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Abstract
This paperis a first attempttowardsa theoryfor reactive planningsystems,i.e. systemsableto plan andcontrol
executionof plansin a partially known andunpredictableenvironment. We startfrom anexperimentalreal world
applicationdevelopedat IRST, discusssomeof thefundamentalrequirementsandproposea formal theorybasedon
theserequirements.Thetheorytakesinto accountthefollowing facts:(1) actionsmayfail, sincethey correspondto
complex programscontrollingsensorsandactuatorswhichhaveto work in anunpredictableenvironment;(2) actions
needto acquireinformationfrom therealworld by activatingsensorsandactuators;(3) actionsneedto generateand
executeplansof actions,sincethe plannerneedsto activate differentspecialpurposeplannersandto executethe
resultingplans.
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1 Introduction

A lot of recentresearchin planningis moreandmorefocusingon reactiveplanningsystems,
i.e. systemswhich areableto planandcontrolexecutionof plansin a partially known and
unpredictableenvironment(seefor instance[5, 14, 17, 18, 41]). While formalizationsof
classicalplannershave beenproposed(seefor instance[32], [37] and[27]), this is not the
casefor reactive planningsystems.Thereactuallyseemsto be a big gapbetweenthe ap-
proachesfollowedandthe issuesfacedin the implementationof reactive planningsystems
andtheoriesof actionsandplanning. For instance,the literaturein reactive planningdoes
not mentionat all somemain theoreticalproblems,e.g. the frameproblemandthe rami-
fication problem. Moreover, while mostof the theoreticalworks focuson the problemof
reasoningaboutactionsat planningtime,mostof theliteratureon reactiveplanningsystems
is actuallyconcernedwith controlof actionexecution,executionmonitoring,sensorscontrol,
interleaving of planning/execution/perception,failurerecovering.

In this paperwe analysesomeof the characteristicsof reactive plannersandproposea
formal theorywhich capturessomeof thebasicaspectsof reactive planning.The long term
goal is twofold. First, we aim at a betterunderstandingof the requirementsandbehaviours
of reactive planningsystemswhich have to work in realapplications.Thesecondgoal is to
provideaninitial frameworkwhichcanbeusedto specifyreactiveplannersformally, to prove
their propertiesandto designthemin a principledway. This papershouldbe considereda
preliminaryattemptto achievethesetwo maingoals.
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2 A DynamicLogic for Acting, Sensing,andPlanning

Theapproachwe arefollowing in this attemptis somehow unusual.We do not startfrom
a formal theoryandexplain how it extendsexisting onesin orderto bridgethegap. We go
theotherwayaround.Westartfrom anexperimentalapplicationdevelopedat IRST [1, 2, 11,
48] (briefly describedin Section2). This applicationis essentiallya reactive systemwhich
controlsa robotnavigatingin anin-doorenvironment(e.g.a hospital).A plannerdealswith
actionswhichhave to beexecutedby realsensor/actuatorcontrollers.

We proposethena logical theorywhich takesinto accountthe lessonslearnedfrom this
application(Section3). Thetheorytakesinto accounttwo mainfacts:

(1) Acting and sensing failures: Actions may fail, sincethey correspondto complex pro-
gramswhichcontrolsensorsandactuatorswhich arenot perfectandwhich haveto work
in an unpredictableenvironment. This is the casealsoof actionsthat acquireinforma-
tion from therealworld, theso-called“sensingactions”.Indeed,sensingactionsacquire
informationfrom therealworld by activatingbothsensorsandactuators.

(2) Actions which generate and execute plans: Actions cangenerateandexecuteplansof
actions,sincetheplannercanactivatedifferentspecialpurposeplannersin orderto con-
struct,executeandcontrol the executionof plans. We call actionswhich generateand
executeplans,“planningactions”.

Ontheonehand,thelogical theoryis still far from capturingall thebehavioursof reactive
planners.Ontheotherhand,in spiteof thefactthatthetheorywehavedevelopedis grounded
on the particularapplication,the theory capturestwo aspectswhich are characteristicsof
reactive planners.First, classicalplannersassumethat it is possibleto definetheconditions
sufficientto guaranteesuccessfulactionattempts.Thisassumptionis notrealisticfor reactive
plannersworking in real world applications,whereno action,even if apparentlysimple,is
guaranteedto succeed.This is mainly dueto the intrinsic complexity of reality, to the fact
thattheexternalenvironmentisusuallyincompletelyknownandunpredictable,andto thefact
thatactuators,sensorsandmodelsof the world arenot perfect:neitheracting,nor sensing,
nor planningis guaranteedto succeed.As a consequenceof fact (1), the logic we propose
hasin its languagethe basicoperationsfor failurehandlingandcanthereforereasonabout
failuredetectionandrecovery in acting,sensingandplanning.

Second,in reactive planners,planningis not necessarily“of f-line anda priori reasoning”
aboutactionpreconditionsandeffects. The notion of planningis extendedw.r.t. classical
planningin severalways:planning(deliberation)andexecution(action)arestrictly intercon-
nectedandapparentlyindistinguishable;plansareoftenpre-compiledratherthangenerated;
plansaremodified,abandonedandsubstitutedwith alternative plansat run time. The idea
of reactive planninginvolvesthewholebehaviour of thesystem,includingexecution.As a
consequenceof facts(1) and(2), the theorycanexpressplanswhich containboth actions
which act in therealworld (like “move theblock”), andactionswhich performdeliberation
(like“constructaplanto movetheblock”) andactionswhichexecuteconstructedplans(like
“executetheplanwhich movesthe block”). During the executionof this kind of plans,the
plannercanthereforeinterleave flexibly deliberationandactionandperformrun time deci-
sionmaking.

Facts(1) and (2) are discussedin detail in Sections3.1 and 3.2. In thesesectionswe
first sketchthe intuitionsbehindthetheory. This is doneby explainingactionbehaviours in
termsof statetransitions. This canbe the basisfor a formal semanticsof differentformal
languages,e.g.languagesbasedon thesituationcalculus[35, 25, 33], dynamicandtemporal
logics[47], actiondescriptionlanguages[16]. This allows usto keepthediscussiongeneral
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and independentof the particularformalism which might be chosen. We thendescribea
formal language(syntaxandsemantics)which formalizessuchintuitions. The languageis
anextensionof dynamiclogic [26].

In Section4 we presentthedeductivesystem.We provethat it is soundandcompleteand
thatvalidity is decidable.We alsoshow how thetheorycanbeusedin verifying plans.

Finally, we draw someconclusions,explain the limitations of the currentwork anddis-
cusstherelationsanddifferences,in focus,approachesandcontents,with respectto existing
theoriesof actionsandtheoreticalapproachesto planning(Section5).

2 The Application

We focuson anexperimentalrealworld andlargescaleapplicationdevelopedat IRST by a
largeteam.In this paper, it is describedonly to theextentneededto explain themotivations
for our theory(for a moredetaileddescriptionsee[1, 2, 11]). The applicationaimsat the
developmentof a systemableto controlandcoordinatea mobilerobot,navigatingin unpre-
dictableenvironmentsandperforminghigh level tasks,like transportationin hospitalsand
offices. A simplified versionof the architectureis depictedin Figure1. In the application,
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Remote
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Behaviours
Mobile Robot

Reactive Sensors/ActuatorsController

Planner

Planning Level Special Purpose Planners

User Level

Mission Scheduler

Path Planner
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Goal-Tactic Table

Acting and Sensing  Level

FIGURE 1. Thesystemarchitecture

userscanrequestthemobilerobotto performdesiredtasks(seethe“userlevel” in Figure1).
Theplanner(seethe“planninglevel”) is enchargedto planactivities in orderto performthe
requestedtasksandto control their execution.Executionis performedby meansof modules



4 A DynamicLogic for Acting, Sensing,andPlanning

controlling robot’s sensorsandactuators(the “acting andsensinglevel”). Considerthe fol-
lowing example.Theuserrequeststo transportloads(e.g. food) to a givendepartment(e.g.
afoodstorage).This is agoalfor theplanner. First, theplannerextractsfrom the“goal-tactic
table” (seeSection2.2) a program(called“tactic”). Second,theprogramgetsexecutedand
activatesa “path planner”anda “missionscheduler”.Thepathplanner, givena target loca-
tion, thecurrentpositionof therobot(containedin the“databaseof facts”)anda topological
mapof thebuilding, returnsa pathplan (e.g. theshortestpath)to reachthe target location.
Themissionschedulerallocatestimefor thecurrenttask.Third, theplanneractivatessystems
at the“actingandsensinglevel” (seeSection2.1). Thesesystemsexecutetheplanby means
of a setof programs,calledbehaviours, which activateandcontrolactuatorsandsensors.A
behaviour is for instancetheprogramcalled“follo w-wall(landmark)”,whichmovestherobot
along(thewall of) a corridorof thebuilding till a “landmark” (e.g. theendof thecorridor,
a particularsignon thewall) is reached.This behaviour makesuseof dataacquiredthrough
a sonaranda camerato keepthe robot alongthe wall while it is moving andto detectand
avoid obstacles(e.g.trolleys,people)alongtheway.

In theremainingof thissectionwedescribesomeof thefundamentalcharacteristicsof the
actingandsensinglevel (Section2.1)andof theplanninglevel (Section2.2).

2.1 Theactingandsensinglevel

Thesetof behavioursat theactingandsensinglevel arecomplex programs.As a matterof
fact,in ourapplicationbehavioursareimplementedby thousandsof linesof C andassembler
code.They areenchargedwith all thelow level controlof sensors’andactuators’commands
anddata.Most operations(e.g. checkingthesidedistancefrom thewall, checkingthepres-
enceof anobstaclein front of therobotandmoving therobot forward)areexecutedin par-
allel. Informationis continuouslyacquiredthroughsensorsin orderto decidethecommands
to besentto actuators.

Someof the existing behaviours areexecutedwith the mainpurposeto acquireinforma-
tion from theexternalenvironment.We call thesebehaviours,sensingbehaviours. In most
cases,sensingbehavioursactivateactuatorsin orderto put sensorsin thepositionto acquire
information. For instance,the behaviour “calibrate(position)”is a complex programwhich
movestherobotanda cameraaroundtill the cameracandetecta landmarkwhich makesit
possibleto computethe robot position. This behaviour is necessaryin practice. The robot
oftengets“lost”, sincethepositioncomputedby theactuatorscontrolling thewheelsis not
reliablewhentherobotis moving on certainsurfacesof thefloor.

Behavioursarehighly “reactive”, i.e. they allow therobotto copewith someof the(many
andfrequent)unpredictablesituations.In our application,it is impossibleto predictall pos-
sible situationswhich might ariseduring execution. For instance,it is impossibleto pre-
dict whetherpeoplemoving within the building or trolleys movedaroundwill obstaclethe
robot’s navigation. For this reason,for instance,the behaviour “follo w-wall(landmark)”is
programmedto avoid unpredictableobstaclesalongtheway (seeFigure2).

Nevertheless,even if behaviours arereactive, they cannotguaranteethat their execution
will end as expected. Most often, behaviours do not manageto perform their task. For
instance,the behaviour “follo w-wall(landmark)”might find a not avoidableobstaclealong
its way (seeFigure2). The samebehaviour may fail to detecta landmarkandget stuckat
theendof thecorridor. Thebehaviour “calibrate(position)”maymovethecameraagainstan
obstacle.All thesesituationsaremainly dueto theintrinsic complexity of reality, to thefact
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FIGURE 2. A simplifiedversionof theimplementationof thebehaviour “follow-wall(landmark)”

thattheapplicationdomainis unpredictableandhighly dynamicandto thefactthatactuators
andsensorsarenot perfect(e.g.sonarsarenot preciseenough,wheelscannotfollow desired
pathsprecisely).In all thesecases,thebehaviour is programmedto interruptexecutionand
reportan exceptionmessageto the planner. We may think of this asa kind of abortof the
programimplementingthe behaviour. For example,Figure2 shows a simplified versionof
the implementation“follo w-wall(landmark)”. The programmoves the robot (controlsthe
actuators)till the landmarkis detectedor an obstacleis perceived1. When an obstacleis
found theprogramterminateswith anexception(thestatementU8VXW�Y[Z�\8] ), in otherwordsit
aborts. In sucha situationwe saythat the behaviour fails or that therehasbeenits failure.
Whenit terminatesnormally(e.g. terminateswith U8VXW�Y^Z�_`] ), we saythat it succeedsor that
therehasbeena success. Obviously thesystemknowshow a behaviour is terminated.

1Thesensorsand“follow-wall(landmark)”work concurrently, asa consequencetwo semaphoresto synchronize
thebehavioursareneeded.
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2.2 Theplanninglevel

The plannerprocessesuserrequestsfrom the userlevel. Eachuserrequestcorrespondsto
a goal for the planner. For eachgoal, the plannerhasa correspondingprogramwhich can
beexecuted.We call this kind of programs,tactics. Givena goal, the correspondingtactic
is retrieved immediatelyby meansof a look-up table (the “goal-tactic table” in Figure1).
At this level, tacticsmaybethoughtas“precompiledplans”. Actually, tacticsareprograms
whichcanactivateandcontroltheexecutionof (seeFigure1):
a behavioursat theactingandsensinglevel, anda specialpurposeplannersat theplanninglevel.

Whena tacticexecutesa behaviour at theactingandsensinglevel, it musttake into account
possiblebehaviour failures.Thetactictrapstheabortandreactsto failure. For instance,we
have tacticsthatactivatethe behaviour “follo w-wall(landmark)”and,whenit fails, activate
sensingbehaviours(e.g. “calibrate(position)”)in orderto getinformationaboutthecauseof
failure. Thebehaviour “calibrate(position)”may reveal that the robot is alongthe expected
path. A further sensingbehaviour is thereforeactivatedwhich may detecta not avoidable
obstaclealongtheway. In this case,thetacticactivatesthepathplannerto getanalternative
path.If “calibrate(position)”revealsthefactthattherobotis notalongtheexpectedpath,the
behaviour “follo w-wall(landmark)”mayhavemissedto detectthelandmark.In thiscasethe
tacticletstherobotfollow thewall backto thelandmark.Noticethattacticsmanageto “take
into accountpossiblefailures”, but the plannerdoesnot try to build plansby “predicting
(and thusavoiding) all possiblefailures”. As a matterof fact, in this kind of application
domains,behaviour failurescannotalways be predicted. In other words, it is impossible
that theconditionsunderwhich a behaviour mayfail canbea priori stated.Noticealsothat
tacticsmustexecutesensingbehavioursin orderto acquireinformationaboutpossiblecauses
of failures.A further reasonfor theneedof executionof sensingbehaviours is the fact that
tacticsmay needto acquireinformation which is not availablea priori of execution. For
instance,mostoftenwecannotpredictwhetherdoorsareopenor closed.Theonly wayto get
to know this is to activatesensingbehaviourswhich acquireinformationat executiontime.

The execution of behaviours at the acting and sensinglevel causesthe updatingof a
databaseof facts(seeFigure1). In practice,factsarevariable-valuepairs,expressibleby
meansof atomicpropositions. For instance,after that “calibrate(position)”hasbeenexe-
cutedwith success,thedatabasecontainsthefactAt(position), which statesthecurrentposi-
tion of the robot; thesuccessfulexecutionof “follo w-wall(landmark)”updatesthedatabase
by changingthefactAt(position)with At(landmark).

