x) is continuous.

A function z is called a local Carathéodory solution of (17)—(18) on the interval I C Ry
if ¢ty € I, the function x is absolutely continuous on every compact subinterval of I and
satisfies

i(t) = f(t,z(t)), for almost all t € I, (19)
Carathéodory’s Theorem states that if Assumptions (A;)—(As) hold then for each initial
pair (to, z9) € Ry x R™, then there exists an interval [ C Ry with ¢y € I such that a local
Carathéodory solution — exists on I.

If the function f is continuous on R, x R™ then Assumptions (Aj)—(Aj3) are satisfied.
By Peano’s Theorem it follows that a classical solution z of — exists on some
interval £y € I C R,. The term “classical” means that x is of class C' and

i(t) = f(t,z(t)),Vt € I, (21)
z(to) = . (22)

11



4.2. Stability definitions

In this section and in the remaining sections we assume that Assumptions (A;)-(As)
hold so that at least one local Carathéodory solution — exists on some interval
toel CR,.

Definition 5. [2, p.79] The point x = 0 of the system 15 said to be
(i) an equilibrium point if f (t,0) = 0 for almost all t > 0,

(ii) locally attractive if for each ty € Ry, there exists ¢ > 0 such that if |xo| < ¢, then
each solution x of f@ is continuable on [to, 00) with lim;_,o x (t) =0,

(iii) globally attractive if for all ty € Ry and all xy € R™, each solution x of 7(@
is continuable on [tg, 00) with lim;_,o x (t) =0,

(iv) stable if for any to € Ry and any € > 0, there is ¢ > 0 such that if |xo| < c then
each solution x of (17)-(18) is continuable on [ty, c0) and

|.Z’ (t)| <g, Vi Z th
(v) wuniformly stable if for any e > 0, there is ¢ > 0 such that for each tqy € R, and each

|zo| < ¢, every solution x of (17)-(18) is continuable on [ty, c0) and

|z ()| < e, Vt > ty,

(vi) asymptotically stable if it is stable and locally attractive,

(vii) globally asymptotically stable if it is stable and globally attractive.

4.3. Sufficient conditions for the asymptotic stability

In this section we use Proposition [2] and [3] to study the asymptotic stability of the
system —. The main result is given in Theorem |§|

For any ¢y, € R define the set

o0

Qa(ty) = ¢ h: R — R,/ h is Lebesgue measurable with /h(s)ds = 00

to

Theorem 6. Consider the system (17)-(18) for which Assumptions (A;)—(A3) are satis-
fied. Assume that Conditions (1)—(ii) hold.

12



(i) The origin x = 0 is an equilibrium point for the system .

(ii) There exists a function h € Qa(ty) such that for each solution x of (17)-(18) with
mazximal interval of existence [ty,w) there exist positive constants §, a, b, k1, ko, and
a function V€ C' (R x R™, R,), satisfying

kila|* <V (t,a) < ks |a|*,Vt € [ty,w), Va € R™, (23)

IV (t,«) IV (t, )
ot oo

for almost all t € (to,w) that satisfy |z (t)] < 4.

St (t) < —h () |z O, (24)

a=xz(t)

a=x(t)

Then
(i) All solutions of (17)-(18) are defined on [ty,00) for any initial condition |zo| <
(ii) moreover, the origin x = 0 is uniformly stable and asymptotically stable.

Additionally, if Inequality 1s satisfied for 6 = oo then x = 0 is globally asymptotically
stable.

Before giving the proof of Theorem [6] we compare it to the results obtained in [6].
That reference considers systems of the form & = f (z,u) in which u is the input, and
x(tg) = x is the initial condition. Consider the set

t
Qu(te) = { h e C°(R,R,) / Ir,e, h > 0 satisfying / h(s)ds > = and h (£) < BVE > g

t—7

If there exists a C' Lyapunov function V such that £V (¢,z(t),u(t)) < —h(t)p: (|z(t)])
for almost all ¢ > to with |z(t)| > Bs (|u(t)]) for some h € Q, 81 € H#o N C' and some
Ba € H, then the system is input-to-state stable (see Definition 1 and Theorem 5 in [6]).

