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Abstract. LP⊃,F is a three-valued paraconsistent propositional logic
which is essentially the same as J3. It has most properties that have been
proposed as desirable properties of a reasonable paraconsistent proposi-
tional logic. However, it follows easily from already published results that
there are exactly 8192 different three-valued paraconsistent propositional
logics that have the properties concerned. In this paper, properties con-
cerning the logical equivalence relation of a logic are used to distinguish
LP⊃,F from the others. As one of the bonuses of focussing on the logical
equivalence relation, it is found that only 32 of the 8192 logics have a
logical equivalence relation that satisfies the identity, annihilation, idem-
potent, and commutative laws for conjunction and disjunction. For most
properties of LP⊃,F that have been proposed as desirable properties of
a reasonable paraconsistent propositional logic, its paracomplete ana-
logue has a comparable property. In this paper, properties concerning
the logical equivalence relation of a logic are also used to distinguish the
paracomplete analogue of LP⊃,F from the other three-valued paracom-
plete propositional logics with those comparable properties.
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1 Introduction

A set of propositions is contradictory if there exists a proposition such that both
that proposition and the negation of that proposition are logical consequences of
it. In classical propositional logic, every proposition is a logical consequence of
every contradictory set of propositions. In a paraconsistent propositional logic,
this is not the case.

LP⊃,F is the three-valued paraconsistent propositional logic LP [23] enriched
with an implication connective for which the standard deduction theorem holds
and a falsity constant. This logic, which is essentially the same as J3 [17], the
propositional fragment of CLuNs [7] without bi-implication, and LFI1 [13], has
most properties that have been proposed as desirable properties of a reason-
able paraconsistent propositional logic. However, it follows easily from results
presented in [1,2,13] that there are exactly 8192 different three-valued paracon-
sistent propositional logics that have the properties concerned. In this paper,
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properties concerning the logical equivalence relation of a logic are used to dis-
tinguish LP⊃,F from the others.

It turns out that only 32 of those 8192 logics are logics of which the logical
equivalence relation satisfies the identity, annihilation, idempotent, and commu-
tative laws for conjunction and disjunction; and only 16 of them are logics of
which the logical equivalence relation additionally satisfies the double negation
law. LP⊃,F is one of those 16 logics. Two additional classical laws of logical
equivalence turn out to be sufficient to distinguish LP⊃,F completely from the
others.

The desirable properties of a reasonable paraconsistent propositional logic
referred to above concern the logical consequence relation of a logic. It does
not follow from those properties that the identity, annihilation, idempotent, and
commutative laws for conjunction and disjunction are satisfied by the logical
equivalence relation of the logic. Therefore, if closeness to classical propositional
logic is considered important, it should be a desirable property of a reasonable
paraconsistent propositional logic to have a logical equivalence relation that sat-
isfies these classical laws of logical equivalence. This would reduce the potentially
interesting three-valued paraconsistent propositional logics from 8192 to 32.

The dual notion of paraconsistency is paracompleteness. A paracomplete
propositional logic is a propositional logic in which not every disjunction of a
proposition and the negation of that proposition is a logical consequence of every
set of propositions. I have coined the name K3⊃,F for the paracomplete analogue
of LP⊃,F. This logic is considered to be the dual of LP⊃,F. For most properties of
LP⊃,F that have been proposed as desirable properties of a reasonable paracon-
sistent propositional logic, K3⊃,F has a comparable property. Those comparable
properties are properties that any reasonable paracomplete propositional logic
should have. In this paper, properties concerning the logical equivalence relation
of a logic are also used to distinguish K3⊃,F from other three-valued paracom-
plete propositional logics with those comparable properties.

K3⊃,F is essentially the same as the propositional fragment of LPF [6,15]
without the constant that represents the truth value that is interpreted as neither
true nor false. That is, LPF has a definedness connective, ∆, instead of the
implication connective of K3⊃,F, but these connectives can be defined in terms
of each other (see e.g. Section 3.1.2 of [4]). LPF is well-known in the area of
formal methods for software development. It is basic to formal specification and
verified design in the software development method VDM [19].

In [10], a process algebra is presented that allows for dealing with contradic-
tory states. In order to allow for this, the process algebra concerned is built on
LP⊃,F. During the search for a paraconsistent propositional logic on which such
a process algebra can be built, satisfaction of certain classical laws of logical
equivalence turned out to be essential. LP⊃,F is one of only four three-valued
paraconsistent propositional logics with all of the desirable properties referred
to above of which the logical equivalence relation satisfies the classical laws
concerned. This finding triggered the more elaborate work on the logical equiv-

2



alence relations of three-valued paraconsistent propositional logics presented in
the current paper.

The structure of this paper is as follows. First, a survey of the paraconsistent
propositional logic LP⊃,F is given (Section 2). Next, the known properties of
LP⊃,F that have been proposed as desirable properties of a reasonable paracon-
sistent propositional logic are discussed (Section 3). Then, properties concerning
the logical equivalence relation of a logic are used to distinguish LP⊃,F from the
other three-valued paraconsistent propositional logics with the properties dis-
cussed earlier (Section 4). After that, the logical equivalence relation of LP⊃,F is
examined further and its key role in the algebraization of LP⊃,F is shown (Sec-
tion 5). Thereafter, K3⊃,F is introduced (Section 6) and properties of K3⊃,F are
presented that are comparable to properties of LP⊃,F that have been presented
in the preceding sections (Section 7). Finally, some concluding remarks are made
(Section 8).

It is relevant to realize that the work presented in this paper is restricted to
three-valued paraconsistent propositional logics that are truth-functional three-
valued logics.

There is some overlap between this paper and [10]. This paper primarily
generalizes and elaborates Section 2 of that paper in such a way that it may be
of independent importance to the area of paraconsistent logics.