Thesystemdescribedso far doesnot do reasoningat all. But somereasoningis actually
required. For instance,it is not realistic to hardcode(in a tactic) all the possiblepathsto
reachall the possibletarget locations.For this reason,tacticscanactivate“specialpurpose
planners”at theplanninglevel. Specialpurposeplannersgenerateplans.They aremodules
which,givenin inputa goalandsomefacts,returna tactic.They areconstructedto generate
plansefficiently andeffectively. For instance,the pathplanneris a dedicatedalgorithmto
searchfor optimalpathsin a topologicalmap. Thetopologicalmapis a graphwhosenodes
correspondto locationsin the building. Pathsaresequencesof nodesthe robot hasto go
through. The path plannertakes in input particularkinds of goals, i.e. target positions,
and informationcontainedin the databaseof factsaboutthe currentpositionof the robot.
It computesa path which getsthen translatedinto a tactic which activatesbehaviours (at
the actingandsensinglevel) which move the robot alongthe path. The planninglevel of
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the actualapplicationis equippedwith a setof very differentspecialpurposeplanners(the
missionscheduleris oneof them,seeFigure1).

Somefinal remarksarein order. First, a tactic caneasilyinterleave the executionof be-
havioursattheactingandsensinglevelandof planningactivitiesattheplanninglevel. Thisis
highly requiredin ourapplication,whereit is oftennecessaryto postponeplanningactivities
aftersomeexecutionis performedwhichacquiresinformationfrom theexternalenvironment.
Second,aplanneris any modulewhichgeneratesaplan,it doesnotmatterhow. Theplanner
mayuseactingandsensingbehaviour, asa consequenceit mayfail. It mayinteractwith the
useraswell. Most oftenthebestway to find theproperplanis simply to asktheuser. In our
application,thesystemoperator(seeFigure1, userlevel) canberequestedto providea plan.
For instance,whena load is particularlycritical or dangerous,thesystemasksthe operator
for apath.Finally, theoperatormight requesttheplannerto giveinformationabouttheactiv-
ities of thesystems,e.g. thestatusof the taskbeingperformed,thereasonsfor failures,the
informationacquiredthroughsensingbehaviours, the taskswhich have beenscheduledand
thepathswhichhavebeenplanned.

3 From the Application to the Theory

Giventheapplicationdescribedsofar, we areinterestedin providing a formal theoryfor the
plannercomponentof thesystemarchitectureshown in Figure1. In section3.1we motivate
anddescribea formal languagefor describingactionsfor the actingandsensinglevel, i.e.
actionswhich might fail andwhich possiblyacquireinformationfrom the environment. In
section3.2 we extendthe languageto representactionsfor the planninglevel, i.e. actions
whichgenerateandexecuteplans.

3.1 Actingandsensingfailures

3.1.1 Intuitions
The theoryof actionswe aim to mustcompriseactionswhich correspond(at the planning
level) to behavioursimplementedat theactingandsensinglevel. Theactivity performedby
theplannerhighly dependson behaviour failures.We thereforehave to provide a notionof
actionfailure which correspondsto that of behaviour failure. Notice that a behaviour that
failsmaymodify theworld. For instance,“follo w-wall(landmark)”and“calibrate(position)”
mayabortaftersomenavigationhasbeenperformedand,asa consequence,thepositionof
therobot(or of thecamera)haschanged.Evenmore,if thebehaviour is not reliableenough,
it may move (or even break)objectsaroundthe robot. As an exampleindependentof our
application,think of anaction(behaviour) which, while moving a block b from thetableon
a block c , doesnot manageto keeptheblock in handsandtheblock dropson d . Theaction
hasfailed,but theactionhaschangedthepositionof theblock.

We considerthereforeanactionasa transitionfrom aninitial stateto a final state,where
the final statemight be “dif ferent” from the initial stateeven in the casethe action fails.
We call final stateswherean action e hasfailed (succeeded),failure (success)states(of
the action e ). Still intuitively, and informally, let us denotethe fact that an action e suc-
ceedsandthe fact that it fails with f[gih!hkjlenm and oqp�rRs�jlenm , respectively. For now, oqp�r�s�jlenm
and f[gih!hkjlenm canbe thoughtaskind of atomicformulasor propositionalfluentswhosear-
gumentis the action itself. For instance,the action follow-wall(landmark)may lead to a
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statewhere oqp8r�s�j follow-wall(landmark)m ( fngih�hEj follow-wall(landmark)m ) holds(seeFigure
3). This makes the notion of failure very different from that of not executability, which

2

3

1 follow-wall(landmark)

follow-wall(la
ndmark)

Succ(follow-wall(landmark))

Fail(follow-wall(landmark))

Charged(battery)

FIGURE 3. SuccessandFailurestates

capturesthe fact that actionsarenot executablein certainstates. Let us supposethat the
preconditionsfor executabilityof theactionfollow-wall(landmark)arethatthebatteryof the
robot is charged,say tquvp�w�xHy�zij|{!p8}�}�y�w�~�m (seeFigure3). In state1, theactionis executable,
neverthelessit mayfail, i.e. endup in state3, whereoqp8r�s�j follow-wall(landmark)m holds.On
theotherhand,follow-wall(landmark)causesno transitionsfrom stateswherethebatteryis
notcharged,say �[tqu`p�w�x<y�zij|{�p�}�}�y�w�~Hm .

3

2

1 4
Ex(follow-wall(landmark))

follow-wall(la
ndmark)

follow-wall(landmark)

follow-wall(landmark)

Succ(follow-wall(landmark))
Ex(follow-wall(landmark))

Fail(follow-wall(landmark))

Ex(follow-wall(landmark))

Picked_up(b)

FIGURE 4. Exampleof a “not reachable”state

¿Fromthepoint of view of failure,behavioursat theactingandsensinglevel canendup
only in two possibleways. Either they terminatewithout an abortor they abort. We have
thereforethatin all the“reachable”statesof anaction e , i.e. thefinal statesof thetransition
causedby e , either oqp�r�s�j|e�m or f[gih!h�y�����jlenm holds. We denotewith �q��jlenm thesetof states
which are“reachableby the action e ”. We have of coursestateswhich arenot reachable
by anaction e . For examplethestatewheretheblock c is pickedup is not reachableby the
actionfollow-wall(landmark)whichis implementedby abehavior whichdoesnotcontrolthe
robot’smanipulator(seeFigure4). As a consequenceof this fact,thesetof failurestatesof
anaction e cannotbedefinedasthecomplementrelative to theentiresetof statesof theset
of successstatesof theaction e . In otherwords,it is definedasthecomplementrelative to
thereachablestatesof thesetof successstates.

Somefurther remarksare in order. First, the samestatemay be a successstatefor an
action e anda failurestatefor a differentaction � . This is shown in theexampleof Figure
5, wherewe supposethat landmark1and landmark2are two different landmarksin two
differentpositionsof thebuilding. More in generalwe mayhave two actionswith thesame
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At(landmark2)
1 2

follow-wall(landmark2)

follow-wall(landmark1)

At(landmark1)

Fail(follow-wall(landmark2))

Succ(follow-wall(landmark1))

FIGURE 5. Successstatefor follow-wall(landmark1)andfailurestatefor follow-wall(landmark2)

behaviour (statetransitions)but onesucceedswhile the otheronefails andvice-versa. For
example,wemayhavesuchasituationif weexchangeU8VXW�Y[Z�_`] with U8VXW�Y^Z�\8] in theC code
in Figure2. Second,notice that success/failure of an actiondoesnot coincidenecessarily
with theachievement/not-achievementof a relatedgoal. Intuitively, theformeris a property
of actions,while the latter is a relationbetweenactionsandgoals. An actionmay fail and,
nevertheless,achieve thegoal theactionhasbeenexecutedfor. Indeed,failureof anaction
correspondsto the fact that the codeof the correspondingbehaviour aborts. Even if the
behaviour aborts,its effectsmay achieve a desiredgoal. For example,considerthe simple
blockworld examplein Figure6. Let ussupposetheplanneris giventhegoal t�sly�p�wHj�dkm and,

c

a

b c b a

FIGURE 6. Action which fails [succeeds]andachieves[doesnot achieve] thegoal

in order to achieve the goal, the plannergeneratesthe plan composedof the singleaction� g`} - ���^j|bv��cvm whichmovestheblock b ontheblock c . Let ussupposethattheactionfailsand
theblock b dropson thetable.Theactionfailsandneverthelessachievesthegoal t�sly�p�wHj�dEm .
Vice versa,an action may succeedand may not achieve the goal. Indeed,successof an
actioncorrespondsto thefactthatthecorrespondingbehaviour doesnot abort.Thisdoesnot
guaranteethat its effectsachieve the desiredgoal. For example,considera systemthathas
thegoalof deliveringa messageto aperson,say �-y�s@rR�<y�w - }���Z��<�HU��^�J������\8] . Let ussuppose
it plansthe action ��y���znZR��cv�8V�\��	������\8] since �vc��8V�\ is the usualaddressof �<��U�� . Let us
supposetheactionsucceedsbut �<��U8� is currentlyata differentaddress.Theactionsucceeds
but it doesnotachievethegoalfor whichit hasbeenplanned.Thisis actuallywhathappensin
therealapplication,wheresometimestheplannerhasnochoiceotherthanexecutingactions
whichmaynot achievedesiredgoalsevenwhenthey succeed.

Sensingbehavioursareexecutedto acquireinformationfrom therealworld throughsen-
sors. We call actionscorrespondingto sensingbehaviours, sensingactions. Thus, for in-
stance,calibrate(position)is a sensingactionwhich is executedin orderto acquireinforma-
tion aboutthe the positionof the robot. As any otherbehaviour, a sensingbehaviour may
modify the world, e.g. “calibrate(position)”may changethe orientationof the robot. As a
consequence,at leastin our application,it doesnot seemfeasibleto separatethe actionof
“pure sensing”from theactinginvolved. All theconsiderationsaboutfailure in actinghold
thereforefor sensingactionsaswell.

A requirementfrom the applicationis that sensingactionscanbe usedin plans. Let us
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supposethat the behaviour “sense-Closed(door)”activatesa cameraand a sonarto detect
whethera door is openor closed.Thefollowing expression,correspondingto a conditional
plan,takesinto accounttheoutcomeof thesensingbehaviour.

follow � wall(door1);
if Succ(follow-wall(door1))then �

sense-Closed(door1);
if (Succ(sense-Closed(door1))andClosed(door1))

then open(door1)���
The robot first follows the wall to the landmarkdoor1. If the actionsucceeds,the sensing
behaviour is activated.Thesensingbehaviour mightfail. If it succeedsandthedooris closed,
thentherobotactivatesabehaviour which triesto openthedoor.

Sensingactionsupdatethestateof knowledgeof thesystemabouttheworld. Considerfor
instancetheactionsense-Closed(door1). If wearein astatewherethesensingactionhasjust
beenexecutedwith success,e.g. Succ(sense-Closed(door1))holds,theninformationabout
the world hasjust beenacquired,or in otherwords, is up-to-date,e.g. informationabout
thefactwhetherthedooris closedis up-to-date.Considerfor instancefigure7. Information
aboutthestatusof thedooris up-to-datein states2 and3. Noticethatthefactwhetherwehave
acquiredinformationwith successis independentof theparticularresultof thesensingaction.
For this reason,informationis up-to-date,i.e. Succ(sense-Closed(door1))holds,both in the
caseClosed(door1)(state2) and � Closed(door1)(state3) hold. In caseof failure,wecannot
rely onthefactthattheinformationhasbeenacquired.For example,informationis notup-to-
datein state4. Finally, afterwe executeanactionwhich doesnot acquireinformationabout
thefactwhethera dooris openor not (e.g.follow-wall(landmark)), theinformationis notup
to date,i.e. � Succ(sense-Closed(door1))holds(seestates5 and6, wherealso � Fail(sense-
Closed(door1))hold). Indeed,thelastactionmightchangethestatusof thedoor, or thedoor
might be moved (closedor opened)by an externalagent(e.g. a person). Independentof
whetherthedooris actuallyclosedor openedandof thefactwhetherit changesstatusor not,
thevalueof Closed(door1)doesnot change,sincetherobotcannotrealisticallyget to know
this (states5 and6). The only fact the robot knows is that informationaboutthe door has
not been“recently” acquired(with success),i.e. � Succ(sense-Closed(door1)). This notion
of sensingactionsderivefrom theapplicationdescribedin Section2.1.A relatedandequally
importantnotion is the notionabouttheknowledge.Briefly, whetherthesystemknows the
valueof a propositionis different than the propositionvalue is up to date. The notion of
knowledgeis not coveredby this paper, but it is a futurework.

3.1.2 Formallanguage:SyntaxandSemantics
We call the language,�	�^� (which standsfor Failure, SensingandPlanning). It is an ex-
tensionof PropositionalDynamicLogic (PDL) [26]. More precisely, it is an extensionof
PropositionalDynamicLogic with theConverseOperator(CPDL) [26] 2.

Thesyntaxof �	�^� is basedupontwo setsof symbols:� � , thesetof atomicpropositions
and ¡ � , the setof atomicactions. From � � and ¡ � we inductively constructthe set � of

2We startfrom CPDL ratherthanPDL sinceCPDL providessomeusefultechnicalitieswithout increasingthe
complexity of the decidabilityproblem(seefor instance[26], pages538,539). Basically, we needthe Converse
Operatorto definetheexecutabilityof anactionasa statewhereit is possibleto executetheconverseaction(to go
backalongthetransitiongraph).Thismotivationwill bemuchclearerafterwewill statetheconditionformally (see
condition(3.18)in this section)andgive thecorrespondingaxiom(seeaxiom(REACH) in Section4.1).
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follow-wall(landmark)

Closed(door1)

Closed(door1)

sense-Closed(door1)
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Fail(sense-Closed(door1))

FIGURE 7. Sensingactions

propositionsandtheset ¡ of actions. � and ¡ includethesetof propositionsandactions3

of CPDL, respectively. We refer the readerto [26] for the formal definitionof the language
of CPDL (a completedefinition of the �	�^� language,including the CPDL portion, can
be found in AppendixA). In order to make this sectionself-contained,we rememberthat
in PDL, � is constructedinductively with the usualpropositionalconnectives(e.g. ¢ for
conjunction, � for negation, £ for implication, ¤ for disjunction); � includesformulasof
theform ¥ e�¦ � (wheree is anactionand� is aproposition)whoseintendedmeaningis “every
possibleexecutionof e leadsto a statein which � holds”; compoundactions(or plans)in
¡ areconstructedthroughsequences( e¨§�� – do e followedby � ), non-deterministicchoice
( e6©ª� – do either e or � , non-deterministically),non-deterministicrepetition( e[« – repeat
e a finite, but non deterministicallydetermined,numberof times),and tests(�i¬ , where �
is a formula – proceedif � is true). CPDL is PDL with the converseoperatoron actions,
inductivelyallowing en­ asanactionin ¡ for eache¯®3¡ – intuitively, if apossibleexecution
of e startsfrom a state � andendsin a state} , then j@}�� ��m is a possibleexecutionof e�­ . We
extendCPDL by inductively allowing thefollowing actionsandpropositions:

° ��±²®6¡ � (3.1)

If p-®6¡ � , then fngXh!hEj|p<m!��oqp�r�s�j|p<m¨®%� � (3.2)

�	�^� extendsCPDL with the basicconstructswhich take into accountthe fact that an ac-
tion mayfail andwhich provide thecapabilityof controlling failure.