Any continuous periodic function that is not identically zero belongs to the set 2;. Ad-
ditionally, there are nonperiodic functions that belong to ©; [0, p. 3].

The contribution of Theorem [f] is to provide sufficient conditions for the asymptotic

stability of f for functions h that belong to the set {2, which is larger than €2;.

13



Proposition 7. Q; C Qs and Q3 \ Q1 is nonempty.

Proof. To prove that ; C (25, assume that there exists a function h : R — R, such that
h € and h ¢ Qy. Since h € Oy, then h is continuous (and hence Lebesgue measurable)

and there exist 7 > 0 and there exists ¢ > 0 such that ftt )ds > ¢ forallt >t;,. On
the other hand, since h ¢ s, then ft s)ds # oo. Thus ft s)ds = w € Ry since
h > 0. On the other hand we conclude by the inequality ft ds > e forallt >t

that fH s)ds + j; s)ds > e for all t > tq. Taking t — oo leads to the contradiction
—w+w=0 > €. Therefore Q) C Q.

To prove that Qg \ ; is nonempty, Consider the continuous function h R —- R
defined by h(t) = t+1 for all t > o and h(t) = +1 for all ¢ < ty. Then ft s)ds =
SO that h € Q5. Suppose that there exist 7 > 0 and & > 0 such that for all t > to —i— T,
ft s)ds = ln( iil) > ¢. Taking t — oo leads to a contradiction which shows that
h e 92 \ Q.

Another example is o : R — R defined by h(t) =t for all ¢t € R which is in 25\ ;. O

We now present the proof of Theorem [6]

Proof of Theorem @ Let x be a solution of f with maximal interval of existence
[to,w). Define z : [tg,w) — Ry asz (t) =V (t,2 (1)) for all t € [tp,w). Since x is absolutely
continuous and V' is continuously differentiable, the function z is absolutely continuous
on each compact interval of [t,w). Therefore, Condition (i) of Lemma |1]is satisfied.

We get from and that

oV (t,a)

(t) = i n aV (t,«)

D0 - f(t,x(t) <0.

a=xz(t)

a=x(t)

for almost all ¢ € (¢y,w) that satisfy 0 < z (t) < k0. Thus Condition (ii) of Lemma [1] is
satisfied with z; = 0 and 2o = k0% It follows from Lemma [1] that if z (¢y) < 2o = k16°
then z () < z (o) for all t € [ty,w). This fact combined with Inequalities leads to

|z ()] < §) ke 20|, Vt € [ty,w) whenever |zg| < ,"/ﬁ 5
k1 Ky

It also follows that w = oo whenever |zq| < ¢/ % 0 [1I, p.71]. These facts mean that the
equilibrium point z = 0 is uniformly stable.
Assume that |zo] < 1“/2—; 0. Define x : [to,00) — Ry as x (¢ ft 7)dr for all

t € [ty,00). Since the function A is nonnegative almost everywhere on [to, ), the function

14



X is nondecreasing. Thus the fact that h € 2y implies that there exists 17 € (o, 00) such

that \
1 voraye 1 (k3¢
X (T1) > max (@»kéﬁ <5> 5 (k_1) >, (25)
and hence
N
X () > kS (g) L VE> T (26)

Let ¢y : [to,00) — R, be defined as ¢y (t) = k10* for all t € [ty, 00). Since 9 is a constant
function, it is absolutely continuous on [tg,w). Define ¢ : [ty,00) — R, as

_Je@)Tt o ten, o),
W)‘{um»—? L€l Th). 27

We have ¢ (t) < (x(T1))7® for all ¢ > to because the function y is nondecreasing.
b
Furthermore, it follows from 1) that x (T}) > 1/k{&°. Therefore, we have
©1 (t) < 1/)1 (t) = k:léa,‘v’t > to, (28)

and hence Inequality @ in Proposition [2| is satisfied. The function ¢ is continuous on
[to, 00) and is continuously differentiable on the open set (ty,71) U (11, 00) and thus it is
absolutely continuous on each compact interval of [ty, c0). Moreover, we have

{_%(X(t))‘ilh(t) t € (Th,00),

prl) =1, te (to,Th).