2 The Paraconsistent Logic LP⊃,F

A set of propositions Γ is contradictory if there exists a proposition A such
that both A and ¬A is a logical consequence of Γ . In classical propositional
logic, every proposition is a logical consequence of a contradictory set of propo-
sitions. Informally, a paraconsistent propositional logic is a propositional logic
in which not every proposition is a logical consequence of every contradictory
set of propositions.

More precisely, a propositional logic L is a paraconsistent propositional logic
if (a) its logical consequence relation �L satisfies the condition that there exist
formulas A and B of L such that A,¬A 6�L B and (b) its negation connective ¬
satisfies the condition that, for each propositional variable p, both p 6�L ¬p and
¬p 6�L p.

In [23], Priest proposed the paraconsistent propositional logic LP (Logic of
Paradox). The logic introduced in this section is LP enriched with a falsity con-
stant and an implication connective for which the standard deduction theorem
holds. This logic, called LP⊃,F, is in fact the propositional fragment of CLuNs [7]
without bi-implications.

LP⊃,F has the following logical constants and connectives: a falsity constant
F, a unary negation connective ¬, a binary conjunction connective ∧, a binary
disjunction connective ∨, and a binary implication connective ⊃. Truth and bi-
implication are defined as abbreviations: T stands for ¬F and A≡B stands for
(A⊃B) ∧ (B ⊃A).

A Hilbert-style deductive system for LP⊃,F is given in Table 1. In this table,
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Table 1. Hilbert-style deductive system for LP⊃,F

Axiom Schemas :

A⊃ (B ⊃ A)

(A⊃ (B ⊃ C))⊃ ((A⊃B)⊃ (A⊃ C))

((A⊃B)⊃ A)⊃A

F⊃ A

(A ∧B)⊃ A

(A ∧B)⊃B

A⊃ (B ⊃ (A ∧B))

A⊃ (A ∨ B)

B ⊃ (A ∨ B)

(A⊃ C)⊃ ((B ⊃ C)⊃ ((A ∨B)⊃ C))

¬(A⊃B)≡ A ∧ ¬B

¬(A ∧B)≡ ¬A ∨ ¬B

¬(A ∨B)≡ ¬A ∧ ¬B

¬¬A≡ A

A ∨ ¬A

Rule of Inference :

A A⊃B

B

A, B, and C are used as meta-variables ranging over the set of all formulas of
LP⊃,F. This deductive system is obtained by adding the axiom schema F⊃A to
the Hilbert-style deductive system of Pac given in [4] on page 288. The axiom
schemas on the left-hand side of the table, except for F ⊃ A, together with the
single inference rule (modus ponens) constitute a Hilbert-style deductive system
for the positive fragment of classical propositional logic. On the right-hand side
of the table, the first three axiom schemas allow for the negation connective
to be moved inwards, the fourth axiom schema is the double negation axiom
schema, and the fifth axiom schema is the law of the excluded middle. The last-
mentioned axiom can be thought of as saying that, for every proposition, the
proposition or its negation is true, while leaving open the possibility that both
are true. Replacement of this axiom schema by (A⊃¬A)⊃¬A, as in CLuNs [7],
yields an equivalent deductive system for LP⊃,F. Addition of the axiom schema
¬A⊃(A⊃B), which says that any proposition follows from a contradiction, yields
a Hilbert-style deductive system for classical propositional logic (see e.g. [4]). The
symbol ⊢ without decoration is used to denote the derivability relation induced
by the axiom schemas and inference rule of the given deductive system for LP⊃,F.

The following outline of the semantics of LP⊃,F is based on [4]. Like in the
case of classical propositional logic, meanings are assigned to the formulas of
LP⊃,F by means of valuations. However, in addition to the two classical truth
values t (true) and f (false), a third meaning ⋆ (both true and false) may be
assigned. A valuation for LP⊃,F is a function ν from the set of all formulas of
LP⊃,F to the set {t, f, ⋆} such that for all formulas A and B of LP⊃,F:

ν(F) = f,

ν(¬A) =







t if ν(A) = f

f if ν(A) = t

⋆ otherwise,
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ν(A ∧B) =







t if ν(A) = t and ν(B) = t

f if ν(A) = f or ν(B) = f

⋆ otherwise,

ν(A ∨B) =







t if ν(A) = t or ν(B) = t

f if ν(A) = f and ν(B) = f

⋆ otherwise,

ν(A⊃B) =

{

ν(B) if ν(A) ∈ {t, ⋆}
t otherwise.

The classical truth-conditions and falsehood-conditions for the logical connec-
tives are retained. Except for implications, a formula is classified as both-true-
and-false exactly when it cannot be classified as true or false by the classical
truth-conditions and falsehood-conditions. Implications deviate in order to sat-
isfy the standard deduction theorem. The definition of a valuation given above
shows that the logical connectives of LP⊃,F are (three-valued) truth-functional,
which means that each n-ary connective represents a function from {t, f, ⋆}n to
{t, f, ⋆}.

For LP⊃,F, the logical consequence relation, denoted by �, is based on the
idea that a valuation ν satisfies a formula A if ν(A) ∈ {t, ⋆}. It is defined as
follows: Γ � A iff for every valuation ν, either ν(A′) = f for some A′ ∈ Γ or
ν(A) ∈ {t, ⋆}. The given Hilbert-style deductive system for LP⊃,F is sound and
strongly complete with respect to the semantics of LP⊃,F, i.e. Γ ⊢ A iff Γ � A.
This follows immediately from Theorems 1, 2, and 3 in [7].

For all formulas A of LP⊃,F in which F does not occur, for all formulas B of
LP⊃,F in which no propositional variable occurs that occurs in A, A,¬A 6� B

if 6� B (cf. Proposition 4.37 in [1]).1 Moreover, the connective ¬ satisfies the
condition that, for each propositional variable p, both p 6� ¬p and ¬p 6� p.
Hence, LP⊃,F is a paraconsistent logic.