°
and ± representthe

primitive actionsthat generatesuccessand failure, respectively.
°

( ± ) doesnothing but
terminateexecutionwith success(failure). oqp�r�s�jlenm and fngXh!hEj|e�m hold if f e hasfailed and
succeeded,respectively. Besidethestandarddefinitionsof CPDL (e.g. ³|e�´ � is anabbrevia-
tionof � ¥ e�¦@� � ; µl¶ �I·�¸º¹<» e ¹<¼l½�¹ � and¾ ¸ µ ¼l¹¿�	À�Á e areabbreviationsof j �i¬ § e�m�©Mj9� �i¬ §���m
and j �i¬ §�enm�«k§ � �X¬ , respectively), we usethefollowing abbreviations4:

�1�ºjlenmÃÂÅÄÆfngih�hEjlenm�¤%oqp8r�s�jlenm (3.3)

3In [26] actionsarecalled(atomicandcompound)programs.
4ÇQÈ ÉÆÊ meansthat the propositionÇ is an abbreviation for the proposition Ê . Ë È É²Ì meansthat Ë is an

abbreviation for Ì . As aconsequencewehave that ÍHÎkÏ�Ï�ÐÑË�Ò È É Í�ÎkÏ�Ï�Ð Ì Ò and Ó[Ô�Õ�Ö�ÐÑË�Ò È É Ó[Ô!Õ�Ö�Ð Ì Ò .
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f[gih!hkjle×§��ºm ÂÅÄ²f[gih!hkj@�ºm�¢Q³�jle×§��ºm ­ ´�ØMw�gXy (3.4)

oqp�r�s�j|e¨§��ºm¿ÂÅÄ²oqp�r�s�jl�ºm�¢Q³�jle×§���m ­ ´�ØÙw�gXy (3.5)

f[gih!hkjle0©N�ºm ÂÅÄÆfngih�hEjlenm�¤3fngih�hEj@�ºm (3.6)

oqp�r�s�j|eN©0�ºm ÂÅÄÚj|oqp8r�s�jlenm�¢%oqp8r�s�j@�ºm�m�¤Ûj|oqp�rRs�jlenm�¢%�n�q�ºjl�ºm�m�¤ (3.7)

j9�n�q�ºj|e�m�¢%oqp8r�s�j@�ºm�m
f[gih!hkjle « m ÂÅÄ²�noqp�r�s�j|e�m (3.8)

oqp�r�s�j|e « m¿ÂÅÄ²oqp�r�s�j|e�m (3.9)

j ° m ­ ÂÜÄ ° jR± m ­ ÂÜÄÝ± (3.10)

µlÞ¨ß�µ ¼ e ·�¸�¹<» � ¹<¼l½�¹Mà ÂÅÄáj�jle×§�oqp�r�s�j|e�m ¬ m�§���m�©Ûj�jle×§ f[gih!hkjlenm ¬ m�§ à m (3.11)

}�u`y��^jle×���ºmÃÂÜÄâµ@Þ¨ßvµ ¼ e ·�¸�¹<» ± ¹<¼l½�¹ � (3.12)

ÂÅÄáj�jle×§�oqp�r�s�j|e�m ¬ m�§�± mº©Gj�jle×§ fngXh!hEj|e�m ¬ m�§���m
��w�y�s|��y<jle×����m ÂÜÄâµ@Þ×ß�µ ¼ e ·�¸º¹<» � ¹<¼l½�¹ °

(3.13)

ÂÅÄáj�jle×§�oqp�r�s�j|e�m ¬ m�§���m�©Qj�j|e¨§�fngih�hEjlenm ¬ m�§ ° m
ã�¹�ä¨¹ ß · jlenm ÂÜÄâe×§�j|f[gih!hkjlenm ¬ §�enm « §�jloqp�r�s�jlenm ¬ m (3.14)

�q��jlenm statesthatanactionhasbeenexecuted,i.e. it succeededor failed. Thesuccess(fail-
ure)of thesequencee×§�� (abbreviations(3.4)and(3.5))dependson two facts:first, weareat
theendof thesequence,i.e. a reachablestateof e×§�� (expressedby ³�jle×§��ºm�­�´�ØMw�gXy 5); second,
thesecondactionof thesequence,i.e. � , succeeds(fails). Considernow abbreviations(3.6)
and(3.7). eÛ©Û� succeedswhenat leastoneof the two actionssucceeds.Therearethree
possiblewaysin which eª©ª� canfail. The first caseis obvious: both e and � fail. In the
othertwo cases,e.©J� failswhenonly oneof thetwo actionscanreachthefinal stateandthe
otheronecannot.Thisavoidsany ambiguityin thecasewhenoneof thetwo actionssucceeds
andtheotheronefails. In this casetheconditionassuresthat e6©%� succeeds.Considerab-
breviations(3.8)and(3.9).Accordingto CPDL, e[« standsfor � repetitionsof e , with �Ûåçæ .
As a consequence,a stateis the final stateof e[« whenit is the final stateof (oneor more
concatenationsof) e or thefinal stateof no concatenationof e , i.e. any stateis thefinal state
of e[« . Wesupposethatif wehavenoconcatenationsof e (i.e. �ªÄèæ ), e[« succeedsandthatif
wehaveoneor moreconcatenationsof e (i.e. �GåÝé ), en« succeedsor failsdependingon the
successor failureof e itself. Abbreviation(3.10)takesinto accountthefactthattheconverse
of anactionwhichdoesnothingis anactionwhichdoesnothing,i.e. theactionitself. Abbre-
viations(3.11)-(3.14)definetheconstructsfor failurehandling. iffail is thebasicconstruct
for failurehandling.Theintendedmeaningof µ@Þ¨ßvµ ¼ e ·�¸º¹<» � ¹<¼l½�¹êà is: “do e , if e failsdo
� , otherwisedo à ”. ThePDL sequenceof actionse×§�� doesnot take into accountfailure: the
semanticsof e¨§�� is suchthat if e is executable,then � is executedanyway, independently
of the failure/successof e . For this reasonwe definethe construct}�uvy�� . If the first action
fails, }�u`y�� doesnot executethesecondaction,but simply terminatesexecutionwith failure.
}�u`y�� capturesthe behavior of executionsof plansby real planners:if the first actionfails,
thesecondis not executedandthecontrol is passedto a modulefor failurerecovery. ��w�y�s9��y
is the constructfor failure recovery. ��w�y�s9��y<j|e¨���ºm reactsto a failure of e by executing � .ã�¹�ä¨¹ ß · j|e�m 6 controlsfailureover therepeatedexecutionof actions:it repeatstheexecution

5Thereasonsof thischoiceareclearerobservinghow thereachabilitycondition(Condition(3.18))is represented
by Axiom (REACH) andTheorem(4.13).

6 ë ì�ívì�î�ï ÐKË�Ò shouldnot be confusedwith the CDPL assertionð�ñ Ç ñ Ô!òRÐÑË�Ò which statesthat a program Ë can
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of e till e fails. Intuitively, if e never fails, executiondoesnot terminate.Notice that if it
terminates,ã�¹�ä¨¹ ß · jlenm alwayssucceeds.

Thesemanticsis basedon thestandardsemanticsfor CPDL. It is definedrelative to a given
structureó of theform óôÄõj|ö÷��ø`��ù0m , whereö is thesetof states;ø assignsinterpretations
to propositions:øXj � m¿úçö is thesetof statesin which � is true(wewrite �	û Ä � if f �1®0øXj � m );
ù assignsinterpretationsto actions: ùGj|e�mêú²öýü3ö is thesetof pairsof statesj9�8��}�m such
thatoneof thepossibleexecutionsof e canleadfrom � to } . Wereferto [26] for thedefinition
of û Ä and ù for CPDL(which is alsoincludedaspartof thesemanticsgivenin AppendixA).
We extend û Ä and ù for CPDL to supplymeaningstheconstructsof �	�^� which take into
accountfailure:

(null) ùGj ° m×Äô�<j|�8� ��mÃûE�1®%ö÷�8§ ùGj9± m¨ÄÚ��j9�k����mÃûE�q®3ö÷� (3.15)

(sf-null) �	û Äþfngih�hEj ° m!§3�2ÿû Ä oqp8r�s�j ° m�§ �.ÿû Ä f[gih!hkj9± m�§6�Iû Ä oqp�r�s�jR± m (3.16)

(sf-test) �	û Ä fngXh!hEj �X¬ m if f �Iû Ä � ; �2ÿû Ä oqp8r�s�j �i¬ m (3.17)

(3.15) statesthat
°

and ± do not changethe world.
°

always terminateswith a success
and ± with a failure, asstatedby condition (3.16). Condition (3.17) is a consequenceof
thefact thata testnever fails. Finally, noticethatwe have no constraintson thesuccessand
failureof anatomicaction jlpHm�­ , i.e. in generalformulassuchas fngXh!hEj|p<mê£ fngXh!hEj|p<­ m and
oqp�r�s�j|p<m×£ oqp�r�s�j|pH­�m do not hold. This is a consequenceof thefact that in �I�¨� , aswell as
in CPDL, the converseof an atomicactionis an atomicactionaswell. This simplifiesthe
proof of completeness.Theconverseof non-atomicactionscanbe translatedin linear-time
in actionswheretheconverseactionsareonly theatomicones(see[26] page539).

We imposetwo further semanticalconditions. The first conditionstatesthat fngXh!hEj|e�m and
oqp�r�s�j|e�m musthold only in stateswhichare“reachable”by e :

(reachability) øij9fngih�hEjlpHm�m�©^øij|oqp8r�s�jlpHm�m^ÄÚ���1û � }��Kj@}�� ��m¿®%ùGjlpHm�� for eachp-®6¡ � (3.18)

In condition(3.18),thefact that“thereexistsaninitial state} of theaction p suchthat � is a
final stateof p ” implies that the initial statesof p arereachablefrom thefinal statesof p , in
otherwords,thereexists theconverseof p , i.e. pH­ . Indeed,condition(3.18)couldbestated
equivalentlyas øXj|f[gih!hkjlpHm�mº©3øij|oqp�rRs�jlpHm�mÃÄ÷���-û � }��Kj|�8��}�m ®ÛùGjlpH­�m�� . Thesecondcondition
is thefollowing:

(nonambiguity) øXj|fngXh!hEj|p<m�m��0øij|oqp8r�s�jlpHm�m^Ä�� for eachp-®6¡ � (3.19)

It makesatomicactions“not ambiguous”with respectto failureandsuccess.Actionsarenot
ambiguous(w.r.t. failureandsuccess)if it is alwayspossibleto determinewhetheranaction
hassucceededor failed. This is a reasonablecondition,sincethis correspondsto the fact
that the plannerknows whetherthe executionof (the codeof the behaviour corresponding
to) theatomicactionhasterminatedwith or without anabort. Thesemanticsof thesuccess
andfailureof compoundactionscanbederivedby meansof theformulas(3.4)-(3.9).They
producea setof recursive equationsthat hasbeenproved to have a solution (the proof is
omittedsinceit is fairly straightforward).

executeforever (see[26], pp. 539).
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3.2 Actionswhich generateandexecuteplans

3.2.1 Intuitions
In our application,the plannercanconstructa plan by activating specialpurposeplanners,
e.g.path-plannersandmodulesreasoningaboutavailableresources(seeSection2.2). These
specialpurposeplanners,givenagoal,constructaplanwhichcanbeexecutedby theplanner
itself. The theorymustcapturethis ability of the planner. Sincea plan is constructedby
executingthecodeimplementinga (specialpurpose)planner, we expressplangenerationas
an actionwhich canbe executed.Whenthe actionis executed,it constructsa plan which,
in turns,canbeexecutedby theplanner. Theplannerneedsthereforeto “refer to” theplan
which hasbeenconstructed.In otherwords,we neednamesof plansin the languageof the
planneritself. Thetheorymusthave:

1. Actionswhich constructplans,calledplangenerationactions.

2. Syntacticexpressionswhichdenoteplans,callednamesof plans.

3. Actionswhich,giventhenameof a plan,executetheplan,calledplanexecutionactions.

Plangenerationactionscanbe written asactionsof the form � slp����X��wHj	�[� � m , where � is
a proposition(the goal we have to plan for) and � is the nameof the plan which is gen-
erated. For example, plan-for-moving-blocksj
�[� t�s|y�p�wHj�dkm�m can be a plan generationac-
tion that invokesa plannerfor the block world which generatesthe plan � gi} - ���^j9b`��cvm de-
noted by � (seethe example in Figure 6). Each specialpurposeplannercan therefore
have a correspondingplan generationaction. For instance,we might have an actionwhich
generatesthe navigation plan of minimal length to reacha given location (for example,
plan-pathj	�[���Ù}!jls|p8��z�
3p8w���m�m ), an actionwhich generatesthe bestnavigation plan accord-
ing to a differentcostfunction(for example,plan-best-pathj
�[���M}!j|slp���z�
%p�w���m�m ), andsoon.
Eachplandenotedby a nameof planhasacorrespondingactionthatmaybeexecuted.

Planexecutionactionsareof the form y��`y�hEj
��m . Their intendedmeaningis: “executethe
plan denotedby � ”. For example,if � is the nameof the plan correspondingto the action
follow-wall(landmark), theintendedmeaningof y��`y�hEj
��m is: “executefollow-wall(landmark)”
(seeFigure8). Sometimeswewrite “ e ” for thenameof theplan(action) e . For example,we
mayhave y��`y�hEj�� follow-wall(landmark)” m . In our application,plansgeneratedby plangen-
erationactionsareall executedby thesameexecutionmechanismof theplanner. We assume
thereforewe have only oneplanexecutionaction7. Accordingto this assumption,a reason-
ableconstraintis that the semanticsof the executionof a nameof an actionis the sameas
thatof theactionitself. As anexample,thestatetransitionof y��`y�hEj�� follow-wall(landmark)” m
shouldbethesameasthatof follow-wall(landmark)(seeFigure8).

Notice that a plan generationactioncancorrespondto any modulewhich, given a goal,
returnsaplan.Themodulecanbeacomplex systemwhichgeneratesaplanfrom“scratch”by
searchingthroughthespaceof statesor partialplans(like in classicalplanners,e.g.[13, 37]),
which implementsprobabilisticreasoning(suchasin [14]), or which implementsa simple
“look-up table”whichgivenagoalreturnsapre-compiledplanimmediately(suchasin [17]).
As a consequence,the notion of plan generationaction is generalenoughfor a variety of
possiblydifferentplanningmechanisms.

7In principle,wemight have differentwaysto executeplans,i.e we might have differentplanexecutionactions.
We limit to thecasein which we have only onepossibleexecutionmechanism,sincethis is enoughto expressthe
behavioursof theplannerin ourapplication.
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FIGURE 8. Planexecutionactions

Giventhis generalnotion,a major issueis whethera plangenerationactioncanaffect the
world. In classicalplanningthecommonassumptionis thatplangenerationdoesnot affect
theworld, i.e. plansaregeneratedby reasoningmoduleswhich searchfor aplanby usingan
internalmodelanddonotoperatein therealworld. Wedonothavesuchanassumption.As a
matterof fact,at leastin ourapplication,plangenerationmayinvolvetheactivationof actions
at the actingandsensinglevel. This is alsowhat happensin mostof the reactive planners
(e.g.in [17, 5]) where,sometimes,theonly wayto decidefor aplanis to dosomethingin the
world.

In orderto capturethis extendednotion of plan generation,plan generationactionshave
to be thoughtsimply asactionswhich constructplans,with no constraintson whetherthey
operatein therealworld or not. As a consequence,plangenerationmayfail in thesameway
asany otherkind of action.