Observe that ¢, () < 0 for almost all ¢ > ¢, because the function h is nonnegative almost
everywhere on [tg,00) D (7, 00). Thus Inequalities and imply that
2(t) <0 =min (gbl (), n (t)) for almost all ¢ € (o, T}) that satisfy z (t) < k1%, (29)

On the other hand, we obtain from and that
N
Z(t) < —h(t) (%) for almost all ¢ > ¢, that satisfy z (t) < ¢y (t) = k1% (30)
2
It comes from that

b

AN @
—h(t) <¢1 ( )) < ¢ (t) for almost all t > T,

15



and thus we get from that

2 () < min <¢1 (t), v (t)) < 0 for almost all £ > T
that satisfy ¢y (t) < z (t) < 9 (t) = k16

(31)
Combining Equations and it comes that Inequality is satisfied. Therefore

we get from and and Propositions [2[ and |3| that

2(t) < @1 (t), Vt € [ty,00) whenever z (tg) < (x (1)) (32)
2(t) < 1 (t) = k10%, Vt € [tg, 00) whenever (

=<
—
~
S—
N—
|
Skl
A
N
—~
~
=)
S~—
A
o
=
(e

Recall that, owing to Inequality , we have y (1) > = —) . This fact along with
Inequalities imply that

¢ 1
lz (1) < ¢ ‘Plk( )’ Vt € [ty, 00), whenever |zo| < ————,
1 K (x (1))’ (33)
|z (t)] < 6,Vt € [to,00) whenever — - < |zl < { %5
ki (x (T1))® 2

b
k2\a .
Note that W < { % § because x (Ty) > (ﬁ) . Observe that, owing to

Equation (27)), it comes that lim;_, ¢1 (t) = 0 because h € Q,. Hence, it follows from

(33) that lim; ,o 2 (t) = 0 whenever |zo] < —2——. Thus, the equilibrium z = 0 is a
kg (x(T1))®
locally attractive point although it is not a uniformly locally attractive point because T}

depends on t.
To sum up, we have proved so far that x = 0 is stable and locally attractive. This means
that = = 0 is asymptotically stable.

Finally, we need to prove that when Inequality is satisfied for 6 = oo then z =0
is globally asymptotically stable. To this end, we first need to prove that w = oo for
any initial condition xy € R™, where [ty,w) is the largest interval of existence of the
Carathéodory solutions of f. This comes next.

We have from that 2 (t) < 0 for almost all ¢ € (¢p,w). Thus all conditions of
Lemma |1] are satisfied with z; = 0 and z3 = z (¢y) + 1 and thus we have z (t) < z (tq) for
all t € [ty,w). Therefore implies that:

k
\umgw5u¢w6mmmmwmewz
1
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and hence w = oo for any zy € R™.

The rest of the analysis is dedicated to proving that x = 0 is globally asymptotically
stable.
Note first that the fact that h € €, leads to the existence of T, > ¢y such that

»2

X () > k§® (%) V> T (34)

Let ¢ : [tg,00) — Ry be defined as

ey
220 = {<x ()

Sals]

t e [Tg,OO),
t € [to, T2).

e

We have ¢, (£) < (x (T3)) "¢ for all t > to and limy_,+ @3 (£) = 0 because y is nondecreasing
and h € €. It comes from that

b
—h(t) (@Qk—@)) < 9 (t) for almost all t > Ts. (35)
2

Define a constant function v : [tg, 00) — Ry as
U (t) = 1+ [[@oll + 2 (to) = 1+ [[2ll + V (to, z0) , Yt = to.

Observe that Inequality @ is satisfied. On the other hand, Inequality implies that
5 (t) < 0 = min (¢2 (1), s (t)) for almost all £ € (o, T) . (36)

On the other hand, we obtain from and that

Z(t) < —h(t) (%) ’ for almost all ¢ > t. (37)

Hence {D , and are satisfied with H (v) = va for all v > 0 and ¢ () = ky “h (t)
for all t > tq. Moreover we get by and that

2 (t) < min (90'2 (), 1)y (t)) < 0 for almost all t > Ty that satisfy z(t) > ¢a(t).