The logical equivalence relation ⇔ of LP⊃,F is defined as it is defined for
classical propositional logic: A ⇔ B iff for every valuation ν, ν(A) = ν(B).
Consistency of a formula of LP⊃,F is defined as follows: A is consistent iff for
every valuation ν, ν(A) 6= ⋆.

Unlike in classical propositional logic, it is not the case that A ⇔ B iff
� A ≡ B. Take, for example, p ∨ ¬p for A and q ∨ ¬q for B, where p and q are
different propositional variables. Clearly, � p ∨ ¬p ≡ q ∨ ¬q. Now, let ν be a
valuation such that ν(p) = t and ν(q) = ⋆. Then ν(p∨¬p) = t and ν(q∨¬q) = ⋆

and consequently it is not the case that p ∨ ¬p ⇔ q ∨ ¬q. However, it is easy to
check that A ⇔ B only if � A≡B.

3 Known Properties of LP⊃,F

In this section, the known properties of LP⊃,F that have been proposed as desir-
able properties of a reasonable paraconsistent propositional logic are presented.

1 On the left-hand side of �, we write A for {A} and Γ,∆ for Γ ∪ ∆. Moreover, we
leave out the left-hand side if it is ∅. We also write Γ 6� A for not Γ � A.
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Each of the properties in question has to do with logical consequence relations.
The name CL is used to denote a version of classical propositional logic that has
the same logical constants and connectives as LP⊃,F. The symbol �CL is used to
denote the logical consequence relation of CL.

The known properties of LP⊃,F that have been proposed as desirable prop-
erties of a reasonable paraconsistent propositional logic are:

(a) containment in classical logic: � ⊆ �CL;
(b) proper basic connectives : for all sets Γ of formulas of LP⊃,F and all formulas

A, B, and C of LP⊃,F:
(b1) Γ,A � B iff Γ � A⊃B,
(b2) Γ � A ∧B iff Γ � A and Γ � B,
(b3) Γ,A ∨B � C iff Γ,A � C and Γ,B � C;

(c) weak maximal paraconsistency relative to classical logic: for all formulas A
of LP⊃,F with 6� A and �CL A, for the minimal consequence relation �

′

such that � ⊆ �
′ and �

′ A, for all formulas B of LP⊃,F, �′ B iff �CL B;
(d) strongly maximal absolute paraconsistency: for all propositional logics L

with the same logical constants and connectives as LP⊃,F and a conse-
quence relation �

′ such that � ⊂ �
′, L is not paraconsistent;

(e) internalized notion of consistency: A is consistent iff � (A⊃F)∨ (¬A⊃F);
(f) internalized notion of logical equivalence: A ⇔ B iff � (A≡B)∧(¬A≡¬B).

Properties (a)–(f) have been mentioned relatively often in the literature (see
e.g. [1,2,3,5,7,13]). Properties (a), (b1), (c), and (d) make LP⊃,F an ideal para-
consistent logic in the sense made precise in [2]. By property (e), LP⊃,F is also
a logic of formal inconsistency according to Definition 23 in [13].2

Properties (a)–(c) indicate that LP⊃,F retains much of classical propositional
logic. In [10], properties (e) and (f) are considered desirable and essential, re-
spectively, for a paraconsistent propositional logic on which a process algebra
that allows for dealing with contradictory states is built.

From Theorem 4.42 in [1], it is known that there are exactly 8192 differ-
ent three-valued paraconsistent propositional logics with properties (a) and (b).
From Theorem 2 in [2], it is known that properties (c) and (d) are common prop-
erties of all three-valued paraconsistent propositional logics with properties (a)
and (b1). From Fact 103 in [13], it is known that property (f) is a common prop-
erty of all three-valued paraconsistent propositional logics with properties (a),
(b) and (e). Moreover, it is easy to see that property (e) is a common property of
all three-valued paraconsistent propositional logics with properties (a) and (b).
Hence, each three-valued paraconsistent propositional logic with properties (a)
and (b) has properties (c)–(f) as well.

From Corollary 4.74 in [1], it is known that LP⊃,F is the strongest three-
valued paraconsistent propositional logic with property (a) in the sense that
each three-valued paraconsistent propositional logic with property (a) can be
embedded in LP⊃,F.

2 The set of formulas ©(p) witnessing this is {(p⊃ F) ∨ (¬p⊃ F)}.
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Table 2. Distinguishing laws of logical equivalence for LP⊃,F

(1) A ∧ F ⇔ F

(3) A ∧ T ⇔ A

(5) A ∧ A ⇔ A

(7) A ∧ B ⇔ B ∧A

(9) ¬¬A ⇔ A

(2) A ∨ T ⇔ T

(4) A ∨ F ⇔ A

(6) A ∨ A ⇔ A

(8) A ∨ B ⇔ B ∨A

(10) F⊃ A ⇔ T

(11) (A ∨ ¬A)⊃B ⇔ B

4 Characterizing LP⊃,F by Laws of Logical Equivalence

There are exactly 8192 different three-valued paraconsistent propositional logics
with properties (a) and (b). This means that these properties, which concern the
logical consequence relation of a logic, have little discriminating power. Prop-
erties (c)–(f), which also concern the logical consequence relation of a logic, do
not offer additional discrimination because each of the 8192 three-valued para-
consistent propositional logics with properties (a) and (b) has these properties
as well.

In this section, properties concerning the logical equivalence relation of a
logic are used for additional discrimination. It turns out that 11 classical laws
of logical equivalence, of which at least 9 are considered to belong to the most
basic ones, are sufficient to distinguish LP⊃,F completely from the other 8191
three-valued paraconsistent propositional logics with properties (a) and (b).

The logical equivalence relation of LP⊃,F satisfies all laws given in Table 2.

Theorem 1. The logical equivalence relation of LP⊃,F satisfies laws (1)–(11)
from Table 2.