Plangenerationactionsupdatethe stateof knowledgeof the system. After that a plan
generationactionhasbeenexecutedwith success,theplannerhasaplanavailablefor agiven
goal, or in otherwords, the plan for that goal is up-to-date.Notice however that, the fact
thata plangenerationactionsucceedsin generatinga plandoesnot meanthat theexecution
of the plan will succeed(andneitherthat it will achieve the goal). This is not realistic in
presenceof uncertainty. Theknowledgeof theagentis relative to its (possiblyincompleteor
wrong)modelof theworld. Only theexecutionof theplanwill determinewhethertheplan
executionwill besuccessful(andalsowhetherit will achievethegoalor not). As anexample,
considerFigure9, whereafter that theplan follow-wall(landmark)(denotedby � ) hasbeen
generatedwith successby theactionplan-pathj
�[���M}!j|slp���z�
%p�w���m�m , theplan(denotedby � )
canbeexecutedeitherwith successor with failure.

1 2

π
exec(    )

4

3

π
exec(    )πSucc(plan-path(    , At(landmark)))

πSucc(plan-path(    , At(landmark)))

πFail(plan-path(    , At(landmark)))

π = "follow-wall(landmark)"
πFail(exec(    ))

πSucc(exec(    ))
πSucc(plan-path(    , At(landmark)))

πFail(plan-path(    , At(landmark)))
πplan-path(      , At(landmark)) 

FIGURE 9. Planningactions

Finally, plan generationandexecutionactionsallow for interleaving of planningandex-
ecution.For instance,the following exampleis a planwhich decomposesthegenerationof
a plan to reachthe location � �E��rR}�r������ in thegenerationandexecutionof a plan to reachan
intermediatelocationin front of the z8����w�� , thedetectionof whethera dooris openor closed
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andthegenerationof a secondplanfollowedby theexecutionof thesecondplan(seeFigure
10).

� Ä
then(plan-path(��� , �M}!jlz�����w���m ) �

then(exec(� � ) �
then(sense-Closed(z�����w � ) �

if �[t�sl�E��y�zijlz�����w � m
then then(plan-path(��� , �Ù}!j � �E��rR}�r���� � m ),exec(��� ))
else ± m�m�m

FIGURE 10. An exampleof planwhich interleavessensing,plangeneration,andexecution.

3.2.2 Formallanguage:SyntaxandSemantics
We have to extend �	�^� to take into accountactionsthat generateandexecuteplans. In
order to managenamesof planswe have to introducethe notion of equalityamongthem.
This is important in order to allow the plannerto decidewhat to do dependingon plans
comparisons.This is also a necessarystepin order to formalize forms of reasoninglike
plantransformationandadaptation.Neverthelesswewould like to avoid thecomplexity of a
theorywith quantificationover namesof plans.As a consequencewe introducetheequality
amongnamesof plansasatomicpropositions.Furthermore,we introducethenull planname
which doesnot representany plan. This is usefulto representwhena plangenerationdoes
notproduceany plan.

Formally, we addto �	�^� a set � of symbols,thatwe call thesetof thenamesof plans.
Let �M� and �1� be two finite setsof symbols. We inductively define � asthe smallestset
suchthat:

� ®�� , � � ú�� (3.20)

If �Û®��M� , � ®%� and� s|p����X��w1®%�1� , then� s|p����X��w<j
�[� � m¿®3¡1� (3.21)

If �Û®�� , then y��iy�hkj	��m ®3¡q� (3.22)

If e ®6¡ , then ��e! .®"� (3.23)

If � � ���#�q®�� , then � � Ä$�#�q®0�¿� (3.24)

In (3.21)and(3.22),we extendthesetof atomicactionswith plangenerationandexecution
actions,respectively. We call actionsof the form � s|p����X��w<j
�[� � m and y��`y�hEj
��m plan genera-
tion actionsandplan executionactions, respectively. We call plangenerationandexecution
actions,planningactions.

�
is thenull planname. �Ù� is the setof symbolsusedto repre-

sentplansconstructedby plangenerationactions. �1� is the setof symbolscorresponding
to differentplangenerationmechanisms.Intuitively, we needmorethanonesymbolin �Ù�
to representplansconstructedby different(occurrencesof) plan generations.For example,
given � � Äô�%��� , � � , �#&E� and �1� Äô� plan-path� plan-best-path� , wemighthavethefollow-
ing plan
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plan-path(� � , �Ù}!j � �E��rR}�r���� � m ) §
exec(��� ) §
plan-path(� � , �Ù}!j � �E��rR}�r���� � m ) §
plan-best-path(��& , �M}!j � �E��r9}�r���� � m ) §
if ���	ÿÄ$� � ¢'� � Ä$�#& then ...

which “stores” in ��� and � � two differentoccurrencesof the plan generatedby plan-path
andin ��& theplangeneratedby plan-best-pathandthencompares��� , � � and �#& in orderto
decidewhatto donext.

For any possibleplan e in ¡ , we have its name ��e! (see(3.23)). Notice that,sinceplan
generationandexecutionactionsareplansin ¡ , wemayhaveaplangenerationactionwhich
generatesplanscomposedof plangenerationandexecutionactions.Thisallowsfor akind of
“meta-planning”[46]. Asanexample,theresultof theactionmeta-plan-path(� , �Ù}!j � �E��rR}�r����(� ))
mightbesuchthat �ºÄ)� plan-path(��� , �M}!j � �E��rR}�r������!m ) §

exec(��� ) §
plan-path(� � , �M}!j � �E��rR}�r���� � m ) §
plan-best-path(� & , �Ù}!j � �E��rR}�r����(��m ) §
if � � ÿÄ*���¨¢)�#�ÙÄ$� & then ... 

In (3.24)we extendthesetof atomicpropositionswith statementsexpressingtheequiva-
lencebetweennamesof plans.

Thesemanticsis extendasfollows.

(ref) �Iû Ä+�ªÄ*� (3.25)

(sym) �	û Ä+���MÄ*� � if f �	û Ä+� � Ä$��� (3.26)

(tran) �Iû Ä+���MÄ,� � and �Iû Ä+� � Ä*��& then �Iû Ä+���MÄ,��& (3.27)

(nil) �.ÿû Ä-��e! qÄ �
(3.28)

(plan) if �	û Ä fngXh!hEj � slp����X��wHj	�[� � m�m then �.ÿû Ä+�GÄ �
(3.29)

(exec-i) if �	û Ä.�6Ä �
thenfor all } . j9�k��}�mêÿ®%ùGjly��`y�hEj
��m�m (3.30)

(exec-ii) �	û Ä+�6Ä/��e! thenfor each� ®0�
�Iû Ä ¥ y��`y�hEj
��mR¦ �)0 ¥ e�¦ � and
�Iû Ä ¥ y��`y�hEj
��mR¦�j|fngXh!hEj|y��iy�hEj	��m�m 0 fngXh!hEj|e�m�m�¢

j|oqp8r�s�jly��`y�hEj
��m�m 0 oqp�r�s�j|e�m�m
(3.31)

(3.25), (3.26)and(3.27)arethe usualconstraintsfor equivalence8. (3.28)and(3.31)area
sort of mappingfrom namesof plansandactions. (3.28) statesthat a null plan namecan
not representany action e , i.e. it cannot beequalto theactionname ��e! . Consider(3.31).
Whena nameof plan � representsan action e (i.e. � is equalto the nameof e ), (3.31)
constrainstheexecutionof theplanto behaveas e . Theintuitivenotionthata nameof plan
canbe executedonly if it containsan action (i.e. � is not

�
) is representedby condition

(3.30).(3.29)constrainsa successfulplangenerationto “store” anactionin � , i.e. � cannot
bea null planname.Notice that, in orderto keepthesemanticsgeneral,theonly condition

8Theequalityof namesof plansis only syntacticalbut not semantical.In general,if two actions( Ë and Ì ) have
thesamebehaviour (i.e. 1�ÐKË�Ò É 1�Ð Ì Ò ) wecannot infer that 2RË43 É 2 Ì 3 holds.
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we have given on the interpretationsof plan generationactionsis condition (3.29). They
areatomicactions,andassuchthey areassignedarbitrarydisjoint successandfailuresets.
Their semanticsdependson the particularplanningmechanismswhich areavailableto the
planningsystem. As any otheratomicaction,both plan generationandexecutionactions
havethegeneralrestrictionsimposedby (3.18)and(3.19).Nevertheless,thereareconditions
onplanningthatseemreasonable.We might introducesomeof themto furtherconstrainand
specifythenotionof successfulplangenerationdependingonthedomainapplicationandthe
planningmechanism.We list someof thepossibleconditionsbelow:

Let � slp����X��wI®0�1� . For each�Q®��M� , � ®%� .

(plan-i) øij9fngXh!hEj � slp����X��wHj	�[� � m�m�m ú5
�Iû � }��Kj|�8��}�m ®NùGj|y��`y�hEj	��m�m and

if }Ãû Ä fngXh!hEjly��iy�hkj	��m�m then } û Ä �76 (3.32)

(plan-ii) øij9fngih�hEj � slp����X��wHj	�[� � m�m�m¿ú5
�	û98i}�� if j9�k��}�m¿®NùGj|y��`y�hEj	��m�m and

}Ãû ÄþfngXh!hEj|y��`y�hEj	��m�m then }Ãû Ä �76 (3.33)

(plan-iii) øXj|fngXh!hEj � s|p8���X��wHj
�[� � m�m�m¿ú5
�Iû � }��Ñj9�k��}�m ®0ùGjly��`y�hEj
��m�m and }Ãû Ä �76 (3.34)

(plan-iv) øXj|fngXh!hEj � s|p8���X��wHj
�[� � m�m�m ú5
�Iû%8i}�� if j|�8��}�mÃ®NùGj|y��iy�hEj	��m�m then }Ãû Ä �76 (3.35)

(plan-v) øij|�q�ºj � slp����X��wHj	�[� � m�m�mÃú
���Iû � }��Kj|�8��}�m¿®0ùGj|y��`y�hEj	��m�m and } û Ä � � (3.36)

(plan-vi) øXjl�q��j � slp����X��wHj	�[� � m�m�mÃú
���	û98i}�� if j|�8��}�m ®NùGj|y��`y�hEj	��m�m then }Ãû Ä � � (3.37)

Theconditions(3.32)–(3.37)aredifferentandalternativeconstraintson thesuccessandfail-
ure of planningactions. They constrainthe generatedplan representedby � to satisfy the
goal � undercertainconditions. (3.32)allows only for plan generationsthatwhensucceed
they producea plan which hasat leastan executionthat if succeedsit achievesthe desired
goal. (3.33)is a strongercondition,indeedit statesthataftera successfulplanning,any suc-
cessfulplanexecutionsatisfiesthegoal.Theconditions(3.34)and(3.35)droptheconstraint
on thesuccessfulplanexecution.Any successfulplangenerationmustproducea planwhich
satisfiesthegoal in at leastoneexecution(condition(3.34))or all theexecutions(condition
(3.35)),no matterif they aresuccessesor failures.Theconditions(3.36)and(3.37)dropthe
furtherconstrainton thesuccessfulplangeneration.

4 The Deductive System

We now introducean axiom systemfor �	�^� andprove that it is soundandcompleteand
that validity is decidable(Section4.1). In this system,we canprove theoremsaboutplan
failure/successand we can describeactionswhoseeffects dependon their failure/success
(Section4.2). Finally, wegiveanexamplethatshowshow thetheorycanbeusedin verifying
plans(Section4.3).
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4.1 AxiomSystem

Thedeductivesystemof �	�^� is basedonthedeductivesystemof CPDL.Theaxiomsystem
for �	�^� includestheSegerberg’saxioms,theaxiomsfor theconverseactions,andtheusual
inferencerulesmodusponensandnecessitation(see[23, 26, 29]). We add the following
axiomschematawhich take into accountfailureandplanningactions.

For any p-®3¡ � , e×��� ®3¡ , � ®0� , and �[�����E�:� � �:��&q®"� :

j NULL m j�¥ ° ¦ �)0 � m�¢Ûj�¥Ü±¨¦ ��0 � m (4.1)

j SF-NULLm j|�noqp�r�s�j ° m�¢%f[gih!hkj ° m�m÷¢ j|�[fngXh!hEjR± m�¢%oqp�rRs�j9± m�m (4.2)

j SF-TESTm j|fngXh!hEj �i¬ m 0 � m-¢ j|�noqp�r�s�j �i¬ m�m (4.3)

j REACHm �q�ºj|pHm 0 ³lpH­�´�ØÙw�gXy (4.4)

j NON-AMB m � j|fngXh!hEj|pHm�¢0oqp�r�s�j|pHm�m (4.5)

j REFm �6Ä$� (4.6)

j SYM m � � Ä$�#� 0 �#�ÙÄ$� � (4.7)

j TRAN m j	� � Ä,����m�¢Ûj	���êÄ$� & m^£ j	� � Ä*� & m (4.8)

j NIL m � j;� e� IÄ � m (4.9)

j PLAN m fngXh!hEj � slp����X��wHj	�[� � m�m^£ � j	�GÄ � m (4.10)

j EXEC-Im �6Ä � £ � ³ly��`y�hEj
��m�´�ØÙw�gXy (4.11)

j EXEC-II m �6Ä/��e! 1£ j�¥ y��`y�hEj
��mR¦ �"0 ¥ e�¦ � m�¢
¥ y��iy�hEj	��m�¦�j�j|fngXh!hEj|y��`y�hEj	��m�m 0 fngXh!hEj|e�m�m�¢

jloqp�r�s�j|y��`y�hEj	��m�m 0 oqp�r�s�jlenm�m�m
(4.12)

Axioms (4.1)–(4.5)correspondto the semanticrestrictions(3.15)–(3.19),axioms(4.6)–
(4.12)to restrictions(3.25)–(3.31).Thanksto thepossibilityof rewriting condition(3.18)as
øXj|fngXh!hEj|pHm�m�©%øXjloqp�r�s�j|p<m�m¿Ä ���2û � }��Kj|�8��}�mê®6ùGj|p<­�m�� we canwrite thecorrespondingaxiom
(REACH). This explainstheneedfor theconverseoperatormentionedin Section3.1.

Provability in �I�¨� is denotedusingthe < symbol. It is immediateto prove that thecon-
ditions(3.18)and(3.19)on atomicactions(correspondingto axioms(REACH) and(NON-
AMB)) hold on all actions. Indeed,we canprove in �I�^� the following theoremsfor any
e ®3¡ :

<G�q��jlenm 0 ³|e ­ ´�ØMw�giy (4.13)

<Û� j|f[gih!hkjlenm�¢%oqp8r�s�jlenm�m�m (4.14)

Axioms (REACH) and (NON-AMB) hold only for atomic actions,Theorems(4.13) and
(4.14) statethat the above propertiescan be extendedto any action. (4.13) can be refor-
mulatedas“ < ¥ e�¦��q�ºj|e�m ”, i.e. aftertheexecutionof e , theproposition�1�ºjlenm holds.

We prove that �I�^� is soundandcompletewith respectto the previously definedclassof
structures(seeAppendixB).

THEOREM 4.1 (Soundness& Completeness)

For every � ®N� < � if f û Ä �
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We alsoprovethatvalidity in �	�^� is decidable(seeAppendixB).

THEOREM 4.2 (Decidability)

Validity in �	�^� is decidable.