Observe that implies that Inequality is satisfied. Therefore, all conditions of
Corollary 4] are satisfied. This implies that for any xy € R™ we have lim; . z (t) = 0.

17



Therefore, we obtain from that limy ., x (t) = 0 for any initial condition x, € R™
and hence x = 0 is globally attractive. Thus z = 0 is globally asymptotically stable since
it is stable. O

We now apply Theorem [6] to the study of the asymptotic stability of a class of linear
time—varying (LTV) systems. Unlike linear time—invariant systems, the stability of LTV
systems cannot be linked with the location of the eigenvalues of their system matrix ([12]).
For this reason, only special classes of LTV systems have been studied in the literature. In
the following example we consider a second—order LTV system whose right-hand side may
be discontinuous with respect to time. We provide sufficient conditions for the uniform
stability and global asymptotic stability of the system.

Example 8. Consider the linear time—invariant system

(t) = Ax(t), for almost all ¢t € [ty, 00),

xr (to) = Xy, (38)

where n € N\ {0}, A is an n x n real stable matriz, that is every eigenvalue of A has
a strictly negative real part, to € R, o € R", and state x(t) € R™. Let P be the real
symmetric positive-definite n X n matriz that satisfies PA + ATP = I, where I,, is the
n x n identity matriz. Consider the Lyapunov function V(x) = 2T Pz, then V satisfies
and with a =b =2 and h(t) =1 for allt > ty, k1 and ko being the smallest and
largest singular values of A. Since we can take § = oo it follows from Theorem@ (i) that
the origin is globally asymptotically stable.

Example(8 shows that when Theorem|[f is applied to linear time-invariant systems, the
obtained stability result is not conservative.

Example 9. Consider the linear time—varying system

z(t)=A(t) z(t), for almost all ¢ € [tg, 00),

39
Xz (to) = T, ( )
where ty € R, xo € R?, and state z (t) € R?. The matriz A is defined by
ci(t) e (t)
A(t) =
=100 ol
for some measurable functions c; : [tg,00) = R, i =1,2,3,4. Assume that
c1(t) <0 and ¢4 (t) <0 for almost all t € [ty, o), (40)

18



0<c(t)+es(t) <2min (e (8)],]ca (t)]) for almost all t € [to, 0), (41)

t t
tli)rglo e (1)dr = tllglo ¢ (7)dr = —00, (42)
to to
t
tliglo (c2(7) 4¢3 (1) )dr < 0. (43)

to
Since the matrixz function A(t) is measurable, the system (39)) satisfies all assumptions of
[3, Theorem 3]. This implies that a unique absolutely continuous solution of (@) exists
on [tg, 00).
Observe that x = 0 is an equilibrium point for .
Define h : [tg,00) — Ry for almost all t > ty as

o (t) 4¢3 (t)

5 , Cq (t)+

co (t) + c3 (t)).

h(t) = — max <01 (t) + 5

Owing to — it comes that h 1s measurable, nonnegative, and lim;_, . fti h(r)dr =
00.

Consider the continuously differentiable quadratic Lyapunov function candidate V : R? —
R, defined by

1
B la)®, Ya € R%

Then Inequality is satisfied with ky = ko = 1/2 and a = 2.We get for almost all
t € [tg, 00) that

dV («)
do

Vi) =

fta)=[ o) x2(t) JA®) [ Zgg ]

t)at+ ey (t) 25+ (o (t) + cs (8) ) a2

(1 +c3 (t)) 22
o= 55

a=x(t)=(z1(t),z2(1))

IN

+C3() 2

Ty

| /\ +



Thus 15 satisfied globally with b = 2 and 6 = oo. Thus, it follows from Theorem @
that x = 0 is uniformly stable and is globally asymptotically stable.
Note that the special case ¢y (t) = —c3 (t) makes Conditions and trivially satis-

fied.