Proof. The proof is easy by constructing, for each of the laws concerned, truth
tables for both sides. ⊓⊔

Moreover, among the 8192 three-valued paraconsistent propositional logics with
properties (a) and (b), LP⊃,F is the only one whose logical equivalence relation
satisfies all laws given in Table 2.

Theorem 2. There is exactly one three-valued paraconsistent propositional logic
with properties (a) and (b) of which the logical equivalence relation satisfies laws
(1)–(11) from Table 2.

Proof. From Theorem 4.42 in [1], it is known that the 8192 three-valued paracon-
sistent propositional logics with properties (a) and (b) are induced by a matrix
of which the set of truth values is {t, f, ⋆}, the set of designated values is {t, ⋆},
and the functions ∧̃, ∨̃, ⊃̃, and ¬̃ on the set of truth values that correspond to
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the connectives ∧, ∨, ⊃, and ¬, respectively, are such that, for each b ∈ {t, f, ⋆}:

∧̃(t, t) = t ,

∧̃(f, b) = f ,

∧̃(b, f) = f ,

∧̃(⋆, t) ∈ {t, ⋆} ,

∧̃(t, ⋆) ∈ {t, ⋆} ,

∧̃(⋆, ⋆) ∈ {t, ⋆} ,

∨̃(t, t) = t ,

∨̃(f, t) = t ,

∨̃(t, f) = t ,

∨̃(f, f) = f ,

∨̃(⋆, b) ∈ {t, ⋆} ,

∨̃(b, ⋆) ∈ {t, ⋆} ,

⊃̃(t, t) = t ,

⊃̃(f, t) = t ,

⊃̃(t, f) = f ,

⊃̃(f, f) = t ,

⊃̃(⋆, f) = f ,

⊃̃(⋆, t) ∈ {t, ⋆} ,

⊃̃(b, ⋆) ∈ {t, ⋆} ,

¬̃(t) = f ,

¬̃(f) = t ,

¬̃(⋆) ∈ {t, ⋆} .

So, there are 8 alternatives for ∧̃, 32 alternatives for ∨̃, 16 alternatives for ⊃̃,
and 2 alternatives for ¬̃. Below, it will be shown that, for each of these functions,
laws from Table 2 exclude all but one alternative.

Law (3) excludes ∧̃(⋆, t) = t, law (5) excludes ∧̃(⋆, ⋆) = t, and law (7) excludes
∧̃(t, ⋆) = t. Hence, there is only one of the 8 alternatives for ∧̃ left. Law (2)
excludes ∨̃(⋆, t) = ⋆, law (4) excludes ∨̃(⋆, f) = t, law (6) excludes ∨̃(⋆, ⋆) = t,
and law (8) excludes ∨̃(t, ⋆) = ⋆ and ∨̃(f, ⋆) = t. Hence, there is only one of the
32 alternatives for ∨̃ left. Law (9) excludes ¬̃(⋆) = t. Hence, there is only one of
the 2 alternatives for ¬̃ left. Law (10) excludes ⊃̃(f, ⋆) = ⋆ and law (11) excludes
⊃̃(⋆, t) = ⋆, ⊃̃(t, ⋆) = t, and ⊃̃(⋆, ⋆) = t (in the case of the alternatives left for ∨̃
and ¬̃). Hence, there is only one of the 16 alternatives for ⊃̃ left. ⊓⊔

The following is a clarifying reformulation of the conditions on the functions
∧̃, ∨̃, ⊃̃, and ¬̃ of the matrices from the proof of Theorem 2:

– for each ⋄̃ ∈ {∧̃, ∨̃, ⊃̃, ¬̃}, the restriction of ⋄̃ to {t, f} is ⋄̃ from the matrix
for classical propositional logic;

– for each ⋄̃ ∈ {∧̃, ∨̃, ⊃̃}, for each b ∈ {t, f}:

⋄̃(b, ⋆) 6= f iff ⋄̃(b, t) = t,

⋄̃(⋆, b) 6= f iff ⋄̃(t, b) = t,

⋄̃(⋆, ⋆) 6= f iff ⋄̃(t, t) = t;

– ¬̃(⋆) 6= f.

This reformulation shows clearly that ⋆ is just an alternative for t in the cases
of ∧̃, ∨̃, and ⊃̃, but not in the case of ¬̃.

It follows immediately from the proof of Theorem 2 that all proper subsets of
laws (2)–(11) from Table 2 are insufficient to distinguish LP⊃,F completely from
the other three-valued paraconsistent propositional logics with properties (a)
and (b). Notice that the logical equivalence relation of every three-valued para-
consistent propositional logics with properties (a) and (b) satisfies law (1) from
Table 2. The next two corollaries also follow immediately from the proof of
Theorem 2.
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Table 3. Additional laws of logical equivalence for LP⊃,F

(12) A ∧ (A ∨B) ⇔ A

(14) (A ∧B) ∧ C ⇔ A ∧ (B ∧ C)

(16) A ∧ (B ∨ C) ⇔ (A ∧B) ∨ (A ∧ C)

(18) ¬(A ∧ B) ⇔ ¬A ∨ ¬B

(20) (A ∧ ¬A) ∧ (B ∨ ¬B) ⇔ (A ∧ ¬A)

(22) (A⊃B) ∧ (A⊃C) ⇔ A⊃ (B ∧ C)

(24) A⊃ (B ⊃ C) ⇔ (A ∧B)⊃C

(13) A ∨ (A ∧B) ⇔ A

(15) (A ∨B) ∨ C ⇔ A ∨ (B ∨ C)

(17) A ∨ (B ∧ C) ⇔ (A ∨ B) ∧ (A ∨ C)

(19) ¬(A ∨B) ⇔ ¬A ∧ ¬B

(21) (A ∧ ¬A) ∨ (B ∨ ¬B) ⇔ (B ∨ ¬B)

(23) (A⊃ C) ∧ (B ⊃ C) ⇔ (A ∨B)⊃C

Corollary 1. There are exactly 16 three-valued paraconsistent propositional log-
ics with properties (a) and (b) of which the logical equivalence relation satisfies
laws (1)–(9) from Table 2.