As mentionedat theendof section3.2,we may introducefurtherconstraintsto plangener-
ationactions.For example,thefollowing axiomschematacorrespondto conditions(3.32)–
(3.35):

Let � s|p����X��wI®0�1� . For each�Q®"� � , � ®%� .

j PLAN-I m fngih�hEj � slp����X��wHj	�[� � m�m^£ ³|y��`y�hEj	��m�´!j9fngih�hEjly��`y�hEj
��m�m¿£ � m (4.15)

j PLAN-II m fngih�hEj � slp����X��wHj	�[� � m�m^£ ¥ y��`y�hEj
��mR¦�j|fngXh!hEj|y��iy�hEj	��m�m¨£ � m (4.16)

j PLAN-III m fngih�hEj � slp����X��wHj	�[� � m�m^£ ³|y��`y�hEj	��m�´ � (4.17)

j PLAN-IV m fngih�hEj � slp����X��wHj	�[� � m�m^£ ¥ y��`y�hEj
��mR¦ � (4.18)

j PLAN-V m �q�ºj � slp����X��wHj	�[� � m�m¨£ ³ly��iy�hkj	��m�´ � (4.19)

j PLAN-VI m �q�ºj � slp����X��wHj	�[� � m�m¨£ ¥ y��iy�hEj	��m�¦ � (4.20)

It is easyto show thatwhenweintroduceoneof theaboveaxiomschemata,soundness,com-
pleteness,anddecidabilitystill hold. Theseaxiomsallow us to prove further theorems.For
example,it is straightforwardto provefrom (EXEC-I) and(PLAN-I) thefollowing theorem.

fngXh!hEj � slp����X��wHj	�[� � m�m[£ �!�GÄ �
(4.21)

Similar theoremsareprovablefrom theotheraxioms.

4.2 Reasoningaboutfailureandsuccess

�	�^� , likePDL, is a logic of programs.In �	�^� , like in PDL, wecanthereforereasonabout
the effectsof actionsandplanscomposedthroughthe usualprogrammingconstructs,like
conditionalsanditerations:

< ¥ µ|¶ �	·�¸�¹<» e ¹<¼l½�¹ ��¦>= 0 j � £ ¥ e�¦>=Em�¢Ûj|� � £ ¥ ��¦>=Em (4.22)

< ¥ ¾ ¸ µ ¼l¹¿�JÀºÁ e�¦?= 0 j|� � £@=Em�¢Qj � £ ¥ e�¦R¥ ¾ ¸ µ ¼l¹¿�	À�Á e�¦>=Em (4.23)

Like in PDL, we candescribeactionsthroughpreconditionsandeffects. For instance,we
mightuseaxiomsof theform of (4.24)to describeactions,where� arethepreconditionsand= theeffectsof theaction e � £ ¥ e�¦?= (4.24)

In �I�^� we canreasonaboutfailureandsuccessanddescribethe effectsof actionsde-
pendingon whetherthey fail or succeed.For instance,in �	�^� , we canreasonaboutfailure
andsuccessof plansconstructedthroughconditionalsanditerations:

< ( f[gih!hkjlµl¶ �J·�¸�¹�» e ¹<¼l½�¹ �nm 0 j|f[gih!hkjlenm�¢Q³le ­ ´ � m�¤Qj9fngih�hEj@�ºm�¢Q³l� ­ ´�� � m ) ¢
( oqp�rRs�jlµ|¶ �J·�¸�¹<» e ¹<¼l½�¹ �ºm 0 j|oqp8r�s�jlenm�¢Û³|e ­ ´ � ¢3� j|fngXh!hEjl�ºm�¢Q³@� ­ ´�� � m�mº¤ (4.25)

jloqp�r�s�jl�ºm�¢Q³@� ­ ´�� � ¢%� j�j|fngXh!hEj|e�m�¢Û³|e ­ ´ � m�m�m )
< j|fngXh!hEjl¾ ¸ µ ¼|¹¨�.À�Á e[m 0 � � má¢ j9�noqp8r�s�j@¾ ¸ µ ¼l¹×�	À�Á e�m�m (4.26)
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(4.25) statesthat the successof µl¶ �	·�¸º¹<» e ¹�¼|½�¹ � dependson the successof e when �
wastrue andthe successof � otherwise.The caseof failure is analogous,with the further
conditionthat we never have the successof an action(e.g. e ) with the failure of the other
one(e.g. � ). Theorem(4.26)statesthatawhile loopnever failsandendswhenthecondition
(e.g. � ) is false.

We can also reasonaboutsuccessand failure of planscontainingoperatorsfor failure
handling.For instance,considerthefollowing theorems:

< ¥ µ@Þ¨ß�µ ¼ e ·�¸�¹<» � ¹<¼l½�¹Mà ¦ �)0 ¥ e�¦Rj�jloqp�r�s�j|e�m¨£ ¥ ��¦ � m�¢Ûj9fngXh!hEjlenm^£ ¥ à ¦ � m�m (4.27)

< ( fngXh!hEjlµlÞ¨ß�µ ¼ e ·�¸�¹�» � ¹�¼|½�¹Ùà m 0 �q�ºj|µ@Þ¨ßvµ ¼ e ·�¸º¹<» � ¹<¼|½�¹Ùà m�¢ (4.28)

j�j|fngXh!hEjl�ºm�¢Q³@� ­ ´�oqp8r�s�jlenm�m�¤Qj|f[gih!hkj à m�¢Û³ à ­ ´�f[gih!hkjlenm�m�m ) ¢
( oqp�r�s�j|µ@Þ¨ß�µ ¼ e ·�¸�¹<» � ¹<¼l½�¹Mà m 0 �q��jlµ@Þ×ß�µ ¼ e ·�¸�¹�» � ¹<¼|½�¹êà m�¢

j�jloqp�r�s�j@��m�¢Q³@� ­ ´�oqp�r�s�j|e�m�¢0�[fngXh!hEj à m�m�¤Ûjloqp�r�s�j@��m�¢Q³@� ­ ´�oqp�r�s�j|e�m�¢%� ³ à ­ ´�fngih�hEjlenm�m�¤
j|oqp8r�s�j à m�¢Û³ à ­ ´�f[gih!hkjlenm�¢3�[fngih�hEj@�ºm�m�¤Qjloqp�r�s�j à mX¢Q³ à ­ ´�fngXh!hEj|e�m�¢3� ³l� ­ ´�oqp�r�s�jlenm�m�m )

Thetheoremsabovestatethatwhen e fails (succeeds),� ( à ) is executedandthustheeffects,
thesuccessandthefailuredependsonthoseoneof � ( à ). Thefailurealsodependsonthefact
thatwedonothaveasuccessof à ( � ) or à ( � ) hasnotbeenexecutedafterasuccess(failure)
of e . The proposition �q��jlµlÞ¨ß�µ ¼ e ·�¸�¹�» � ¹�¼|½�¹êà m assuresthat we are in a statewhich is
reachableby iffail. ã�¹�ä¨¹ ß · j|e�m never failsandendssuccessfullywhen e fails:

< ¥ ã�¹�ä¨¹ ß · j|e�m�¦ �)0 ¥ e�¦�j�jloqp�r�s�j|e�m×£ � m�¢Qj9fngih�hEjlenm^£ ¥ ã�¹�ä¨¹ ß · jlenm�¦ � m�m (4.29)

< j|fngXh!hEj ã�¹�ä¨¹ ß · jlenm�m 0 oqp8r�s�jlenm�má¢ j|�noqp�r�s�j ã�¹�ä¨¹ ß · jlenm�m�m (4.30)

Action descriptionsof the form (4.24) areoften non adequatefor reactive systems,where
mostof theeffectsof anactionwill dependon whetherit will fail or succeed.In �	�^� , we
candescribeactionswhoseeffectsdependon thefailure/successof theaction. Considerfor
instance(4.31): � £ ¥ e�¦Rj9fngXh!hEjlenm¨£@=Em (4.31)

Theintuitivesemanticsof (4.31)is depictedin Figure11. Wehavethatif thepreconditions�

αp -> [   ](Succ(   ) -> q)α

αSucc(   )

αSucc(   )

αFail(   )

q

q

α

α

α

FIGURE 11. Representationof actionpreconditionsandeffectswith failure

holdbeforetheexecutionof e , then = holdsafterits executiononly if e succeeds.Noticethat
successandfailurearenotpredicted,but simply observed.Indeed,in realworld applications
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therearecaseswherethereis no possibilityto predictfailureandsuccess.Statementsof the
kind � £ ¥ e�¦Koqp�r�s�j|e�m � £ ¥ e�¦�f[gih!hkjlenm (4.32)

canbeusedto predictfailureor successwheneverpossible.

We canstartfrom actiondescriptionsuchasthat formalizedby (4.31)andreasonaboutthe
effectsof actioncompositions(seeSection4.3). For instance,thederivedrulesin figure12
canbeseenasthenaturalextensionof theHoare’s rules[28, 29]. Thefirst rule of figure12

Ç4A(B.C ËED�ÐKÍ�ÎkÏ�Ï�ÐKË�Ò BôÊ ÒGF ÇIHJB+C ËED�ÐÑÓ[Ô�Õ�Ö�ÐÑË�Ò B ð!ÒKF ÊJB+C Ì D�Ð�ÍHÎkÏ�Ï�Ð Ì Ò BML ÒGF<ð B+C Ì D�Ð�ÍHÎkÏ�Ï�Ð Ì Ò B òlÒÐ ÇNA#O¨ÇIH Ò B+C Ë�P Ì D�Ð�ÍHÎkÏ�Ï�ÐÑË�P Ì Ò BML�Q òlÒ
Ð Ê;A#O¨Ç Ò B+C ËED�ÐKÍ�ÎkÏ�Ï�ÐKË�Ò B ð!ÒRF�Ð Ê�H�OTSEÇ Ò B+C Ì D�ÐKÍHÎ8Ï�Ï�Ð Ì Ò BML Ò

Ð Ê A OêÊ H Ò B+C UWV�Ç ïYX�ì�Z Ë ì�[W\�ì Ì D�Ð�ÍHÎkÏ�Ï�Ð UWV�Ç ïYX�ì%Z Ë ì�[W\�ì Ì Ò B ð QRL Ò
Ê(O¨ÇTB+C ËED�ÐKÍ�ÎkÏ�Ï�ÐKË�Ò BôÊ ÒRF Ê(O¨Ç]B+C ËED�ÐKÓ[Ô!Õ�Ö�ÐKË�Ò BôÊ ÒÊJB+C ^ X U [ ì Ç`_4a ËED�ÐKÍHÎ8Ï�Ï�Ð ^ X U [Åì Ç`_4a Ë�Ò B Ð Ê(ObSkÇ ÒlÒ

FIGURE 12. Rulesfor P if andwhile

statesthat whenan action(e.g. e ) hasthe effect of satisfyingthe preconditionof another
action (e.g. � ), the two actionsmay be concatenated.The sequencebehavesdifferently
dependingon the successor failure of e . Notice that, in the third rule of figure 12, the
operatorwhile needsan invariant ( = ) that must be true after any executionof e . We can
derive anothersetof inferencerulesfor failurehandlingoperators,e.g. theoperatorsiffail,
then, andrepeat (seefigure13). Thefirst rule of figure13 capturesthe intuitive ideaabout

Ç4A(B.C ËED�ÐKÍ�ÎkÏ�Ï�ÐKË�Ò BôÊ ÒGF ÇIHJB+C ËED�ÐÑÓ[Ô�Õ�Ö�ÐÑË�Ò B ð!ÒKF ÊJB+C c D�ÐKÍ�ÎkÏ�Ï�Ð c Ò BML ÒNF<ð B+C Ì D�Ð�ÍHÎkÏ�Ï�Ð Ì Ò B òlÒ
Ð Ç A O×Ç H Ò B+C Ued î U [ Ë ïYX�ì%Z Ì ì%[f\�ì c D�ÐKÍ�ÎkÏ�Ï�Ð Ugd î U [ Ë ïhX�ì%Z Ì ì�[W\�ì c Ò BML�Q òlÒ

ÇTB+C ËED�ÐKÍ�ÎkÏ�Ï�ÐKË�Ò BôÊ ÒKF ÊiB+C Ì D�ÐKÍHÎ8Ï�Ï�Ð Ì Ò BML ÒÇTB+C jfk%l�m ÐÑË�F Ì Ò?D�Ð�ÍHÎkÏ�Ï�Ð jfk%l�m ÐÑË�F Ì Ò9Ò BML Ò
Ç]B+C ËED�ÐKÍHÎ8Ï�Ï�ÐÑË�Ò B Ç ÒbF ÇTB+C ËED�ÐÑÓ[Ô�Õ�Ö�ÐÑË�Ò BèÇ ÒÇ]B+C ë ì�í�ì�î�ï ÐKË�Ò>D�Ð�ÍHÎkÏ�Ï�Ð ë ì�ívì�î�ï ÐKË�Ò|Ò B Ç Ò

FIGURE 13. Rulesfor iffail, then, andrepeat

thebehaviour of theoperatoriffail. When e fails theoverall actionbehavesasthesequence
e×§�� . This meansthat the preconditionsof � mustbe true in the failing stateof e . Similar
considerationscanbe madewith thepreconditionsof à when e succeeds.Thesecondrule
formalizesthebehaviour of theoperatorthen. Whenanaction e hastheeffect of satisfying
thepreconditionsof anotheraction � andboth theactionssucceed,the two actionsmaybe
concatenated.Thedifferencewith theoperator§ is that theoperatorthentakesinto account
the failures. Considerthe third rule of figure 13. Notice that the operatorrepeat needsan
invariant(� ) aswell astheoperatorwhile.

4.3 Anexample

ThisSectionprovidesanexampleof planverificationwith ourtheory, i.e. it showshow taking
into accountfailures,sensing,andplanning.Let ussupposeto be in thesituationdescribed
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in Section3.2. Thegenerationof a planto reachthelocationposition� is decomposedin the
generationandexecutionof aplanto reachanintermediatelocationin front of thedoor� ; the
detectionof wetherthedooris openor closed;thegenerationandexecutionof asecondplan.
Theresultingplanis in Figure10.

Let ussupposethata plangenerationactionplan-pathsatisfiesthe condition(PLAN-II).
Considerto have the following laws of motion (that may be axiomsor theoremsalready
proved): �M}!j|z8����w � m^£ ¥ sense-Closedjlz�����w � m�¦�fngXh!hEj sense-Closedj|z8����w � m�m (4.33)

fngXh!hEj sense-Closedjlz�����w���m�m�¢%�[t�s|�E��y�zijlz�����w���m^£
¥ plan-pathj	�[�n�M}!j � �E��r9}�r�������m�mR¦@fngXh!hEj plan-pathj
�[���M}!j � �E��rR}�r�������m�m�m (4.34)

The intuitive meaningof (4.33) is: “when the robot is in front of a door it cansuccessfully
senseif the door is openor closed”. (4.34)means:“if a robot hassuccessfullyexecuteda
sensingactionand the door is openthen it cansuccessfullygeneratea plan to go inside”.
Underthesehypothesiswehave thefollowing theorem.