5. Asymptotic stability of perturbed linear systems

In this section we study the stability of the following class of perturbed linear systems:

i(t) = Az (t) + g(t, z (1)), (44)
T (to) = Xy, (45)

where t > o, Ais am x m matrix, state x () € R™, and a function g : [ty, 00) xR™ — R™.
In this section, we assume that

(By) the function g¢(t, z) is locally essentially bounded on Ry x R™,
(By) for each € R™, the function t — ¢(¢,x) is measurable,

(B3) for almost all ¢t € R, the function z — ¢(¢,x) is continuous,
(By4) and for all t > 0, g(¢,0) = 0.

Assumptions (B)—(B3) imply that the right-hand side of satisfies Assumptions (A;)-
(A3). This implies that a local Carathéodory solution for (44)—(45]) exists and is defined
on an interval of the form [tg,w), tp < w < co. Assumption (B,) means that z = 0 is an
equilibrium point for .

In the following theorem, we introduce sufficient conditions for the asymptotic stability
of the system —. The main novelty of the result is that the perturbation term
g (t, ) may be unbounded with respect to time.

Theorem 10. Suppose that the following Conditions 1- 4 hold.

1. The matriz A is stable.
2. There exist d > 1, 6 € (0,00] and a function G € C* ([tg, 0),Ry) such that

lg(t,a)| < G () |a|,Vt > ty, and Ya € R™ with |a| < 6. (46)

3. The function G is nondecreasing on [ty,00) with limy_,., G (t) = co.
4. For some instant t; > to that satisfies G(t) > 0 for all t > ti, the function @ :
[t1,00) — Ry which is defined as ® (t) = %, for allt > ty, is nonincreasing with
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Then
(i) there exists r > 0 such that if |zo| < r, then each solution x(t) of {{4)-{43) is

continuable on [tg, 00),

(i) the origin x = 0 is asymptotically stable; in particular we have lim;_,o, x (t) = 0
whenever |xo| < r. Moreover, if g is continuous then lim;_,o, & (t) = 0 whenever
|| < .

Proof. Since A is stable there exists a symmetric m x m matrix P > 0 that satisfies
PA+ ATP = —1I, (47)

where [ is the identity m x m matrix [4, p.136]. Consider the quadratic Lyapunov function
candidate V € C! (R™ R) with V (a) = o Pa for all « € R™. Then [4, p. 155]

Amin o <V (@) < Aax |0, (48)

where A\pin > 0 and Ayax > 0 are respectively the minimum and the maximum eigenvalues
of the matrix P. Thus, we get

dV («)

o -Aa = —|a* Yo € R™,
d‘;éo‘> —2|Pa| < 2|P,|a] = 2\ | , Yo € R™,
where |PJ, is the induced 2-norm for the matrix P. Therefore
WO (0t 9(0)) < ~ [0 + 20 [0 g (1.0)] V1 € [fg,00). Yo €B™. (49)

Let z(t) be a solution of (44)-([5) with maximal interval of existence [tg,w). Define
2 [to,w) = Ry as z(t) = V (z (t)) for all ¢t € [to,w). Since x absolutely continuous and
V' is continuously differentiable, the function z is absolutely continuous on each compact

interval of [tg,w). We obtain from and that

() < =2 ()] 4 2hmax G (8) |2 (£)]*" for almost all t € (,w)

50
that satisfy |z (¢)] < 6. (50)

On the other hand, Condition 4 and the fact that G is nondecreasing imply that there
exists ty > t; such that

—1
— < fi Nt>t 51
Gt) = e 1= (51)



and
1

/A max G (t2)

Let ¥, ¢ : [to,w) — R, be defined as

< 0. (52)

2

1 1. .
w (t) _ Amin <m) ] if to <t < min (tg,(x))
Amin (m) ! iftg <t<wandt; <w
and ¢ (t) = 34 (t) for all t € [ty,w). The functions ¢ and ¢ are absolutely continuous on
each compact interval of [ty,w) because the function G : [ty,00) — R, is continuously dif-
ferentiable. Thus Condition (i) of Proposition [2]is satisfied. From and the definitions
of ¢ and 1, we conclude that

@ () < (t) < Amin 6%,V € [to,w), (53)

and hence Inequality @ is satisfied.
Since the function G is nondecreasing on [t, 00), we have

¥ (t) <o (t) <0, for almost all t € (tg,w) . (54)

Moreover, it comes from (52 and that if to < w, then

1
Z(t) < ) |z (t)|”, for almost all t € (t5,w) that satisfy |z ()| <

1
 Mmax G (1)

Claim 11. We have
1
Z(t) < . |z (t)|?, for almost all t € (o, min (£, w)) that satisfy

(56)
2 (1)) < !