Corollary 2. There are exactly 32 three-valued paraconsistent propositional log-
ics with properties (a) and (b) of which the logical equivalence relation satisfies
laws (1)–(8) from Table 2.

From a paraconsistent propositional logic with properties (a) and (b), it is
only to be expected, because of paraconsistency and property (b1), that its
negation connective and its implication connective deviate clearly from their
counterpart in classical propositional logic. Corollary 2 shows that, among the
8192 three-valued paraconsistent propositional logics with properties (a) and (b),
there are 8160 logics whose logical equivalence relation does not satisfy the iden-
tity, annihilation, idempotent, and commutative laws for conjunction and dis-
junction (laws (1)–(8) from Table 2).

5 More on the Logical Equivalence Relation of LP⊃,F

It turns out that the logical equivalence relation of LP⊃,F does not only satisfy
the identity, annihilation, idempotent, and commutative laws for conjunction
and disjunction but also other basic classical laws for conjunction and disjunc-
tion, including the absorption, associative, distributive, and de Morgan’s laws.
Actually, the logical equivalence relation of LP⊃,F also satisfies all laws given in
Table 3.

Theorem 3. The logical equivalence relation of LP⊃,F satisfies laws (12)–(24)
from Table 3.

Proof. The proof is straightforward by constructing, for each of the laws con-
cerned, truth tables for both sides. ⊓⊔

Laws (1)–(9) and (12)–(21) axiomatize bounded normal i-lattices [20].3

Laws (10)–(11) and (22)–(24) are laws concerning the implication connective.

3 Bounded normal i-lattices are also (confusingly) called Kleene algebras (see e.g. [12]).
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Laws (10)–(11) and (22)–(24), like laws (1)–(9) and (12)–(21), are also satisfied
by the logical equivalence relation of classical propositional logic. For all for-
mulas A′ and A′′ of classical propositional logic, the logical equivalence relation
of classical propositional logic satisfies A′ ⇔ A′′ iff A′ ⇔ A′′ follows from laws
(1)–(9) and (12)–(21) and the laws

(25) A ∧ ¬A ⇔ F (26) A ∨ ¬A ⇔ T (27) A⊃B ⇔ ¬A ∨B .4

However, laws (25)–(27) are not satisfied by the logical equivalence relation of
LP⊃,F.

The fact that A ⇔ B iff � (A ≡ B) ∧ (¬A ≡ ¬B) suggests that LP⊃,F is
Blok-Pigozzi algebraizable [11].

Theorem 4. LP⊃,F is finitely Blok-Pigozzi algebraizable with the equivalence
formulas {p⊃q, q⊃p,¬p⊃¬q,¬q⊃¬p} and the single defining equation p = p∨¬p
(p and q are propositional variables).

Proof. Because A ⇔ B iff � (A≡B) ∧ (¬A≡¬B), A≡B stands for (A⊃B) ∧
(B ⊃ A), and � A ∧ B iff � A and � B, it is the case that A ⇔ B iff � A ⊃ B

and � B ⊃ A and � ¬A ⊃ ¬B and � ¬B ⊃ ¬A. Moreover, writing A ↔ B for
(A ≡ B) ∧ (¬A ≡ ¬B), it is easily found that (i) � A↔ A, (ii) A,A ↔ B � B,
(iii) A↔B � ¬A↔¬B, (iv) A↔B,A′↔B′

� A⋄A′↔B⋄B′ for ⋄ ∈ {∧,∨,⊃}, and
(v) A � A↔A∨¬A and A↔A∨¬A � A. Therefore, by Corollary 3.6 from [18]
and the fact that LP⊃,F is a finitary logic, LP⊃,F is Blok-Pigozzi algebraizable5

with the equivalence formulas {p ⊃ q, q ⊃ p,¬p ⊃ ¬q,¬q ⊃ ¬p} and the single
defining equation p = p ∨ ¬p. ⊓⊔

The algebraization concerned is the quasi-variety generated by the expansion of
the 3-element bounded normal i-lattice obtained by adding the unique binary
operation ⊃ that satisfies F⊃ p = T and (p ∨ ¬p)⊃ q = q.

6 The Paracomplete Analogue of LP⊃,F

In this section, the paracomplete analogue of LP⊃,F is introduced. In Section 7,
properties of this logic are presented that are comparable to properties of LP⊃,F

that have been presented in the preceding sections.
Replacing the axiom schema A∨¬A by the axiom schema ¬A⊃(A⊃B) in the

given Hilbert-style deductive system for LP⊃,F yields a Hilbert-style deductive
system for Kleene’s strong three-valued logic introduced in Section 64 of [21]
with its implication connective replaced by an implication connective for which
the standard deduction theorem holds and enriched with a falsity constant. The
name K3⊃,F is used to denote this logic. It is perhaps clarifying that the ax-
iom schemas involved in the above-mentioned replacement can be paraphrased

4 This fact is easy to see because, without law (27), these laws axiomatize Boolean
algebras and, in classical propositional logic, law (27) defines ⊃ in terms of ∨ and ¬.

5 In [18], Blok-Pigozzi algebraizable is called finitely algebraizable.
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as “A or ¬A follows from anything” and “anything follows from A and ¬A”,
respectively. Virtually all differences between LP⊃,F and K3⊃,F can be traced to
the fact that the third truth value ⋆ is interpreted as both true and false in the
former logic and as neither true nor false in the latter logic.

Like in the case of LP⊃,F, meanings are assigned to the formulas of K3⊃,F

by means of valuations that are functions from the set of all formulas of K3⊃,F

to the set {t, f, ⋆}. The conditions that a valuation for K3⊃,F must satisfy differ
from the conditions that a valuation for LP⊃,F must satisfy only with respect to
implication:

ν(A⊃B) =

{

ν(B) if ν(A) = t

t otherwise.