THEOREM 4.3
Let

�
betheplandefinedin Figure10. Thenany successfulexecutionof

�
satisfiesthegoal,

i.e.
¥ � ¦Rj9fngih�hEj � m^£@�Ù}!j � �E��rR}�r������!m�m (4.35)

PROOF. Theproofproceedsbackward.4.35is obtainedby meansof thethen-rule(thesecond
ruleof Figure13) from thefollowing formulas.o ð Î8ñ B.C plan-pathÐfp A FrqºòRÐts�unu ð A ÒlÒ>D�ÐKÍHÎ8Ï�Ï�Ð plan-pathÐfp A Frq�òRÐ?s;uYu ð A Ò|ÒlÒ BÍHÎ8Ï�Ï�Ð plan-pathÐfp A Fvq�òRÐ?s;uYu�ð A ÒlÒ|ÒlÒ (4.36)

Í�ÎkÏ�Ï�Ð plan-pathÐtp A FvqºòRÐts;uYu ð A Ò|ÒlÒ BC ò	wEñ�x`ÐÑñ�yEñ�Ï�Ðtp A ÒzFò	wEñ�x`Ð sense-ClosedÐ?s;uYu�ð A ÒzFUWV(SK{ ÖWu L ñ�s�Ðts;uYu ð A Ò ïYX�ì�Z jfk%l�m Ð plan-pathÐfp H Fzq�òRÐ Ç u L ÕKò�Õ>unx A Ò|Ò|F9ñ:yEñ Ï�Ðfp H Ò9Ò ì%[f\�ì~} ÒlÒ>DÐKÍ�ÎkÏ�Ï�ÐÑò	wEñ�xvÐKñ:yEñ Ï�Ðfp A Ò|Fò	wEñ�xvÐ sense-ClosedÐts;uYu ð A Ò|FUeV(S#{ ÖWu L ñns�Ð?s;uYu�ð A Ò ïYX�ì%Z jfk%l:m Ð plan-pathÐfp H FrqºòRÐ Ç u L ÕKò�Õ>u�x A ÒlÒ�F|ñ�yEñ�Ï�Ðfp H ÒlÒ ì�[W\�ìi} ÒlÒlÒB qºòRÐ Ç u L ÕKò�Õ>u�x A ÒlÒ

(4.37)

(4.36)is aneasyCPDL theorem9. (4.37)canbederivedapplyingthethen-rule to (4.38)and
(4.39). Í�ÎkÏ�Ï�Ð plan-pathÐfp A Frq�òRÐ?s;uYu ð A Ò|ÒlÒ B+C ñ:yEñ Ï�Ðfp A Ò>D�ÐKÍHÎ8Ï�Ï�ÐÑñ�yEñ Ï�Ðfp A ÒlÒ B q�òRÐ?s;uYu ð A Ò|Ò (4.38)

qºòRÐts;uYu ð A Ò BC ò	wEñ�x`Ð sense-ClosedÐ?s;uYu�ð A ÒzFUWV�S#{ ÖWu L ñns�Ð?s;uYu�ð A Ò ïYX�ì�Z jfk%l:m Ð plan-pathÐfp H Fzq�òRÐ Ç u L ÕKò�Õ>unx A Ò|Ò|F|ñ�yEñ Ï�Ðfp H Ò9Ò ì�[W\�ì~} Ò?DÐ�ÍHÎkÏ�Ï�Ð ò	wEñ�xvÐ sense-ClosedÐts�unu ð A ÒzFUeV(SK{ Öfu L ñns�Ðts�unu ð A Ò ïhX�ì%Z jWk�l:m Ð plan-pathÐtp H FvqºòRÐ Ç u L ÕKò�Õ?unx A ÒlÒ�F|ñ�yEñ�Ï�Ðtp H ÒlÒ ì%[f\�ì~} Ò|ÒB q�òRÐ Ç u L ÕKò�Õ>unx A Ò|Ò
(4.39)

(4.38)is theaxiom(PLAN-II). Concerning(4.39),it canbeobtainedif weapplythethen-rule
to (4.40)and(4.41).
q�òRÐ?s;uYu ð A Ò B+C sense-ClosedÐts;uYu ð A Ò>D�ÐKÍHÎ8Ï�Ï�Ð sense-ClosedÐ?s;uYu ð A Ò|Ò B ÍHÎ8Ï�Ï�Ð sense-ClosedÐ?s;uYu ð A ÒlÒ|Ò (4.40)

Í�ÎkÏ�Ï�Ð sense-ClosedÐts;uYu ð A Ò|Ò BC UWV�S#{ ÖWu L ñns�Ð?s;uYu�ð A Ò ïYX�ì�Z jfk%l�m Ð plan-pathÐfp H Fzq�òRÐ Ç u L ÕKò�Õ>unx A Ò|Ò|F|ñ�yEñ Ï�Ðfp H Ò9Ò ì�[W\�ì~} DÐKÍ�ÎkÏ�Ï�Ð UeV�SK{ Öfu L ñns�Ðts�unu ð A Ò ïhX�ì%Z jWk�l:m Ð plan-pathÐtp H FrqºòRÐ Ç u L ÕKò�Õ?unx A ÒlÒ�F9ñ�yEñ�Ï�Ðfp H Ò|Ò ì�[W\�ìJ} ÒB qºòRÐ Ç u L ÕÑò�Õ>unx A ÒlÒ
(4.41)

9 o ð�Îkñ B+C ËED�Ð Ç]B Ç Ò for eachË��R��F Ç �b� .
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If we applymodusponensto (4.33)andthefollowing CPDL theorem10.
C sense-ClosedÐ?s;uYu�ð A Ò?D Í�ÎkÏ�Ï�Ð sense-ClosedÐts;uYu ð A Ò|Ò BC sense-ClosedÐ?s;uYu�ð A Ò?D�Ð�ÍHÎkÏ�Ï�Ð sense-ClosedÐts�unu ð A ÒlÒ B ÍHÎkÏ�Ï�Ð sense-ClosedÐts�unu ð A ÒlÒlÒ (4.42)

we derive (4.40). We derive (4.41) applying the if-rule (the secondrule of Figure12) to
(4.43)(thatis straightforwardto prove)and(4.44).

{ Öfu L ñns�Ðts�unu ð A Ò B+C } D�Ð�ÍHÎkÏ�Ï�Ð } Ò B qºòRÐ Ç u L ÕKò�Õ>u�x A ÒlÒ (4.43)

ÍHÎ8Ï�Ï�Ð sense-ClosedÐ?s;uYu�ð A ÒlÒ ORSK{ ÖWu L ñ�s�Ðts;uYu ð A Ò BC jWk�l:m Ð plan-pathÐtp H FvqºòRÐts;uYu ð A Ò|Ò|FRñ:yEñ Ï�Ðtp H Ò|Ò>D�Ð�ÍHÎkÏ�Ï�Ð jfk%l�m Ð plan-pathÐfp H Fvq�òRÐ?s;uYu�ð A ÒlÒ�F|ñ�yEñ�Ï�Ðfp H Ò|Ò|ÒB q�òRÐ Ç u L ÕKò�Õ>unx A Ò|Ò (4.44)

Again, the then-rule canbeusedto prove (4.44). Theformulasto useare(4.45)(theaxiom
(PLAN-II)) and(4.46).

ÍHÎkÏ�Ï�Ð plan-pathÐfp H Fzq�òRÐ Ç u L ÕKò�Õ>unx A Ò|ÒlÒ B+C ñ:yEñ Ï�Ðfp H Ò>D�ÐKÍHÎ8Ï�Ï�ÐÑñ�yEñ Ï�Ðfp H ÒlÒ B q�òRÐ Ç u L ÕKò�Õ>unx A Ò|Ò (4.45)

ÍHÎ8Ï�Ï�Ð sense-ClosedÐ?s;uYu�ð A ÒlÒ ORSK{ ÖWu L ñ�s�Ðts;uYu ð A Ò BC plan-pathÐtp H FrqºòRÐ Ç u L ÕKò�Õ?unx A ÒlÒ>D�ÐKÍHÎ8Ï�Ï�Ð plan-pathÐtp H FvqºòRÐ Ç u L ÕÑò�Õ>unx A ÒlÒlÒB Í�ÎkÏ�Ï�Ð plan-pathÐfp H Frq�òRÐ Ç u L ÕKò�Õ>unx A Ò|ÒlÒ|Ò (4.46)

The above formula is proved with modusponens, the axiom (eq-lom-planpath),and the
following CPDL theorem� � .

C plan-pathÐfp H FvqºòRÐ Ç u L ÕKò�Õ>u�x A ÒlÒ>D ÍHÎkÏ�Ï�Ð plan-pathÐfp H FrqºòRÐ Ç u L ÕKò�Õ>u�x A Ò|ÒlÒ BC plan-pathÐtp H FvqºòRÐ Ç u L ÕÑò�Õ>unx A ÒlÒ?D�Ð�ÍHÎkÏ�Ï�Ð plan-pathÐfp H Fvq�òRÐ Ç u L ÕKò�Õ>unx A Ò|ÒlÒB Í�ÎkÏ�Ï�Ð plan-pathÐfp H Frq�òRÐ Ç u L ÕKò�Õ>unx A Ò|ÒlÒ|Ò (4.47)

5 Final Considerations, Related Work and Future Work

In theprevioussectionswe have first describedanexperimentalapplicationall developedat
IRST andthensketcheda formal theorywhich takesinto accountthe lessonslearnedfrom
the application.As we alreadyremarked in the introduction,this pathis somehow unusual
if comparedwith muchof the currentresearchin theoriesof actions. In theoriesof action
(seefor example[6, 7]) thefocusis from theverybeginningonhow to reasonformally about
actionsandtheir effectson the world. The hopeis that the theorydevelopedwill be more
or lessdirectly implementableto controla robotor, at least,will serve asa specificationfor
the implementation.Indeed,this doesnot seemyet to beachievableif thegoal is to build a
theoryandan implementationof robotsreasoning,actingandperceiving in a partially and
unpredictableenvironment. As Lésperanceet al. [30] acknowledge“[robot programming]
remainsverytightly coupledto robotichardware”andeventhoughthey feel“that it shouldbe
possibleto fully controla robotwith minimalattentionto thedetailsof sensorsandeffectors,
thisis certainlynotthecasetoday”11. Unfortunately, Lésperance’setal. [30, 31] commitment
of “no implementationwithout a situationcalculusspecification”doesnot seemyet to be
exploitablefor building robots.

Developingtheapplicationdescribedin thispaperhasnotbeenanexception.Muchof the
efforts have beenin defininga syntaxfor interfacingthe plannerwith lower level modules
(i.e. a syntaxfor primitive actionsandfor the interchangeof data,e.g. failure). Of course,

10 C ËED Ç�B.C ËED�Ð Ç]B Ç Ò for eachË��T�]F Ç �b� .
11In [30], thecommain thequotationis a full stop.
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all the problemswe have beendealingwith aregroundedon the particularapplication. A
differentproject might have raiseda different setof problems. However, we believe that
themain issueswe have raisedin this paper(failure in acting/sensingandplanningactions)
have to bedealtby any robot-planneroperatingin a partially known environment.Relaxing
thisassumption,onemightneedto introducelesscomplicationsin hisown formalismand/or
implementation.For example,in [40] a robot-planneris describedin which failureandplan-
ning actionsdo not seemto play any role. Oneof the motivationscould be the relatively
simplerobottask(hypothesizingtheexistence,locationsandshapesof objectsfrom astream
of sensordata).Anothercouldbetherelatively simplerobot’ssensors(threebumpers).

Of course,wedobelieve thatit is necessaryto providea formal theoryfor theapplication,
eithera priori or a posteriori. This is what we are trying to do. However, thingsarevery
complicatedsince,as far aswe know, few formalizationshave beenproposedfor failure,
sensingactionsandplanningactions,andnonecombiningall of them. Even more,some
of the traditionalissuesin theoriesof actions,like the frameandramificationproblemsare
just behindthe cornerandawait to be faced. Indeed,even thoughwe have never explicitly
mentionedthe frame problembefore,we have to deal with it in our formalization. As a
matterof fact, in Section3 we implicitly assumedto have a solutionfor it, seefor example
Figure7. Even thougha formal treatmentof the frameproblemhasyet to be carriedout,
in the applicationdescribedin Section2 thingsaremadeeasierthan it could be expected
sincewe have to dealwith “simple” actionsandconstraints.By “simple” actionswe mean
actionswhoseeffectscanbedescribedby a setof literals. Analogouslyfor theconstraints.
As aconsequenceat theformal level, asfaraswehaveto formalizeapplicationsof thiskind,
we do not have to dealwith all thecomplicationscausedby disjunctive information(seefor
example[36, 34]), e.g. ramificationsarenot possible.As a consequenceat the application
level, theframeproblemcanbe—andindeedit is—solvedbysimplyupdatingtheknowledge
baseof thescenario.

Sucha theorycanbe usedto verify systempropertiesandplans. We proposein Section
4.3anexamplewhereit hasbeenprovedthataplansatisfiesits goalundercertainconditions.
One of the limitations of our work is that we do not provide any particularproof theory,
decisionprocedureor planningalgorithmfor building plans.Thisis oneof themajortasksfor
futureresearch,which canfollow two maindirections.Onepossibility is to seeplanningas
deduction.Thisseemthedirectionof muchof thework in theoriesof actionsandin deductive
planning.Thedomainandtheeffectsof actionsarerepresentedin a logical formalism(e.g.
the situationcalculus,a programminglogic) and thenplanningproblemsare dealt asking
whetheracertainsentencelogically followsfrom thetheory(seefor example[25, 33, 47, 43,
19]). Anotherpossibilitywould be not to provide a formal systemwith a proof theory, but
rathera languagewith semanticsanda modelbaseddecisionprocedurefor planning,like in
[8, 9, 10, 22], whereplanningis performedby modelcheckingwithin the“high level action
language”¡�ù [20], which extendsGelfondandLifschitz [16] language¡ .

Therearesomeworkswhich do not treatfailure,sensingactionsandplanningactionsbut
which arebasedon the sameunderlyinglogic, i.e. a programminglogic. Seefor instance
[47, 19]. To this extent, a relatedwork is that of StephanandBiundo [47], wherea tactic
basedtheoremprover is usedto generateplansdeductively. Theconstructswe haveusedfor
failure handling(e.g. }�u`y�� , ��w�y�s|��y , andrepeat) have beeninspiredby the work on tactic-
basedinteractive theoremprovers(seefor instance[24, 12]).

Therehavebeensomeworkstreatingfailure,sensingactionsandplanningactions.About
failure,theclosestwork is thatdescribedin [38]. RaoandGeorgeff extendthecomputation
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treelogic CTL « introducingexplicit notionsfor failureandsuccess.However, in their logic
actionsarenot explicitly representedandthusit is not clearhow, for example,to do action
compositions,i.e. formalizeplanswith the programminglogic constructslike sequences,
conditionalsanditerations.

A formalizationfor sensingactionshasbeenproposedby ScherlandLevesque[39] and
laterextendedby Bacchuset al. [3]. Therearehowever somedifferencesbetweenScherl’s
andLevesque’s formalizationandours. Themajordifferenceseemsto be that they assume
thatsensingactionscannotaffect theworld. Wedonothavesuchanassumption.As amatter
of fact, at leastin our application,it would have beenimpossibleto separatethe actionof
“puresensing”from theactinginvolved.As wesaid,sensingfor exampletheactualposition
of therobotmayinvolvesomeadjustments,e.g. in theorientationof therobot. On theother
hand,our theoryhasyet to be refined,for exampleto introducesomenotionsanalogousto
Scherl’sandLevesque’s[39] Knows, Kwhether andKref. Bacchusetal. [3] extendScherl’s
andLevesque’swork introducingprobabilitiesmeantto embodythe“degreeof confidence”
in sensors.In our application,all thesensors’dataareequallyprobableor handledwith the
samedegreeof confidence.This hasnot beena choicebut determinedby the architecture.
Thefusionof sensors’data—andthustheeventualhandlingof inconsistency— happensat
thelower level. For somefurtherwork on sensingactionssee[4].