Aoy G (t2)

Proof. Let S = {7 € (tp,min (t3,w)) /G (t) = 0, for all t € (to,7)}.

If S = (), then the fact that G € C* ([tg, 00), R ) is nondecreasing implies that G (t) > 0
for all t € (to, min (¢2,w)). Thus

1 1

<
NV Amax G (t2) — VA Amax G (1)

22

,Vt € (to, min (t2,w)),




and hence and imply that is satisfied.

If S = (typ, min (t5,w)), then G (t) = 0 for all ¢ € (tp, min (¢2,w)) and thus is satisfied
because of and (52).

If S # () and S # (tp, min (t2,w)), then the continuity of G implies that T3 = sup S €
(to, min (tg,w)). Thus G (t) = 0 for all t € (ty,T3) and G (t) > 0 for all ¢ € (T3, min (t2, w)).
By considering the intervals (tg,73) and (73, min ({2, w)) it can be verified that is

satisfied. [
We have from , and that
1
Z(t) < — 2 (t), for almost all ¢ € (tp,w) that satisfy z (t) < ¢ (t). (57)

2)\max

Claim 12. Ift; < w, then
2 (t) < min <g0 (), 1 (t)) for almost all t € (to,w) that satisfy ¢ (t) < z(t) < (t).

Proof. We deduce from (51)) that

L 2 L T d ! for almost all ¢ > ¢t
— —_ e — Oor almost a .
max ~ ([d—1) \uax G (1)) dt \ AAax G (2) 2

2

By multiplying both sides by Apmin (m) ﬂ) we get

¥ (t) < ¥ (t) for almost all t > . (58)

On the other hand, one has ¥ (t) = mirép (), 1) (t)) for almost all ¢ € (t2,w) because of
pg)

(54). Therefore, Inequalities and (58)) complete the proof. m

Claim {12 and the fact that ) (t) = ¢ (t) = 0, for almost all ¢ € (to, min (t5,w)) imply
that

2 (t) < min (gb (), (t)) for almost all ¢ € (tg,w) that satisfy ¢ (t) < z () < ¥ (t).

Therefore, Inequality is satisfied. Equation of Proposition |2 gives

z(t) < p(t), Vt € [to,w) whenever z (ty) < ¢ (ty) = Amin _
2 (e G ()77
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which together with lead to

()] < /20

o /\min

, Vt € [to,w) whenever |zo| <, (59)

Amin
2

where r = . Note that (53]) implies that w = co whenever |zo| < .

a dr
VAmax ) > Glt2)

In the rest of the proof, we assume that |xo| < r.
Since w = oo and limy_,, G (t) = oo we have lim;_,, ¢ (t) = lim;_, ¢ (t) = 0. Thus we

get from that

lim x (¢) = 0 whenever |zy| <. (60)

t—o00

Hence x = 0 is a locally attractive equilibrium point for (44]). Note that x = 0 is not
uniformly locally attractive because r depends on t;.