The conditions that a valuation for K3⊃,F must satisfy uniquely characterize
the set of valuations induced by the truth value that naturally corresponds to the
falsity constant and the functions on the set of truth values that correspond to
the different connectives according to Section 3.1 of [4]. The functions concerned,
except the function that corresponds to the implication connective, are the same
as the ones that are represented by the truth tables presented in Section 64
of [21].

The symbol ⊢⋆ is used to denote the derivability relation induced by the
axiom schemas and inference rule of the deductive system for K3⊃,F referred to
above. The logical consequence relation of K3⊃,F, denoted by �

⋆, is based on
the idea that a valuation ν satisfies a formula A if ν(A) = t. It is defined as
follows: Γ �

⋆ A iff for every valuation ν, either ν(A′) ∈ {f, ⋆} for some A′ ∈ Γ

or ν(A) = t. The Hilbert-style deductive system for K3⊃,F referred to above is
sound and strongly complete with respect to the semantics of K3⊃,F, i.e. Γ ⊢⋆ A

iff Γ �
⋆ A. This is proved for the fragment of K3⊃,F without the falsity constant

in Section 4 of [4]. The proof concerned easily generalizes to full K3⊃,F.
It follows immediately from the definition of �⋆ that, for all formulas A and

B of K3⊃,F, A,¬A �
⋆ B. Hence, K3⊃,F is not a paraconsistent propositional

logic. K3⊃,F is a paracomplete propositional logic instead.
A propositional logic L is a paracomplete propositional logic if (a) its logical

consequence relation �L satisfies the condition that there exists a formula A of
L such that 6�L A∨¬A and (b) its negation connective ¬ satisfies the condition
that, for each propositional variable p, both p 6�L ¬p and ¬p 6�L p.

The logical equivalence relation ⇔ of K3⊃,F is defined as it is defined for
LP⊃,F and classical propositional logic: A ⇔ B iff for every valuation ν, ν(A) =
ν(B). Definedness of a formula of K3⊃,F is defined as consistency of a formula
of LP⊃,F is defined: A is defined iff for every valuation ν, ν(A) 6= ⋆.

K3⊃,F is essentially the same as the propositional fragment of LPF (Logic of
Partial Functions) [6,15] without the constant representing ⋆ (cf. Section 3.1.2
of [4]).

It is a notable fact that K3⊃,F and LP⊃,F are dual in the way that classi-
cal logical consequences are reflected in these logics. Below, this is made more
precise.
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We write V (A), where A is a formula of CL, for the set of all propositional
variables occurring in A.

Let p1, . . . , pn, where n ≥ 1, be propositional variables, and let A be a formula
of CL such that V (A) = {p1, . . . , pn}. Then the inconsistency formula for A,
written ι(A), is defined by ι(A) = (p1∧¬p1)∨. . .∨(pn∧¬pn) and the definedness
formula for A, written δ(A), is defined by δ(A) = (p1 ∨ ¬p1) ∧ . . . ∧ (pn ∨ ¬pn).
The convention is used that ι(A) = F and δ(A) = T if V (A) = ∅. Clearly,
� ι(A) ≡ ¬δ(A) and �

⋆ δ(A)≡ ¬ι(A).

Theorem 5. For all formulas A and B of CL:6

A �CL B iff A � B ∨ ι(A)

and

A �CL B iff A ∧ δ(B) �⋆ B .

Proof. Theorems 3.10 and 4.2 in [9] constitute a similar result for the first-
order extensions of the {¬,∧,∨}-fragments of LP⊃,F and K3⊃,F in a setting with
multiple-conclusion logical consequence relations. The proofs of these theorems
do not depend on the absence of ⊃ and F and can be adapted with minor changes
to the propositional case and single-conclusion logical consequence relations. ⊓⊔

Theorem 5 can be generalized to the case with multiple premises. However, in
that case, the symmetry that shows up in the theorem gets lost in the single-
conclusion versions of LP⊃,F and K3⊃,F presented in this paper.

7 Properties of K3⊃,F Comparable to Properties of LP⊃,F

In this section, properties of K3⊃,F are presented that are comparable to prop-
erties of LP⊃,F that have been proposed as desirable properties of a reasonable
paraconsistent propositional logic and a property of K3⊃,F is proved that is com-
parable to the property of LP⊃,F concerning the logical equivalence relation that
distinguishes LP⊃,F from other reasonable three-valued paraconsistent proposi-
tional logics.

The following properties of K3⊃,F are similar to properties of LP⊃,F men-
tioned in Section 3:

(a′) containment in classical logic: �⋆ ⊆ �CL;
(b′) proper basic connectives : for all sets Γ of formulas of K3⊃,F and all formulas

A, B, and C of K3⊃,F:
(b′1) Γ,A �

⋆ B iff Γ �
⋆ A⊃B,

(b′2) Γ �
⋆ A ∧B iff Γ �

⋆ A and Γ �
⋆ B,

(b′3) Γ,A ∨B �
⋆ C iff Γ,A �

⋆ C and Γ,B �
⋆ C;

(c′) weakly maximal paracompleteness relative to classical logic: for all formulas
A of K3⊃,F with 6�⋆

A and �CL A, for the minimal consequence relation �
′

such that �⋆ ⊆ �
′ and �

′ A, for all formulas B of K3⊃,F, �′ B iff �CL B;

6 Clearly, the formulas of CL, LP⊃,F and K3⊃,F are the same.
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(e′) internalized notion of definedness : A is defined iff �
⋆ ¬(A⊃F)∨¬(¬A⊃F);

(f′) internalized notion of logical equivalence: A ⇔ B iff �
⋆ (A≡B)∧(¬A≡¬B).

It is easy to see that K3⊃,F has properties (a′), (b′), (e′), and (f′). Property (c′)
is stated in Section 5 of [8] (where K3⊃,F is called CLaNs). It remains an open
question whether K3⊃,F has the following property:

(d′) strongly maximal absolute paracompleteness : for all propositional logics L
with the same logical constants and connectives as K3⊃,F and a conse-
quence relation �

′ such that �⋆ ⊂ �
′, L is not paracomplete.