Planningactionshave beendealt by Steel[43] (seealso [42]). However, Steelregards
planningactionsas“nonoperational”,i.e. actionswhichcannotbeexecuted.In ourapproach,
planningactionsare“normal” actionswhich canbe executed,canfail andcanchangethe
world. For example,a planningactionmay needto ask the userfor a plan. However, in
somerecentwork Steelconsidersplangenerationandexecutionasactionsof thesimilar sort
[45, 44]. Suchactionsareformalizedusingoperationalsemanticsinsteadof a denotational
approach,i.e. possibleworlds. This approachprovidestheability to focuson “how mayhe
dosomething...” insteadof “what aretheeffects...”.

Finally, somepreliminaryideasandresultsaboutthiswork havebeenpresentedin [21, 50,
51, 49]. [21] presentssomeintuitionsaboutfailure, [50, 51] describesa formal framework
basedonprocesslogic and[49] discussestheintuitionsraisedfrom theapplicationdescribed
in this paper.
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Appendices

A The Language
( ����� )is basedonPropositionalDynamicLogic with ConverseOperator(CPDL) [26].

Syntax. Thesyntaxof ����� is baseduponfour setof symbols:��� , thedenumerablesetof atomicpropositions,�`� ,
thedenumerablesetof atomicactions,�J� , the finite setof planningsymbols,�!� , thefinite setof plansymbols.
¿From��� , �`� , �J� , and �!� we inductively constructtheset � of formulas,theset � of actions,andtheset � of
actionnames.� If ���b��� , then ���~�R�`� .� ������� ;� If � , ���R� , then ���r���T� .� If � , ���R� , then �T�]���T� .� If ���T� , then �K���R� .� If �R�b� , then�I�'�T� .� � � ��� ; ���Y I¡i�R� ;� If �4¢r£`�b� , then ¤�� , �`¥b£!�b� .� If ���b� , ���T� , then ¦ �E§ �R�b� .��¨ ¢v©"�b��� ;� If ���b��� , then ªi��«>¬>­t�%® , ¯N �°�°Y­t�%®K�T��� .��± ��� , �����'� .� If ��¬W��²4³�´n���b�J� , µ��b�!� and�R�R� , then��¬W��²4³�´n�%­fµ#¢f�I®��T�`� .� If µ¶�R� , then ¡:·�¡n°Y­tµ4®��R�`� ;� If ���T� , then ¸z�4¹��b� .� If µNºY¢
µ�»`�R� , then µNº�¼"µE»~�b��� .
Weuse ªi��¬t½:¡ , ¾ , ¿ , À and Át�GÂ asabbreviationsin thestandardway. In addition,we usethefollowing abbrevia-
tions12:

Ã ·4­?�G®�Ä ¼�¯N �°�°Y­t�G®E¥bªi�;«>¬>­?�G® (A.1)

¯G I°�°Y­?���
�4®�Ä ¼�¯N I°�°h­f�N®I¾¶Á
­t���z�N® � Â>���Y I¡ (A.2)

ªi��«?¬	­t���v�4®�Ä ¼)ªi��«>¬>­f�N®4¾�Ár­t���z�4® � Â>���Y I¡ (A.3)

¯G I°�°Y­?�]�]�N®�Ä ¼�¯N �°�°Y­t�G®E¥T¯G I°�°Y­t�4® (A.4)

ªi��«?¬	­t�R���N®�Ä ¼Å­tªi��«?¬	­t�G®N¾Tªi�;«>¬>­t�4®r®E¥¶­tªi��«>¬>­t�G®4¾R¤ Ã ·4­t�4®r®�¥ (A.5)

­?¤ Ã ·4­t�G®4¾bªi�;«>¬>­t�4®r®
¯G I°�°Y­?� � ®�Ä ¼�¤Gªi��«>¬>­t�G® (A.6)

ªi��«?¬	­t� � ®�Ä ¼"ªi�;«>¬>­?�G® (A.7)

12NoticethatCPDL assumesconverseoperatoris appliedto atomicprogramsonly, sinceEquations(A.8)-(A.10)
providea linear-time translationto thedesiredformula(see[26], pages538,539).
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­?���r�N® � Ä ¼"� � �v� � (A.8)

­?�b���N® � Ä ¼�� � �]� � (A.9)

­?� � ® � Ä ¼Å­t� � ® � (A.10)

­?� � ® � Ä ¼"� (A.11)

­ �I��® � Ä ¼��I�*­ ¨ ® � Ä ¼ ¨ ­>©(® � Ä ¼�© (A.12)ÆWÇ �iÈYÉEÊ�Ë]�TÊ%ÌfÍ�ÊJ�ÎÄ ¼Å­ �I�h�v�G®E�¶­?¤I�I�;�
�4® (A.13)Ï É Æ ÌeÊ��`Ð4ÑÒ��Ä ¼Å­ �I�;�v�G® � �z¤I�I� (A.14)ÆeÓ#ÔIÆ Ì%��ÈYÉEÊ�Ë��ÒÊ%ÌfÍ�Ê!ÕÖÄ ¼Å­
­?���vªi��«?¬	­t�G®r��®|�z�N®E�Ö­r­t���z¯G I°�°Y­?�G®
�n®z�rÕ�® (A.15)×	Ø ¡�²#­t��¢r�N®�Ä ¼ ÆeÓ#ÔIÆ Ì%��ÈYÉEÊ�Ë]©ÎÊ%ÌfÍ�ÊJ� (A.16)

Ä ¼Å­r­t���|ªi�;«>¬>­?�G®
�n®z��©(®��¶­
­?���z¯G I°�°Y­?�G®
�n®z�r�N®
´n�h¡�¬t½:¡�­t��¢r�4®�Ä ¼ ÆeÓ#ÔIÆ Ì%��ÈhÉEÊ%Ë��ÒÊ�ÌWÍ:Ê ¨ (A.17)

Ä ¼Å­r­t���|ªi�;«>¬>­?�G®
�n®z�z�4®E�Ö­r­t���|¯N I°�°h­t�G®
�n®z� ¨ ®Ù Ê9ÚKÊ Ô È9­t�G®(Ä ¼)����­?¯G I°�°Y­?�G®
�;�v�G® � �:­tªi��«>¬>­t�G®r��® (A.18)

Noticethat � is adenumerableset(sinceit is asetof finite lengthstrings)then � is denumerable.As aconsequence,
therelation ¼ which is asubsetof ��Û�� is alsodenumerable.Finally, � is alsodenumerable.

Semantics (Standard Models). Thesemanticsis definedrelative to agivenstructureÜ of theform

Ü�¼Ý­fÞß¢rà�¢
�T®
whereÞ is thesetof states,à assignsinterpretationsto propositions(i.e. à�­ �I®(�'Þ is thesetof statesin which �
is true), � assignsinterpretationsto actions(i.e. ��­t�G®!��ÞáÛÖÞ is thesetof pairswhich representthepossible
executionsof � ). à�Äh���~¿ãâhä �,Äh�`�~¿ãâhäæå�ä
Wewrite ½�ç ¼è� (i.e. � is truein ½ ) iff ½~�bà�­ �I® . ç ¼ and � areextendedinductively to supplymeaningsfor thefull
sets� and � asfollows:
1. ��­?���r�N®K¼"��­?�G®Gé���­t�4®
2. ��­?�b�]�4®#¼"��­t�G®4�]��­t�4®
3. ��­?�K�;®#¼Ý­f��­t�G®r®r�
4. ��­ �I�n®#¼�ê�­?½;¢z½n®�ç;½`ç ¼Ý��ë
5. ��­?� � ®K¼èê�­>½h¢ × ®�ç9­ × ¢|½�®��b��­t�%®rë .
6. ��­ ¨ ®�¼�ê�­>½h¢|½�®�çh½J�bÞìë ; ��­?©(®�¼èê�­?½;¢v½n®(çh½J�RÞíë .
7. ½`ç ¼î���Y I¡ .
8. ½`ç ¼�¤�� iff ½�ïç ¼Ý� ; ½~ç ¼Å�`¥b£ iff ½~ç ¼Å� or ½~ç ¼ð£ .
9. ½`ç ¼�¦ �E§ � iff ñ ×zò if ­>½h¢ × ®��R��­t�G® then

× ç ¼Å� .

10. ½`ç ¼�¯N �°�°Y­ ����® iff ½�ç ¼Å�½�ïç ¼ðªi�;«>¬	­ �I�n®
11. ½`ç ¼�¯N �°�°Y­ ¨ ®ó½Òïç ¼îªi�;«>¬	­ ¨ ®½�ïç ¼�¯N �°�°Y­?©�®ó½�ç ¼îªi�;«>¬	­?©(®
12. ½`ç ¼�¯N �°�°Y­t�%®�¥Tªi�;«>¬>­?�9® iff ô ×zò ­ × ¢z½n®��R��­t�%®
13. ½�ïç ¼�¯N �°�°Y­t�%®�¾Tªi�;«>¬>­?�9®
14. ½`ç ¼õµR¼"µ
15. ½`ç ¼õµ º ¼)µ » iff ½`ç ¼ßµ » ¼"µ º
16. if ½~ç ¼îµGº(¼)µ�» and ½�ç ¼îµ�»J¼"µIö then ½~ç ¼õµNº�¼'µ�ö
17. ½�ïç ¼÷¸z�4¹`¼ ±
18. if ½~ç ¼ð¯G I°�°Y­ ��¬W��²4³�´��%­tµK¢f��®
® then ½�ïç ¼ßµÖ¼ ±
19. if ½~ç ¼îµÖ¼ ± thenfor all

×
. ­>½h¢ × ®�ï�b��­?¡:·�¡n°Y­tµ4®r®

20. if ½~ç ¼îµÖ¼ì¸z�4¹ thenfor each�R�b�ø ½`ç ¼�¦ ¡�·�¡�°Y­tµ4®>§ ��À+¦ �E§ � and
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ø ½`ç ¼�¦ ¡�·�¡�°Y­tµ4®>§>­?¯G I°�°Y­?¡:·�¡n°Y­fµN®
®NÀM¯G I°�°Y­?�G®
®E¾Ö­?ªi�;«>¬>­?¡:·�¡n°Y­tµ4®r®KÀãªi�;«>¬	­t�G®
®
Axiom Schemata. Let ����� bethesmallestsetof formulasthatcontainstheschemata

Axioms:

(TAUT) all instancesof tautologiesof thepropositionalcalculus

(K) ¦ �E§>­ �]¿ã£h®K¿ù­r¦ �E§ �]¿ú¦ �E§W£Y®
(COMP) ¦ ���
��§ �]À+¦ �E§	¦ �I§ �
(ALT) ¦ �]�T�I§ �]Àù­v¦ �E§ �`¾¶¦ ��§ �I®
(MIX) ¦ � � § ��À+­ �`¾Î¦ �E§	¦ � � § �I®
(IND) ¦ � � §>­ �]¿+¦ �E§ �I®G¿ù­ �b¿+¦ � � § �I®
(TEST) ¦ �I��§W£!Àù­ �T¿ã£h®
(CONV) ­ �]¿ú¦ �h§>Át� � ÂW�I®�¾¶­ �b¿+¦ � � §>Á?�9ÂW�I®
(REACH)

Ã ·4­t�%®KÀùÁ?� � Â?���Y I¡
(NON-AMB) ¤�­>¯N I°�°h­t�9®E¾bªi�;«>¬>­?�9®
®
(NULL) ­r¦ ¨ § ��À*��®I¾¶­r¦ ©�§ �]À,�I®
(SF-TEST) ­>¯N I°�°h­ �I�n®KÀ,�I®Ò¾õ­?¤Kªi�;«>¬>­ �I�n®
®
(SF-NULL) ­?¤Kªi�;«>¬>­ ¨ ®E¾b¯G I°�°Y­ ¨ ®
®è¾á­?¤K¯G I°�°Y­>©(®E¾]ªi�;«>¬	­?©(®r®
(REF) µ�¼)µ
(SYM) µNº(¼"µ�»!Àãµ�»!¼"µNº
(TRAN) ­tµNº�¼)µ�»Y®�¾¶­fµE»!¼"µ�öY®#¿ù­fµNº�¼"µIöh®
(NIL) ¤�­z¸z�4¹�¼ ± ®
(PLAN) ¯N �°�°Y­ �I¬W�;²N³�´n�%­fµ#¢f�I®r®K¿M¤�­tµ�¼ ± ®
(EXEC-I) µ�¼ ± ¿M¤�Át¡�·�¡�°Y­tµ4®rÂ?���Y I¡
(EXEC-II) µÖ¼ì¸z�4¹�¿ù­r¦ ¡�·�¡�°h­fµN®?§ ��À.¦ �E§ �I®r¾¦ ¡:·�¡n°Y­tµ4®>§t­r­?¯G I°�°Y­?¡:·�¡n°Y­fµN®
®KÀû¯N I°:°Y­t�G®r®
¾­tªi�;«>¬	­t¡�·�¡�°Y­tµ4®r®#Àãªi��«>¬>­t�G®r®
®

andit is closedunderthefollowing rules

InferenceRules:

(MP) �4¢W�T¿ã£Jü¶£ (ModusPonens)

(NEC) �Tü�¦ �E§ � (Necessitation)

B Soundness, Completeness, & Decidability: Proofs
Wedecomposethetheorem4.1 in two theorems:theoremB.1 andtheoremB.13.

THEOREM B.1 (Soundness)

For every �R�b� , if üT� then ç ¼Ý� .

It is immediateto prove from the definition of semanticsthat all instancesof the axiomsare valid and that the
inferencerules preserve validity. In order to prove the theoremB.13 we give in the rest of the sectiona set of
definitionsandlemmas.

DEFINITION B.2 (Maximal Set)
A set ½i��� is definedto bemaximalif� ½ is consistent(i.e. ½�ïüÖªi�9¬f½�¡ )� for any ý��b� either ýè��½ or ¤Kýè�R½
LEMMA B.3 (Lindenbaum’s Lemma)
Everyconsistentsetof formulasis containedin amaximalset.

See[23] at page20.
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DEFINITION B.4 (CanonicalModel)
Thecanonicalmodelof ���#� is thestructure

Ü`þ�¼Ý­fÞÝþ!¢rà9þ!¢
�Tþ(®
where� Þ þ ¼�êY½~���îçh½ is maximalë� à þ ­ �I®#¼�êY½i�RÞ þ çz�R��½Yë� ­>½h¢ × ®��R��­t�G® iff êný��R�îç9¦ �E§Wýè�R½Yë`� × for each���b�
Noticethat Þ þ ï¼�ÿ is guaranteedby theLindenbaum’s Lemma.

Weextendto ����� thedefinitionof Fischer-Ladnerclosure[15].