Since the function ¢ is nonincreasing, Inequality (4)) is satisfied because of . Therefore,
z(t) < z(to) for all t > ¢y, whenever z (to) < ¢ (to) (see ([5)). Hence we deduce from
that

>\In X
|z ()] < “ |wo| , Vt > tg, whenever |zo| < 7.

min

Thus, the equilibrium x = 0 is stable. This implies that this equilibrium is asymptotically
stable because it is locally attractive.
Finally, we deduce from and that

|z (t)] < 6, Vt >ty whenever |zg| <.
Therefore, and imply that
|z (t)| < |A|y |z ()] + G (2) |x (t)|*, for almost all ¢ > t,, (61)

where |A], is the induced 2-norm of the matrix A. Hence, we obtain from (59)) and the
definition of the function ¢ that

d
1
T > , for almost all ¢ > 5,
1

& (1) < |Aly [« ()] + G (2) (\/Q(meG(t))d

so that

d—1

i (1)) < |Al, |z (£)] + (G% for almost all £ > £, (62)
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22 (4Amax ) 41

where c = ——L——— If ¢ is continuous, then Inequality holds for all t > t5. Thus,
and the fact that lim;_,., G (t) = oo lead to

lim & (t) = 0, whenever |zo| < 7.

t—o00
O
Example 13. Consider the second-order system
i1 (t) = w2(t), (63)
io(t) = —dxy(t) =2z (t) — t'2 (1), (64)

where t > tg > 0, x1 and x5 take values in R. The system — can be rewritten as
(44) where x (t) = (z1(t), 22 (1)), t > to,

and
g(t,a)= (0, —t4a§), Yt > to, Vo = (a1, ap) € R2. (65)

The right-hand sides of 1} are continuous and satisfies a local Lipschitz condition
with respect to x. H Hence 1' has a unique continuously differentiable solution
x(t) that is defined on an interval of the form [to,w), to < w < oo [11, pp. 70]. Define
2 [to,w) = Ry as z (t) = 2% (t) for all t € [ty,w). Since x is continuously differentiable,
the function z is absolutely continuous on each compact interval of [to,w).

The eigenvalues of the matriz A are —1 + 1 V3 and —1 — i/3 where i = V—1. This
implies that A is stable and hence Condition 1 of Theorem[1(] is satisfied.

On the other hand, we deduce from that

3
lg (t,0)| = t*ad < t* (\/O&% + a%) = t*]al®, Vt > to,Va = (a1, o) € R,

which implies that is satisfied with d = 3, § = oo and G (t) = t* for all t > ty. This
means that Condition 2 of Theorem is satisfied. Condition 3 of Theorem s also
satisfied.

2We say that a function f : R x R™ — R satisfies a local Lipschitz condition with respect to z if for
any compact set K C RxR™, there exists a constant L = L(K) > 0 such that for any (¢,a1), (t,a2) € K,
we have |f (t,a2) — f (t,1)| < L|ag — ao| [11 pp. 66].
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Lett; >ty >0, then G (t) = t* > 0 for allt > t,. The function ® : [t;,00) — R which is
defined as ® (t) = ggg = %, for all t > t; > 0 is strictly decreasing with lim;_,., ® (t) = 0.
Hence Condition 4 of Theorem |1() is satisfied. Thus, using Theorem |10} it comes that

1. There exists r > 0 such that if |xo| < r then w = oco.

2. The origin x = 0 is asymptotically stable; in particular we have limy_,o x (t) = 0
whenever |xo| < 1. Moreover, limy_,, & (t) = 0 whenever |zq| < r.

Simulations: Take to = 0 and xo = (0.02,—0.02). It can be observed in Fig. |1 that
limy_, x (t) = 0. Fig. @ shows that limy_,, @ (t) = 0.

0.01
= x(0)= (0.02, -0.02)
O,
® limit pointast-—» oo
=_0.01
=
—0.02 L
—0.03% 0 5 10 15 20

xl(t) % 1073

Figure 1: zo(t) versus z(t) for system . .

0.04
0.02}

= O
-
—0.02} m starting pointatt=10 |

—0.04} ® limit pointast-—oco |

—0.06 s .
—0.03 —0.02

)&](t) —0.01 0

Figure 2: @5(t) versus @1 (t) for system (63| . .

6. Conclusions

This paper dealt with the asymptotic stability of nonlinear time—varying systems. The
study is cast within the following framework: given an unknown absolutely continuous
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function z > 0, provide sufficient conditions on z that allow (1) the knowledge of an
upper bound on z and (2) show that z vanishes at infinity. This framework is shown to be
useful for the analysis of the asymptotic stability of some classes of linear and nonlinear
time-varying systems.
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