By property (e′), K3⊃,F is a logic of formal undeterminedness in the sense
made precise in [14].

The following theorem concerns the number of three-valued paracomplete
propositional logics with properties (a′) and (b′).

Theorem 6. There are exactly 1024 three-valued paracomplete propositional
logics with properties (a′) and (b′).7

Proof. Consider the set of 1024 three-valued paracomplete propositional logics
that are induced by a matrix of which the set of truth values is {t, f, ⋆}, the set
of designated values is {t}, and the functions ∧̃, ∨̃, ⊃̃, and ¬̃ on the set of truth
values that correspond to the connectives ∧, ∨, ⊃, and ¬, respectively, are such
that, for each b ∈ {t, f, ⋆}:

∧̃(t, t) = t ,

∧̃(f, t) = f ,

∧̃(t, f) = f ,

∧̃(f, f) = f ,

∧̃(⋆, b) ∈ {f, ⋆} ,

∧̃(b, ⋆) ∈ {f, ⋆} ,

∨̃(t, b) = t ,

∨̃(b, t) = t ,

∨̃(f, f) = f ,

∨̃(⋆, f) ∈ {f, ⋆} ,

∨̃(f, ⋆) ∈ {f, ⋆} ,

∨̃(⋆, ⋆) ∈ {f, ⋆} ,

⊃̃(t, t) = t ,

⊃̃(t, f) = f ,

⊃̃(f, b) = t ,

⊃̃(⋆, b) = t ,

⊃̃(t, ⋆) ∈ {f, ⋆} ,

¬̃(t) = f ,

¬̃(f) = t ,

¬̃(⋆) ∈ {f, ⋆} .

For an induced logic, ν(A ⋄ B) = ⋄̃(ν(A), ν(B)) for each ⋄ ∈ {∧,∨,⊃} and
ν(¬A) = ¬̃(ν(A)). From this it follows easily that the above conditions on the
functions ∧̃, ∨̃, ⊃̃, and ¬̃ are equivalent to the condition that, for each valuation ν:

ν(A ∧B) = t iff ν(A) = t and ν(B) = t,

ν(A ∨B) = t iff ν(A) = t or ν(B) = t,

ν(A⊃B) = t iff ν(A) 6= t or ν(B) = t,

ν(¬A) = t iff ν(A) 6= t and ν(A) 6= ⋆.

For an induced logic, Γ �
⋆ A iff for every valuation ν, either ν(A′) 6= t for

some A′ ∈ Γ or ν(A) = t. From this it follows easily that the above condition

7 It seems that [22] refers to an unpublished document about these 1024 paracomplete
propositional logics.
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on valuations implies properties (a′) and (b′). Moreover, it follows immediately
from the above-mentioned properties of an induced logic, that ¬̃(⋆) ∈ {f, ⋆} iff
the induced logic is paracomplete.

In other words, by the above conditions on the functions ∧̃, ∨̃, ⊃̃, and ¬̃, the
1024 induced logics are three-valued paracomplete logics that have properties (a′)
and (b′). It is still to be shown that there are no other three-valued paracomplete
logics that has properties (a′) and (b′).

The only weakening of the above condition on valuations that still guarantees
property (a′) is the one that is obtained by replacing

ν(¬A) = t iff ν(A) 6= t and ν(A) 6= ⋆ by ν(¬A) = t iff ν(A) 6= t.

This weakening is equivalent to the weakening of the above conditions on the
functions ∧̃, ∨̃, ⊃̃, and ¬̃ that is obtained by replacing

¬̃(⋆) ∈ {f, ⋆} by ¬̃(⋆) ∈ {t, f, ⋆}.

However, if ¬̃(⋆) = t, then the induced logic is not paracomplete. ⊓⊔

The following is a clarifying reformulation of the conditions on the functions
∧̃, ∨̃, ⊃̃, and ¬̃ of the matrices from the proof of Theorem 6:

– for each ⋄̃ ∈ {∧̃, ∨̃, ⊃̃, ¬̃}, the restriction of ⋄̃ to {t, f} is ⋄̃ from the matrix
for classical propositional logic;

– for each ⋄̃ ∈ {∧̃, ∨̃, ⊃̃}, for each b ∈ {t, f}:

⋄̃(b, ⋆) 6= t iff ⋄̃(b, f) = f,

⋄̃(⋆, b) 6= t iff ⋄̃(f, b) = f,

⋄̃(⋆, ⋆) 6= t iff ⋄̃(f, f) = f;

– ¬̃(⋆) 6= t.

This reformulation shows clearly that ⋆ is just an alternative for f in the cases
of ∧̃, ∨̃, and ⊃̃, but not in the case of ¬̃.

The next theorem concerns the logical equivalence relation of K3⊃,F.

Theorem 7. The logical equivalence relation of K3⊃,F satisfies laws (1)–(9)
from Table 2 and the laws (10 ′) T⊃A ⇔ A and (11 ′) (A ∧ ¬A) ⊃B ⇔ T.

Proof. The proof is easy by constructing, for each of the laws concerned, truth
tables for both sides. For laws (1)–(9), this proof coincides with the proof of
Theorem 1. ⊓⊔

The 11 laws of logical equivalence from Theorem 7 are sufficient to distinguish
K3⊃,F completely from the other 1023 three-valued paracomplete propositional
logics with properties (a′) and (b′).

Theorem 8. There is exactly one three-valued paracomplete propositional logic
with properties (a′) and (b′) of which the logical equivalence relation satisfies laws
(1)–(9) from Table 2 and the laws (10 ′) T⊃A ⇔ A and (11 ′) (A∧¬A)⊃B ⇔ T.
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Proof. The proof is similar to the proof of Theorem 2. The matrices involved are
now the 1024 matrices from the proof of Theorem 6. In this case, there are 32
alternatives for ∧̃, 8 alternatives for ∨̃, 2 alternatives for ⊃̃, and 2 alternatives
for ¬̃. Below, it will be shown that, for each of these functions, laws from the
ones mentioned in the theorem exclude all but one alternative.