DEFINITION B.5 (Fischer-Ladnerclosure)

Let �ð�õ� be a formula. The Fischer-Ladnerclosureof � , denotedFL(p), is the smallestset ¯ of formulas
containing� andsatisfyingthefollowing closurerulesfor all ���Î�`� , ��¢v���Î� , £9¢
�T�Î� , µNºY¢rµE»;¢rµIö]�Î� , and��¬f�;²N³�´n�`�R�J� :

¤G£`��¯���£`��¯
£�¥]����¯���£`��¯N¢4�`�Ö¯
¦ �h§W£`��¯���£`��¯N¢:¦ � � §W£��R¯G¢v¯N �°�°Y­t�%®��Ö¯N¢4ªi�;«>¬>­?�9®(��¯

¦ ���r�I§W£`��¯��"¦ �E§	¦ �I§W£~��¯
¦ �]�T�I§W£`��¯��"¦ �E§W£~�Ö¯N¢�¦ �I§W£~��¯
¦ � � §W£`��¯���£`��¯N¢�¦ �E§	¦ � � §W£��R¯
¦ £h�|§e����¯���£`��¯N¢4�`�Ö¯N¢z¯N I°�°h­t£h��®���¯G¢rªi�;«>¬>­?£h��®(�R¯

¯N I°:°Y­t�%®���¯��"¦ �h§g���Y I¡~�R¯
ªi�;«>¬	­t�9®���¯��"¦ �h§g���Y I¡~�R¯
¯N I°:°Y­t£h�n®���¯���£`��¯
ªi�;«>¬	­t£h��®���¯���£`��¯

��¯N I°�°h­ ¨ ®|¢rªi�;«>¬>­ ¨ ®��Ö¯
��¯N I°�°h­?©(®|¢rªi�;«>¬>­>©(®��Ö¯

µ º ¼"µ » ��¯���µ º ¼'µ º �Ö¯N¢rµ » ¼'µ º ��¯Nµ º ¼ ± �R¯
µNº(¼"µ�»`�R¯G¢
µ�»J¼"µIö`��¯���µNº�¼'µ�ö`�Ö¯

µ�¼ß¸z�4¹Ò��¯��"¦ ¡:·�¡n°Y­fµN®?§g���n �¡J�R¯G¢�¦ �E§g���Y I¡J�Ö¯
¦ ¡:·�¡n°Y­fµN®?§e£`��¯���µ�¼)µ��R¯

¦ �I¬W�;²N³�´n�%­fµ#¢r£h®?§e����¯���µ�¼)µ��R¯N¢v£`�Ö¯
LEMMA B.6 (Finitenessof FL Closure)

Let ç FL(p) ç denotethenumberof elementsin FL(p). Then

ç FL(p) ç is finite.

PROOF. Sketch. The proof proceedsby inductionon the structuresof actionsandformulas. Notice that rulesfor
atomicformulas,���Y I¡ and ªi�9¬f½�¡ donot produceanything. Rulesfor atomicactionsproduceformulas.Theother
rulesproduceformulasandactionsthatareshorterandshorter.

Having determinedthatFL(p) is finite, weperformafiltration.
For each½J�RÞ þ , define

ª���­ �I®��!¼�ê��ì�Rª��(­ �I®(ç|Ü~þ�¢|½~ç ¼��`ë`��â;þ 	�
 ��

andput ½�� þ 	�
 ��
 × iff ª��(­ �I®��J¼�ª��(­ �I®��
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sothat ½�� þ 	�
 ��
 × iff for all �ì�bª��(­ �I®z¢>Ü~þ�¢v½�ç ¼�� iff Ü~þ!¢ × ç ¼��
Then � þ 	�
 ��
 is anequivalencerelationon Þ þ . Let

çh½`ç ¼�ê × �TÞÝþ�ç;½�� þ 	�
 ��
 × ë
bethe � þ 	�
 ��
 -equivalenceclassof ½ , anddefine

Þ þ 	�
 ��
 ¼èê%çh½`ç Ä;½i�bÞÝþ(ë
to bethesetof all suchequivalenceclasses.

Now, let ��������� ����¼"��� �Tª���­ �I® bethesetof atomicformulasthatbelongto ª���­ ��® , anddefine

à þ 	�
 ��
 Äh��� ����� ��� ¿Mâ ä �!��� ���
by putting çh½~ç �Tà þ 	�
 ��
 ­ ��® iff ½i�Tà þ ­ �I® for any �R�b��������� ���

Finally, let � þ 	�
 ��
 bethesmallestsetof actionsthatincludes:

all atomicactionsoccurringin membersof ª��(­ �I® ,
all tests�~� occurringin membersof ª��(­ �I®

andis closedunder � , � and " , wecandefineaFL(p)-Modelasfollows:

DEFINITION B.7 (FL(p)-Model)
A model Ü þ 	�
 ��
 ¼Å­fÞ þ 	�
 ��
 ¢
à þ 	�
 ��
 ¢v�$#t®
is definedto beaFL(p)-Modelif� for eachatomicaction ���R� þ 	�
 ��
 suchthat � is not ¡�·�¡�°Y­tµ4® , weuseany binaryrelationsuchthat

­vç;½`ç ¢�ç × ç ®��b� # ­t�%® iff for all ��¢ if ¦ �h§%�Ý��ª��(­ �I® andÜ þ ¢v½~ç ¼$¦ �;§%�
then Ü þ ¢ × ç ¼*­&�'¾ Ã ·4­t�%®�¾R¤�­>¯N I°:°Y­t�%®�¾bªi�;«>¬>­?�9®r®
® (B.1)

� for each¡:·�¡n°Y­fµN®��R� þ 	�
 ��
 , weuseany binaryrelationsuchthat

­zçY½�ç ¢�ç × ç ®��b� # ­?¡:·�¡n°Y­fµN®
® iff Ü þ ¢v½�ïç ¼õµ�¼ ±
and

for all ��¢ for all µÖ¼ì¸z�4¹�¢
if µR¼ß¸z�4¹Ò�Rª���­ ��® andÜ þ ¢v½`ç ¼õµR¼ß¸z�4¹ and¦ �E§%�í�bª���­ �I® andÜ þ ¢v½�ç ¼$¦ �E§%�
then Ü þ ¢ × ç ¼*­&�'¾ Ã ·4­t�G®E¾R¤�­?¯G I°�°Y­?�G®�¾bªi�;«>¬	­t�G®
®r®

and
if ¦ ¡:·�¡n°Y­fµN®?§%�Ý�Rª��(­ �I® andÜ þ ¢z½~ç ¼$¦ ¡�·�¡�°h­fµN®?§%�
then Ü þ ¢ × ç ¼*­&�'¾ Ã ·4­t¡�·�¡n°Y­fµN®
®r¾¤�­?¯G I°�°Y­?¡:·�¡n°Y­tµ4®r®I¾bªi�;«>¬>­?¡:·�¡n°Y­fµN®
®r®
®

(B.2)

� for each�~�i�R� þ 	�
 ��
 , �$#r­'�`��®�¼�ê�­vç;½�ç ¢:ç;½~ç ®�çzÜ þ ¢v½~ç ¼��`ë (B.3)

andotherwise� # ­?�G® is giveninductively by thestandardmodelconditionson � .

LEMMA B.8Þ þ 	�
 ��
 is finite andit hasat most â)( þ 	�
 ��
 ( elements.

PROOF. For each ç!½�ç we have the correspondingª��(­ �I® � . As a consequence:Þ þ 	�
 ��
 �÷ª���­ �I® . HenceçnÞ þ 	�
 ��
 ç *æâ)( þ 	�
 ��
 ( .
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DEFINITION B.9 (Filtration)Ü þ 	�
 ��
 is calledFL(p)-Filtr ation of Ü þ if thebinaryrelation ��­t�G® # on Þ þ 	�
 ��
 satisfies:

(F1) if ­?½;¢ × ®(�T��­t�G® then ­zç;½~ç ¢�ç × ç ®��b��­t�G®�#
(F2) if ­vçh½~ç ¢nç × ç ®��b��­?�G®�# , thenfor all �

if ¦ �E§%�Ý�Rª���­ �I® and Ü þ ¢z½`ç ¼�¦ �E§%� , then Ü þ ¢ × ç ¼+�
THEOREM B.10Ü þ 	�
 ��
 is aFL(p)-Filtr ation of Ü þ
PROOF. Weprove thetheoremonly for atomicactions,̈ , and © , sincetheprooffor theotheractionsdoesnotdiffer
from theproof for PDL (seefor example[23]).� AtomicActionswhich arenotof theform ¡�·�¡�°h­fµN® . Proofof thefirst filtration condition(F1). For each� such

that ¦ �;§%�õ��ª��(­ �I® , for each ­?½;¢ × ®!�¶��­?�9® we have that Ü þ ¢v½�ç ¼ã¦ �;§%� implies Ü þ ¢ × ç ¼,� by definitionof
thesemanticsof ¦ �h§%� . Moreover, noticethatwecanderive ¦ �E§f¤�­?¯G I°�°Y­?�G®%¾�ªi��«?¬	­t�G®r® by (NEC)andtheaxiom
(NON-AMB). Hence,we canalsoprove thatfor each ­?½;¢ × ®(�T��­t�%® wehave Ü þ ¢ × ç ¼ Ã ·4­t�9®E¾R¤�­?¯G I°�°Y­?�9®E¾ªi�;«>¬>­?�9®r® by theabove formulaandthetheorem¦ �E§ Ã ·4­?�G® (i.e. (4.13)).As aconsequence,when ­?½;¢ × ®��R��­t�%®
we have that Ü þ ¢v½�ç ¼÷¦ �;§%� implies Ü þ ¢ × ç ¼7­'��¾ Ã ·4­t�%®4¾R¤�­?¯G I°�°Y­?�9®4¾Rªi�;«>¬>­?�9®
®r® . But this is equivalent
to ­vçK½�ç ¢�ç × ç ®]����­t�9® by the condition(B.1) of the definition of FL(p)-model. Hencewe have proved the
condition(F1).
The proof of the secondfiltration condition (F2) easily follows from the condition (B.1) of the definition of
FL(p)-model.� ¡:·�¡n°Y­tµ4® . Proofof thefirst filtration condition(F1). ­?½;¢ × ®��R��­?¡:·�¡n°Y­fµN®
® (i.e. ½`ç ¼7Át¡�·�¡n°Y­fµN®
Â>���Y I¡ ) implies½Tïç ¼*µ�¼ ± thankstheaxiom(EXEC-I). Furthermorefor each� suchthat ¦ �E§%�ð��ª���­ ��® andfor eachµ�¼¸z�4¹Ò�Rª���­ �I® whenwehave Ü þ ¢v½�ç ¼$¦ �E§%� and Ü þ ¢v½�ç ¼îµ�¼ì¸z�4¹ then Ü þ ¢z½`ç ¼�¦ ¡:·�¡n°Y­tµ4®>§>­'��¾ Ã ·4­?�G®�¾¤�­>¯N I°�°h­t�G®N¾�ªi�;«>¬	­t�G®
®r® . This is provableby theaxiom(EXEC-II), the theorems¦ �E§ Ã ·4­?�G® (i.e. (4.13))and¦ �E§f¤�­>¯N I°�°h­t�G®�¾Tªi�;«>¬>­?�G®
® (obtainedby (NEC)and(4.14)).Hencewehave thatfor each­>½h¢ × ®��R��­t¡�·�¡�°Y­tµ4®r®
wehave that Ü þ ¢v½�ç ¼*¦ �E§%� andÜ þ ¢z½`ç ¼õµR¼ß¸z�4¹ imply Ü þ ¢ × ç ¼*­&�Î¾ Ã ·4­t�G®�¾�¤�­>¯N I°�°h­t�G®�¾`ªi�;«>¬>­?�G®
®r® .
Takinginto accountthatwecanalsoprove thatfor each­>½h¢ × ®��R��­t¡�·�¡�°Y­tµ4®r® , Ü þ ¢ × ç ¼$­'�)¾ Ã ·4­?¡:·�¡n°Y­fµN®
®�¾¤�­>¯N I°�°h­t¡�·�¡�°Y­tµ4®r®�¾Òªi�;«>¬>­?¡:·�¡n°Y­fµN®
®r®
® aswell asany otheratomicaction,wecanapplythecondition(B.2) and
obtain ­zç;½~ç ¢�ç × ç ®��R� # ­?¡:·�¡n°Y­fµN®
® whichprovesthecondition(F1).
Thecondition(F2) easilyfollows from (B.2).��¨ and © .ø Let ­?½;¢ × ®�����­ ¨ ® . Thenif �î�Ö½ , so ¦ ¨ §%�í�¶½ by axiom(NULL), hence�ì� × . Thus ½`� × , andtherefore½b¼ × as ½ is maximal. Thuswe have ½b¼ × implying çG½¶ç ¼Òç × ç that implies ­zçG½Îç ¢:ç × ç ®��)� # ­ ¨ ® by

definitionof � # ­ ¨ ® . Hence(F1) holdsfor ¨ .ø Let ­zç(½æç ¢�ç × ç ®R�í� # ­ ¨ ® . Then ç�½'ç ¼Òç × ç . Thus if ¦ ¨ §%�+�Ýª���­ �I® and Ü þ ¢v½æç ¼ ¦ ¨ §%� , we haveÜ þ ¢v½�ç ¼-� , by axiom(NULL). Then Ü þ ¢ × ç ¼-� since çI½�ç ��à þ 	�
 ��
 ­ �I® and �*�æª���­ �I® . Hence(F2)
holdsfor ¨ .

Theproof for © is similar.

LEMMA B.11 (FiltrationLemma)
For any �í��ª��(­ �I® Ü~þJ¢v½~ç ¼�� iff Ü þ 	�
 ��
 ¢YçY½`çgç ¼��
PROOF. TheLemmais proved accordingto the usualproof given for modalanddynamiclogics (seefor example
[23]). With respectto thatproofwe just have to addtheproofsfor thefollowing stepcases.� ¯G I°�°Y­&�~�n® .Ü þ ¢z½~ç ¼�¯N I°�°h­'�~�n® iff Ü þ ¢z½~ç ¼�� by axiom(SF-TEST)

iff Ü þ 	�
 ��
 ¢Yçh½~çgç ¼+� by inductive hypothesis
iff Ü þ 	�
 ��
 ¢Yçh½~çgç ¼õ¯N �°�°Y­'�`��® by axiom(SF-TEST)� ªi��«>¬>­'�`��® . Theproof is similar to theproof for ¯N �°�°Y­'�`��® .� Theproof for ¯G I°�°Y­ ¨ ® , ªi�;«>¬>­ ¨ ® , ¯G I°�°Y­>©(® , and ªi��«?¬	­?©(® aresimilar.

COROLLARY B.12Ü þ 	�
 ��
 is astandardmodel.
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PROOF. Thedefinitionof Ü þ 	�
 ��
 guaranteesall theconditionsof standardmodelsof ����� thefollowing condition
abouttests: �$#
­'�~�n®#¼èê�­t·4¢r·I®�çzÜ þ 	�
 ��
 ¢
·Öç ¼��`ë ò
Nevertheless,theabove conditionholdsfor theFiltration lemmaandthedefinitionof � # ­&�~�n® .
THEOREM B.13 (Completeness)

For every �R�b� , if ç ¼Ý� then üT� .

PROOF. Equivalently, we needto prove that if � is consistent,thenit is satisfiedin a standardmodel. In fact, the
Lindenbaum’s Lemmaguaranteesthat if � is consistentthenit is containedin a maximalset ½ , which is a stateof
theCanonicalModel Ü þ . By theFiltration Lemma,� is satisfiedat state çh½`ç in thestandardmodel Ü þ 	�
 ��
 .
THEOREM B.14 (Decidability)

Validity in ���#� is decidable.

PROOF. It is aconsequenceof theproof of CompletenessTheoremandLemmaB.8.
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