Law (1) excludes ∧̃(⋆, f) = ⋆, law (3) excludes ∧̃(⋆, t) = f, law (5) excludes
∧̃(⋆, ⋆) = f, and law (7) excludes ∧̃(f, ⋆) = ⋆ and ∧̃(t, ⋆) = f. Hence, there is
only one of the 32 alternatives for ∧̃ left. Law (4) excludes ∨̃(⋆, f) = f, law (6)
excludes ∨̃(⋆, ⋆) = f, and law (8) excludes ∨̃(f, ⋆) = f. Hence, there is only one
of the 8 alternatives for ∨̃ left. Law (9) excludes ¬̃(⋆) = f. Hence, there is only
one of the 2 alternatives for ¬̃ left. Law (10′) excludes ⊃̃(t, ⋆) = f. Hence, there
is only one of the 2 alternatives for ⊃̃ left. ⊓⊔

Theorem 9. The logical equivalence relation of K3⊃,F satisfies laws (12)–(24)
from Table 3.

Proof. Because LP⊃,F and K3⊃,F have the same truth tables for conjunction,
disjunction and negation, the logical equivalence relation of K3⊃,F also satisfies
laws (12)–(21) from Table 3. Proving that the logical equivalence relation of
K3⊃,F also satisfies laws (22)–(24) from Table 3 is straightforward by construct-
ing, for each of the laws concerned, truth tables for both sides. ⊓⊔

Like LP⊃,F, K3⊃,F is Blok-Pigozzi algebraizable.

Theorem 10. K3⊃,F is finitely Blok-Pigozzi algebraizable with the equivalence
formulas {p⊃ q, q ⊃ p,¬p⊃¬q,¬q ⊃¬p} and the single defining equation p = p

(p and q are propositional variables).

Proof. The proof follows the same line as the proof of Theorem 4. ⊓⊔

The algebraization concerned is the quasi-variety generated by the expansion of
the 3-element bounded normal i-lattice obtained by adding the unique binary
operation ⊃ that satisfies T⊃ p = p and (p ∧ ¬p)⊃ q = T.

8 Concluding Remarks

In this paper, properties concerning the logical equivalence relation of a logic
are used to distinguish the logic LP⊃,F from the other logics that belong to
the 8192 three-valued paraconsistent propositional logics that have properties
(a)–(f) from Section 3. These 8192 logics are regarded as potentially interesting
because properties (a)–(f) are generally considered to be desirable properties of
a reasonable paraconsistent propositional logic.

Properties (a)–(f) concern the logical consequence relation of a logic. Unlike
in classical propositional logic, it is not the case that A ⇔ B iff A � B and
B � A in a three-valued paraconsistent propositional logic. As a consequence,
the classical laws of logical equivalence that follow from property (b) in classi-
cal propositional logic, viz. laws (1)–(8) and (12)–(17) from Section 4, do not
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follow from property (b) in a three-valued paraconsistent propositional logic.
Therefore, if closeness to classical propositional logic is considered important, it
should be a desirable property of a reasonable paraconsistent propositional logic
to have a logical equivalence relation that satisfies laws (1)–(8) and (12)–(17).
This would reduce the potentially interesting three-valued paraconsistent propo-
sitional logics from 8192 to 32.

In [10], satisfaction of laws (1)–(8), (11), (14)–(17), and (22)–(24) is consid-
ered essential for a paraconsistent propositional logic on which a process alge-
bra that allows for dealing with contradictory states is built. It follows easily
from Theorem 1 and the proof of Theorem 2 that LP⊃,F is one of only four
three-valued paraconsistent propositional logics with properties (a) and (b) of
which the logical equivalence relation satisfies laws (1)–(8), (11), (14)–(17), and
(22)–(24).

It is also shown in this paper that, for most presented properties of LP⊃,F,
its paracomplete analogue K3⊃,F has a comparable property.
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https://revistas.unal.edu.co/index.php/recolma/article/view/32585

18. Herrmann, B.: Equivalential and algebraizable logics. Studia Logica 57(2–3), 419–
436 (1996). doi:10.1007/BF00370843

19. Jones, C.B.: Systematic Software Development Using VDM. Prentice-Hall, second
edn. (1990)

20. Kalman, J.A.: Lattices with involution. Transactions of the American Mathemat-
ical Society 87(2), 485–491 (1958). doi:10.1090/S0002-9947-1958-0095135-X

21. Kleene, S.C.: Introduction to Metamathematics. North-Holland, Amsterdam
(1952)

22. Marcos, J.: On a problem of da Costa. CLE e-Prints 1(8), (2001).
https://www.cle.unicamp.br/eprints/index.php/CLE_e-Prints/article/view/788

23. Priest, G.: The logic of paradox. Journal of Philosophical Logic 8(1), 219–241
(1979). doi:10.1007/BF00258428

17

http://doi.org/10.1017/S1755020313000142
http://doi.org/10.3233/FI-2017-1530
http://doi.org/10.3792/pja/1195521624
http://doi.org/10.1007/978-1-4020-6324-4_1
http://doi.org/10.1093/jigpal/jzy054
http://doi.org/10.1007/s11229-020-02570-x
https://revistas.unal.edu.co/index.php/recolma/article/view/32585
http://doi.org/10.1007/BF00370843
http://doi.org/10.1090/S0002-9947-1958-0095135-X
https://www.cle.unicamp.br/eprints/index.php/CLE_e-Prints/article/view/788
http://doi.org/10.1007/BF00258428

	On the Strongest Three-Valued Paraconsistent Logic Contained in Classical Logic and Its Dual

